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%e present a systematic analysis in perturbative quantum chromodynamics and other renormaliz-

able theories of higher-order corrections to quark distribution amplitudes for flavor-nonsinglet

mesons, the wave functions which control 1eading-twist exclusive processes. In particular, we inves-

tigate the utihty of residual conformal symmetry near the light cone. We find that beyond leading

order the eigensolutions of the evolution equations are regulator-dependent in renormalizable

theories. In a specific calculation for 4} theory in six dimensions to two loops, we find that the

eigensolutions obey conformal symmetry using dimensional regularization for the subset of dia-

grams which do not contribute to the p function, but conformal symmetry is broken using Pauli-

Villars regularization. A comparison with existing calculations of the two-loop kernel for gauge

theory with p=0 indicates that conformal symmetry does not hold beyond leading order in QCD in

dimensional regularization.

I. INTRODUCTION

In recent years it has become apparent that many ex-
clusive processes involving large momentum transfer can
be analyzed perturbatively in QCD. ' Leading-order
analyses have bein completed for meson (M) and baryon
(8) electroweak form factors, "meson-photon transition
form factors, ' yy~MM and M (Ref 4},/~M. (Ref. 5),
and several others. Work has begun on higher-order
corrections to these processes, with partial analyses of
meson-meson and meson-photon form factors.

In this paper we use conformal symmetry ' at short
distances to give predictions for the quark distribution
amplitude $(x,g) for flavor-nonsinglet mesons (P's, E's,
p's, etc.), the wave functions which control the behavior of
exclusive meson processes at large momentum transfer.
These predictions are explicitly confirmed through two-
loop order in ps theory in six dimensions for a subset of
graphs with zero P function using dimensional regulariza-
tion, but fail with a Pauli-Villars regulator. In the case of
QCD and other gauge theories, conformal symmetry does
not appear to hold beyond leading order using dimension-
al regularization. This unexpected breakdown of confor-
mal symmetry, even for p=0, may be due to the sensitivi-
ty of gauge theory to infrared cutoffs in both of these reg-
ularization schemes. (Of course, Pauli-Villars regulariza-
tion should not be used in QCD due to breaking of non-
Abelian gauge invariance. )

In Sec. II we review the general formalism for analyz-

ing exclusive amplitudes in perturbative QCD. Here and
throughout the paper we limit our discussion to fiavor-
nonsinglet mesons. We review the leading-order analysis,
and identify those elements of the second-order analysis
that are still needed to complete the treatment of that or-
der. The central problem concerns the generalization
beyond leading order of the Gegenbauer polynomials
C„(xi —x2 } that apped in leading order —i.e., an
analysis of operator mixing under renormalization.

It has been shown by Parisi' that conformal symmetry
is satisfied asymptotically at short distance in renormaliz-
able field theories with zero p function. This result, how-
ever, may only be true for specific ultraviolet regulators.
(For a discussion, see Ref. 9.) In Secs. II and III we pos-
tulate the applicability of conformal symmetry to the
operator-product expansion at short distances and predict
the form of the eigensolutions of the evolution equation
for the distribution amplitude to all orders in perturbation
theory. The corrections from p+0 are then treated in
perturbation theory.

In Sec. IV we show that the predictions of conformal
symmetry cannot hold simultaneously beyond leading or-
der in both Pauli-Villars and dimensional regularization.
As shown in Appendix C, ps theory in six dimensions
with dimensional regularization is consistent in two-loop
order with the expectations of conformal symmetry. As-
suming this a1so holds in gauge theory we then give de-
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tailed predictions for meson distribution amplitudes in

QCD.
We briefly summarize the detailed procedure for per-

turbative calculations of exclusive amplitudes in Appen-
dix A. These are illustrated by a complete one-loop
analysis and by parts of the two-loop analysis in the same
appendix.

Recently, three explicit calculations" of the two-loop
kernel for the meson distribution amplitude in QCD have
been performed using dimensional regularization, two in
light-cone gauge and the last in Feynman gauge. The re-
sults agree with each other, and the diagonal matrix ele-
ments are consistent with the second-order nonsinglet
anomalous dimensions for deep-inelastic scattering calcu-
lated in Ref. 12. The results for the eigensolutions, how-
ever, disagree with the predictions of conformal symme-
try.

II. EXCLUSIVE AMPLITUDES
AT LARGE MOMENTUM TRANSFER

A. General formalism

Generally, exclusive amplitudes involving large momen-
tum transfer factor into a convolution of distribution am-
plitudes P(x;,Q), one for each hadron, with a hard-
scattering amplitude TH. The pion's electromagnetic
form factor, for example, can be written as'2

1 1

O'F (Q}= f t:«] y (idyll'(x Q)?H(x y Q)

XP(y Q) 1+0—1

where

[dy]=dyidy2& 1 —gy;

and Q = —q is large. Here p(y;, Q) is the probability
amplitude for finding the valence qq Fock state in the ini-
tial pion, with the constituents carrying longitudinal
momentum y~p and y~, respectively; TH is the ampli-
tude for scattering the qq state from the initial to the final
direction; and P' is the amplitude for the final-state qq to
fuse back into a pion.

Choosing a frame in which p+=po+p3=1, the
process-independent distribution amplitude for a pion is
quite naturally defined by' '

dz i(x& —x2}s /2

2~'

y+y5Xo —z z~ + 02 2 Z ZJ

in A+ =0 gauge. In other gauges there is a path-ordered
factor

exp ig J dsA+(zs)z /2

between the P and P, making P gauge invariant. The ma-

P„(x;)= Z(x;,y;, Q)$(y;, Q) .[dy1

y&y2
(4)

Differentiating this equation with respect to Q, we ob-
tain an evolution equation for P:

Q', y(x;, Q)= J' "'
V(x, ,y, ,a, (Q))$(y;, Q), (5)

~Q yiyz

where

lnZ (6a)

has a power-series expansion in a, (Q):

a, (Q)
V(x;,y;,a, (Q)) = Vi(x;,y;)

4m

a, (Q)
Vz(x;,y;) + (6b)

Clearly p(x, Q) is only logarithmically dependent on Q;
the bulk of the Q dependence of an exclusive process is
due to ?'H. A detailed procedure for computing V is il-
lustrated in Appendix A.

