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V(te present an analysis of the decay J/|i~y4m in the final states ye+a ~+a and ye+a n mo

The branching fractions obtained are B(J/g~y~+n tr+n )=(3.05+0.08%0.45))C10 ' and

B(J/p~yn+m n n )=(8.3+0.223. 1)X 10 3 for nt4 less than 2 GeV/c . The4n invariant-mass

distributions extend from 1.0 to 3.0 GeV/c, showing peaks at approximately 1.55 and 1.8 GeV/c .
In an analysis of the 4m final state we find that =50% of the events below 2 GeV/c are

pseudoscalar pp, the product branching fraction of which is determined to be

B(g~yX )B(X ~pp)=(4. 710.3+0.9)X10 3. No other significant pp component is found,

and upper limits on the product branching fraction B(J/g~yX)B(X~pp) are presented for the

e(1690) and the gT states near 2.2 GeV/c .

I. INTRODUCTIO~

Radiative decays of the J/g to states other than the g,
are believed to proceed via a two-gluon intermediate state'
and are thus an excellent place to look for gluon-gluon
bound states, or glueballs, expected from QCD. Since
quark-antiquark states are observed in J/g radiative de-
cays as well, the physical final states are expected to be
mixtures of quark and gluon bound states such as qq, gg,
and perhaps qqg and qqqq. In what follows, however, we
shall follow current usage, referring to such states as glue-
balls, while cognizant of their likely mixed character. A
large J/it radiative coupling could be indicative of a large
glueball component.

Two states found in J/g radiative decays do not seem
to fit into qq nonets. These are the pseudoscalar meson
i(1440) (Refs. 2 and 3) and the tensor meson e(1690)
(Refs. 4 and 5). They are thus viewed as glueball candi-
dates. The three 2++ states gT(2120), gT(2200), and
gT(2360), observed in m p interactions, have been inter-
preted as glueballs, but they have not been observed in ra-
diative J/P decays. Since these states were found to de-
cay to P((), from fiavor symmetry one might expect com-

parable pp decay branching fractions.
The decay J/t/r~y pp was first observed by Mark II

(Ref. 7). The pp mass distribution was found to be con-
centrated below 2 GeV/c with structure near 1.65
GeV/c~. Several authorss have pointed out that if this
structure was due to the 8(1690), the branching fraction
for J//~ye(1690) would be =5)&10 3, a factor of 3
larger than that observed for riri and KK final states,
which would make a glueball interpretation of this state
more likely.

Enhancements in pp final states with masses below 2
GeV/c have also been found in hadronic interactions
and in photon-photon collisions. ' Interpretations of
these enhancements include resonance production of qq,
qqqq, qqg, and gg bound states. Because the observation
of large pp production cross sections near threshold in yy
collisions and radiative J/g decays bear some similarity,
it has been proposed" that the underlying dynamics has
the same origin. A spin-parity analysis' of yy~pop in-
dicates that the pp system is mostly 0+ below 1.7 GeV/c
and mostly 2+ above, but cannot rule out an isotropic
model. Negative parity, however, is excluded by the
analysis.
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33 STUDY OP THE IUG3IATIVE DECAY J/f~ypp

This paper presents results from an analysis of the de-

cays J/P~yn+ir m+m and J/P~ym+~ ~ ~0,

m ~yy, obtained with the Mark III detector at the SLAC
storage ring SPEAR using (2.71+0.16)X 10 J/g pro-
duced in e+e collisions. A multichannel spin-parity
analysis of the final states is employed to investigate the

pp component of the 4n system. Section II describes the
event selection procedures and background analysis. The
spin-parity analysis is described in Sec. III. Discussion of
the results and conclusions are presented in Sec. IV. De-
tails of the spin-parity analysis method are relegated to
the Appendix.

