PHYSICAL REVIEW D

VOLUME 33, NUMBER 1

Covariant description of mesons as nontopological solitons

L. S. Celenza, C. M. Shakin, and R. B. Thayyullathil

Department of Physics and Center for Nuclear Theory, Brooklyn College of the City University of New York,

Brooklyn, New York 11210
(Received 13 September 1984; revised manuscript received 27 June 1985)

We provide a fully covariant analysis of a nontopological soliton model of hadron structure and
make an application to the structure of various mesons. We study the p and » mesons, charmoni-
um, and the Y system. The model describes quarks coupled to a scalar field which plays the role of
an order parameter of the QCD vacuum. There are a few parameters in this model: a flavor-
dependent constituent quark mass, a mass parameter for the scalar field, a coupling constant which
determines the strength of the coupling of the quarks to the scalar field, and a cutoff parameter.
The mass parameter of the scalar field and the scalar-quark coupling constant are taken from our
study of nucleon structure. Therefore, once a value is chosen for the high-momentum cutoff, only a
single parameter is varied in this analysis, the flavor-dependent (constituent) quark mass. A reason-
ably good fit is obtained to a series of mesonic states of quite different mass in this extremely simple
model, indicating that a unified approach to hadron structure may be possible. (At this point, we
have not attempted to model the confinement mechanism. Further, our Hamiltonian has continuum
solutions and, given our method of calculation, these solutions prevent us from studying all but the
low-lying states of charmonium and the Y system, for example.) We have also modified car La-
grangian in order to study gluon-exchange effects; however, the study of such effects requires the in-
troduction of additional parameters. By fitting these new parameters to the mass splitting of the
lowest 0~ and 1~ states of the charmonium system, we are able to make a prediction for corre-
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sponding splitting in the Y system.

I. INTRODUCTION

Recently we have constructed a covariant model of nu-
cleon structure by making a fully covariant analysis' of a
simplified form of the Friedberg-Lee soliton model.?
While our analysis involved certain simplifying approxi-
mations, such as a description of the nucleon as composed
of a quark and a “diquark,” the fit to nucleon observables
was quite remarkable. The radius, electromagnetic form
factors, magnetic moments g,, and the nucleon mass
were well reproduced in a simple model.! In this model
the quarks were coupled to a scalar field which serves as
an order parameter of the QCD vacuum. The parameters
of the model included the coupling constant of the quarks
to the scalar field, a mass parameter for the scalar field,
and a quark (constituent) mass parameter. (In addition, a
cutoff was introduced to regulate the high-momentum
components of the interaction.) In our model of the nu-
cleon we also coupled the quarks to various fields, with
the quantum numbers of the o, 7, p, and @ mesons, which
play an important role in the description of nucleon-
nucleon scattering; however, these couplings were related
to empirical meson-nucleon coupling constants and we
therefore did not require additional parameters in the
model. Indeed, the contribution of these fields tended to
cancel leaving the overall structure to be governed by the
scalar field which we called X.

One great advantage of a model of this type is the pos-
sibility of calculating the modification of the properties of
the nucleon when the nucleon is in a nucleus.>* We
found that the soliton increased in size when in nuclear
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matter. In fact, the size increase we found was precisely
what was needed to explain the European Muon Colla-
boration (EMC) effect,” if we made use of the rescaling
analysis of Jaffe, Close, Roberts, and Ross.® In addition,
we were able to calculate the modification of nucleon elec-
tromagnetic form factors when the nucleon is in a nu-
cleus.’ These modifications were able to explain the
quenching of the longitudinal response observed in (e,e’)
inclusive reactions near the (nucleon) quasielastic peak.’
For example, we have recently shown® that the longitudi-
nal response function for **Ca and *°Fe is overestimated
by about a factor of 2 in the impulse approximation at
|q| =550 MeV/c. This defect is remedied if we calcu-
late the response using the medium-modified form factors
calculated previously.>»® We have also carried out a de-
tailed study of the longitudinal and transverse response
functions for deep-inelastic electron scattering’ on '’C.
Again, the use of our medium-modified form factors
leads to a good fit of the longitudinal response, supporting
the conclusions we drew from our study of “°Ca and *°Fe.
Further, these medium-modified nucleon form factors aid
in explaining some long-standing problems in relating
(theoretical) matter distributions to the observed charge
distributions in nuclei.!%!!

Because our simple nontopological model appeared
quite useful when applied to the study of nucleon struc-
ture, we decided to apply this model in a study of meson
structure. Our goal was not to make a detailed fit to large
numbers of levels and transition rates, but to see if one
could find a unified approach to hadron structure. Once
we obtained an overall qualitative description we could
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then attempt further refinements. In keeping with this
goal we decided to use the fewest possible parameters and
the simplest possible dynamical model. We take the cou-
pling constant of the quarks to the X field, gy, and the X-
field mass parameter, my, from our study of nucleon
structure. At this point, the only parameters of the model
are a flavor-dependent quark mass and a high-momentum
cutoff for the interaction, which we will describe at a later
point in this discussion.
The Lagrangian of our model is then'?

ZL(x)=qx)[iy*d,—my, —gxX(x)]g(x)
+ T X (x)— TmyXHx) . (1.1)

(This model is generalized to include effects due to “gluon
exchange” in Appendix D.) The quark mass m, is a large
number in our analysis. [In our study of the p and w
mesons, which made use of the Lagrangian of Eq. (1.1),
we used m,=471 MeV, for example. This quantity is
usually called the “constituent” mass to distinguish it
from the “current” mass which is about 5—10 MeV for
the up and down quarks.] This large quark mass is
thought to have its origin in symmetry breaking associat-
ed with the formation of vacuum condensates; however,
no theory is presently available that would allow one to
calculate the constituent mass with any confidence.

It is sometimes useful® to introduce @(x)=g,.+X(x).
One can then write m,=mg" +gyPys, Where m;" is a
flavor-dependent current quark mass. With these substitu-
tions we can write Eq. (1.1) as

L(x)=q(x)[iy*d,—m;" —gxd(x)1g(x)
+ 53, 0(xX)FP(x) — Tmy[P(x)—b )’ . (1.2)

[If we adopt this scheme we see that g,d,,.~466 MeV
since mg" ~5 MeV for the up and down quarks, and we
have put m,~471 MeV in our study of the p and
mesons using the Lagrangian of Eq. (1.1). When we in-
cluded effects of gluon exchange we found m,~619 MeV
for the up and down quarks. In that case we would have
8xPvac=614 MeV—see Appendix D.]