In practice, the evolution equation (5) is all that is need-
ed to compute the evolution of p as Q changes. Given
some initial distribution p(x;, Qo), the equation is readily

trix element in Eq. (2) has an ultraviolet divergence, com-
ing from the light-cone singularity at z =0. This diver-
gence is regulated by introducing a momentum cutoff, or
other renormalization scale, equal to Q. Consequently z
is, in effect, smeared over a region of order
z = —zi ——1/Q; the form factor probes distances no
shorter than —1/Q. Any regulator that is both Lorentz
invariant and gauge invariant can be used. For purposes
of illustration, we use dimensional regularization and
minimal subtraction (with p=Q} in this section. Other
regulators are considered in Appendix A.

Once a regulator is chosen, Eqs. (1} and (2} uniquely
spex:ify the gauge-invariant hard-scattering amplitude TH.
For the pion form factor, as for many other processes, TH
has a perturbative expansion in powers of a, (Q} with

TH(x;,y;, Q) = f(x;,y;,a, (Q)),1
l ~ I &

Qg
(3)

where n =0, by dimensional analysis. In general, n is the
total number of initial and final partons less four. To
leading order in a, (Q), the distribution amplitude and,
therefore, TH are independent of the regulator used in de-
fining P. This is obviously not the case beyond leading
order, as will be illustrated in Sec. III.

The variation of P(x;,Q) with Q is less drastic and
somewhat more complicated than TH. The Q dependence
is determined solely by the ultraviolet structure of the
operator g( z)y+y5$(—z) on the light cone, and thus can
be studied perturbatively. To extract this behavior, we in-
troduce an unrenormalized distribution amplitude P„(x;}
defined in 4-2e dimensions. Being in 4-2e dimensions, P„
is ultraviolet finite and therefore Q independent. It is re-
lated to the true distribution amplitude by a "matrix" of
renormalization constants Z(x;,y;, Q):
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integrated numerically to give ((}(x;,Q) for any Q. An al-
ternative procedure relates the variation of P to the Q
dependence of moments of the distribution amplitude:

1f [dx](x, —x2)"P{x;,Q)

+ (Q)
0 0 g

+ 5 0
2 2 p+ =1

(Q)= 0 {is+) y (ia+)y ~ {7)22'
independent of m (id+~iD+=id+ —gA+ in gauges
other than the A+ =0 gauge). Clearly, the variation of Q
of these moments is identical to the cutoff dependence of
the local operators

( I a+ )-A'r5{i a + )"y .

In general, these operators mix under renormalization, but
only operators having the same number of derivatives can
mix in a Lorentz-invariant theory. Consequently, for
each integer n, there is a "tower" of operators
0'"',id+0'"', (i 8+) 0'"'. . ., where (ao"'&0),

M„(g)=M„(go)exp —f y'"'[a, (Q)] (13)

and where P„ is defined such that

O

~
~

n m ~~ ~~ I

1

[dx]P„x,x2P =5„ (14)

= ——'r'"'(a. )P.{yl y2 a, )yly2

—f [dx]P„(x,—x2,a, ) V(x;,y;,a, ),
(15)

Q 2xix2P„(xi —x2,ag(g))2 a

In general P„, unlike P„, is not a polynomial. The func-
tions P„and P„, and the anomalous dimensions y'"' can
all be determined directly from the evolution potential
V(x~y;, a, ). One readily obtains defining equations for
P„, P„, and y'"' by substituting expansion (12) for ((} into
the evolution equation (5):

O', P.{yi —y2 a.(g))yiy2

8 +0'"':—g a'"'(a, ) (i8+)" 2f (i8+}Ig
2~2

(8)

= + -;y'"'(a, )x ix2P„(x i —x2,a, )

+ f [dy]V(x y;,a. )p.{yi —y2 a

P„(xi —x2,a, ) = g aj'"'(a, )(xi —x2),
j=0

we can define moments M„(Q),

(9)

1

M„(g)= f [dx)P„(xi —x2,a, {g)}p(x;,Q)

= 0 P„ i +,a,
2 2

(10)

can be chosen so that each operator is separately multipli-
catively renormalizable, all having the same anomalous
dimension y'"'(a, ).'2' These operators depend implicitly
upon the renormalization scale, both through a, and
through the regulator required to define their matrix ele-
ments. For our purposes, the renormalization scale is set
equal to Q. By introducing the polynomials P„,

Being first-order differential equations, these equations
must be supplemented by an initial condition or other
constraint. The choice of an initial condition is largely a
matter of convenience and convention, as will become
clear in Sec. IIC.

The formalism outlined in this section is valid to all or-
ders in a, (Q). Once an ultraviolet regulator has been
chosen for defining $(x,g}, the evaluation of TH for some
process is straightforward. The process-independent dis-
tribution amplitudes $(x,g), must be specified at some

Q =Qo, either empirically or by some nonperturbative
analysis. The variation of $(x,g) with Q can then be
computed either directly from the evolution equations
[Eqs. (5) and (6)] or from the moments of P [Eqs.
(12)—(15)). We now specialize our analysis of ((} to leading
and next-to-leading orders.

that satisfy simple evolution equations:

g', M„(g)= ——,
' y'"'(a, (g) )M„(g),

2

4m 4m

B. The distribution amplitude in leading order

The formalism of the previous section simplifies con-
siderably in leading order. The leading-order evolution
potential Vi is readily computed (see Appendix A):

V, (x, ,y, )=2CF x,y2e{y, —x, ) S»+
Equations (9)—(11)are equivalent in content to the orig-

inal evolution equation [Eqs. (5) and (6)]. Given the
anomalous dimensions y("' and the polynomials P„, the
complete Q dependence of the distribution amplitude is
determined:

