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Fluctuations from cosmic strings and the microwave background

Robert H. Brandenberger' and Neil Turokf
Institute for Theoretical Physt'cs, Uniuersity of California, Santa Barbara, California 93I06

(Received 30 July 1985}

The spectrum of energy-density perturbations and anisotropies in the microwave background radi-
ation are calculated in models with cosmic strings. The computations are based on a mathematical
model of the network of cosmic strings as a combination of a random walk of infinite strings and a
distribution of string loops. The energy-density distribution is scale invariant at Hubble radius
crossing, but the k dependence of the spectrum is nontrivial and not equal to the result for adiabatic
linear perturbations. The anisotropies in the microwave background radiation are smaller than the
observational upper bounds on all angular scales for a value pG -2X 10 obtained from indepen-

dent astrophysical considerations. %e include both the effects due to gravitational lensing from

long strings and from local gravitational perturbations due to loops (the Sachs-%olfe effect).

I. INTRODUCTION

Cosmic strings have recently generated considerable in-
terest as a mechanism for forming structures in the
Universe such as galaxies and clusters of galaxies. In the
usual picture, structures are formed by the collapse of ini-

tially linear adiabatic energy-density perturbations arising,
for example, as a consequence of quantum fluctuations in
the de Sitter phase of an inflationary universe. According
to the present numerical simulations (see, e.g., Ref. 1 for a
recent review) no candidate for dark matter with these
perturbations can satisfy in a natural way all the cosmo-
logical constraints.

Cosmic strings are one-dimensional topological defects
which are formed in certain grand unified theories during
a phase transition in the early Universe. Zel'dovich2 and
Vilenkin, 3 based on earlier work by Kibble, first realized
that energy-density perturbations generated by these
strings have the right order of magnitude to allow for the
formation of galaxies and clusters. See Ref. 5 for recent
reviews.

In this paper we develop a mathematical model to
describe a network of cosmic strings. Using parameters
recently determined in numerical simulations, ' we are
able to determine in a more precise manner than hither-
tos '0 the detailed cosmological consequences of cosmic
strings. In particular, we compute the energy-density
correlation function, discuss a model of accretion of
matter around string loops, and take a first look at the
fluctuations in the inicrowave background radiation in-
duced in these models.

The cosmic string theory of galaxy formation has only
one free parameter: the mass per unit length p. In a pre-
vious paper" we determined p from astrophysical con-
siderations. Here we conclude that given this value of p
the predicted anisotropies in the microwave background
radiation are smaller than the best current observational
limits. The spectrum of energy-density perturbations is
scale invariant at Hubble radius crossing, but does not
have the usual wave-number dependence from linear per-
turbation theory.

The outline of this paper is as follows. In Sec. II we
summarize known results concerning the formation and
evolution of a network of cosmic strings. We describe the
analytical model of the network of strings on which the
subsequent calculations are based. In Sec. III we discuss
the spectrum of energy-density fluctuations before recom-
bination. Accretion of baryons around strings begins after
recombination. In Sec. IV we discuss the spherical col-
lapse model which models accretion and compute the re-
sulting energy density fluctuations. Next, we take a first
look at the effects on the cosmic microwave background
radiation. %e discuss anisotropies due to the gravitation-
al field of long strings and present a Newtonian analysis
of the Sachs-Wolfe effect, ' the distortions in the mi-
crowave background due to local energy density perturba-
tions along the light rays. In Sec. VI we summarize the
main results.

We will be working in the context of a Friedmann-
Robertson-Walker cosmology with scale factor a (t).

We will consider both hot and cold dark matter. The
main difference between the two scenarios is the time
when accretion begins. Hot dark matter is relativistic be-
fore recombination and will not cluster. Accretion can
start only after recombination. Cold dark matter on the
other hand will start to cluster immediately after the time
t~ of equal matter and radiation. At decoupling td„
baryons will fall into the regions of overdensity set up by
the cold dark matter. The calculations in Secs. III and IV
will be performed assuming no cold dark matter. At the
end of each section we will comment on the changes in
cold-dark-matter scenarios.

II. FORMATION AND EVOLUTION
OF COSMIC STRINGS

Cosmic strings of the type we shall discuss here are
predicted by a large range of grand unified theories and in
particular those based on superstring theories. The re-
quirement for strings to be formed is that as the Universe
cools and a Higgs field @ acquires a nonvanishing vac-
uum expectation value, the manifold of degenerate vacua
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Mo of the Higgs field in question is nonsimply connected.
This makes it possible that as one traverses a loop in space
x(o), 4{x(e)) will traverse a noncontractible loop in Mo.
If one then imagines contracting the loop x{o) to a point,
4{x(a)) must leave Mo, giving a localized distribution of
energy density. Since the loop in configuration space is
incontractible it follows that the energy density distribu-
tion can have no ends [since otherwise one could contract
x(o ) around one end]. The localized distributions of ener-

gy density, the strings, are either infinite or in the form of
closed strings. Their width is determined by a balance be-
tween gradient and potential energy.

The manner in which the field 4 arrives at such a con-
figuration depends on the details of the phase transition.
As noted by Kibble if the transition occurs sufficiently
rapidly, the field 4 is quenched and on scales larger than
some coherence length L simply chooses to fall at random
to values in Mo. Now, as one traverses loops in space
with radii larger than L, 4 sometimes traverses a noncon-
tractible path in Mo and strings are formed.

L determines the density of strings at formation,

p, -p/L, where )Li is the mass per unit length of the
string. The value of L depends on the coupling constants
of the theory considered. If the phase transition is nonin-
fiationary, L &2t, the horizon size, giving p, ~p/4r at
formation.

Numerical simulations of the process of formation of
strings6'3 have shown that about 80% of the resulting
string density is in the form of infinite open lengths with
the fractal dimension of a Brownian walk, ' while the rest
is in the form of closed loops.

As the Universe expands, the network of infinite strings
is stretched's and straightened out. The coherence length
L grows with t. Strings intersect frequently. There is a
probability p that strings which cross will exchange
partners and reconnect the other way. If p=0 then the
energy in strings scales as matter in a radiation-dominated
background. ' ' This would be a cosmological disaster,
since strings would come to dominate the energy density
of the Universe. If p= 1 the number of infinite strings per
comoving volume will decrease as the strings chop them-
selves up into loops with radii of order the horizon size.
Numerical simulations have shown that in this case the
energy density in strings decreases as radiation. The same
conclusion was obtained analytically' under the assump-
tion that the system is characterized by a single scale.