We stress that Eq. (1.1) represents one of the simplest
models one can use to describe soliton structure. There is
clearly no reference to confinement in this simple model.
This feature is, of course, unsatisfactory and has the prac-
tical consequence of limiting our considerations to only
low-lying states in the spectrum of charmonium and in
the Y system. (For example, we achieve a description of
the 18, 25, and 3S Y states, but the 45 state is already in
the continuum of our model. This problem has its origin
in our use of plane-wave states as a basis for the solution
of the equations of our model. Satisfactory results for
highly excited states may be obtained if we consider an ex-
pansion in a different basis set.)

We should also note that there are many competing
models of hadron structure. Almost all of these models
are static models and require difficult and lengthy calcula-
tions if one wishes to restore translational invariance to
the theory. Among the many models of hadron structure
under current study, we can mention potential models,'?
the MIT bag model,'* chiral bag models,'* the “cloudy’-
bag model,'® and various models describing topological'’

and nontopological solitons.>'® (We assume the reader is
reasonably well acquainted with the literature in this
field.)

At this point, we can expand upon the concepts under-
lying our research program. Our aim is to construct a
model of hadron structure that is somewhat analogous to
the Ginzburg-Landau theory of superconductivity. In
that theory the Hamiltonian is written in terms of an
order-parameter field. (In a microscopic theory of super-
conductivity this field can be seen to be proportional to
the anomalous expectation value, in the superconducting
ground state, of an operator describing a zero-momentum
electron pair.) No one has yet identified the appropriate
order parameters for quantum chromodynamics. Howev-
er, we believe that the work reported here, and our earlier
work, is suggestive that models of QCD based upon the
use of appropriate order-parameter fields may be use-
ful.'>!® (In Ref. 12 we put forth some conjectures con-
cerning relations between the equations of QCD and
models of hadrons of the type considered in this work.)

Before discussing the mathematical details of our
analysis it is useful to provide a schematic description of
the integral equation which emerges. In Fig. 1 we present
such a description. There we see that the object of interest
is the amplitude for a meson to decay (virtually) into a qg
pair. Either the quark or antiquark may be placed on
mass shell and the two amplitudes, with either the quark
or antiquark on shell, are then related by charge conjuga-
tion. In the figure we show an equation for the amplitude
where the antiquark is placed on mass shell. In Fig. 1(a)
we see that the resulting integral equation contains the
scalar form factors of the meson. (The wavy line denotes
the propagator for the X field) In Fig. 1(b) we have
shown the evaluation of the scalar form factors in terms
of the amplitudes for meson —(gg) that are the objects of
our analysis. Therefore, we see the nonlinear aspect of the
problem emerging in a clear fashion. As we will see, the
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FIG. 1. Schematic representation of the covariant nonlinear
equations considered here. (a) An integral equation for the am-
plitude describing meson decay to a quark-antiquark pair is
given. Here the interaction is given in terms of the scalar form
factor of the meson. (A cross denotes an on-shell particle and
the wavy line represents the scalar field X¥.) (b) The form factor
is expressed in terms of the amplitudes for meson decay into Zq
pairs. (The nonlinear aspects of this equation become apparent
upon inspecting the figure.)
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resulting equations are fully covariant and nonlinear; they
are solved by a straightforward iteration procedure.

In Sec. II we describe the mathematical techniques used
to provide a covariant description of bound-state solutions
of our simplified Lagrangian. In Sec. III we study in-
tegral equations for various covariantly described ampli-
tudes and in Sec. IV we indicate how one may calculate
the mass and size of the soliton (meson). (In Appendix D
we extend the model to include effects of “gluon ex-
change.” The modifications of the various equations of
the theory required are presented in Appendix D.) Finally
in Secs. V and VI we present our numerical results and
conclusions.

In the discussion which follows the states of pseudosca-
lar mesons of isospin T and projection My will be denot-
ed as | p,TMr ). These states are normalized such that

(p',TM'T|p,TMT)=8(p—p')8M,TMT (1.3)

States of vector mesons will be denoted as |p,SATMr)

(p",SNTMy | p,SATM7) =8(p—p' )80 (1.4)

MMy *
(We use the Dirac matrices and metric defined in the texts
of Bjorken and Drell.?%)

II. A COVARIANT DESCRIPTION OF MESONS
AS NONTOPOLOGICAL SOLITONS

We now consider the Lagrangian of Eq. (1.1) which de-
scribes the interaction of quarks with the X field. (Here
mg, my, and gy are parameters of our model.) From the
Lagrangian density of Eq. (1.1) we obtain the following
field equations:

2.1)
(O4+my® X (x)=—gxG(x)q(x) . 2.2)

(iyP9,—mg)q(x)=gyq(x)X(x) ,

We may now form matrix elements of Eq. (2.2) between
meson states. We are then led to define various form fac-

where S is the meson spin and A is the helicity. These  tors for pseudoscalar and vector particles as follows. For
states are normalized such that a pseudoscalar meson we write
[
(p',TM} | X(0) | p, TM7) 1wy (g 2.3)
P, T P = @) [dwlpalp)] 2 '

For vector mesons we denote the polarization vector (with helicity parameter A) by £;, and use the notation & =£4(p)

and £f' =£4(p’). Then we have

1 8MTM}

4m & P§A P’

(p',SA'TM7 | X(0) | p,SATM7) = — gy

myt—gq?® (2m)® [4w(plo(p’)]'?

Fi(@®)+ & -EF,(g%) (2.4)

where m and w(p) are the mass and energy of the meson under consideration. (The isospin indices will, of course, be ab-

sent if we are considering isoscalar particles.)

We now turn to a description of certain meson-quark amplitudes. Specifically, we consider the decay amplitude for a
meson of momentum p to go into an off-shell quark and an on-shell antiquark of momentum k. The amplitude for a
meson going into an off-shell antiquark and an on-shell quark is related to the first amplitude introduced here by charge
conjugation. We consider the pseudoscalar and vector mesons separately.

A. Pseudoscalar mesons

For a pseudoscalar meson of mass m and isospin projection M7 decaying into quark with momentum k and isospin
projection ¢ we define, using the notation of Bjorken and Drell, and noting that ¢ is a Dirac index,
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1

1 mgy

(kst | §(0) | p,TM1) =

[20(p)]'* | E,(k)

am =Y

a+8 0, 2.5)
m

(X8, )i -
a

Here A and B are Lorentz scalars and ’éMT is a vector of unit norm. Using charge conjugation we have (see Appendix

A), for decay into an on-shell antiquark,

1

(kst | g4i(0) | p,TMy) =

[260([))]1/2
where E=A4, F=—B, and 7 is a phase factor.