+{1 2} CFyiy2O{xi —yi), —

= Vi(y;, x;), (16)

P(x;,Q) =xix2 g P„(xi—x2,a, (g})M„(Q),

where, from Eq. (11),

(12) where bP(y;, g}=P(y;,Q) —P(x;,Q). The functions P„,P„
and the anomalous dimensions y'"' are then determined
from Eqs. (15), which in this order simpify to the form



BRODSKY, DAMGAARD, FRISHMAN, AND LEPAGE 33

4(2n +3)
(2+n)(1+n) C„(xi—xi) .3/2

(18)

The anomalous dimensions to one loop then follow easily
from Eq. (16):

f [dx]P.(xi —«»o}Vi(x; X ) = —yezyi"'P. bi —X2 o»
(17}

J [dy] V, (x, ,y, }P„(y,—y, ,o)= —x,x,P„(x,—x, ,o)y', "' .

Thus, in the limit a, ~O, P„and P„are eigenfunctions of
Vi corresponding to eigenvalue —y'i" '. Since
Vi(x;,y;)=Vi(y„x;) is a symmetric operator it is im-
mediately obvious that I'„=I'„,and that these polynomi-
als form a complete set, orthogonal with respect to weight
xix2. The only polynomials orthogonal for this weight
are 3/2 Gegenbauer polynomials and therefore

P„(xi
—x2,a2 ——0)=P„(xi

—xi,O)

=C„(xi—x2)3/2

d,"(Q, ) =0

in which case Eq. (22b) implies ( n &j)
ee, (Qo) ~&o yI"'+y—I"~~&0

dj"(Q) = 1—
a, (Q)

(23a)

( Vi)„j.

po —y 1"' +y i"
(23b)

Then dj" is well behaved even in the limit po~yi" —y'$':

However, with this choice, the expansion coefficients
equal

( V».,~(Po -yI"'+yI"},
which becomes very large when Po- y~i"' —y'ij' (e.g.,
d i'- —148). Such large coefficients are obviously an ar-
tifact of the initial conditions, and do not refiect patholo-
gies in the behavior of P(x, Q). A far more practical ini-
tial condition is

"+'
1 -sKy'i"' ——Cp 1+4 g

i j (n+1)(n+2)

Q2 [a(Q i)/4s}(yP —y" )

dj"(Q}: 1—
Qo'

( V2)„,

y(j) y(n)

where for pions 5 s ~
——1.

C. The distribution amplitude to two loops

In two-loop order, the polynomials P„(xi—x2,a, ) have
the general form

P„(x~ —x2,a, )= C„(xi—x2)3/2

n —1

+ g dj CJ (xi —xq),
j=o

while P„, no longer a polynomial, must then be given by
[see Eq. (14)]

Pg(xi —x2,u, )= C „(xi—xi)3/2

dJCJ' (xi —x2) . (21)
j=n+1

Substituting these expressions into Eq. (15), we obtain

yz"' ———J [dx][dy]C „(x,—x2) Vi(x. ,y )

Furthermore, a, (Q)dj"(Q) is bounded in magnitude for all

Q & Qo, since it vanishes both for Q =Qo and for Q ~ e&.

Consequently, deviations from the leading-order result are
small throughout this range, provided, of course, ( Vq)„J is
not large. An additional convenience of this choice is that
the relationship between the moments M„(Q) and the dis-
tribution amplitude P(x, Q} is unchanged from the
leading-order result at Q =Qo, i.e., P„=P„=C„ is ex-
act both at Q-+00 and at Q=Qo. This facilitates the
determination of the initial moments from the initial dis-
tribution amplitude.

From Eq. (22), we learn that Gegenbauer matrix ele-
ments (Vz}„J of the two-loop evolution potential deter-
mine all 0(er, ) corrections to P(x, Q). The anomalous di-
mensions y'"'(a, ) for the operators 0'"' [Eq. (8)] have al-
ready been determined through two loops for the analysis
of moments in deep-inelastic scattering. ' ' Thus, the di-
agonal matrix elements of V2 [Eq. (22a)] are known. The
off-diagonal matrix elements, and therefore also the coef-
ficients d~", are readily determined if conformal symmetry
is valid, as we demonstrate in the next section.

xC„' '(yi —y2),

Q d"= [(Po yi'+y( }d"——(Vi}. l,2 d s ~(Q} (e) (') n

dQ' ' 4n. J ~J

(22a)

(22b)

III. CONSEQUENCES OF CONFORMAL SYMMETRY

A. Leading order

Q 2 a, (Q) =P(a, (Q))=—

To solve for the expansion coefficients d&", we must
now deal with the issue of initial conditions for Eq. (22b).
At first glance, it seems most natural to choose initial
conditions that make the dj" constants, independent of Q.

where ( Vi )„1 and Po are defined by

( V2)„J= f [dx][dy]C„' (xi —x2) V2(x;,y;)CJ (yi —y2),

a, (Q)
po

Classical relativistic field theories that are scale invari-
ant and have a renormahzable Lagrangian are also invari-
ant under the conformal group, which consists of the
translations, boosts, and rotations of the Poincare group
together with dilatations (x"-+Ax"} and conformal
transformations [inversion (x"~—x"lx } translations
S inversion]. ' Scale invariance and therefore also con-
formal symmetry are destroyed in QCD by quark masses,
and by the renormalization procedure, which inevitably
introduces some renormalization scale A. However, the
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evolution potential V(x;,y;,a, ) [Eq. (6)] is by definition
free of both mass singularities and of all ultraviolet infini-
ties other than those related to charge renormalization.
Since there is no renormahzation of a, in leading order,
the one-loop potential V) must preserve conformal sym-

metry. As showll ill Ref. 8, this constraint lIIlplies that
the functions P„ that diagonalize V( must be Gegenbauer
polynomials

pendix A. This result has been explicitly checked for
[(I) ]6 to two-loop order for the set of (ladder and crossed
ladder) graphs that have no contribution to P. The di-
mensional regularization results agree with conformal
symmetry.