Loops of strings smaller than the horizon retain con-
stant physical size. They oscillate with a period equal to
one-half their length and lose energy at a constant rate
due to gravitational radiation until they disappear. ' At
any given time t there are loops which were formed be-
tween t and ypGt. y is a constant of order unity which
can be determined from numerical analyzes and calcula-
tions of gravitational radiation. ' ' These yield y=5.

The above analytical and numerical results justify the
following model of the network of cosmic strings. The
network consists of a set of infinite strings and a distribu-
tion of finite-size string loops. We model the set of infin-
ite strings as a random walk with step length

A, is a constant of order unity. According to numerical
simulations, ' l.=2. The total energy density in infinite
strings, p„ is scale invariant:

pg =ex@I —2 (2)

v is a constant determined from numerical simulations:
v=0.01. After the time t& of equal matter and radiation

n(R)=vR t ' tQ

for R &t~, and

n(R)=vR r

for R p t~. For R ~ ypGt

n (R)=n (ypGr)

(4b)

as can easily be seen by determining the formation time of
loops which have radius R at time t.

Loops of size R are not exactly circular. We take this
into account by setting the mass of a loop equal to

M(R)=PpR .

Based on numerical simulations ' P=9.

III. ENERGY DENSITY PERTURBATIONS
BEFORE RECOMBINATION

The rms energy density fiuctuation on a given physical
scale k is composed of the contributions from the network
of infinite strings and from the distribution of loops. On
scales larger than the Hubble radius the contribution from
infinite strings dominates; on smaller scales the contribu-
tion from loops of radius k ' dominates.

The computation of the contribution from infinite
strings is straightforward. The energy density in the in-
finite string network is

p(x)= g fds,@5{x [d;+r;(—s;)]),

the index i runs over a11 infinite strings. For each string
we choose an origin d;. r;(s; ) is the position a distance s;
along the string measured from d; (see Fig. 1). In Fourier
space

p(k) = g Ids,pe

Here a- S.
The distribution of loops is characterized by the num-

ber density n(R)dR of loops of radius between R and
R+dR. n(R) is proportional to R at Hubble radius
crossing as a consequence of scale invariance. '6'7 Inside
the Hubble radius, the number density red-shifts. Hence
in the radiation-dominated period

' 3/2

n (R )=vR — =vR

L(r)=At . (1) The two-point correlation function of p(k) is computed by
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averaging over the origin d; and the Wiener measure over
all paths r;(s;). Since the points d; are uncorrelated,
terms in (p(k)p(k') ) with i+j vanish while the diagonal
terms i =j give a factor V 5 (k+k'), an identical factor
for each string. Vis a cutoff volume. Hence

(p(k)p(k') )

=(((( '6 (krak')p Jdsds'(e '"'"" "'' ) (9)

N is the total number of paths and ( )~ denotes an ex-
pectation value under the Wiener measure. For s' & s

(e '"'("' "' '«) =Z f ff dr(s")exp L—' Jr' (s")ds" exp ik—J,ds "r'(s")
tt

—Lk2{s -g")/6=e (10)

(p(k)p{k')) =12apik L 5 (k+k') .

The background energy density is

(12)

t —2G —1

32~
(13)

in the radiation-dominated period. In the matter-
dominated period the constant prefactor f=3/32ir is re-
placed by f=(6n ) '. Hence

(k) (k') = 12aA, f (p, G) k t5 (k+k') .(
5 5

Po Po

(14)

If the power n of k in the two-point correlation func-
tion of p(k) is in the range —3 & n & 4, then the rms mass
excess in a ball of radius 2@k can be immediately deter-
mined

2

(kt( k6 (k,+=k ((k) '(k')) .
M '

po po

Combining Eqs. (14) and (15) we obtain
2

(k, t)=c(pG) kt,
infinite strings

(15)

L =L (t) is the random-walk correlation length [see Eq.
(1)]; Z is the normalization constant. For s &s' the result
is identical; s and s must be interchanged in Eq. (10).
The remaining integral over the path parameters s and s'
is now trivial. If I is the total length of the string (I is
finite in a finite volume V), then

(p(k)p(k') ) = l2 5'(k+k')L 'JM k
NI

V

XIV p is the total energy density p, in infinite strings.
Hence by Eq. (2)

if 2-4)& 10'. Note that this is the mean
fiuctuation due to energy in strings only.

The spectrum of energy density perturbations is scale
invariant at Hubble radius crossing, i.e.,

r

(k, tH(k)) =const .
M

(17)

[ttt(k}-2mk ' is the time when the scale k crosses the
Hubble radius. ] As has been pointed out before, i' ' this
is a consequence of the scale invariance of the network of
strings. The pawer of k(n = —2) in Eq. (14) is different
from an n= + 1 Zel'dovich spectrum which arises in

many models with linear adiabatic perturbations (e.g.,
fram vacuum fluctuations in the de Sitter phase of
infiationary-universe models}. The time dependence is
different as well. Linear adiabatic perturbations grow fas-
ter. (5p/p) increases as t (t ) in the radiation-
(matter-) dominated phase. The perturbations (14) are
compensated on scales larger than the Hubble radius by
perturbations of opposite sign in radiation. Thus they, in
fact, represent pressure perturbations, which do not grow
dynamically in time. The time dependence in Eq. (14) is a
kinematic effect.

