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The stability of a general class of first-order dissipative relativistic fluid theories developed by Ha-
vas and Swenson is examined. If either the shear viscosity coefficient or the coefficient of the ac-
celeration term in the heat-flow vector is nonzero, then all equilibrium states in the theory are unsta-

ble.

I. INTRODUCTION

In this paper I investigate the stability of equilibrium
states in a class of dissipative relativistic fluid theories
developed by Havas and Swenson.! The analysis present-
ed here is an extension of earlier work? (hereafter referred
to as paper I) which dealt with the theories of Eckart® and
Landau and Lifshitz.* The theories considered here are
again “first order” in that the entropy current contains no
terms of higher than first order in the deviations from
equilibrium (heat flow, viscous stresses, etc.). The class of
theories examined by Havas and Swenson is, however,
more general than the class treated in paper I, and in-
cludes all paper-I theories as a subset.

The additional degrees of freedom present in the
Havas-Swenson theory are known, in the Newtonian limit,
to yield a finite speed for the propagation of heat pulses.’
In view of the known connection between causality and
stability® in the second-order Israel-type theories,”® it
seems not unreasonable to expect the Havas-Swenson
theory to have improved stability behavior compared to
the Eckart or Landau-Lifshitz theories treated in paper I
Analyzing the dynamics of plane-wave perturbations
about a homogeneous equilibrium state, I find that the ad-
ditional degrees of freedom present in these more general
first-order theories do not solve the stability problems
discovered in paper I. Even in the most general first-
order theory considered here, small departures from
equilibrium will grow exponentially in time, as long as ei-
ther the shear viscosity coefficient or the coefficient of the
acceleration term in the heat-flow vector is nonzero.

As the theories considered here are in many aspects
quite similar to those treated in paper I, only the differ-
ences and new features will be emphasized. Readers wish-
ing more details on other points are referred to paper I
and the work of Havas and Swenson. !

In order to simplify the analysis, I will treat only a non-
reacting single-component fluid. The notation has been
chosen to agree with the usage of paper I.

II. HAVAS-SWENSON-TYPE FLUID THEORIES

The fundamental variables of a relativistic theory of
fluids are the stress-energy tensor 7% and the number
current N° The fundamental equations of motion are
that T° and N have zero divergence:

v, T%=0, (1)
V,N°=0. )

All theories agree on the decomposition of these tensors in
equilibrium:

Tab=puaub+pqab , (3)
Ne=nu?, (4)

where #“ is the four-velocity of the fluid, p is the energy
density, p is the pressure, n is the number density, and ¢
is the projection tensor orthogonal to u°.

In dealing with a nonequilibrium situation, the standard
approach is to treat nonequilibrium states as an equilibri-
um state plus some “small” deviation. An arbitrary non-
equilibrium set of tensors 7%, N° is thus associated with
a distinct background equilibrium state about which the
deviations from equilibrium are analyzed. In developing a
theory of dissipative relativistic fluids, it is possible to as-
sociate a given T°, N° with many different background
equilibria. The choice of a specific set of rules for sin-
gling out the background state defines a theory.

The first area of freedom is in the choice of the four-
velocity for the fluid away from equilibrium. For exam-
ple, in the Eckart theory one chooses
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g*N,=0 (5

(the four-velocity parallel to the number current), while in
the theory of Landau and Lifshitz one requires that

T“bua b = 0 (6)

(four-velocity parallel to the energy current). In the more
general Havas-Swenson theory, and the theory of paper I,
u® is left arbitrary, required only to be a unit timelike vec-
tor field.

The second area of freedom in selecting the background
equilibrium reference state is in the measurement of the
thermodynamic variables. It is in this area that the theory
of Havas and Swenson is different than those of Eckart
and Landau and Lifshitz. The background state of ther-
modynamic equilibrium can be defined by specifying the
values of any two of the many possible thermodynamic
variables (energy density, number density, pressure, tem-
perature, chemical potential, entropy, etc.). The remain-
ing thermodynamic variables are then obtained by using
the equation of state and the first law of thermodynamics.