II. DETECTOR AND EVENT SELECTION

The Mark III detector has hMn fully described else-
where. ' This analysis uses information from the central
cylindrical drift chamber, which measures moments of
charged tracks with a resolution of oz/p=2% at 1

GeV/c. Tracks are accepted for which
~
cos8

~

&0.83,
where 8 is the polar angle with respect to the beam direc-
tion. Photons are reconstructed with electromagnetic
shower counters, which cover 94% of the solid angle and
detect photons with an energy resolution of
ng/E =17%/v'E (GeV) and with 100% detection effi-
ciency for energies greater than 100 MeV. Kinematically
constrained fits of the exclusive final states considered
here improve the resolution of the photon energy mea-
surement. Since hadronic interactions of charged pions in
the shower counters produce spurious showers that may
be mistaken for primary photons, photon candidates are
defined as showers outside a cone of half-angle 18' around
any charged particle.

Candidates for the decay J/g~yn+m n+n are
selected by requiring exactly four charged tracks in the
drift chamber with zero total charge. Events are required
to have between one and three photons to allow for spuri-
ous signals discussed above. At least one photon is re-
quired to have an energy greater than 100 MeV and to lie
within

~
cosez

~
&0.7. A small background due to KzECs

is rejected by err mass cuts (
~

m —m 0 ~
y 20 MeV/c ).

S
The difference between the missing energy recoiling
against the four-pion system and the magnitude of the
missing momentum is denoted by U. A cut of

~
U

~
& 0. 1

GeV is required which removes events for which the in-
variant mass of the neutrals is greater than m+, as well as

events with charged kaons. Kinematically constrained
fits [four-constraint (4C)] are applied to improve the reso-
lution as discussed above, and also to select the radiative
photon when there is more than one photon candidate in
the event.

Events of the type J/g~ym+n m mar.e selected. by
requiring two oppositely charged tracks in the drift
chamber and between five and seven photons. Fiducial
cuts for the photons require

~
cosez

~
& 0.80 or

0.85 &
~
cos0„~&0.95. A minimum energy of 40 MeV is

required for photons. Kinematic fits (6C) are applied
which include the two m mass constraints. For events
with more than five showers, fits are also performed to
determine whether the hypothesis J//~5m has a smaller

X than the signal hypothesis, and if so, the candidate is
rejected. The combination with the smallest X is used for
further analysis. Apart from improving the resolution,
the kinematic fits are used to identify the radiative photon
and the photons from the m decays. The quantity U can
now be calculated as above using the measured momenta
for the charged pions. For n. 's the energies and momenta
obtained from a 1C fit of the photon pairs to the m hy-
pothesis are used. A cut

~

U
~

& 0.25 GeV is imposed.
At this point a loose cut X~ & 20 is made on both sam-

ples yielding 17933 ye+a m. +m and 29 341
ye+a m m candidates. Figures 1(a) and 1(b) show the
(constrained) 4n mass distributions for these events.
These distributions are dominated by background from
J//~5' where a n decays asymmetrically and one of
the decay photons is misinterpreted as the radiative
photon. To study this background, a sample of
J/P~n n+m n+n events is selected, using 5C fits and
requiring that the m n.ot decay too asymmetrically,

~ Eri Er2 ~

/—E+&0.8. The m+n n+m mass distribu-

tion for these events is shown in Fig. 1(c}. The overall

shape of Figs. 1(a)—1(c) is siinilar. Structure below 2
GeV/c, however, is observed only in (a) and (b), but not
in (c}. The observation of the i), decay to 4m, shown in
the inset of Fig. 1(a), is reported elsewhere. '

Next the 5m background is subtracted and the remain-

ing structures are shown to be due to the y4m final state.
The amount of background from J//~5' can be es-
timated by a technique that uses the measured direction of
the radiative photon. ' The transverse momentum of the
4n system relative to that direction is defined by