Next we compute the contribution to the rms mass ex-
cess on a given physical scale k by the distribution of
loops. For the moment we ignore the spatial correlations
of the loops. In Appendix A we show that these correla-
tions are subdominant on scales smaller than the Hubble
radius. Typical closed loops oscillate rapidly. We will use
a simplified model to compute energy density correlations.
We replace a loop of radius R by a spherically symmetric
energy density distribution:

p(r, R)=c(R)e (18)

c(R) is determined by requiring that the total mass be
PpR. The ansatz {18)represents smearing the energy den-

sity of the rapidly oscillating loop in time. The resulting
energy density correlation function is not sensitive to the
details of the smearing. It depends, however, on the ex-
ponential cutoff. By the above,

c(R)=n. i PpR (19)

~ X

FIG. 1. Parametrization of the random walk.
(20}

The contribution of all loops to the energy density ex-
cess is given by

p(x)= g Jd r,p(r;, R;)5(x—(d;+r;)) .
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d; is the position of the center of the loop; r; measures the
distance from the center. R; is the radius of loop i .In
Fourier space

N V '. The remaining integral can readily be analyzed by
rescaling variables. We define u —=kR. The numerator in
Eq. (23) then becomes

p(k) = g e 'F (k,R; )

with

F(k,R}=c(E)J d re ' "'e

p@g e
—k2R2/4

(21) 2t —3/2k —i/2 du
—i /2e —u 2/2

ygsGkt

+vp2t —4(ypG) 5/2—k —3 du u2e —u /2ygcGt 2

0

For yI4Gtk & 1 the first term dominates and gives

cvp2t —3/2k —i/2

(24)

(25a)

The two-point correlation function is obtained by in-
tegrating over the centers d; of the loops and by averaging
over the radii, using the measure given by the density
n(R) of Sec. II:

fdR n (R)F(kR )
( p(k)P( k') ) =—5 (k+k') (23)

dRn 8
The integration domain is 0(8 (t. The denominator in
the last factor obviously equals the total number density

cvI4 (yp, G) ~t k (25b)

where c is another constant of order unity. On scales
larger than the Hubble radius expression (23) is indepen-
dent of k and proportional to t '. From Eqs. (13) and
(15) we conclude that for t & t~

(c is a constant of order one), while for ypGkt &1 the
first tenn is exponentially suppressed. In this case the
second term gives

R. f k~5
=cvf (I4G)2t k ' 5 (k+k'), ypGt &k '(t,

Po Po

f
=cvf ( G)( G) it k 5(k+k') k '& Gt

Po Po

(26a)

(26b)

M
(k, t)=cvf 2(I4G) (tk)3/, yI4Gt (k '(t .

(27)

(29}

5M/M is constant for k '(yI4Gt.
For t & t~ the integral in Eq. (23) splits into two terms:

the first for 8 (t~ which looks like Eq. (24) multiplied
by ( t~/'t)'/, the other for It. & t~ which looks like

vp t k 'Jdue (28)

The first term dominates for k '&t~, the second for
k & t~. Thus for yI4Gt~ (k ( tuq

' 1/2

M
(k, t)=cvf (pG) (tk) i

t

place before recombination. Hence the above analysis is
valid up to recombination. Cold dark matter starts to ac-
crete around loops at t~. Hence in models with cold dark
matter the above analysis holds only for t &t~. We
neglect accretion before t~. This can alter the result by a
factor of at most —,

' (Ref. 19).
Comparison with the results for linear adiabatic pertur-

bations reveals several distinguishing features. There is a
distinguished scale below which mass correlations remain
constant. Perturbations grow in the radiation-dominated
phase even after they enter the Hubble radius. There is no
acoustic period. Therefore perturbations on small scales
increase by a larger factor than in the case of adiabatic
perturbations. Hence at Hubble radius crossing the rms
fluctuation can be smaller than in adiabatic linear pertur-

(SMiM)
and for k '&t~

5M
M

(k, t) =cvf 2(pG)2(tk)2 . (30)

The spectrum is scale invariant at Hubble radius cross-
ing. The time dependence and k dependence are non-
standard. The time dependence is a purely kinematic ef-
fect. At Hubble radius crossing the contributions to the
rms mass excess from infinite strings and from finite
loops match up to a factor of order 1, as seen from Eqs.
(16), (27), and (30). The results are sketched in Fig. 2.

In the absence of cold dark matter no accretion takes

I

t t

k

FIG. 2. Energy-density fluctuations before recombination.
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(Sp(k)5p( —k) ) —k (32)

on large scales. This holds, e.g., for randomly distributed
localized perturbations satisfying the above constraints.

5p in Eqs. (31) and (32) is the total energy density per-
turbation. It also includes compensating underdensities in
radiation. Our calculations only include the contributions
from strings. On scales larger than the horizon, Eq. (16)
is not relevant for the total energy density perturbation,
and hence not for microwave background anisotropies. It
is, however, relevant for the correlation function of loops
which form from infinite strings. In particular, Eq. (16)
is relevant for the correlation function of clusters of galax-
Ies 22

On small scales (smaller than the horizon at any time)
the underdensities in radiation will spread and damp due
to photon diffusion. Hence it makes sense to treat the ra-
diation underdensity as homogeneous and to consider only
the density perturbations due to the strings alone.

On large scales, the constraints (3la) and (31b) on the
total density perturbation will be satisfied, and thus we do
not expect problems with the microwave background radi-
ation anisotropies. We will address this question in more
detail in a subsequent publication. 3

IV. ENERGY DENSITY PERTURBATIONS
AE-rER RECOMBINATION

bation models without preventing collapse of galaxies and
clusters by a red-shift z=l. In fact, using the value
pG-2X10 (Ref. 11) we see that 5M/M is about one
order of magnitude smaller. A larger value pG —10
would produce anisotropies in the microwave background
greater than present observational upper bounds on large
scales (scales corresponding to a distance greater than the
Hubble radius at decoupling).

The formation process for cosmic strings conserves en-

ergy and momentum. Given an initially homogeneous
universe, we must therefore have

3x px=0, (31a)

xxk px =0. (31b)

It then follows that 0'~'

surrounding mass shells. The force will slow down the
outward Hubble flow of the mass shells. Eventually, a
shell with initial radius r; will come to rest (in physical
coordinates) and start to collapse. According to numeri-
cal simulations (see Ref. 1 and references quoted therein),
the final radius after collapse will be about —,

' of the maxi-
mal radius. The equation of motion for a shell of radius r
1S

I 2p
2

(33)

4mM= pr; +mo
3

(34)

is the total mass inside the shell. p; is the initial back-
ground energy density, r; the initial radius. The initial
velocity i; is given by the Hubble flow r'; =Br;, yielding

„'2 H2„2 G Q —1„28m
(35)

4m
p;rs (Q; —1)=mo. (36)

If the density in loops greater than the loop considered
is ep„with e small, then Q; ' —l=e, and we see that
rs -d, where d is the mean separation of loops of the ra-
dius considered. Since in any case the spherical model is
inappropriate on scales for which competition between

loops is important, we conclude that on all relevant scales
shells are bound to loops. The case where Q„~;&1 is
more complicated. "