The scalar invariants E and F can be taken to be functions of Lorentz invariants [(p- k/m, )2 —

scalar invariants which are functions of [(p"k /m, )2 —
the amplitude defined in Eq. (2.6) becomes

172
1

(2m)?

k) 1
E, (k) 4m

(kst | gq(0) | p=0,TM7) =

Vs

172
mg 1
E,(k) ] (2m)?

(E+F)

oK) | [(r8a )X _m_,); , 2.6)

a

m

m?]'/2. We denote the

m?]'2 by E’ and F'—see Fig. 1. In the meson rest frame, p=0,

(E—F)X _;

. X, @7
okx_;
€,(k)




where €,(k)=(k*+m,*)!"+m,. We recall that the sca-
lar invariants E and F are functions of

[(p-k/mg)—m?]'%.
Thus in Eq. (2.7)

E=E %’i —E(k"), (2.8)
q

F=F —”:—k =F(k") . (2.9)
q

Here k' is the momentum of the meson in the Lorentz
frame where k=0. We define wave functions as follows:
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a 4ar 1 €(k) 2 , k
R;(k)= m;m [E(k )+F(k')]eqT)-.
(2.11)
We also choose the normalization
fo“ k2dk[R, k) +RXKk)]=1. (2.12)

B. Vector meson

We consider the decay of a vector meson into an on-
shell quark and an off-shell antiquark. The description of
this amplitude is somewhat more complicated than in the
pseudoscalar case described above. In general, there are

K 172 four scalar invariants needed to describe this amplitude.
R, (k)= 4m_ 1 & [E(k")—F(k"], (2.100  We organize these invariants such that, in the rest frame
(2m)® m E (k) of the meson, only s-wave decay is allowed. This leads to
1
172
(Kst | 7ai(0) | p,SATMy) = —— i
T T o2 |EJk) | (2n)
-k ~ =
X 1#,(k) E}L—Al 1+L +é A+B]— H (XIT-’éMT),». (2.13)
my, m m a
Using charge conjugation (Appendix A) we have
(K5t | g4(0) | p,SATM;) ! my_|"
4o R T = ™ )] | Egk) | (2
gk.k L < “"L ¥ T
X Ay |1— —&, |A+B vs(k) [ (T €y ) Xy, . (2.14)
q m m a
These equations describe s-wave decay if
A=———A4F8 (2.15)
mym

The functional dependence of 4,, 4, and B is the same as in the case of scalar mesons. That is, they can be taken as
functions of [(p-k /m,)*—m?*]'/%. In the meson rest frame, p=0, we find

1
2n)?

(kst |g(0) | p=0,SATM; )= —

4m E (k)

From this we can again identify wave functions,

A 4ar 1 €(k) 2 N om,
Rutk)= | ooty | LA —Buen,

172
o 4 1 (k) ~ = k
Ro= |2 L2\ Fen+ B
= G m B, | AKIFBRIN s

and choose the normalization

fo'” k2dk[R,2(k)+R2(k)]=1.

1 €&(k) }m

(Z“ﬁ)gx'a)(_s .
(A+B)k  ~n [y, ) X_m_]. (2.16)
P .
2.17)
(2.18)
(2.19)
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III. INTEGRAL EQUATIONS FOR INVARIANT AMPLITUDES

We now analyze Eq. (2.1) using the fact that

(kst |q(x) | p,TMy) =e P =%)*(kst | q(0) | p,TM7) .

(3.1

We obtain, for pseudoscalar mesons, upon inserting a set of mesonic states, | p',7M7 ), between the operators ¢(0) and

X(0):
(p—k—my)(kst |q(0)|p,TMr)=gx 3, fdp'(k'sﬂq(m|p',TM'T)<p',TM'T1x<o>lp,TMT> . (3.2)
Mr
Similarly for vector mesons, we obtain
(p—k—mg)(kst |q(0)| p,SATM7) =gy 3, fdp'<k‘s7;q(0)|p',sx'TM;~)<p',sx'TM'T;x<o>|p,sxTMT) . (3.3)
AM
l
We analyze Egs. (3.1) and (3.2) in the antiquark rest frame Similarly for the study of vector mesons we define
where k=0. For that analysis it is useful to define, for
pseudoscalar mesons
= 1 ~ = olp)
B =R (p)— (p) 1 R, p)=———> |4d(p)—B(p) =R |, (3.9
R,=R,(p)= |E(p)— F(p) R (3.4) p [o(p)]72 m
= = 1
R=R/p)=—F(p) & (3.5)
1 np p m [w(p)]/? _ 1 = p
RI(P)z“—T/TB(P) , (3.10
R’ =R.00")= |E(p")—F(p") 2R 1 (3.6 [w(p)] m
u =Ky \p Y4 p m [w(pl)]l/Z ’ )
Ri=Rip)=—Fpn & —1 (3.7 R — 10— B(p) 2P 1"
m [o(p')] «(P") [o(p)] 7 (p")—B(p') m ,  (3.1D)
The isospin factors may be canceled in Eq. (3.2) and we
obtain equations for the amplitudes defined above,
53 ' ____1__~ ' '
o) R,(p) 2m, p| |Ru(p) Rip')= [w(p,)]mB(p )m . (3.12)
PR P O)|Rip)
Again we can remove the isospin factors from Eq. (3.3),
2 4m and using the fact that
=& f 3 n11/2
(2m)° [4o(plo(p’)]
= ., Y uv E“EV
Fsgd [t 0 Ii"(P) %@i‘) G=—g"+ 0, (3.13)
my*—q* |0 —Pp'P J|Ri(p")
(3.8) we obtain
I
olp) R,(p) 2my, p Iiu(p) . f 1 4m 1
R(p) p OJ|R(p)| =¥ (277)3 3 [4o(p)a(p)]'? my?—q?
yu' vi! ) Vit Vit R,(p")
F F = .
Vle V221 l(q )+ V2]2 V222 Z(q ) Rl(p’) ’ 3 14)
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where
Vu1=_9L2_9_IP_2.
m3 m?
m m m
212 @ (1)'
(b5 EE-
m* |lo+m o' 4+m
+($.ﬁ:)3_LP_J_l_2P__|_ 12 _9 _“l%. , (3.15)
m m m m
' ’ 12 2 2 12
A A
,,nxziLLZLLL 1- 290 | | () | RO tPOT
m m
_(f,.f,')ziLLLP-LZ 22 41, (3.16)
m m
Vi =—*——"ﬂ—1+1:’n—.22‘
+(BP) %+%~%—1], (3.17)
m
V= — lp| iZP | 1P’ “";’.;.z , (3.18)
m m
Vil=Vy'!l=V,?=V,?=0. (3.19)
Here
o=o0(p)=(mi4+p?!?, (3.20)
and
o' =ao(p)=(m24+p H/2, (3.21)

Equations (3.8) and (3.14) can be solved for R,(p) and
Ri(p) for pseudoscalar and vector mesons. From the
solution~of these equations we can construct E(p), F(p),
A,(p), A(p), and B(p).