IV. CALCULATIONS OF THE MESON
DISTRIBUTION AMPLITUDE IN GAUGE THEORY

P„(x,—x2,0) cc C „(x,—x2 ) .3/2 (24) A. Pauli-Villars regulator

Then the multiplicatively renormalizable operators 0'"'
defined by P„ transform as irreducible tensors not only
under the I.orentz group, but under the full conformal
group as well.

S. All or&hers analysis of conformal symmetry

Beyond leading order, the functions P„can be modified
by two effects. First the dimension of 0'"' is increased by
the anomalous dimension y'"'(a, ). While this should not
affect the conformal symmetry of the evolution potential,
it does change the prediction for the P„.

As shown in Appendix 8, ' the general result for opera-
tors 0'"' bilinear in spin-zero fields in scalar field theory
1S

By definition, the ultraviolet divergence in the distribu-
tion amplitude $(x,Q) is removed by Pauli-Villars regu-
larization by subtracting diagrams with the gluon mass set
equal to g. As we shall show, the distribution amplitudes
in this scheme and dimensional regularization can be re-
lated to each other through a correction to the evolution
kernel beyond leading order. In Appendix C we give a
complete calculation of the distribution amplitude and the
evolution kernel through two loops for [([)3]6. By keeping
only the crossed ladder and ladder contributions, the
model for the distribution amplitude satisfies the Callan-
Symansik equation for P=O. By explicit calculation
through two loops we find, using the Pauli-Villars regu-
larization, the polynomials P„defined in Eq. (12) are the

Gegenbauer polynomials C „"(x)with index

1 d 2)[n+(d~ —I)+y„(N, )/2]

(1—x ) dx"
(25)

where d~ is the canonical dimension of (]) (d~ ——1 in four
dimensions, d~ ——2 in six dimensions). For spin- —, fields,
with 0„(0) as defined in Eq. (8), conformal symmetry
pedi t

P ( )
1 d

(1 2)[&+(dP /2)+@~/2]

(1—x ) dx"
(26)

where d~ is again the canonical dimension of (]() (d~ ——, in

four dimensions, d~ ———,
' in two dimensions). The results

are true in any space-time dimension.
The second effect is due to the breaking of scale invari-

ance by the running coupling constant. This leads to
terms in V proportional to the P function that break the
conformal symmetry and therefore modify the P„'s. One
expects that all symmetry-breaking terms in the potential
must be of this second type [~ P(a, )] because mass scales
enter V only through charge renormalization.

Each of these effects leads to terms in the two-loop po-
tential V2 that are not diagonal with respect to the Gegen-
bauer polynomials C„.Furthermore, these are the only
nondiagonal terms in V2 and, consequently, the only
terms that need be computed to obtain the expansion coef-
ficients dj" for P„and P„[Eq. (23)]. Given the expansion
coefficients together with the two-loop anomalous dimen-
sions, one can compute the full distribution amplitude. It
is useful to study these effects for two different distribu-
tion amplitudes: one defined with a Pauli-Villars cutoff
and another defined by dimensional regularization [modi-
fied minimal subtraction (MS)].

In fact, we find that conformal symmetry cannot be
simultaneously true in both regulators beyond leading or-
der. This is discussed in detail in the next section and Ap-

We then find that the functions P„(xi—x2,a, ), the
eigensolutions of the evolution equation for the distribu-
tion amplitude, are exactly those predicted by conformal
symmetry [Eq. (25), with d~ ——2], but that this result
holds only for dimensional regularization, not Pauli-
Villars. In this section we show that if one assumes

P„=C „ in gauge theories in Pauli-Villars regularization,
then again the conformal-symmetry functions arise for
the P„ in the dimensional regularization scheme if Po ——0.

With the above assumption for the P„, the polynomials
to two-loop order for Pauli-Villars regularization are

P„(xi
—x2,a, ) a: C „"(xi

—x2)

cc C„(xi—x2)+ yi"'

&( C ~(x I
—x2)

and therefore, from definition (20), dj". would be

yi" [dx] C„(xl —x2) xix2Cj (xi —x2) .(n) 3/2

g'= 3/2

[Note that we are led to the scheme with constant dj". .]
From the discussion in Sec. II C, there must t:herefore be a
term Vz in the two-loop potential for which

( &~)„j d 3/2

yi
( ) ( )

——yi" [dx] C„xix2Cjf=3/2

This expression can be simplified somewhat by using the
identity
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C 3/2X )X2 J.
g'= 3/2

[C~(x,x2)~ '»
C~~ C—„x,xzC~&]g 3»~

Npv(x Q)= z(x y. &.(Q)}NDR(y. Q»[dy]
f r3'2

(28a)

The distribution amplitudes for the two regulators are
related by a finite renormalization constant z:

—C „ ln(x ix2)x ixzC»

and the orthogonality of C~'s with respect to weight
(xixz)~ ' . Thus, the off-diagonal matrix elements of
V2 can be written

rI"'(r'i"' —r'(") J [dx]C „ ln(x ix2)

Xxix2C,', n ~J (27)& V2, )»=
0, j~n.