For C&0, the solution of Eq. (33) can be written in
parametrized form as

C is the total energy. Each loop lies in some background
medium of density p; composed of the matter and smaller
loops. If this density were critical all shells would eventu-

ally collapse. Assume the total energy density in strings
plus matter is critical, i.e., Q„t,~; ——1. Then each loop lies
in a medium of less than critical density. Large radii for
which C& 0 are unbound and small radii for which C&0
are bound. The radius rs for which C=O is given from
Eq. (33) by

Straight, infinite strings do not accrete matter since the
local gravitational force vanishes. "' However, closed
loops with radius smaller than the Hubble radius do at-
tract matter gravitationally. In the absence of cold dark
matter, matter is relativistic before recombination and
hence cannot be gravitationally bound. Accretion can
start only after recombination. Accretion can be
described by the spherical collapse model. In this section
we will first summarize the model (for more details see
Ref. 19). Then we explain why peculiar velocities of loops
can be neglected. Finally, we compute the contribution to
the two-point energy density correlation function from
collapsed objects, and we determine the complete spec-
trum of energy density fluctuations.

The spherical model' is based on considering a point-
like mass mo in a universe with critical energy density
(Q = 1). The extra mass will exert a gravitational force on

fg
r = (1—cos8),

2b.;

3tj
t = (8—sin8),

4g 3/2

with

a, =5, —(Q, -' —1)=5;

5;=
4m

3 PFi

A given shell reaches r,„when 8=m, at a time

3 fT 3/2
&max

(37)

(38)

(39)
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The spherical collapse model is strictly applicable only
for shells always well outside the seed mass. When loops
are formed, their average translational velocity is large.
According to numerical simulations

U;-0. 1 . (42)

As discussed in Ref. 10, the proper peculiar velocity of
a loop

(43)

with x its center of mass in comoving coordinates, red-
shifts, v a:cr '(t). The velocity of a loop formed at
tf & teq with radius R -tf is at teq

' 1/2
tr (tf ) tf

VR(teq) — "1
a (teq) teq

(44)

and the total distance it moves thereafter in comoving
coordinates is a fraction vR(t~) of the horizon scale at
t~. For comparison, the mean separation of loops of ra-
dius -R, dR (t&) is from Eq. (4a)

(t ) (
2

)
—1/3R 1/2t 1/2 (45)

Thus, loops move a fraction

3'
4

5;(ri )= (47)
tmax

Provided 5; & 1, the initial radius just collapsing at time
t can be determined by inverting Eq. (47)

r;(R, t)=c(I4G)' 'R' 't; 't

with c a constant of order one

(48)

' 1/3
9 4
2

2/9

pl /3 (49)

It only makes sense to apply the spherical collapse
model if the initial radius r;(R, t) beginning to collapse at
time t exceeds the loop radius R, i.e., R &R,(t) where
R, (t) is determined by demanding

rt(R„t) =R

which gives

R (t) C~ 3/2(PG)1/2t 2/3t1/3

(50)

(51)

3VR teq
V(. (46)

R teei

of their mean separation at t~ (using R =tf/5) As l.ong
as we consider shells of matter with initial radius
r; »vtdR(t&) the loop will always be well inside the shell
and the spherical collapse model will be valid (this point is
not clearly stated in Ref. 10). This is the case for the
Abell cluster radius and galaxy radius discussed in Ref.
11,as we show in Appendix B.

Returning to the analysis of the spherical collapse
model, we first determine the radius r; (t) at decoupling of
the shell which is beginning to collapse at time t This ra-.
dius is obtained by inverting Eq. (41)

'2/3 ' '2/3
tg

At a given time t, for loops with radius R less than R, (t),
the shell which is just collapsing has been outside the loop
since t;.

The energy density distribution around the loop after
collapse can be easily determined. If r is the radius and
p(r) the energy density after collapse, then

4~ r;
mex

3p R Pl

Since r = —,
' r,„, it follows that'9

p( 7) C 3/4p 1/4(R )3/4 9/4

(53)

(54)

2%
C =

3
(55)

Equation (54) holds up to the radius which is beginning
to collapse at time t, i.e., for r &r,„(R,t) where
r (R, t) is related to r;(R, t) of Eq. (48) by Eq. (53). We
obtain

„(R,t) =c(PG)1/3R 1/3t 2/9t 8/9 c —=c'c (56)

Outside r,„(t), the collapse can be described by linear
perturbation theory. Since loops which have started to ac-
crete matter can dominate 5p only on small scales, and 5p
on small scales samples mainly the core of the energy den-

sity perturbations, the precise form of 5p for r & r,„(t) is

unimportant. We will take 5p=0.
Accretion around loops changes the two-point energy

density correlation function. On small scales it is dom-
inated by the peaks of the density distribution, on larger
scales it samples the large scale distribution of rnatter
which is unaffected by accretion. We sketch the compu-
tation of the correlation function on the various scales in
Appendix C. The method is the same as for the loop
model in Sec. III.

On the smallest scales (A, &ypGtd„) the spectrum of
5M/M is fiat for the same reason as in Sec. III. For
yI4Gtz & A, & (pG)' t the two-point correlation function
reflects the distribution of p(r) close to the center of a
loop, i.e., Eq. (54). On intermediate scales
(I4G)' t & A, & (I4G)' t (t/td„)' only the total monopole
moment of p(r) is sampled, and on even larger scales the
contribution from loops which have not yet begun to ac-
crete matter dominates, yielding a scaling of 5M/M as be-
fore recombination (Sec. III). On scales larger than the
horizon the contribution from infinite strings dominates
(see however the discussion of constraints at the end of
Sec. III). In Fig. 3 we sketch the result.

Given cold dark matter, accretion starts at t,q. The
above calculations apply, with td«replaced by tcq and

p; =p(t,q ). In particular, the suppression factor
(t~/td~)'/ in the results (Cl1), (C12), (C18), and (C19)
disappears, reflecting the longer time interval for growth

p(r)r dr=p;r; dr;,

r and r; are related by the spherical model. A shell with
initial radius r; will attain a maximal radius given by Eq.
(37)
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kE
l+zE ——

kR
(58)

In a more general coordinate system the peculiar velocity
of the radiation fluid at td and of the observer at the
time of observation must be taken into account. Given a
peculiar four velocity u we have

(u k)E.