Some questions of normalization are discussed in Ap-
pendix B, while the evaluation of various form factors is
described in Appendix C. Finally, we note that we have
introduced a high-momentum cutoff in these calculations.
Effectively we replace the propagator (my*—gq?)~! by
p—g|”

A2

where A2=100 fm~2. This is somewhat larger than the
cutoff used in our calculation of nucleon properties. In
the latter case we put A2~40 fm~—2. The larger cutoff is
needed in particular for the description of Y(1S) which is
a quite small object. A value of A~2 GeV seems not un-
reasonable since at these large momentum transfers non-
collective aspects of QCD are expected to play a role.
That is, one expects that a description in terms of QCD

(mx2_q2)——l

’

order parameters should break down at some large
momentum scale.

IV. EVALUATION OF THE MESON MASSES
AND RADII

We recall that

(p', TM7} | p,TMT)=8(p'—p)8M,TMT , 4.1)
and also note that
(p', TMr |H |p,TM1)
=<p’,TM7~| fﬁé’(x)dx p,TMT>
=(27)%8(p'—p){p,TM1 | #(0) | p,TM7) . (4.2)

Here 57(x) is the Hamiltonian density and is given by

x(x)=q(x) %Y'V—{»mq +gxX(x) |g(x)

2
+ %—)f(x) + VX | 2+ m3Xx)

1
2

(4.3)
We now define my; as follows:

(p',TMy |H |p,TM1) =8(p—p')(p*+myx»)'/? .
(4.4)

Using the meson-quark decay amplitudes determined ear-
lier and inserting a complete set of quark and antiquark
states between the various operators in Eq. (4.3) we find

my=2m—(E;))+ &%, 4.5)
where

(Eg)= [" kdk E,(0[R, (k) +R (k)] (4.6)
and
#S=g,? 4m = p'Zdp’ 2(¢°? 1

YT a0 o) | (myP—g®? T myP—q?
X [Fs(g®)]*. 4.7)

Here g* is given by

q°=m—ow(p’) (4.8)
and

q=-p' . 4.9)
Similarly for vector mesons we find

my=2m—(E,))+&y, (4.10)
where again we have

(E))= [ Kk E,[R(+RA k)] @11)

and also define
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2
4m p'zdp 2(¢%? 1 P w(p’)
#FV—p 2 PF(ze_Fzz F.(a2)12
Xx=8&x o )2 f (myi—g™? " myi—g? | | 3m? g)+F,(q%) | —[Fi(g)])* | +[Fa(g))])* ¢ .
(4.12)
-
For systems with isospin zero (charmonium and Y) we  of the nonlinear equations, Egs. (3.8) and (3.14). The

find the same expression for the mass if we use the nor-
malization conventions described in Appendix B.

We have also calculated the size of the solitons. We de-
fine

meson mass is also required in the calculation of the form
factors [see Egs. (C4), (C9), and (C10), for example] and
in the potentials [see Egs. (3.15)—(3.18)]. The equations
are solved so the mass m, which appears in many places
in our equations, is equal to m,, the eigenvalue of our

ﬁu(r)= ——ﬁlg-/—z f ow k2dk jo(kr )ﬁ,,(k) (4.13) equations, as described above. After the equality between
(2 ) the eigenvalue m, and the meson mass used to construct
Ry(r)= 3 f k2dk j,(kr )Rl k), 4.14) the' form factors and potgntlals is acl_ueved, we have only
(27)372 a single mass parameter in our equations. We can denote

and calculate the mean-square radii of the baryon and sca-
lar densities:

this mass as m. (See Tables I-1V.)
We proceed as follows. We guess a value for the form
factors [Fs(g?) in the case of pseudoscalar mesons, or

(r2)p= f * Pdr Y[R +RAN], @4.15)  Fi(g?) and F,(g?) in the case of vector mesons]. We then
°w “ construct the potential terms appearing in the right-hand
(r¥)g= fo ridr rz[ﬁuz(r)_ﬁlz(r)] . (4.16) side of Egs. (3.8) and (3.14). If we are treating the p or @

Values for the root-mean-square radii are presented in
Tables I and III.

V. CALCULATIONAL PROCEDURES AND RESULTS

In this section we will describe the procedure used in
our calculations. The discussion is somewhat complicated
since several different masses are described. To clarify
this presentation we can define the quantities my, meyy,
and m,. We will first describe m, and m,. We use
Mepe to denote the experimental meson mass. (This
quantity is known for most of the states we consider here.)
Now consider the meson energy w(p) which appears on
the left-hand side of Egs. (3.8) and (3.14). We write
o(p)=(p*+m;?)!? and determine m, as the eigenvalue

mesons, or the lowest 1~ state of charmonium and of the
Y system, we use M.y, in Egs. (3.8) and (3.14). We then
determine m, such that m =mg,. This procedure pro-
vides a value for the constituent mass of the up and down
quarks, the charmed quark, and the bottom quark. With
these quark masses fixed, we can then study the 0~ states
of charmonium and of the Y system, as well as the excited
1~ states of both systems. Since m, is fixed, we now
have no parameters at our disposal. We again proceed to
solve Eqgs. (3.8) and (3.14) so that m,, the eigenvalue, is
the same as the mass used to generate the form factors
and potentials. Therefore, at the end of our analysis there
is only a single mass m which appears in our equations
for each mesonic state considered (see Tables I—IV).

The notation my is used for the mass of the meson
which is calculated by forming the expectation value of
the Hamiltonian. This expectation value is calculated us-

TABLE I. Results of calculations based upon the Lagrangian of Eq. (1.1). The quark masses m, are
fixed so the corresponding underlined masses are equal. The baryon and scalar radii are defined in Sec.
IV. The electromagnetic radius is defined in terms of the slope of the appropriate form factor.