The theory examined in paper I, as well as the special
cases of the theories of Eckart and Landau and Lifshitz,
takes the stress-energy tensor and the number current vec-
tor to be the truly fundamental, measurable, quantities in
the theory. The two needed thermodynamic variables are
then defined as the appropriate contractions of 7% and
N° with u° and ¢®. In particular, all these theories de-
fine

p= T"buaub y (7
n=N%, , (8)

for all states (not just equilibrium). The actual physical
isotropic pressure T%q,; /3 is then decomposed into an
equilibrium pressure p determined from p, u, the equation
of state, and first law of thermodynamics,

ds

an 9)

p=—p—n’T

P

and a nonequilibrium bulk viscous stress 7.

The theory of Havas and Swenson! results if one aban-
dons the premise that only components of 7% and N° are
measurable. If one can measure two thermodynamic po-
tentials (say, u, the chemical potential, and T, the tem-
perature) other than p, p, or n, then it is possible for all
three of the thermodynamic potentials which appear in
T% and N°, namely, p» s and n, to differ from the physi-
cal local-energy density T%u,u,, the physical isotropic
pressure T%q,, /3, and the physical number density
N,,ie.,

T°%u,u,=p+R , (10)
T /3=p +7, (1n
N%,=n+N, (12)

where R, 7, and N describe deviations from equilibrium in
the fluid.

In the general Havas-Swenson theory, the stress-energy
tensor and number current vector then take the form

T®=(p+Ruu’+(p +7)g%+q°%’+q%u’+, (13)

Ne=(n+Nu®++*, (14)
where
uaqab=uaqa=ua7-ab=uavn=7': =Tab_Tba=0 . (15)

The nonequilibrium fields R, 7, N, ¢°, 2, and 7°° are then
assumed to be of the form

R =RV, u®+Ru°V,T +R3u’V,pu , (16)
==V u’—5uV, T —LuVopu , amn
N =N,V,u®+Nyu®V,T +NsuV,u , (18)

q°=—q%T , (19

1
x,—beT + KUV up +K3Vppu

V= _g®T al-l;V,,T+02u"chb+a3Vb,u ., (0)

™= _ng%q®(V, uy +V,,uc—-%chq‘fv,uf) . (21)

This is the second area in which the theory of Havas and
Swenson is more general than that of paper I: nonequili-
brium fields are allowed to depend on all first derivatives
of the background fields #° T, and p having the ap-
propriate tensor rank. The restriction to terms linear in
the first derivatives, and the lack of derivatives of the
nonequilibrium fields in Egs. (16)—(21), guarantees that
the theory is first order in the sense of paper I. While the
theories of Eckart or of Landau and Lifshitz are the sim-
plest first-order theories, the theory of Havas and Swen-
son is perhaps the most general. There are 12 new
phenomenological coefficients in the theory which are not
present in the theory discussed in paper I. The theory of
paper I may be recovered by setting

Ri=R;=R3=N=N,=N;=5={3=0,=Kk3=0, (22)
Ki=Ky (23)
and

O1=—o; . (24)

The phenomenological coefficients of the derivatives
(R;, N;, &, ki, 0, 1) are functions of the background-
state variables. They are not completely arbitrary: they
can be constrained by the second law of thermodynamics
and by a study of the equilibrium states. The constraints
which follow from the second law are analyzed in detail
in the work of Havas and Swenson.! For the purposes of
this paper, it is sufficient to note that the second law re-
quires that 7, k3, §;, R, +uN,, and — N; must be greater
than or equal to zero. These conditions are necessary, but
not in themselves sufficient, for the second law to hold
true.

A second set of constraints on the coefficients is ob-
tained by demanding that the usual equilibrium states,
with

Voul=14=uV,T=uV,u=V,(u/T)=0, (25
VoT =—TuV uy , (26)
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have vanishing nonequilibrium fields. Applying Egs. (25)
and (26) to Egs. (19) and (20) and demanding that the
nonequilibrium vector fields ¢° and v* vanish in equilibri-
um yields the following constraints:

K1 —Ky+pk3=0, 27N
01—03+po3=0. (28)

Further constraints may be obtained if one insists that the
only states with unchanging entropy are the equilibrium
states. The theory of Havas and Swenson, as described in
Ref. 1, does not have this property; there exist nonequili-
brium states which have unchanging entropy. If one
wishes to allow such behavior in the theory, then addi-
tional constraining equations [such as Egs. (25) and (26)]
are needed to define equilibrium states.