(u k)E
(59)

(5u k)E

{u k)E

The general formula for the variations in the microwave
background radiation is'

5TE 5TE '(5u k)E
+

TE TE (u k)E

(u 5k)E
+

(u k)E

(u 5k)E

(u k)E
FIG. 3. Energy-density fluctuations after recombination.

of perturbations. The resulting spectrum of energy densi-
ty perturbations is given by Fig. 3 with td replaced by
t,q. As explained in Ref. 11 the contribution to 5M/M of
wakes which form behind moving strings' is subdom-
inant.

V. ANISOTROPIES IN THE MICRO%'AVE
BACKGROUND RADIATION

Inhomogeneities in the early Universe cause anisotro-
pies in the microwave background radiation' (MBR).
Observations have not yet detected any anisotropies which
are not due to the peculiar velocity of Earth, i.e., a dipole
term. The best present upper bounds are summarized in
Ref. 26. A crucial test of the viability of any cosmologi-
cal model is that it must not yield too large anisotropies in
the microwave background radiation. In a separate publi-
cation" pG is determined from requirements of galaxy
and cluster formation. In this section we show that the
predicted anisotropies in the microwave background radi-
ation do not conflict with observations. We first describe
the different effects which cause anisotropies; then we dis-
cuss the effect of long strings (a Doppler term); finally we
give a preliminary quasi-Newtonian analysis of the
Sachs-Wolfe' effect, the effect of local gravitational per-
turbations along the light rays.

The temperature TE of the microwave background ra-
diation today can be expressed in terms of the temperature
Tz =TE at decoupling and the red-shift factor z:

5TE 5T 5T+ +
TE T D T sw

5TE/TE represents the fluctuations of the last scattering
surface; (5T/T)D, the term involving 5u, is a Doppler
term caused by the peculiar velocities of the last scattering
surface and of the observer, and the term proportional to
5k is the Sachs-Wolfe term due to fluctuations along the
light ray.

We assume there are no initial adiabatic perturbations.
Perturbations of the last scattering surface and peculiar
velocities as last scattering will be considered in Ref. 23.
Here we shall consider only the Sachs-Wolfe effect due to
loops and a Doppler-type effect on the microwave back-
ground, first pointed out by Kaiser and Stebbins. i' We
will start with the latter.

The spacetime around an infinitely long straight string
is flat, but has the geometry of R4 with a wedge W)&R
cut out. (See Fig. 4. ) Consider an observer receiving
two light rays from sources passing on opposite sides of
the string (Fig. 4). If the string has a velocity Ui in the
plane normal to the line joining the first source to the ob-
server, the second source will appear to be moving toward

TR —1=(1+&E)
TE

(57)

The red-shift factor can be rewritten in terms of the wave
numbers kE at decoupling (the last scattering surface) and
kE for the observer. In coordinates in which both source
and observer are stationary

2 I

FIG. 4. Gravitational lensing due to cosmic strings. S& and
S2 are t~o light sources; 0 is the observer; yl and y2 are two
light rays converging to O.
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the observer. The observer will receive the two light rays
with a red-shift difference of

hv=uj 8=ui8n(pG) . (61)

A single string would produce a linear discontinuity in
the MBR temperature in the sky, but for the value of pG
from Ref. 11 and using u-0.45 (the average velocity of
an oscillating loop segment) it follows that this effect is
too small to be observed in present experiments. In the
following we also show that the rms fluctuations from
this effect due to all strings do not violate the observation-
al bounds on MBR anisotropies.

To compute the rms temperature fluctuation due to
long strings on an angular scale 8 we must average the
contributions of all strings which contribute to the ap-
parent relative velocity of the two light sources (see Fig.
5). The temperature difference is

5T N

(8)=8m(pG) g uq .
T i=1

(62)

The sum is over all long loops which pierce the wedge of
Fig. 5, and long means long compared to the width of the
wedge at any time. Since (Uz }= —, (U }and since veloci-

ties of two strings are assumed to be uncorrelated, we
have

dominated by the smallest radii greater than r(t), since
their number density is greatest. The time integral is
dominated by early times t-tE, since the width of the
wedge is largest and since the number density decreases in
time. Hence on small scales, scales for which r (tE) & t,q,
i.e., 8(6'h ' (Ref. 19),

' 1/2

N =6~3Pv sin—8
2

' 1/2

)
I /4 (66)

X =18Pvsin —z(tz)'/
2

(67)

Combining Eqs. (63), (64},and (67) we find ( U = (U2 }'/z)
' 1/4

(e)2)l/I )6 3l/at/2U I/2 'Ite

T tF
' I/4

Xz(tz)I/s sin — p2
(68)

on small scales and
' 1/2

(8) ' =16m 3' P' Uv' z(tE)' sin—
T 2

and on intermediate scales t~ & r (tz ) & tE, i.e.,
6'h ' (8 & 30'0'/,

(8) = n( G}(u }N, (63)
(69)

where (u } is the mean-square velocity of a string seg-
ment.

The number N of string segments piercing the wedge is

RN=2 tr tp 'p, r t t

=2 trtp ' R RnRt . 64

p, (r (t), t } is the energy density of loops larger than r(t) at
t r(t) is .the half-width of the wedge in Fig. 5 at time t:

r(t)=3t (ta' —t' )sin —.
2

' (65)

tc(n}

="c

FIG. 5. Conformal space-time diagram of the ~edge between
two light rays ~ith an angle 2+.

A,„(t)-t is the maximal loop radius at time t. For
R(t) &t~, formula (4a) for n(R, t} must be used; for
8 (t) & t~, formula (4b) applies. The integral over radii is

on intermediate scales. The transition between the two re-
gions naturally is smooth. With pG-2X10 from the
accompanying paper (using 0= 1 and h =0.5) we have

1/4

(8) ' 6X10 stn—
T ""2 8&12', (70)

which gives 6X10 for 8-12' and 5X10 for 8-5',
and is a factor of about 6 smaller than the observational
upper bounds. Our small-scale results may be too large.
Reionization after recombination will suppress microwave
fluctuations on all scales smaller than the horizon at the
end of the period of reionization.