Baryon- Scalar
density density Electro-
radius radius magnetic
m (expt) m (theory) mg (rms) (rms) radius
Meson J7 (MeV) (MeV) (MeV) (fm) (fm) (fm)
P 1- 775 715 471 1.38 1.21 0.949
T 0~ 140 782 471 1.39 1.21 0.936
J/Y(1S) 1- 3100 3100 2025 0.484 0.434
J/P(2S) 1~ 3685 3795 2025 1.21 1.19
X (1S) 0~ 2980 3101 2025 0.483 0.431
X:(2S) 0~ 3590 3794 2025 1.21 1.19
Y(1S) 1- 9460 9460 5700 0.272 0.263
Y(2S) 1~ 10025 10355 5700 0.531 0.524
Y(3S) 1- 10355 10900 5700 0.893 0.886
Y(1S) 0~ 9460 5700 0.271 0.262
Y(2S5) 0~ 10356 5700 0.534 0.527
T(3S) 0~ 10900 5700 0.889 0.883
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TABLE II. Results of calculations based upon the Lagrangian of Eq. (1.1). The various quantities

(E,), &3, &%, and my are defined in Sec. IV.

m (expt) m (theory) (E;) &3 k34 (H)=my

Meson J7 (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)

P 1- 775 775 524 240 742

T 0~ 140 782 527 224 734
J/Y(1S) 1- 3100 3100 2125 735 2685
J /Y (2S) 1- 3685 3795 2103 339 3721
X(1S) 0~ 2980 3101 2126 726 2676
X(2S) 0~ 3590 3794 2105 341 3719
T(1S) 1- 9460 9460 5806 1236 8545
Y(2S) 1- 10025 10355 5847 905 9922
Y(3S) 1- 10355 10900 5831 588 10726
Y(1S) 0~ 9460 5806 1234 8542
Y(2S) 0~ 10356 5847 906 9924
Y(3S) 0~ 10900 5830 590 10710

ing the self-consistent invariant amplitudes, wave func-
tions and form factors, and the equations developed in
Sec. IV. (As we will see, my and m differ significantly in
some cases. We will comment on this aspect of the calcu-
lation at a later point in the discussion.)

In our calculations we did not attempt to vary my and
8x- We choose my=500 MeV, which is the value we
used for the study of the properties of the nucleon."* We
took gy=7.0, which is approximately the average value
of this parameter used in Ref. 1 (gy=6.3) and in Ref. 3
(gx=7.5). Thus, once a high-momentum cutoff is
chosen, there is only a single free parameter, the flavor-
dependent constituent quark mass in the analysis which is
fixed by the procedure described above.

The results of some of our calculations are given in
Tables I and II. We note that the choice m; =471 MeV
for the up and down quarks leads to a fit to the experi-
mental p and @ mass. A value of m,=2025 MeV for the
charmed-quark mass leads to a fit to the J /(3100) state,
while the value m,=5700 MeV for the bottom quark

leads to a fit to the (vector) Y meson, Y(1S). The other
masses, and various radii given in Table I, represent pre-
dictions of the model. In general, we see that the model
leads to too large a separation between the various states
of the charmonium and Y systems.

In Table II we present values calculated for the expecta-
tion value of H (denoted as my) and the quantities (E, ),
&3, and &7, defined previously. [See Egs. (4.5)—(4.7) and
Egs. (4.10)—(4.12).] It is interesting to note that the larg-
est discrepancies between m and mp appear for the
mesons with the smallest size. The discrepancy becomes
smaller as the meson size increases in a fairly systematic
fashion indicating that for quite large objects one could
achieve consistency for m and my. For example, the
mass difference my —m is quite small for p, w, J/P(2S),
and X.(2S), which are large objects with (scalar density)
radii of about 1.2 fm. For even larger objects we antici-
pate that m and my will be almost equal. This feature of
the calculation deserves further study.

We note from Tables I and II that we obtain no split-

TABLE III. Results of calculations including the gluon-exchange potential (see Appendix D). The
quark masses are fixed so that the underlined theoretical and experimental masses are equal.

Baryon- Scalar

density density

radius radius
m (expt) m (theory) my, (rms) (rms)
Meson JT (MeV) (MeV) (MeV) (fm) (fm)
PO 1~ 775 619 0.781 0.641

T 0~ 140

J/Y(18) 1~ 3100 3100 2299 0.337 0.288
J/P(2S) 1- 3685 3961 2299 0.763 0.741
X:(1S) 0~ 2980 2980 2299 0.310 0.264
Xc(2S) 0~ 3590 3910 2299 0.713 0.692
Y(1S) 1- 9460 9460 6037 0.210 0.200
Y(2S) 1- 10025 10505 6037 0.419 0.412
Y(3S) 1~ 10355 11152 6037 0.672 0.665
Y(1S) 0~ 9425 6037 0.208 0.199
Y(2S5) 0~ 10503 6037 0.415 0.408
Y(3S) 0~ 11157 6037 0.674 0.668




206 L. S. CELENZA, C. M. SHAKIN, AND R. B. THAYYULLATHIL 33

TABLE IV. Results of calculations including the gluon-exchange potential. (See Appendix D for the
definitions of my and &;.) The quantities &y and (E,) are defined in Sec. IV for pseudoscalar and

vector mesons.

m (expt) m (theory) (E,) &y & (H)=my
Meson J7 (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
P 1~ 775 175 755 362 306 708
T 0~ 140

J/YP(18) 1= 3100 3100 2485 758 570 2556

J/(28) 1- 3685 3961 2469 509 318 3811
Xc(1S) 0~ 2980 2980 2544 770 768 2409
Xc(25) 0~ 3590 3910 2508 533 298 3736
T(1S) 1- 9460 9460 6208 1264 664 8431
T(2S) 1~ 10025 10505 6263 1023 442 9948
T(3S) 1- 10355 11152 6252 771 308 10980
T(1S) 0~ 9425 6216 1272 698 8388
T(2S) 0~ 10503 6266 1009 454 9937
T(3S) 0~ 11157 6251 750 314 10874

ting between vector and pseudoscalar states with the same tial.

number of nodes. Therefore, we have investigated the ef-
fects of adding a potential which represents the exchange
of a massless colored vector field. The modification of
our equations required to study such “gluon-exchange ef-
fects” are given in Appendix D, where the additional cou-
pling constant and cutoff required are specified. The re-
sults of this study are given in Tables III and IV. We note
that we now require larger constituent quark masses and
we also find smaller values for the baryon-density and
scalar-density radii. Again we see a discrepancy between
m and my. For objects of the same size, however, the
difference between m and my is essentially the same in
the calculations reported in Tables II and IV, that is, for
those results with and without the gluon-exchange poten-

J/¥ (3100)

r(fm]

FIG. 2. Coordinate-space wave function for the p meson,
X.(2980), and J/¢¥(3100). Both upper and lower components
are shown.