Finally, the physical meaning of the various phe-
nomenological coefficients is best understood by examin-
ing the Newtonian limit of the theory. One thus finds'
that 7 is the shear viscosity coefficient, that § is the bulk
viscosity coefficient, and that the Newtonian thermal con-
ductivity (ky) is given by
2
LE2 | oy, (29)

Ky =K+

as in paper I. The remaining coefficients describe less
familiar dissipative phenomena;' their values and relative
signs will not be relevant to the stability calculations
presented here.

III. STABILITY OF EQUILIBRIUM STATES

In this section the dynamics of small perturbations
about a homogeneous equilibrium state is studied. First
the equations governing perturbations about a homogene-
ous equilibrium state are derived, and then exponential
plane-wave solutions to these equations are found. The
resulting dispersion relations show that there exist unsta-
ble, growing, transverse modes whenever x,7£0. In addi-
tion, there are unstable long-wavelength longitudinal
modes if k,70. The stability of the longitudinal modes
for arbitrary wavelengths has not been determined; the
long-wavelength modes are expected to be the most im-
portant physically, as one can argue that the theory breaks
down at short wavelengths. The exponential plane-wave
solutions are then examined on a homogeneous but mov-
ing background. In this case a growing transverse mode
exists even if k,=0, so long as 75£0.

The perturbations about equilibrium will be analyzed in
the Eulerian framework; i.e., 8Q is the difference between
the actual nonequilibrium value of a field Q at a given
spacetime point and the value of Q in the background
equilibrium state at that point. The perturbations are as-
sumed to be small enough so that their evolution is ade-
quately described by the linearized equations of motion.
Variables which do not possess the prefix 8 refer to the
background equilibrium state. The background equilibri-
um state is assumed to be homogeneous, so that all
background-field variables have vanishing gradients and,
by virtue of being an equilibrium state, to have
R =7=N=¢°=v"=1"%=0.

After linearization in the perturbation variables and re-
stricting the equilibrium state as described above, the
equations of motion [Egs. (1), (2), and (16)—(21)] take the
form

—upV,8T%°=u%V,8p+u°V,6R +(p+p)V,u’

+V,.8¢°=0, (30)

gEV 8T =(p+p)u®V,8u+q%V,(8p +67)
+u°V,8¢°+V,8m =0, (31)
V,8N®=nV,8u’+V, 6/ +u°V,8n +u°V,8N =0, (32)
OR =RV, 8u’®+R,u’V,8T + R u’V,8u , (33)
SN =NV, 0u’+N,u°V,8T +N,u’V, bu , (34)
6r=—&;V,6u’—&uV, 8T —&uV,8u (35)
8q°=—q°T KILTV,,ST + .UV Oup +k3Vpbp |, (36)
8= —q®T(0\V8T +0,uV, 8up +03V48,) , 37

87 = —nq®qUV Suy+Vabu, — $4.aqV.ous) . (38)

Exponential plane-wave solutions of the above equations
will have the form

8Q =5Qqexp(T't +ikx) . (39)

First consider an equilibrium state in which the fluid is at
rest, so that

4%, =0, . (40)

The set of perturbation equations can then be written in
matrix form:

M48Y8=0, (41)

where, as in paper I, Y? represents the 19 perturbation
fields and M4y is the 19-by-19 complex-valued matrix
which describes the linearized equations of motion. The
matrix M“g block diagonalizes as follows:

, (42)

[« -NalVe)
oo ®Wo
oW oo
- o O O

when one chooses the following set of perturbation vari-
ables
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8Y4={8T,ou,5R,5N,57,8u*,8¢%,5v*,87,6u’,bq”,8v",877,8u% 8q% 6V, 677,677,677 — 677) . (43)
The submatrix Q, which describes the evolution of The longitudinal modes, is given by
S % | r 0 0 i(p+plk ik 0 0
aT u awu |
i[—a’i k ilgﬂ k o0 o0 ik (p+pT T 0 ik
oT u o |
on Sn 0 r 0 ink 0 ik 0
oT |, awu |,
- N,T —N;T 0 1 0 —iNk 0 0 0
5. &0 0 0 1 i&k 0 0 0
ixik ix3Tk 0 0 0 xTT 1 0 0
io\Tk iosTk 0 0] 0 o, TT 0 1 0
0 0 0 0 0 Tink 0 0 1
r
The submatrix R, which describes the transverse modes, _ 1 2 21,2
is given by r,= T {(p+p)t[(p+p)*+4nKk,Tk*]' %} . (48)