Fluctuations from cosmic strings are highly non-
Gaussian, so even if the rms value of 5T/T is below ob-
servational limits one could imagine observing local fluc-
tuations. These local fluctuations would be the linelike
discontinuities in the microwave background temperature
due to a particular string. The magnitude of the discon-
tinuity is smupG-2)&10 and thus below observational
limits. As pointed out by Kaiser and Stebbins, if the ac-
curacy of the recent measurements by Uson and Wilkin-
son on angular scales of 5' could be improved by as little
as a factor of 2, such discontinuities could be detected.
Since by Eq. (66) the average number strings which would
be seen per observation on this angular scale is», it
would be valuable to measure the anisotropy in many dif-
ferent directions in the sky. The present number (Ref.
29), 12, is marginal.

The second source of anisotropies in the microwave
background radiation is the Sachs-Wolfe effect, ' pertur-
bations in the frequency of the light rays due to local
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gravitational perturbations. In our case these are due to
finite-size loops.

The general relativistic analysis of this effect is more
complicated than for linear adiabatic perturbations. The
method is straightforward in principle. Since the frequen-
cy four-vector is the tangent vector of the geodesic path of
the light ray, the deviation 5kp af the frequency can be re-
lated to the perturbation of the geodesic path, which in
turn by the geodesic equation is related to the perturbation
of the metric. The difference in ko between emission
point and observer, the Sachs-Wolfe term in Eq. (60), is
thus given by integrating the metric perturbation hij along
the unperturbed light trajectory e:

P(x„t)= G—83f (t)
a(t) /x,

/

(75)

x, (rj) = —((rjx —o) )sinX, (i)z —rj)cosX,O),

x,'(q) = —((rj —rtjt )sinX, (rtz —il)cosX, O),
(76)

We shall estimate the contribution of one loop to the
rms temperature fiuctuation on an angular scale X and
average over the position of the loop. The geometry is in-
dicated in Fig. 6. x(t) and x'(t) are two light rays con-
verging to the observer with an angle 2X=g between
them. The conformal coordinates are

5T
9 2 1FjQT s~ ~E

(71)

r=(x,y,z) is the location of the center af the loop in con-
formal coordinates. r„(g) and r~(rj) are the conformal
distances between r and x(q) and x'(rj), respectively,

Ii;j is related to the energy density perturbation. It is a
good approximation to restrict attention to the growing
mode solution in linear perturbation theory, a solution
which scales as g:

2 5p & 2 2~ij= lo'9 A, ij~ = io ) V A
P

(72)

In this case, the integral in Eq. (71) may be evaluated ex-
plicitly. ' ' If we subtract the dipale term, the result de-
pends only on 5p/p at decoupling.

In models with cosmic strings the energy density corre-
lation functions do not scale in time as rj2. Thus, the
analysis immediately becomes technically more difficult.
In work in progress we are studying this problem. Here
we present a preliminary quasi-Newtonian analysis, which
should given the right order of magnitude of the effect.

The Newtonian analysis is based an the following ex-
pression' for the frequency shift 5v in terms of the
Newtonian gravitational potential i)):

5(av)
d Bi1)(x,t)

ax

The line integral is to be taken along the unperturbed light
path. The frequency increases while the light ray falls to-
ward the center of the potential and decreases on the way
out of the potential well. If the gravitational potential
changes in time due to the combined effects of the growth
of the density perturbation and the expansion of the
Universe, the initial and final potential energies are not
the same and light picks up a nontrivial frequency shift
while traversing the potential.

In terms of the energy density perturbation 5=5p/p,
the Newtonian potential P is given by'

P(x„t)= Gpoit Jd—x'5(x', t)
i x, —x'i

Here x, denotes comoving coordinates.
We shall evaluate the rms temperature fluctuations due

to finite-size loops under the assumption that the light
rays pass outside of the support of the energy density per-
turbation of each loop. The Newtonian potential for each
loop can then be developed in a multiple expansion. The
monopole term dominates. Hence, the contribution from
one loop at x=0 is

EM=PpR+ pr; = pr; (78)

For a loop of radius R
' 2/3

GELM(R, t)= —c p)uGR
2 3

tE
(79)

Hence by Eq. (75)

P(x„t)=—c Pp, GR
tE

' 2/3

(80)

Since the explicit time dependence in P drops out, the line
integral in Eq. (73) is trivial (had we neglected accretion,
this would not be the case):

5av 2„, 4
(x, )=—c P(pG)av g tE

' 2/3

r~ (rjti )

R
r (i1E)

(81)

xc(q}

FIG. 6. A loop with center r contributing to the anisotropy
in the microwave background radiation.

r„(rl )=[x + (rjji —i) )sinX] + [y + (rjE —rl )cosX]2+z
(77)

r, (rj)=[x —(rjx —rt)sinX] +[y+(rlE g)c—osX]2+zi .

Accretion of matter around loops must be taken into
account. In the same approximation used in Sec. IV, i.e.,
5p(r)=D far r &r; where r; is the radius which is just
starting to collapse,
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Since r„(gg ) =r, (rtR)

5gv
( )

5uv
( g)

(k, tE) = (tE)k" .
p p

(90)

=—c '(pG)
9 ts

(82)
r, (2)z) r„(2)E)

Loops with radius greater than ts cannot be described
by the formalism. At tz they still were part of infinite
strings. The Sachs-Wolfe effect from infinite strings is
shown to be subdominant in Ref. 23.

The rms temperature fiuctuation is obtained by averag-
ing the square of the above expression in space and sum-

ming over the distribution of radii. Integrating over space
we get

3 1 1
d r r, (rtz } r, (2)@)

=Sm(2)x —2)E )sinX . (83)

ri, (R,tz)= R 5 2' 2 2v
a (tE)
a (ttt )

for R (t~ and
'3

a (tz)
ti, (R, tE) = tE v

(84)

(85)

for R & t&. The integral over R is dominated by the larg-
est loops R -2tE. Hence

(x)— (x') =—"m(P)MG) vz(tz)'/ sinX (86)

and (using X =8/2)

1/2
=(48mv)'/ —,

' PpGz(tz)'/ sin (S7)

The rms temperature fluctuatian is af the order pG.
There is no amplitude amplification factor due to accre-
tion, in contrast with the result for the spectrum of energy
density fiuctuations. Using the values p, G-2X10
v-10, and z(tE) 10 we -obtain

The number density in comoving coordinates of loops of
physical radius R is

By naively applying this prescription to models with
cosmic strings, one would obtain roughly the correct am-
plitude of rms temperature fiuctuations [up to the factor
z (tE)], but an incorrect angular scaling.