Note that the strength of the gluon-exchange force is
fixed such that the mass difference between J /¢(1S) and
X (1S) is given correctly (see Table III). Once this
strength is fixed we have the following prediction for
mass splitting in the Y system:

m[Y(15)],_,-—[Y(18)],_,-=35 MeV .

The splittings of the Y(2S) are Y(3S) states given in
Table III are quite small and probably not significant,
given the numerical accuracy of our calculation.

In Figs. 2 and 3 we show some typical coordinate-space
wave functions obtained for p, w, X.(2980), J/(3100),
Y(1S), Y(2S), and Y(3S) in these calculations. These

Al T(29)

10 T (3S)
0 1
r[fm]
-4

FIG. 3. Coordinate-space wave functions obtained here for
Y(1S), Y(2S), and Y(3S). Both upper and lower components
are shown.
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X¢ (2980)

1 1
60 120 180
-q?[fm-2]

FIG. 4. The scalar form factor for the ground state of char-
monium [X.(2980)].

wave functions are obtained by Fourier transformation of
the momentum-space wave functions [see Eqgs. (4.13) and
(4.14)] in the meson rest frame. We may note the decreas-
ing importance of the lower component as we move to the
description of the more massive mesons.

In Figs. 4—6 we exhibit some typical values for various
form factors: Fg(q?) is obtained in the calculation of the
properties of X, (2980) and F,(¢?) and F,(q?) are ob-
tained when studying the dynamics of vector mesons.

Finally, we note that the model, extended to include
gluon-exchange effects, leads to quite a strong attraction
in the pion channel of the ¢g system. Indeed, we were not
able to find a stable solution of our equations when we
studied the pion channel with the gluon-exchange poten-
tial included. (The pion state did move down in energy in
our calculations and the pion became very small, but the
numerical results were not stable.) It is not clear whether
our formalism, in its present form, can describe the pion
which is (most likely) the Goldstone boson associated with
the breaking of chiral symmetry.

0.5

F(a?)

80
o | -q?[fm-2]
F@) |

-0.5

FIG. 5. Vector form factors, Fi(g?) and F,(g?), for the p
meson and for J /4(3100).

o5l T@S) --

B\
F|(q2) -\-

200 300

-q?[fm 2]

Falad [ /

-0.5}

FIG. 6. Vector form factors, F,(¢?) and F,(q?), for states of
the Y system.

V1. DISCUSSION

Clearly there are two major limitations of this analysis.
We have not as yet extended this theory to include a
model of confinement. The second major limitation is
that we do not have a good model for the structure of the
pion. Clearly, a satisfactory model of pion structure re-
quires some understanding of the breaking of chiral sym-
metry in QCD. Indeed, the effective Lagrangian of Eq.
(1.1) does not exhibit chiral symmetry. Therefore our
model is based upon the fact that chiral symmetry is bro-
ken and the assumption that we may write an effective
Lagrangian, which does not exhibit chiral symmetry, but
which is useful in the broken-symmetry configuration. If
we were to understand how chiral symmetry is broken we
would, of course, have a better understanding of pion
structure, as noted above.

In a future publication we will extend our analysis to
include a theory of solitons with relative p-wave motion
of the quark and antiquark. We will discuss electromag-
netic decays of mesons, described as nontopological soli-
tons.
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APPENDIX A: CHARGE CONJUGATION

In the following we use the notation of Bjorken and
Drell. In deriving Eq. (2.6) from Eq. (2.5) and Eq. (2.14)
from Eq. (2.13) we have used the following relations:

C40a(0)C ' =Cop75a(0) , (A1)
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(kst |C'=(ks—t|7,, (A2)
ClpTMy)=(—1)"T|p,T—Mz) , (A3)
CIp,SATM;)=(—1)' M7 | p.SAT—M;) . (A4

Here C is the charge-conjugation operator and |ksz) is
the antiquark state. The difference between Egs. (A3) and
(A4) is due to the fact that the neutral pseudoscalar
mesons and vector mesons are eigenstates of the charge-
conjugation operator with eigenvalues +1 and -1,
respectively.

APPENDIX B: NORMALIZATION CONSTRAINTS

We may check our choice of normalization by calculating the charge of a meson with My=+1or —1:

(p,TM7 | Q| p,TMT)=(21r)38(p'—p)<p',TM'T

=M78M,TMT8(p'—p) .
We find

(pTM7 | §(0) | kst )y°

Mr8,), =(2m) § [ dx

— (pTMj | q(0) | kst }y°

Taal0)Y 38

We evaluate this expression in the frame where p=0 and find

4 ’ ’ E (k) ’ ’
M8y, 10, =M1y, 55 [ dx {[Ez(k )+ FHk"))—— —2E(k")F(K’)

or
Mp=M;y f:kzdk[ﬁlz(k)+ﬁ.,2(k)] :

In Eq. (B3) the quantity k’= | k’| is the momentum of
the meson or of the off-shell quark in the frame where
k=0. We have k'=mk/m,, a relation which follows
from evaluating the invariant
172
(e‘k )2 —m 2

2
my

in the frame where p=0 and in the frame where k=0.
[In the frame where p=0 we have p-k =mE,(k), while in
the frame where k=0 we have (p'k)=w(p)m,.] This
analysis is appropriate for the vector-meson normalization
also.

For a pseudoscalar meson and quark of zero isospin we
define
172

V2 Mg 1
ks |g(0)|p)=
(ks |g(0) | p) Ro(P]7”? | E&) | @2}
x |a) |E-FE |y, (B4)

LoD g TM>
6 ) abqﬂb P T
(B1)
—1—+3]<k‘s7|q(o>|pmr>
6 2
1 7 —
-g-}-—z— (kst |g(0) | pTM7) (B2)
my
—_—, B3
¢ 2mE,(k) (B3)
T
and in the case of vector mesons, we have
172
V72 my 1
k,s |g(0)|p,SA)=
(ks 130)[p.SA) = Toes |2 |
k
X as(k)‘gA 4, 1+ £
m, m
+ & |[A+BL ‘ l
m
(BS)
For pseudoscalar mesons we define
172
A 41 1 Gq(k)
R, (k)= —_— E(k')—F(k')],
wtl) (2m)* m E (k) [EKD—F (kD]
(B6)
172
5 47 1 (k) k
R(k)= —_— E(k')+F(k’ ,
W= | G m B | [EROHFRIIC

while for vector mesons we have
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k Again we use the normalization condition
~ 4r 1 €q( ) o=,
R, k)= |—7F— E,© [A(k )—B(k")], - R R
(27)" m [ 7 dk KR, () + Rk =1. (B8)
(B7) 0
o o | _4m 1 &(k) The expression for the form factors and for my remain
R, (k)= (2m)3 m E, (k) [A(k 1+BUD] (k) ’ the same as in the case of mesons of isospin unity.