p, =4~ p4 ~

sin (5/2),

where p& is the momentum vector of the four-pion sys-
tem and 5 is the angle between the radiative photon and
the four-pion momentum vector. For ye+a m+m this
quantity is calculated using the unconstrained measure-
ments. For ym+m m m the ~ momenta are derived
from 1C fits to the m. mass constraint. Background
events from J//~5' with a missing photon lead to a
distribution of p, that is broad compared with the exper-'y
imental resolution. Examination of p, allows a statisti-'y
cal separation of radiative from nonradiative decays. Fur-
ther advantages of the use of this variable are that it does
not depend on the measured energy of the radiative pho-
ton, and that the resolution is nearly independent of the
4n. mass. Figure 2(a) shows the p, distribution for the
m+m ~++ data sample. The shaded band is the Monte
Carlo expectation for the 5n. background reaction normal-
izmi in the tail of the distribution, 0.004
(GeV/c)2 &p, ~ & 0.01 (GeV/c), after correcting for leak-

age from the signal region. The dashed curve represents
the Monte Carlo simulation for y4n. events, added to the
background contribution. The events above the band
represent the radiative signal. The uncertainty in the
branching fraction introduced by the normalization pro-
cedure is less than 5%. We find 1727+83 events with

p, &0.0015 (GeV/c) and m4 below 2 GeV/c .
The corresponding plot for J/g~y~+n m m is
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shown in Fig. 2(b). The separation between the radiative
and the 5m reaction is much less reliable in this case, be-

cause the background also peaks at low p, . Therefore

the p, distribution, as obtained from the data, is com-'r
pared to Monte Carlo calculations using y4n. and 5~
events generated according to phase space. The dashed
curve in Fig. 2(b} is the result of a fit of the Monte
Carlo —generated distributions to the data. The solid
curve is the 5m portion. The number of events above this
line is due to J/g~ y4v. The uncertainty in the branch-

ing fraction introduced in this case is 40%. There are
1104+410events with p, &0.004 (GeV/c) for four-pion

masses less than 2 GeV/c .
Figures 3(a) and 3(b) show the four-pion mass distribu-

tion after cuts of p, 2&0.0015 (GeV/c) and p, &0.0040'r 'r
(GeV/c), respectively, are applied. The sum of the distri-

butions is shown in Fig. 3(c}. The contributions from
J//~5m, are indicated by the shaded bands, which also
display the uncertainty in the normalization of this back-
ground. The shape of the background m4 distribution is
determined from a J//~5' phase-space Monte Carlo
simulation and, in the case of the y2(n+m } mode, also
derived from selected n 2(tr+n ) events. For the latter,
Monte Carlo and data m4„distributions are in excellent
agreement below 2.6 GeV/c~. For ytr+tr m n we as-
sume that the shape of the background m4 distribution is
also dominated by J/$~5rr phase space. Note however
that the absolute magnitude of the 5m background is in-
dependent of this assumption since the estimate of its
magnitude depends only on the n decay properties that
determine the p, distributions of Fig. 2. The subtracted

distributions, which represent radiative J/P~y4n, are
shown in Figs. 4(a) and 4(b). Two maxima appear in all
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y(e )e+e e e final states The band .in (a) and the solid curve
in (b) are the background contribution from Jjp~ 5eThe
dashed curves are Monte Carlo calculations for Jjtg~y4m add-
ed to the 5m contributions.
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distributions of Figs. 3 and 4 at masses of —1.55 and
—1.8 GeV/c, respectively, both approximately 0.1

GeV/c wide.
A Monte Carlo simulation including all of the analysis

cuts determines the detection efficiency to be 0.208+0.024
for ye+a . ~+m and 0.049+0.006 for yir+ non m, both
independent of m& . This leads to branching fractions for
m 4 masses below 2 GeV/c 2 of

B(J/1(~yir+ir ir+ir-}=(3.05+0.0&+0.45) y 10-',

B(J/1(~ym+n'ir n')=(8. 3+0.2+3.1)X10 '.
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FIG. 4. Background-subtracted m4 distributions for (a)
ye+a n+rr and (b) ye+a n m events obtained by subtract-

ing the center values of the bands in Fig. 3. The uncertainty in-

troduced by the background subtraction of (a) 5% and (b) 40%
is not included in the error bars.
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The ratio of the branching fractions is B (J/f
~ye+a n ir )/B(J/Q~yn+rr m+n )=2 7+1.1. .
This is consistent with a value of 2 which is expected if
the 4n system is isoscalar and the ir+ir (ir—+m ) systems
are isovector. For the mr+a rr+n mode the branching
fraction for m4 less than 3 GeV/c is