The transverse modes are essentially identical to those of

(p+p)l" I' 0 ik paper I, except that 6+ and/or 6V need not be zero if

Re IT 1.0 0 sy 9720 If k>0, then one root of Eq. 47), T, will be
T |loyIT 0 1 O positive for all real wave numbers k. The existence of a
ink 00 1 positive real root implies a growing mode; hence the fluid

and I is the two-by-two unit matrix. There will exist ex-
ponential plane-wave solutions of Eq. (41) whenever '
and k satisfy the dispersion relation,

is unstable to a growing transverse mode for perturbations
of all wavelengths. In the special case where x,=0, 8g”
and 8¢ are identically zero, and, there are fewer trans-
verse modes. There is only a single root for I in this case,

T'=—nk%/(p+p), (49)

detM =(detQ)(detR)*=0 . (46) ) ]
o a decaying nonpropagating mode.
Examining first the transverse modes, one finds The dispersion relation for the longitudinal modes is a
—detR=#,TT?—(p+p)T —k?=0.. 47) complicated sixth-order polynomial in T'; in the limit

The frequencies of the transverse modes are then

k —0 (long-wavelength perturbations), however, it simpli-
fies to

. _ T3 _ 2 ae _ ae an _ on r
lll_l'g)(detQ)—I“ [KzTF"‘(P'{‘[’)] (RN, R3N2)F + |N; 3T , N, a# T+R2 "“‘ap . 3 _aT ,
(50)
S | |9n 2)—
+ aT |, |ou T]-}-O(k) 0,

where O (k?) represents terms of order k2 and higher. At

least one root of Eq. (50) is positive:
i=(p+p)/k,T . (51)

Thus, for at least some open neighborhood in k about
k=0, there is a longitudinal growing mode.

As discussed in paper I, in a general equilibrium state
there will not exist a spacelike surface which is every-
where orthogonal to the fluid four-velocity u¢. In order
to determine the stability of the fluid in a general equili-
brium state, it is then necessary to examine perturbations
in a frame which is not comoving with the fluid. This is
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accomplished by Lorentz transforming to a frame moving
in the direction of wave propagation with velocity v. The
frequency and wave number transform in the following
fashion:

k =yk +ivyT , (52)
=y —ivvk , (53)

where T and k are the frequency and wave number in the
boosted, noncomoving frame, and

y=(1-v)72. (54)

The dispersion relations for exponential plane-wave solu-
tions in the boosted frame may be easily found by substi-
tuting Eqs. (52) and (53) into the rest-frame dispersion re-
lations. Since a nonzero value of «, is already known to
lead to instabilities, the value of k, will be taken to be zero
in the following analysis. The boosted transverse-mode
dispersion relation becomes

v 2—[(p+p)+2ivynk T +i(p+pvk —myk 2 =0,
(55)

exactly again the dispersion relation found for the boosted
transverse modes in paper I. The roots of Eq. (55) are al-
ways complex except when k=0 and

f“=(p+p)/‘yv277 . (56)
The real parts of the complex roots satisfy
‘I:Rl'*'FRZ:u-‘; >0, (57
Yvm
2
f‘leR2="— f‘Il——‘% <0. (58)

Equations (57) and (58) imply that exactly one of the two
transverse modes has a positive real part, and hence
represents a growing, unstable mode.

The dispersion relation for the longitudinal modes in
the boosted frame is again an excessively complicated
sixth-order polynomial in I': without further constraints
on the signs and values of the N;, R;, ;, o;, and k; coeffi-
cients, it appears extremely difficult to determine the sta-
bility of those modes.