APPENDIX C: CALCULATION OF FORM FACTORS
In this appendix we discuss the calculation of various form factors. For a pseudoscalar meson we have,
(p',TM1 | :g(0)q(0): | p,TM )
=3 [ dk[(p',TM7 |g(0) | kst )(kst | g(0) | p,TMz) — (p'TM7 | g(0) | kst ) (kst |g(0) | p,TM7)] (CD)
st

1 1 dk  mg - o || —kt+m,
=28 . T E'+F E+F e
MM do(pla(p)]Z (200 ) 2n) Ek) m | [“ 5 m || om,
ot k
a+BL | |44 B2 —ﬂ” (2)
m m 2my,
1 4im
=8, .. Fs(q?) . (C3)
MM (2m) [do(pla(p)] 2 S 2
We obtain from Egs. (C3) and (C2),
2y _T dk .9 !E E ’ E EFI E C4
Fstgn= (2*11')3 E, (k) EE'+FF Emeq mm, (C4)
where
x 2 1/2
E=E 2’;—] —mz] ] :
q
vk 2 172 (Cs5)
E'=E PR 2 ,
mg

with similar expressions for F and F’'. (One can understand the appearance of the different arguments in E and F and in
E' and F’ by making reference to Fig. 1. We see that E and F parametrize the vertex where the meson has momentum
p=[w(p),p] and (E',F') parametrize the vertex where the meson has momentum p’'=[w(p’) p’].)

For vector mesons the form factors are somewhat more complicated. Using the same procedure as used to obtain Ea.
(C3), we find

1 4m &’ p§xp

(p’,SA’TM'T]:E(O)q(O):Ip,SATMT>=8MTM,T(2ﬂ_)3 [fomo] 7 Fi(g)+ &5 -EF@Y) | . (C6)
Now if we define

gh=(p'—p¥/2m (C7)
and

Fh=(p+p'/2m , (C8)
we have

Filgt— 2 [_1 (k72 _(GkP ] fif, @ @R[ 1

m E<k) mA#2?  mAg?? | 8 mA 7Y mjgt | |g? #?
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dkm -k )? g
Fy(g)= [ _EkE_ gky L (C10)
(2 P 7 E4k) m 7t mjg* | 2
f
Here the invariant functions f, f,, f3, f4, and fs are We obtain the following equations of motion:
functions of p-k and p’-k. They are given as @
" "k . _ _ (id—my )q(x)=gxq(x)X(x)+gy“—2—q(x JA,(x), (D2)
fi=—A Ay 1+ B B2 PP g F 44
mqm mmq m a _ Al
DA#(x)=gQ(x)y“—2—q(x) , (D3)
p— y ' ’ B B ’
EL4iB+a,B), CID (O myX(x) = —gyg(x)g(x) . (D4)
~ k- - We can now introduce the amplitude
fr=ABXP _Fi_aid, (C12) P
mqm (kysyt,a |Qaub(0)|P7TMT> ’
fi=A4,B kept BA'—4,4', (C13) where a and b are color labels, i is an isospin (flavor) la-
mmyg bel, and a is a Dirac index. We now form matrix ele-
—~, ==,p"p s kp  =,+kp ments of Eq. (D2) between quark and meson states and
fa=—AA"—-BB m? +4'B mm +B'4 mm. (C14)  yse the procedures described in the main text.
. g 7 We can write, upon using Eq. (D3),
fs=BB' (C15)

Further details concerning calculations of the type report-
ed here may be found in Ref. 1.

APPENDIX D:
SINGLE-GLUON-EXCHANGE POTENTIALS

In this appendix we consider the modification of our
analysis required to include the effects of gluon exchange.
If we add this effect to our model we can fit the observed
splitting of the X (2980) and J/¢(3100) states of char-
monium, for example. We neglect the self-interaction of
the gluons and consider the following Lagrangian, with

ZLX)=q(x)[id—gxX(x)—mgy]q(x)

+ 3 [3X (X)X (x) —my X 2(x)]
a
—gﬁ(x)’y"%—q(x)Aﬁ(x)—%F",“'(x)Fz,,(x). (D1)

Here a is a color index (a=1, ...,
rameter of the model.

8) and g is a (new) pa-

]

(k,s,t,b| A5 (x) | K',s",1",b")

1

_q2

’

= (k5,06 | g2 g ) TR 75

(D5)

where g?=(k —k’)2.. We can also write an expression for
the quark color current taken between on-shell antiquark
states,

(k587 E g0 77
s 2 folgd | m, }1/2 m, 172
2 |y 2m) | Eg(k) E, (k')
X [v(k',s")y*v(k,s)] . (D6)
Here f;(q?) is a new cutoff function needed to regulate

the high-momentum behavior of the model.
The analysis of Eq. (D2) then yields

(F—k—my)(k,s,tq(0) | p,TM7) =gy 3 dp'(k,s,t |q(0) | p',TM7){p',TM7 | X(0) | p,TM7)

Mr

my? f6(g?)

—4¢*3 [dx

< [E,(K)E,(K)]'/* (

x (K',s',t | q(0) | p,TM7) ,

2 o(k',s")y v (k,s )y*

(D7)

where we have performed the color-index sums to obtain a factor of (—+).
Once we have obtained the ( — %) color factor, there is no need to make further reference to color dynamics, except for
a minor modification of the normalization of the amplitudes noted below.
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1. Pseudoscalar mesons
Again we consider the amplitude (k,s,?,a | §4i(0) | p, TM1) and write

~ ) 1 1 B
(k,s,t,a lqaib(o)lpsTMT)=7- A+—m£ Vs

t_A
3 [2w(p)]1/2 (21’_)3 (X,T‘eur)g . (D8)

a

ua(k,s)

This expansion is the same as that used previously except for the (8,, /V/3) factor. This factor appears here because we
need to keep track of the color indices in the extended model which includes “gluon-exchange” effects.
Again, it is useful to develop our equations in the antiquark rest frame where k=0, we obtain