B(J/g~ym+m n+n ) =(6 4+0 2+0 8).X 10-. ' . .

l00

0
l.2

I I l i I

l.6 2.0 2.4
m+ (GeV/c~)

2.8

FIG. 3. m4 distributions for (a) m+m m+m and {b)
rr+n~m m, for events with p, i&0.0015 (GeV/c)~ (a) and'1
p, ~~0.0040 (GeV/c)~ (b). The bands display the 5m back-'r
ground distribution estimated from Fig. 2. {c) is the sum of (a)
and (b).

For the remainder of this paper, the ratio of y4n. signal
to 5n background is maximized. This is achieved for
J/f~yn+m n+~ by considering only events with ex-

actly one photon and by increasing the fiducial region for
photon detection to the range used for J/g
~ye+~ m m . For the latter at most one spurious pho-
ton outside the 18 cone around charged tracks with ener-

gy less than 80 MeV is allowed. In addition the g proba-
bility of the kinematic fits is required to be greater than
5% for both modes. These requirements are made in ad-
dition to the already existing cuts, in particular the p,'r
cut.

There are 4065 and 4798 events below 3 GeV/c in the
two samples, respectively, for which the four-pion mass
distributions are shown in Fig. 5. The remaining 5m con-
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event; (e), {f)opposite- and equal-sign mass combinations for 5n.

events.
FIG. 5. m~ distributions for the event sample used in the

spin-parity analyses.

taminations below 2 GeV/c in these samples are
(11+3)% for the yn+n n'+n mode and between 10%
and 40% in the yn+n n n mode.

Clear pp signals from the decay J/f~ypp are evident
in the nn mass correlations plotted in Figs. 6(a) and 6(b).
The same plots for the wrong-sign mass combinations of
the four pions, Figs. 6(c) and 6(d), do not show any evi-
dence for pp enhancements. The mass combinations for
the 5n event sample of Fig. 1(c) also do not exhibit
enhancements in the pp mass regions.

The fraction of the pp component in the four-pion final
state is determined using a maximum-likelihood tech-
nique. Two populations described by isotropic pp and 4n
phase space are assumed. The weights used in this fit are
presented in the Appendix [Eqs. (Al) —(A3)]; this is the
same tec»ique used by Mark II (Ref. 7). The pp distribu-
tions thus obtained are shown in Figs. 7(a) and 7(b).

We conclude, in agreement with Ref. 7, that a large
fraction of the y4n events below 2 GeV/c is J/P~ypp.
Note that the decay J/if/~n p p would violate C-parity
conservation and therefore is not a possible background;
J/g~n p+p, however, is not forbidden.

III. SPIN-PARITY ANALYSIS OF THE FINAL STATE

The spin-parity of the pp system is examined using two
approaches. A decay-plane analysis is performed using

the yn+n n+n final. state only. Then a full multichan-
nel likelihood fit using both final states is presented.

A. Decay-plane analysis

A complete description of the final state resulting from
the sequence e+e ~J/g~ypp~4n requires, for unpo-
larized beaxns, seven angles and two ~m submasses. The
angles providing the greatest sensitivity to the spin and
parity of the pp system are the polar angles of the pions in
their respective p helicity frames and X, the sum of the az-
imuthal angles of the pions from the respective p decays,
measured in the pp center-of-mass system. It was pointed
out by Chang and Nelson' and Trueman' that for de-

cays into two vector mesons, the angle X between the p de-
cay planes provides a unique signature for even spin and
odd parity, in analogy with Yang's parity test for the n
(Ref. 18). We have previously used this method to deter-
mine the spin-parity of the rI, using the decay into pp
(Ref. 19). The present analysis, however, differs in that
there are two possible pp combinations per event (and two
X angles) with potential interference effects, and that the
event sample is not background-free. For a pp sample of
unique spin-parity and free of background, the distribu-
tion of X takes the form

dN/dX=1+Pcos(2X),
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FIG. 7. Mass distributions of the pp component of (a)

J/g~ym+n e+e and (b) J/f~ym+n ~ m events as deter-

mined from a two-channel fit.