As we argued above, any symmetry-breaking terms in
Vz must be proportional to B(a,)=—Bott, ~/4m, where

Bo——11 2nf/—3 and nf is the number of light-quark fla-
vors. The nf-dependent part of this correction comes en-
tirely from the quark-vacuum-polarization correction to
the leading-order potential and is easily computed. From
it the entire correction is obtained simply by multiplying
by —,'Bol—nf In .fact, as we show in Appendix A, there
is no symmetry-breaking term of this type for the Pauh-
Villars regulator. This rather suprising result is easily ex-
plained. Any term in V2 proportional to Bo should prop-
erly be absorbed into the leading-order potential by rescal-
ing the argument of a, . As discussed in Ref. 15, this sets
the argument of a, equal to the mean momentum flowing
through the gluons in the leading-order diagrams (up to a
constant scheme-dependent factor). Generally conformal
symmetry will be destroyed if this mean momentum de-
pends upon the longitudinal momenta, as then n, varies
with x; and y;. However, the Pauli-Villars regulator au-
tomatically sets the mean gluon momentum equal to Q,
independent of x; and y;, because it regulates divergences
by introducing the cutoff Q as a gluon mass. Thus, Vq,
[Eq. (27)] is the only nondiagonal term in the two-loop
Pauli-Villars potential.

B. Dimensional regularization

The two-loop evolution potential obtained using dimen-
sional regularization must again include the conformally
symmetric, but nondiagonal, potential V2, [Eq. (27)]. In
addition, there are two symmetry-breaking terms due to
the fact that B(a,)&0. The first is proportional to Bo, and
is readily computed from the vacuum-polarization correc-
tions to leading order, as described above (see Appendix
A}. A second symmetry-breaking term is expected be-
cause the coupling constant is not dimensionless in'4-2e
dimensions. Thus, the scale invariance of the theory is
destroyed, and the B function is nonzero even in leading
order —i.e., B(a, ) = —ea, — . . The extraction of this
second term from V2 is somewhat subtle because it is in-
duced by an O(e) effect. It is easier to derive both
symmetry-breaking terms together by relating the evolu-
tion potentials for Pauli-Villars and dimensional regulari-
zation, as we now illustrate.

iz, (Q)
z =yiyz5(x; —y;)+ 5V(x;,y;)+ .

4m
(28b)

Substituting this equation into the evolution equation for
Ppv, we can express one evolution potential in terms of the
other:

VDR ——z '
Vpvz —Q lnz

dQ2

~,(Q)= Vpv+ ( V)5V—5V Vi+Bi)5V)+
4m

where Vi is the one-loop potential [Eq. (16)] and where,
from Appendix A, 5Vis

15V= —2Cp xiyzln 5 &g+
Xi ' pi —XI

e(yi —xi)

+(1~2) +symmetric terms . (30)

Thus, the two-loop symmetry-breaking terms in the di-
mensional regularization potential are contained in

V2b=[Vi 5V]+B05V (31)

( V2 + Vzb}.»= (Bo+rI")(ri"' r'i")—
X J [dx]C„ ln(xixg)xixpC» (32)

The matrix elements are tabulated in Tables I and II.
The prediction of conformal symmetry [Eq. (26) with

dp ——3/2]

2 n+1 sP(x) ~
2 (1—x )+' 1+ r'„"ln(1 —x }

1 —X2 dx"

is in complete agreement with Eq. (32} for Bo——0. As
shown in Appendix A the essential difference between the
Pauli-Villars and dimensional regularization can be traced

and all terms that are not diagonal with respect to 3/2
Gegenbauer polynomials are contained in V2, + V2&.

The off-diagonal matrix elements of V2b can be greatly
simplified. First, using Eqs. (17) we can show that

( V2b}. =(Bo ri"'+r'i '—}f [dx][dy]C "5VC'" .

Second, and rather remarkably, we show in Appendix A
that off-diagonal matrix elements of 5V [Eq. (All)] are
related to the matrix elements of V2 [Eq. (27)]:

1
(5V)„»= („) (Vp ),»

V1

Thus the nondiagonal matrix elements of Vq for this re-
gulator are given by
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TABLE I. Nonzcro va1ucs (for n,j &15) of dx C„(x&—x&)ln(x&x2)x&x2CJ' (x& —x2).

10

2
4
6
8

10
12
14

—0.374
—0.106
—0.047
—0.026
—0.016
—0.010
—0.007

—0,617
—0.216
—0.108
—0.064
—0.042
—0.029

—0.723
—0.278
—0.149
—0.092
—0.062

—0.783
—0.318
—0.177
—0.113

—0.822
—0.346
—0.198

—0.849
—0.367 —0.869

13

3
5

7

11
13
15

—0.525
—0.169
—0.081
—0.046
—0.029
—0.020
—0.014

—0.679
—0.251
—0.130
—0.079
—0.053
—0.037

—0.757
—0.300
—0.164
—0.103
—0.071

—0.804
—0.333
—0.188
—0.122

—0.837
—0.357
—0.207

—0.860
—0.375 —0.877

V. CONCLUSIONS

In this paper we have shown that the meson distribu-
tion amplitude has the form

P(x;,Q) =xixi g P„(xi —x2,a, (Q))M„(Q),
n=0

where

(33a)

3/2 tx, (Q)P„=C „(xi —xp) — g d„'(Q)C 1 (x i —x2)
j=n+1

to the induced contribution to the P function in 4—2e di-
mensions. Despite the consistency of the above approach,
we note that explicit calculations" of the second-order
evolution kernel in gauge theories [Abelian @ED and
SU( N, ) QCD i

using dimensional regularization and
Pe=0 (Xp ——', N, ) do not —agree with the conformal-

symmetry prediction. [Although the contributions pro-
portional to Po do agree with Eq. (32).] The results have
been checked in both hght-cone and Feynman gauges.
This conflict is unresolved, and hints at an even subtler
breakdown of conformal symmetry in gauge theory.

and where M„(Q) is a moment of P satisfying a standard
evolution equation [Eqs. (11) and (13)]. Assuming residu-
al conformal symmetry near the light cone, we found a
simple procedure for determining the coefficients di [see
Eqs. (23) and (25)].