()R“‘P) [ d 4m Fsgd [1 0 ]|Re)
P Ryp) | T 8 (27)3 [do(plap)] 2 mi—qg2 0 -9 ] [Rip)
_E P
s zf fe(g?) 1 m0+0') m my R.(p")
(277)3 [o(p)a(p)]'”? (o' +m?+pp ) | KD oo PKPK ||Rip)
PP+ ,
m, mg€, (k')
(D9)

[

The first term on the right-hand side of Eq. (D9) is  frame where k=0. The structure of the second term in
identical to that given previously for the case of pseudo-  Eq. (D9) follows upon expressing the meson decay ampli-
scalar mesons. The new term in Eq. (D9) corresponds to  tude in the frame where the intermediate antiquark has
an attractive potential since —g?>0. The appearance of  momentum k=0. In that frame the meson momentum is
the momentum k' in this equation can be understood by  p’. We have made a change of variables in Eq. (D9) in or-
recalling the structure of Eq. (D7). We see that k' is an  der to perform our integration over p’ rather than over k
intermediate momentum of the on-shell antiquark in the  asin Eq. (D7).

2. Vector mesons

We now consider the amplitude

172
(K,5,1,b | §oia(0) | p,SATM ) = 1 g 1
@ 3 [20(p)]'/? | E,(k) (2m)?
-k - -
w |as) |25 4, (142 |44 |45 L Or@a, )i » (D10)
mq m m a

where we have again made the color indices explicit and therefore have included a factor of (1/ v/3) on the right-hand
side of Eq. (D10). We again obtain an equation in the antiquark rest frame:

R,(p)

Ry(p) X (21r)3 [20(p)20(p)]'2 3 | my?—q?
AT 7% ) Vit Vil R,(p")
V211 V222 Fl(q )+ V2|2 V. 2 Fz(q ) Rl( 1)
ng 1 felg?) myw+o') Vllz Via IE(P) DI
o (21r)3 [co(p)co(p')]l/2 3| —¢? |(wo'+m24pp 2 [Vu® Vaf| |Rip) |-

Agam, the first term on the right-hand side has been glven prev1ously [see Eq. (3. 14)] Further, V!, V},!, V5!, and
V2,! were defined in Eqs. (3.15)—(3.18). The new terms, V,% V1,%, ¥,,%, and V5, are given by



212

’2 a2 E
V“ =2+_CLL_ 1 7 —_ k 2+ k p) .J_R.L
mo e m, m,? m m,
m
pom 1 [IplE  pwe | (B, @
m m m, m||m m
1+2 q q q
m
poo_ 1 [1pl B p¥ol|[E, o
, m m m, m||m,  m
142 q q q
m
E, 5k E
po=— ||l 2 PK o ||% o ,
lp m mg mg m||mg m

with w =w(p) and o' =w(p’).

Again, we solve Eq. (D11) by iteration and obtain a co-
variant self-consistent solution. Note that if only the
gluon term were present, Eq. (D11) would be a linear
equation, which could be solved directly, without any
need for iteration of the solution.

At this point we turn to a specification of the new cut-
off introduced into the formalism. We set

n
A’Z_Z] ’

with n=6 and A=30 fm~!. We then fixed g by fitting
the splitting of the X.(2980) and J/#(3100) states, and
adjusting the charmed-quark mass so that the mass of the
J/#(3100) was given correctly. We found g2=6.08 or
a.=g?/4m=0.48. The results of these calculations are
presented in Tables III and IV.

As noted in the main text, the gluon-exchange potential
is very attractive in the gg channel with the quantum
numbers of the pion. We were not able to find a stable
solution describing the pion using a value of the quark
mass (m, =619 MeV) which led to a satisfactory descrip-
tion of the p and w mesons.

felgh= (D16)
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_PK o | 1Pk |p| (D12)
m, m m, m ’
1L (D13)
m

(D14)
m
g_Lp_L+2_ls'_] (D15)
m m mq

3. The Hamiltonian

The addition of gluon exchange to the model leads to
an additional term in the Hamiltonian:

Hg= [

FiY(x)Fp,(x)

2 —F2(x)A4 §x) |dx

(D17)

We can write H=Hy+ Hg, where H is the Hamiltonian
in the absence of gluon terms. We may obtain the expec-
tation value of H; between states of a meson using the
techniques introduced previously. In performing that cal-
culation, it is useful to eliminate the gluon field A¥(x) in
favor of the color current source. Thus we write

AL(x)=g [ D(x —x")ja(x")d*x
with
OD(x —x")=8%(x —x') .

(D18)

(D19)

(We recall that we have dropped all gluon self-interaction
terms in this analysis.)

a. Pseudoscalar mesons

We find, with ¢ =(k —k’)?
(p’9TM}‘ |HG IP’TMT)

—4 my

q2—2(¢°)?

172 172

2
= 38(p—p') E— ,
= (27)8(p—p’) 5 fdkdk P

(—gq?)? E,(k)

X(2) 3, {p,TM7 | g(0) | m)y"b‘(k‘,s')yuv(k,s)(k',s’,t [q(0)|p,TM 1)

ss't
2

felg?

mg
E,(K)

(D20)

’ 4 2 ’
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where E'=E(p-k’) and E=E(p-k), etc. Further, E=E(mk/m,) and E'=E(mk’'/m,). The factors of 2 in Egs. (D21)
and (D22) are included since there is a similar contribution from the quark intermediate states which are not written ex-
plicitly. The quantity & 3. is given in Table IV for the various pseudoscalar mesons considered here.

b. Vector mesons

In this case we find

(p,SAMTM7 |Hg | p,SATMr)
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172
ﬁ] ['".e

2 200292 [
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2 q
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=8(p—p’ &1 16 r,.p 20 d B2 2,2(¢°—q
=8P =Py, 401G 5 [ K%k [k dkd(kk)EqEé folg) ==

=84S 8(P—PEG .

(4BB'— A4 "kk'k -k’

The quantity & is given in Table IV for the various vector mesons studied in this work.

In Table IV, the quantity my is given by
my=2(m —(E,))+ &3+ &¢
for pseudoscalar mesons, and by
my=2m—(E))+&1+&¢

for vector mesons.

X
+(A+B)A'+B) [1——L | [1——% |(kk)
mg q
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q mg
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mg mq
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We remark that the gluon-exchange potential is attractive for both pseudoscalar and vector mesons. It is somewhat
more attractive for pseudoscalar states, leading to the mass splitting of 0~ and 1~ states with the same number of nodes,

as shown in Table III.
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