FIG. 8. Distributions of P, the angle between the p decay

planes, for (a) J/f~ym+m m+n events with m4 &2 GeV/ci
and for (b) events from J g/~5m. The curve in (a) is a fit with

a +b sin~g and in (b) a fit with a constant.

The m4 dependence of a is determined by fitting the g
distribution in slices of 100 MeV/c in in~. Fjgure 9(a)
displays the results of these fits showing the sin2+ fraction
for each mass bin. This fraction amounts to -50% for
masses between 1.5 and 2.0 GeV/c except for a drop to
-20% at 1.8 GeV/c~. Note that this is the mass value of
the second peak in Fig. 3. The high value of sin X in the
mass bin from 2.9 to 3.0 GeV/c is consistent with the
expected number of events from the decay g, +4m(Ref. -.
14). The same fit procedure, when applied to the 5m sam-
ple [Fig. 9(b)] yields a sin X contribution consistent with
zero. Figure 9(c) shows the number of events attributed to
the fiat component obtained froin the fit, i.e., (1—a) mul-

tiplied by the measured four-pion mass distribution for
the events of Fig. 5(a). Structure is indicated in this dis-
tribution around 1.8 GeV/e . More statistics are required
to decide whether additional resonance production or a
statistical fiuctuation is its origin. The contribution from
5m events to this flat component is indicated by the curve
whose absolute normalization is uncertain by -30%.
The remainder is the radiative y4n. component which has
a flat X distribution. We conclude that there is a large
even-spin, odd-parity pp component belo~ 2 GeV/c .

where P is a constant which depends only on the spin-

parity of the pp system and is independent of its polariza-
tion. This is true for either pp combination. Values of P
are given in Ref. 19 for the lowest allowed values of the
relative orbital angular momentum of the pp system, I~,'
P is zero for odd spin and nonzero for even spin and its

si~n is the parity of the pp system. In particular, for
J =0, P is —1, i.e., dN/dX ~ sin X with the two p's in

a relative P wave, while for J =2, P is —0.4, if L~ l. ——
Figures 8(a) and 8(b) show the distribution of g for

n+n m+n masses less than 2 GeV/c, for events from
the ym+m m+m and 5m smnples, respectively, with two
entries per event. Figure 8(a) shows the presence of a
strong sin X component in the X distribution giving evi-

dence for even spin and odd parity. In contrast, the back-
ground distribution shown in Fig. 8(b) is flat. As shown

later, the only significant contribution of this type is

J =0 . This suggests describing the 7 distribution in

Fig. 8(a) by the sum of a sin X and a flat contribution.
The solid curve in Fig. 8(a) shows the result of a fit with
a +b sin X. Defining a=b/(2a +b), we obtain
a=0.37+0.03 which can be interpreted as the pseudosca-
lar fraction of y4m and background events below 2

GeV/c .
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(o)
J/III = y vr+vr vr+vr

B. Multicha~el spin-parity analysis

The multichannel-likelihood technique is employed to
use all of the information contained in the y4vr final state.
The complete formalism is described in the Appendix.
Briefly, each event in a given rn4 mass range is assigned
a weight for each of ten hypotheses: isotropic pp, by
which we mean J/g~ ypp without taking into account
angular correlations, pvrvr and 4vr, also without angular
correlations, and six channels for J/P-+yX, X~pp with
spin-parity 0+-, 1+-, and 2+-. An A2vr charmel is also in-
cluded to account for possible feedthrough from
J/Q~A2p, A2~pvr Th. is channel also absorbs possible
contributions from J/ltI~yAivr. The weights are nor-

malized including the experimental acceptance. Maximiz-
ing the likelihood provides an estimate of the fraction of
events from each source. A basic assumption is that the
above list of channels is complete in that no significant
channel has been excluded. Other assumptions reducing
the number of unknowns are (a) only the lowest possible
orbital angular momentum of the pp system is allowed to
contribute for a given spin-parity, (b) the ratios of the pro-
duction helicity amplitudes, x

=Xi�/Ao,

y =32/Ac, are
assumed real, and (c) the different channels do not inter-
fere. Restriction (a) is plausible for pp masses close to the

pp threshold and (b) holds for other resonances produced
in radiative J/f decays.