However, as we have discussed in the Introduction, the
predictions of conformal symmetry appear to conflict
with explicit two-loop calculations" for the distribution
amplitude in QCD using dimensional regularization, al-
though they do hold for the analogous calculations for P
in six dimensions. Assuming these calculations are
correct, this implies that conformal symmetry is broken in
a subtle way in gauge theory in dimensional regulariza-
tion, perhaps due to the sensitivity to infrared cutoffs. If
the source of this breakdown can be identified, then con-
formal symmetry could still be useful as a guide to the
higher-order corrections to the distribution amplitude.
More importantly, this unexpected breakdown points to
new effects which control the short-distance structure of
gauge theory, and give caution to the formal use on
conformal-symmetry results.
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2

6
8

10
12
14

—18.708
—7.713
-4.133
—2.546
—1.711
—1.221
—0.911

—22.738
—13.261
—8.648
—6.061
—4.468
—3.419

—20.912
—14.118
—10.156
—7.642
—5.947

—18.791
—13.781
—10.533
—8.304

—16.942
—13.111
—10.445

—15.398
—12.374 —14.110
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APPENDIX A: ONE-LOOP EVOLUTION POTENTIAL
AND VACUUM-POLARIZATION CORRECTIONS

In this appendix, we rederive the one-loop evolution po-
tential for mesons and compute the leading corrections
due to vacuum polarization. The standard procedure for
computing V for some hadron is to compute the distribu-
tion amplitude in perturbation theory not for the hadron
but rather for a state composed of free quarks (and/or
gluons). From this, the renormalization constant Z and
then the evolution potential [Eq. (6)] are determined.
Since V is insensitive to low momenta it is the same for
the hadron as it is for the free-quark state.

A related procedure determines the hard-scattering am-
plitude T~ for any process. The amplitude for that pro-
cess is computed in perturbation theory with all hadrons
replaced by free quarks. Using the distribution ampli-
tudes for the free-quark states, the hard-scattering ampli-
tude is extracted by rewriting the full amplitude in a fac-

torized form, as in Eq. (1); i.e., TH is obtained by dividing
out the distribution amplitudes. In this way collinear
mass singularities are systematically removed from T&,
leaving in many cases a well-behaved expansion in a, (Q).
This procedure is particularly simple when P is defined
using dimensional regularization and minimal subtraction.
Then T~ is obtained simply by computing the scattering
amplitude for collinear sets of massless valence quarks us-

ing dimensional regularization and minimal subtraction to
remove the infrared infinities.

Here we examine the distribution amplitude as defined
with each of two regulators: dimensional regularization
and Paub-Villars regularization. '6

1. Dimensional regularization

To determine the meson evolution potential V(x;,y;, a, )

for a dimensional regulator we first compute the distribu-
tion amplitude P„(x;}in d =4—2e dimensions for a free
quark and antiquark carrying momentum yip and y2p,
respectively (yi+y2 ——p+=1 and pt ——p =0}. Schemat-
ically, P„will have the form

a, a0

4n 2'

2
C2 b2 +F2+ + ~ ~ ~ + ~ ~ ~

where l,a;, . . . should be thought of as operators in x; —y;
space, 1/e= 1/e —ya+ln4nr, and A, is some infrared regu-
lator (we use a gluon mass). From this, the renormalized
distribution amplitude 4 (Q) is defined by

a, (Q)
(y ty2)'~p(Q) =1+ (a 2

—d i+& tlnQ2/A2)+

y(P

where a, (Q) is defined by

a0 a0 p0
a, ( )—= 1+ + 0 ~ 0

Q" Q" 4-

(A2)

(A3) (b)

so that p(a, )=—ea, —poa, /4m —.. . . The evolution
potential then follows directly from the renormalization
constant Z(Q) =P„P(Q) ' and is given by'

lnZ(Q)

a, (Q) a, (Q)
4m 4n.bi+ [2(b2 —pout —bi&i)+podi y, P

+p0b, (yE ln4n }]+—
This is the basic expression relating P„ to V.

To compute V to leading order, we must compute
P„(x;) for our qq state through first order in a, . The
relevant diagrartts for the A+ =0 gauge are shown in Fig.
1. In lowest order [Fig. 1(a)],P„ for this state is simply

FIG. 1. Diagram contributing to the unrenormalized distribu-
tion amplitude P„ through order a, .
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x'r re(y y»'"
P'„(x;)=5(xi —yi)Tr 2v'2 &2

=5(xi —yi)(ye»'" . (A5)

This is all the information needed to defme the leading-
order hard-scattering amplitude TH for any process in-

volving mesons. One simply computes the amplitude for
scattering collinear qq pairs (in place of the mesons), and
divides by (x;)'i for each external q or q, where x; is the
fraction of the meson's momentum carried by that parti-
cle.

In the one-loop graph of Fig. 1(b), k+ is set equal to
x1, and the k integral can be evaluated using contour
integration. The result is

(y,yz)' P„(x,) = CF(2m) ' f d 'kj xiyq 1 —e+
2H

+(1~2)
yi —xi k', +x,3(?/yi

(A6a}

2CF
X 1/2 1 + 1

8(y i
—x i ) + (1~2)

T

+2C~ —x,y, 8(y, —x, )+x,y, ln
X1

1+ 1
8(yi —xi )+(1~2) (A6b)

Similarly, the self-energy corrections [Fig. 1(c}]are

0.0
(3 ly2)'"'((:(xi ) = — CF(2~)"5(xi -y i ) f [dz]d' "k,-x;, 8(zi —x I )

+ ~ i +(1~2)
x2 z] x& ky +zygo(, /xg

(A7a)

4n A?'
yiy25(xi y 1 )

r

[dz] xiii 9
z1 —x1 + 1~2 +CF

3 132 ~1 X1 2

2m2

3

(A7b)

Equations (A6) and (A7) completely determine the one-loop evolution potential and P(x;,Q). By comparing with Eqs.
(Al) and (A4) we immediately obtain Eq. (16) for V&(x;,y;).