IV. DISCUSSION

In the previous section it has been shown that if x,5£0,
then there exist growing exponential plane-wave solutions
to the linearized perturbation equations for both trans-
verse and long-wavelength longitudinal modes. In addi-
tion, even if k,=0, so long as 7, the shear viscosity coeffi-
cient, is nonzero, there exists a growing transverse mode
in the boosted, noncomoving frame. The arguments given
in Sec. IV of paper I then lead to the conclusion that real,
physically acceptable perturbations which are spatially
bounded (unlike plane waves) will also grow exponentially
in time. The equilibrium states of the Havas-Swenson
theory are thus all unstable, with the possible exception of
the special case where k,=7=0. The stability or instabil-
ity of the equilibrium states in this special case is un-

known at present. For a generic, realistic, fluid, however,
the shear viscosity coefficient will be nonzero, and the
most general first-order theory, that of Havas and Swen-
son, will be unstable.

In both paper I and this study, it is clear that the evolu-
tion of perturbations depends on the choice of fluid frame
(choice of u?). The evolution of perturbations in, say, the
Eckart frame, satisfying Eq. (5), is thus different than the
evolution in, say, the Landau-Lifshitz frame, satisfying
Eq. (6). Israel, however, has shown that the predictions of
the fluid theory should be invariant under first-order (in
g%, etc.) changes in the choice of four-velocity.” The reso-
lution of this seeming conflict lies in the assumptions
underlying Israel’s proof. Israel’s demonstration of the
equivalence of fluid frames assumed that the gradients of
first-order deviations from equilibrium are themselves
first order. This is not, however, true for certain of the
solutions to the perturbation equations found in this paper
and in paper I. In these solutions, the derivatives with
respect to time of the first-order quantities are zero order
(since the frequencies are proportional to x~!, 7, etc.),
and hence the assumptions of Israel’s proof are violated.

The first-order fluid theories can either be derived ax-
iomatically as in this paper, or they can be constructed (in
the dilute-gas limit) from kinetic theory using the relativ-
istic version of the Chapman-Enskog approximation. The
Chapman-Enskog approximation systematically elim-
inates time derivatives, i.e., it assumes that all quantities
vary only on time scales much longer than the collisional
time scale. Since the unstable growing modes in the first-
order fluid theories all have very large time derivatives
(order zero in «, 7, etc.) of guantities which are assumed
to be small (first-order g°, 7, etc.), it is clear that, at least
in the dilute-gas limit, the fluid theory has been pushed
beyond the domain rigorously justified by a kinetic theory
derivation. In this sense, one might not be surprised by
the existence of instabilities or some sort of odd behavior
in this regime. It should be noted, however, that in the
equivalent Newtonian theory, the kinetic theory deriva-
tion breaks down in a similar fashion for rapid variations,
yet the Navier-Stokes-Fourier theory of fluids does not
contain any unstable growing modes; equilibrium states
are stable in that theory. The origin of the instabilities is
thus not simply explained by the breakdown in the kinetic
theory derivation of the fluid theory; rather, the addition-
al relativistic terms in the equations of motion [such as
the acceleration term in the heat flow Eq. (19)] are respon-
sible.

Faced with unstable equilibria in even the most general
first-order theories of dissipative relativistic fluids, what
is one to do? It is clear that these instabilities are unphys-
ical; since they are ubiquitous, however, (all equilibria
have unstable modes), they will likely appear in any evolu-
tion calculation using the first-order theories. They are
perhaps especially likely to cause problems in numerical
evolution calculations. Even with purely decaying-mode
initial data, numerical round-off error will falsely excite
the growing modes, which will then subsequently dom-
inate the evolution.

One approach to remedying these problems would be to
develop a set of supplemental rules to append to the first-
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order theories which would distiriguish between ‘“real”
physical solutions to the equations of motion and “false,”
spurious, growing solutions.

A second approach to eliminating the spurious instabil-
ities is to abandon the first-order theories in favor of the
second-order theories developed by Israel and Stewart.”?
It is known that in the second-order theories, if the
phenomenological coefficients are chosen so that the per-
turbations 6propagate causally, then the equilibrium states
are stable.® Furthermore, from the viewpoint of kinetic
theory, the second-order theories can be derived from a
better approximation than that used to derive the first-
order theories®—1° (i.e., terms which are neglected in deriv-
ing the first-order theories are retained in the derivation

of the second-order theories). While the second-order
theories are more complicated than the first-order
theories, it is not at all clear that they are more complicat-
ed than the first-order theories with supplemental rules
appended to eliminate unphysical solutions.
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