The results of this multichannel fit are presented in
Figs. 10 and 11 for yvr+vr vr+vr and yvr+vrovr vrc,

respectively, showing the number of events in each chan-
nel as a function of ms . The errors shown are statistical
only. The most prominent channels are 4vr phase space
and 0 pp. The contributions to the other channels are
generally small. The pseudoscalar component is very
stable under variations of the ftt assumptions. It should
be pointed out that the exact knowledge of the size of the
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0+,0,2+,2 . For the spin-2 simulations the relative hel-

icity amplitude ratios x and y have been chosen to be
x =y = 1, i.e., equal amounts of helicities 0, 1, and 2.

The fraction of events from y4tr and 5n background
that are due to 0 pp [Fig. 10(f)] is obtained from the fit
to be (46+8)% below 2 GeV/c decreasing to about 20%
above 2 GeV/c . The (46+8)% is consistent with the
(37+3)%%uo from the decay-plane analysis. Correcting for
the 5n background, which is (11+3)% below 2 GeV/c2,
the 0 pp contribution to radiative y4nis (51+9)%..
Summing the pp contributions to the individual spin-
parity channels the fraction of pp events that have 0
spin-parity is (76+ 11)%below 2 GeV/c . It is interesting
to note that the strong pseudoscalar pp component has a
counterpart in the decay J/f~ycoco, where a strong
J =0 ~co component is also observed in the same mass
region.

IV. DISCUSSION OF RESULTS AND CONCLUSIONS

In Sec. II evidence was presented for the radiative decay
J/~ +y4rr in modes —with two and four charged pions.

J/P-+5rr background is unimportant for the determina-

tion of the 0 pp component.
The fractions for J =0 are consistent with the

decay-plane analysis of the previous section, showing that
the sin X contribution is indeed associated with pseudos-
calar pp. The pseudoscalar component drops off at 1.8
GeV/c . Cross checks are performed by applying the
same procedure to Monte Carlo event samples and using
J//~5' events. The latter are displayed in Fig. 12
where no significant 0 component is found. The events
mainly populate the 4n phase-space channel [Fig. 12(c)].
There are small contributions found in the pnm and Azn.
channels, but no significant contribution in any pp chan-
nel.

In Fig. 13 the events with m4„&2 GeV/c are com-
pared mth Monte Cmlo calculations for various spin hy-
potheses in the three angles, cosO&, the polar angle of the
radiative photon in the J/f rest frame, cose' the pion po-
lar angle in the p helicity frame, and the X angle. The
curves represent Monte Carlo simulations mixing in equal
proportions isotropic 4n. ~ith pp spin-parities
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The 4m mass spectrum extends from 1.0 to 3.0 GeV/c,
showin peaks at 1.55 and 1.8 GeV/c both about 0.1

GeV/c wide. A large pp component is found at 4n.

masses below 2 GeV/c . The multichannel spin-parity
analysis establishes that this pp component is predom-
inantly J =0 and amounts to (51+9)% of the radiative
y4n. . The product branching fraction for pseudoscalar pp
1s

8(J/g~yXo )B(Xo ~pp)=(4 7+.0 3+.0 9).X10 ',
which is obtained from the p p mode correcting for iso-
spin.