We expect a relativistic analysis to yield a different an-
gular dependence on scales larger than the horizon at
decoupling. This will be addressed in a subsequent
analysis.

VI. CONCLUSION

We have determined the spectrum of energy density
fiuctuations and estimated the anisotropies in the mi-
crowave background radiatian in models with cosmic
strings. The analysis is based on a precise mathematical
model of the distribution and evolution of strings, a model
whose validity has recently been established in numerical
simulations. The network of strings consists of a
random-walk network of infinite strings with correlation
length L (t)=At, and of a scale-invariant distribution of
loops which formed between ypGt and t. After recom-
bination, loops accrete baryons; a process described by the
spherical collapse model.

The spectrum of energy density fluctuations is canstant
at Hubble radius crossing (i.e., scale invariant). The
dependence on wave number k is not Zel'dovich in the
usual sense

(k, t)-k'
M

(91)

Outside the Hubble radius it scales instead as k'/, inside
more steeply (see Figs. 2 and 3).

A quasi-Newtonian analysis is presented which shows
that the anisotropies in the microwave background radia-
tion are consistent with the present observatianal upper
bounds, although not much lower. The contributions due
to local gravitational perturbations from loops (via the
Sachs-Wolfe effect) and due to gravitational lensing by
long strings both are af the same order of magnitude.

In future work we intend to give a general relativistic
analysis of the anisotropies in the microwave background
radiation. We will also discuss higher-order energy den-
sity correlation functions as a possible explanation for the
existence of voids. '

(x)2 1/2 5 X 1Q
—5 sinl/2 8 (05T . 8

T 2' (88)
ACKNOWLEDGMENTS

(89)

given

which is 2)&10 at 8=5'. %'e conclude that the Sachs-
Wolfe effect and the Kaiser-Stebbins effect both are of the
same order of magnitude.

For linear gravitational perturbations'
'2 2' 1—n

5T (8) 5P 8
T p 2
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APPENDIX A: EFFECT OF CORRELATIONS
BETWEEN I.OOPS ON ~s qUANTITIZS

In the calculation of the spectrum of energy density
perturbations and in the determination of the anisotropies
of the microwave background radiation we neglected
correlations between loops. Here we justify this approxi-
mation. We consider the energy density correlation func-
tion. The argument is similar for the rms microwave an-
isotropy.

The Fourier transform of the energy density perturba-

tion from loops is

p(k)= ge 'F(k, R;) . (A 1)

The notation is as in Sec. III. In calculating the expecta-
tion value of p(k}p(k') we must first average over the loop
centers d;. If the loops are correlated, and if gn ii (r)

i j
denotes the relative overdensity of loops of radii R; and
RJ a distance r apart, then the average is

—5 (k+k')F(k, R)F( k,R)—+ 2
5 (k+k') fd re '"'gii a(r)F(k. ,R, ;)F( k,RJ—) .X E —1

(A2)

The second term contains the effects of loop correlations.
Next, we average over loop radii. Hence

(p(k)p(k') }=5 (k+k') fdR (R)F(k,R)F( —k, R)

+5 (k+k') fdR;dR2n(R;}n(RJ) fd re '"'ga, a (r)F(k,R;)F(—k, RJ) .

The correlation between loops are nonrandom since
loops are formed by breaking off from infinite strings,
and by splitting of larger loops. According to numerical
simulations, 2 the correlation function of loops of similar
radius is given by

In order to evaluate the second term in Eq. (A3} we
make the simplifying assumption that only loops of simi-
lar radii are nontrivially correlated, i.e.,

pit a R55(R; ———Ri )pit (r)

e —,r &d(R),r
g„(r)=

r &d(R),d
T

(A4)

with pit (r) given by Eq. (A4) and b -1. By Rk we denote

the loop radius for which

kd(Rk)=1 .

By Eq. (A5)

where d (R) is the mean separation of loops larger than R
and e-0.1. From Eq. (3), for t & t~, we have

d(R)=R'"t'"(-', v)-'" .

f dRn(R)F(kR) =c vp t k (A6)

(A7)

a constant of order one.

We want to compare the effect of nonrandom centers of
loops [the second term in Eq. (A3)] with the result for
randomly distributed loops [the first term in Eq. (A3)].
The result for randomly distributed loops is [using Eq.
(22}]

R„=t-'k-'(-,' v)'" . (A10)

Now the second term in Eq. (A3), the term which con-
tains the effects of nontrivial correlations, is

I(k)= fdR n(R) F(k,R) Rd f e '"'gz(r)d r

=fdR n (R) F(k,R) R Entre

X cosdk + dr r sinkr
k k 0

(A 1 1)

The first term is the contribution from the large r end of
the integration, i.e., from random walk correlations, the
second from the small r end, i.e., from correlations be-
tween loops which break off larger loops. For kd ( 1 the
first term dominates, for kd ~ 1 the second. Hence

I(k)=4 (3)1/3 5/3d 2k 2(ypG) s-tl/2 ""-"dRR7/2 -k2R2/2+4 (3)1/3vs/3d 6 2t 3/2k 2' -dRR--3/2e-k*8'/2
0 yI/t, Gt

+2&(-')2/3v'"~e 't-'k-' f dR R 'e- (A12)
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The second term is proportional to R;„' (t) and thus
is larger than the third by a factor -(pG) ', at least for
scales of the order of the horizon, scales which will be im-
portant in the discussion below. The first term, the con-
tribution from loops with R & ypGt, gives a subdominant
effect. On these scales by Eq. (5)

' 2/3
3m' 1 +zmax

2 r
4 1+zq

' 2/3

(1+z,„)(1+z„)'"t„. (84)

I(k) g (
& )i/3+/3g~pzt —3k —2y —i/2(@G) —i/2

The ratio between Eqs. (A13) and (A6) is

g ( )i/3y —i/ c —lge(pG) —1/2P/3(tk) —i/2

(A13)

R =0.67( Qh ) (85)

We now compare Eqs. (82) and (84) for a shell of Abell
cluster radius. From Ref. 11 1+z,„=l.6, r 1.5h

Mpc, and

-30 (tk) -'/' . (A14)
C)

As a consistency check, we note that the ratio between the
third term in Eq. (A12) and (A6) is suppressed for tk ~ 1

by (tk)
We conclude that on scales smaller than the Hubble ra-

dius, loop correlations are unimportant. Outside the Hub-
ble radius, however, they begin to dominate the root-
mean-square energy density fiuctuations. The main con-
tribution is due to the random-walk correlations of loops
at large distances.