In Sec. III we discuss the fermion vacuum-polarization corrections to Vi. These are easily obtained from Eqs. (A6)
and (A7) by including a factor

A( —l )'

ao, , u (x;,y; )+eu'(x;,y; )

4' kJ +A xf /y]
+(1~2}

X1
'2

in the integrands with l equal to the gluon momentum. A typical term has the form

3'1k&

&0 1 1=——n
(A, xi/yi) 2e

1 5—+——ln (u+ au')+(1~2)
3 X1

(A9)

Noting the subtraction —
Pcu &

in Eq. (A4), we see that such a term contributes

5 3'1——,nf ——ln u —u'+(1~2}
3 X1

to the two-loop evolution potential Vz. Thus, from Eqs. (A6} and (A7), the leading correction due to vacuum polariza-
tion is

Vvp ————,nf [—,Vi(x;,y;)+5V(x;,y;)],
~here

9
5 V = —y iy &5(x; —y; )CF ——2 —2CF X 1g2ln

X1
1+ 1

31 X1
8(yi —xi ) —xiyq8(yi —x&)+(1~2}

(Alo)
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Only the term in 5V containing lny, /x, is nondiagonal
with respect to the polynomials C „and so it is retained
in Sec. IV. Evaluation of the off-diagonal matrix ele
ments of 5V is greatly simplified by noting that P„+P'„
[Eqs. (A6) and (A7)] can be written'

b, ~0 Vi (yiyz) 1/2

P„+P'„=, +diagonal terms,
4+k. ' e (yiyz)'

distribution amplitude P(x;,Q) for the free qq state will
have the structure

iz, (Q)
(yiyz)'"y(Q)=1+ ' biln, +ai

c ln2Q'+b lnQ

Vi (x;,y; ) =2CF (x iyz) 1 —e+1 —e

3'I —&
&

+&2 + (A13)

X e(y i
—x i )+(1~2)

= V(y;,x;) .

Because Vi is symmetric under interchange of x; and y;,
it must be diagonal with respect to the Gegenbauer poly-
nomials C„'. The argument here is identical to that
given for Vi in Sec. II 8, and the result is not surprising
since the dimensions of the operators 0'"' are reduced by
—2e in 4—2e dimensions. Thus, Gegenbauer polynomi-
als of type 3/2 —e are expected [cf. Eq. (25) with

d~ ——( —', —e) and no y„]. The eigenvalue equation for Vi
is then

=[—)'i"'+o(e)]C'" '(yi —y».
Expanding to first order in e, we find that (for n &j)
—e f [dx][dy]C „5V(x;,y;)C J

=(f —
i 7 i }e [dxj C xixzC j ~ f 3/2—{n) {j) 3/2

(Al 1)

Borrowing results from Sec. IV A, this can be rewritten

f [dx][dy]C'„'5VC,' '

=(y~i"' —y'ij') f [dx]C„ ln(xixz)xixzC 2

This satisfies an evolution equation with the potential

O's QsV= b, + (bz —Poa, —biai)4n. 4m
(A14)

~,(Q)
+ Vi(x;,y;)ln +

(A15)

By comparing this result with that for dimensional regu-
larization, we find that the two distribution amplitudes
are related by

Npv(x; Q)= [y] z(x; y;,~, )NDR(y Q»
3'j/2

where

&s
z =yiy25(x —y )+ 5V

4m

with 5V given by Eq. (A10). Here and in Eq. (29) we are
assuming that the same scheme is being used to define a,
for both Pauli-Villars and dimensional regulators. It is, of
course, trivial to change from one scheme to another
when using either regulator.

To obtain the vacuum-polarization corrections for a
Pauli-Villars regulator, we insert

as can be verified by direct substitution. The regulated
distribution amplitude is readily computed to first order
from Eqs. (A6) and (A7):

(yiyz)'"0(x Q) =yiy25(x —y;)

2. Pauli-Villars regulators

(A12)
~, (Q)

II( I ) = ——,
'

nf —,
' —ln

4m Q2

A Pauli-Villars regulator is introduced by subtracting
diagrams with the gluon mass set equal to Q. The cut-off

I

into the one-loop integrands with I equal to the gluon's
momentum. A typical term has the form

4m

u(x;,y;) yikj
II — +(1~2)

k] +k x)/g)

2= —
3 Elf

a, (Q)
4m

2 2/gz 2

u(x;,y;) + —', ln
z

+(1~2)
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which implies a contribution to V2 for vacuum polariza-
tion of the form

——,nf [—, Vi(x;,y; )] .2 5

Thus, vacuum polarization does not introduce nondiago-
nal terms into the evolution potential, at least in this or-
der. Because of this result, the Po part of VDR as comput-
ed from Eq. (29) (using Vpv) agrees with the direct calcu-
lation leading to Eq. (Alo), as it should.

where i =1,2 with

OI;)
' (0)= g d „kB '+' . () $(0)

k=0

XI~(;)D ' . . D P(0) .

(82)

(83)

0 { m (0) (81)

APPENDIX 8: THE OPERATOR-PRODUCT
EXPANSION AND CONFORMAL SYMMETRY

In this appendix'" we give the general constraints of
conformal symmetry for the operator-product expansion
required to calculate the distribution amplitude for vector
and pseudoscalar mesons at large momentum transfer. To
leading twist

z z 2—g C„(z i ezo)—
2 2

D is the covariant derivative and C„(z i e—zo) are singu-
lar functions of well-defined dimension (powers of loga-
rithms in QCD). In the expansion Eq. (81), the operators
that appear also have external derivatives as in Eq. (83).
This does not happen in the discussion of deep-inelastic
lepton-hadron scattering, since there only forward matrix
elements are involved. Thus, only m =n =k operators
appear there. Also, the expansion of a product of two
currents is involved. However, it turns out that the
m =n =k operators are identical in the two cases. Thus,
the yk that control the Q behavior in form factors are
the same as in the kth moment Mk(Q ) in deep-inelastic
lepton-hadron scattering (see the first paper of Ref. 8 for
more details).