APPENDIX B." PECULIAR VELOCITIES OF LOOPS

Peculiar velocities of loop are negligible for galaxy and
Abell cluster formation considerations. The physical dis-
tance lLx loops around which galaxies and Abell clusters
accrete travel between t~ and the present time t is smaller
than the initial radius r; at t~ of the shells which collapse
to a galactic or Abell cluster radius. We now demonstrate
this result.

A loop which was formed at time tf with velocity v;
travels a physical distance

2/3

With p=10, U; =10 ', and t =2X 10 h ' Mpc we get

Ex'(t,q)=5&(10 'Qht~

r, =7&& 10-'Q'"ht„. (87)

Hence with p=10 and U;=10

b,x~(t,q)=5X10 Qht, q (89)

r; =(1+z,„)6X10 'hQ'"t„

=6X 10-'h Q' "t„. (810)

r; exceeds lbcz(t~) and hence peculiar velocities are negli-
gible. Comparing (BS) with (810) we see that the shell
was always outside the loop radius.

Thus the spherical collapse model is valid when consider-
ing the accretion of Abell clusters. Comparing (85) with
(87) we see that this shell was always outside the loop ra-
dllls.

For a shell which virialized at a galactic radius
r =20h ' kpc we use" 1 + z,„=10and

R. =5.5 y10-'(Qh)' .
teq

4x~(t) =3U;
&eq APPENDIX C: COMPUTATION OF THE T%0-POINT

CORRELATION FUNCTION AFTER RECOMBINATION

According to numerical simulations, primary loops with
radius of the order of the horizon distance are formed by
intersections of infinite strings, and then break up into on
the average p secondary loops of radius R where p —10.
Hence, on the average,

tf ——
2

(83)

between t~ and t The corresp. onding physical distance at
t,q is

' 1/2

(82)

The computation of the two-point energy density corre-
lation function is similar to the calculation in the loop
model of Sec. III. The energy density perturbation is
given by Eqs. (20) and (21), using p(R, r) from Eq. (54)
with p; =p(td~) and t; =td~.

P(k) = g e 'F(k, R~). (Cl)

with

F(k,R)= fd rp(R, r)e

Pi
—3/4 1/4(R )3/4k —i

3

On the other hand, the initial proper radius of a shell
which collapses at a red-shift 1 + zm to a final virialized
radius r is given by Eqs. (37) and (41):

max
dr r sinkr .

0

On large scales, i.e., kr,„~1,

(C2)
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F(k,R)= c p (Rll) r,„(R,t)

On small scales with x =kr

F(k,R)= ". '"-p, '/4(RI )3/4k 3/4-—3'

(C3) 5M
(k, t) =ci(6n') (IMG) (IMG)' (kt)

1/2
teq

(C12)

max
X dxx sinx . (C4)

Since the integral is dominated by x g 1, it can be replaced
by a constant c. Thus on small scales

F(k,R)= cc ' 4p 4(RJtlk ')'
3

The two-point energy density correlation function from
loops which have started to accrete matter by the time t is
obtained by averaging over the centers d; and over the
number density n (R):

From Eq. (Cl 1) it follows that loops which have accreted
matter around them on large scales induce energy density
fiuctuations with the same k dependence as is obtained
for a random distribution of localized blobs of matter.
The loop nature of the perturbations is hidden on inter-
mediate scales.

On small scales the integral in Eq. (C6) splits into two
terms:

R (t) R, (t, k)RnRF, R = „„,RnRFkR
Rmin~t) min

R, (r)

+ „,RnRF, R

R,(r) (C13)
(p(k)p(k')) =5 (lt+k') f '

„,dR n(R)F(k, R)
By Eqs. (C3), (56},and (51), the first term becomes

Using Eq. (51} and the value )(lG —10 it follows that
R, (t) is smaller than t,„ for all times. Hence n(R) is
given by Eq. (4a).

For given t and k we define R, (t, k) as the radius R for
which

C
1/2 3/2t 1/2t —2k —3/2

c2P; P t~ t

and by Eq. (C5) the second term is

c I /2 3/2t I /2t —2k —3/2 ln
R, (t)

"R,(t, k)
'

with

(C14)

(C15)

r,„(R,(t,k), t)k =1 . (C7)

If R ~R, (t,k), then expression (C3) for F(k,R) must be
used in the above integral; if R &R,(t, k) then Eq. (C5)
holds. From Eq. (56}it follows that

C
3/2

R, (t, k) =c (IMG) 't; t k (C8)
. 4m

C3 =V C C (C17)

Ife
(p(it)p(it') ) =5 (k+ k')c I (IMG) IM p

' 1/2

On intermediate scales R, (t) &R, (t,k). Hence expres-
sion (C3) can be used for all R. The result is

Both terms have the same k dependence and the same am-
plitude, but the second dominates by the logarithmic fac-
tor. Thus

(
(k) (&')

Po Po

with

16m.
C1 =2V

9

2
—3/2~ 3/4 3/2

(C9) =5 (lt+lr')c3(61T) (/lG)
td~

X(« ')'"ln R, (t)

R, (t, k)

1/2 1/2

(C18)

(
(k) ~ ()."))=5'(k+k')c, (6w)'i'(pG)'()IG)'~4(~5p 5p

Po Po

'2
M

(k, t) =c3(6n ) (pG) (tk)

tdec

7/2
teq

1/2'
tteq R, (t)

ln
R, (t,k}

(C19)

and by Eq. (15) On small scales the energy density correlation function
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for loops differs from that for randomly distributed point
perturbations. The expressions (C12}and (C19) match up
to factors of order 1 at the scale on which R, (t) =R,(t, k)
This scale is given by

have a spectrum as expected for randomly distributed
point perturbations, and for scales larger than k, ' the
fluctuations from large loops which have not yet accreted
matter form the largest contribution. By comparing Eqs.
(29) and (C12) we find

kt -(pG) (C20)

In Fig. 3 we sketch the rms mass fluctuations after
recombination. For very small scales Eq. (C19} dom-
inates, for intermediate scales the loops which have ac-
creted matter still dominate the mass fluctuations, but

( 6) ]/2 dec
(C21)

Finally, on scales larger than the Hubble radius the net-
work of infinite strings gives the most important term.
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