Let us now apply the form of the operator-product ex-
pansion for two scalar fields in case of exact conformal
symmetry, '

Z . 0 —(l~ +1~ )/2 Z . (ln n)/2- PZ a& anA(x)8(0)=(x —i' )
" g (x inc) —" C„" x ' x "

n=0

f ((l~ —Is+I„+n)/2 i] — [(li( —i~+I„+ni/2 —lj—
0 1 e

(84)

g a „f dz e P /(p+)(p+z ) (85)

where

and

umn g dmnkbk
k=0

(0
~
p(0)l."D. . D. li(0)

~ p)

The eigensolutions P„(x) of the distribution amplitude
are proportional to

For scalars i, =n +2d~+ y„, reproducing Eq. (25).
For spinors, where we take the lowest operator to be a
vector [Eq. (8)], this is equivalent to l„=n +2d~+y„+ 1,

reproducing Eq. (26). [Note that for the P interaction in
four dimensions and the ((T({ij'i) interaction in two dimen-
sions the potential V, is a contact potential with measure
(1—x ), thus yielding P„(x)=P„(x)=Legendre polyno-
mials for leading order, in agreement with Eqs. (25) and
(26). (Actually only n=0 appears in the potential. ) In the
case of (() in six dimensions and gauge theory in four di-

mensions, the leading-order polynomials are the C„/, as
expected. )

=&kp, p p +(g, terms) . (86)

Comparing (81) and (84), we then obtain
APPENDIX C: T%'O-LOOP CALCULATIONS

FOR Pi THEORY IN SIX DIMENSIONS

f d — (g/2)xt p (p+)( + —
)m

~ f ding f due ' [u(1—u)]
1

dggh dU e(i/2)I(z —U)(1 U2)((is+ "(/z

z ((i.+&i/2 —il

x II
(87)

It is straightforward to show that the set of ladder and
crossed-ladder graphs in [P ]6 obeys the Callan-Symanzik
equation with P=o. In this appendix we summarize the
main results for this model which are applicable to the
meson distribution amplitude to two loops. The results
are all performed in d =6—2e dimensions.

As in Sec. II we define the expansion of the distribution
amplitude
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P(x,g) =(1—x ) QP„(x,a)M„(g),

(n}

Q M„(g)= M„(g),
dg2

(n} 2 (e}, y—.(a}= a—yi —a y2 .

The function P„satisfies

, a y'"'(a)
Q 2 P„(x,a) =— P„(x,a)ag' " '

2

Q (a/ag )P„=O. To one loop, we find

Vi(x,y) = ——,
' [(1+x)(1—y)8(y ~ x)

+(x~—x,y~ —y)]= Vi(y, x) .

Consequently, the I'„ to leading order are C„normalized
Gegenbauer polynomials, and y'i"' ——1/(n +1}(n+2). To
two loops we expand P„as in Eq. (21), where ( n &j),

C„(x)V2(x,y)CJ(y)
d,

"= [dx][dy]

with V =a V)+O.2V2+ Since P(a}=0,
I

We have verified that the crossed-graph kernel is sym-
metric, so it does not contribute to dJ". The double-ladder
graph in dimensional regularization has the form

4f ds 2,kd6 2,15(x —rl k) 1 1 1 1 1

k2+2p k k2 —2p k k +12—2k 1 —1, 1 +2p. l 12—2p 11 —2' 1

Using the usual denominator-combining formulas, and momentum shift, this becomes

a'(1 )r(2~) f f [dp] f'dg .
[a3(1—a3)1' 0 g2

(1—g')P3+
p 1 —a3

. . 2, 5(x —X(a;,P;,g)), (C2)

where
f

and

5(x —X(a;,P;,(=0)),
Q2 —Q~X = —ai+a2+a3 (1 g)( pi+ p—2+13—g)+g
1 —0,3

3

(da)=daida2da35 1 —g a;

respectively. For the A term the needed 1/e coefficient is
obtained by setting e=O in the numerator. For the 8
term we replace

1 pe dg

integrate by parts and obtain

As in Appendix A, we must now identify parts multiply-
ing 1/e and 1/e. One power of 1/e comes from I (2e), as
usual, while the other comes from the g integration in the
region )=0. To draw out the second 1/e we must in-
tegrate by parts on g. The double ladder can be written as
two terms of the form of Eq. (C2) with

[(1—g} 5(x —X(a;,P;,g))]

replaced by

[(1—$2)5(x —X(a;,P;,g) }—5(x —X(a;,P;,/=0) )]

& =a'(p) f [da]fdP] — ln[a3P3 (1—a3)]
2E

2

yE+ln
E p

X5(x —X(0)) . (C4)

The 1/e terms cancel as required in V. The 1/e contri-
butions to the second-order potential is defined from the
combination 2(b2 —b&ai) [see Eq. (A4)]. Here we have

b2(x, z}=—, f [da][dP] f [(1—g) 5(x —X(g))]II—ln[a3P3 (1—a3)]5(x —X(0))

k2—2 yE+ln 2 5(x —X(0)) (1—g )
P

and, from the one-loop calculation,

A,
2

gibi ——f [da] f [dp]5(x —X(0}) ye+in 2 +inp3 (1—g ),
p

(C5)

(C6)
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where the (1—g ) factors are due to the choice of the
weight. Consequently, the two-loop potential is

V2 2——(bz —a i b i )

= I [da][dP] I [(1—g)25(x —X(g))]]

—ln[a3(1 —a3)]5(x —X(0)) (1—gz),

(C7)

where, as required, all dependence on p /A, has canceled.
We have checked numerically that the result (C7) for

the d~J agrees with the conformal-symmetry prcdiction,
Eq. (32) for po ——0. As in Sec. IV, we can show that the
Pauli-Villars regulator gives a different result due to the
term p(tz)= —ra&0 induced in dimensional regulariza-
tion. We have also checked numerically that the Pauli-
Villars regulator gives results consistent with the extended
polynomials for the orthogonal polynomials P„. (See Sec.
IV A.)
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