The spin-parity analysis cannot unambiguously identify
both peaks with pseudoscalar pp. The 0 pp mass distri-
bution, Figs. 10(fl and 11(f), although not inconsistent in
shape with a two-peak structure, does not exhibit two
clear peaks and decreases at the location of the second
peak at 1.8 GeV/c . Moreover, the remaining radiative
component, which is the part above the curve in Fig. 9(c),
is not clearly associated with any single other channel in
the multichannel fit. The distribution of this component
is inconsistent with J/f~y4n phase space and shows an
indication of structure around 1.8 GeV/c .

Achasov and Shestakov ' have suggested, based on a
preliminary version of these results' that the pseudosca-
lar pp component can be accounted for by the t(1440), in-
terfering with the tail of the ri' and distorted by phase
space and P-wave factors. Our best estimate for the pseu-
doscalar pp component, which is an average of Figs. 10(fl
and 11(f), is shown in Fig. 14 superimposed with the y4n.
phase space weighted by p Breit-Wigner and P-wave fac-
tors (solid curve). The ratio between the data and the
phase-space prediction is proportional to the matrix ele-
ment squared, and is largest in the 1.4—1.5-GeV/c2 re-
gion, supporting the suggestion of Ref. 21. A comparison
of our results for the final states yam, ypp, and ycoco
(Refs. 3 and 20), all of which appear to be ~seudoscalar,
and also yyp (Ref. 23), has been performed to test the
consistency of the data with this model.

While the t(1440) could account for at least part of the
structures reported here, other plausible assignments are
the radial excitations of the il and the ri' (Ref. 25), both of
which are expected in the mass region between 1.3
GeV/c and -2 GeV/c .

The first observation of structure in J/f~ypp gave
rise to speculations that this might be a large decay mode
of the 8(1690). This interpretation is ruled out by the
analysis presented here. We determine the 90%o-C.L.
upper limits for the 8(1690) and the gz states
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FIG. 13. Comparison of data (crosses) and Monte Carlo
simulations for 0+, 0, 2+, and 2 in (a) cos8„,(b) cos8, and
(c) the g angle, for events with m4 ~2 GeV/c . The spin-
parity Monte Carlo calculations are mixed with a 50% isotropic
component for the background. The histogram shows the distri-
bution for J/&)~5m events.
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FIG. 14. Mass distribution of the pseudoscalar pp com-

ponent. The solid curve displays P-wave phase space for
J/4-rpp
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8 (&If~y8)B(8~pp) & 5.5 X 10

8(J/g~ygT)8(gr~pp) &6.0X10

These limits are obtained from the contributions to the 2+
channel in the mass regions 1.6—1.85 GeV/c for the

8(1690}and 2.1—2.4 GeV/c for the gT states, omitting
from the fit the 1+-and 2 channels.
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APPENDIX: THE SPIN-PARITY ANALYSIS METHOD

Here we present details of the channel-likelihood
method which is used to obtain the results in Sec. III.

The final-state pions are labeled such that 1 and 3 have
the same charge, so that possible pairings to form p's are
(12)(34) and (14)(32). Any amplitude must be symmetric
under the interchange of 1 and 3. Using this ordering, the
y4m final state can be represented by nine variables in ad-
dition to m& . miq, mi4, the masses of the (12) and (34}
pairs; 8&, the polar angle of the photon in the laboratory;

8& and (()z, the polar and azimuthal angles of the (12) sys-
tem in the 4n helicity frame; and 8i,pi, 8i, ((}&, the polar
and the azimuthal angles of pion 1 and pion 3 in the (12}
and (34) helicity frames.

For each hypothetical channel, a weight is determined
that reflects the probability to find an event with the par-
ticular final-state configuration. The different weights for
each channel must be normalized properly. Let
represent the set of the nine variables discussed above.
Then, if g&(g) is the amplitude for configuration g and
channel j, the weight wj(g) is defined by

Igj O' I'
(Al)f d4~ (k) I gj(f) I

'

where dg is the Lorentz-invariant phase-space element
and A (g) is the experimental acceptance and efficiency.
Note that d f is also invariant under exchange of any pair
of final-state pions. With this normalization convention,
the amplitude. for 4n phase space is a constant: g~ ——1.
The likelihood function is then given by

inL = g ln g A,j.wj(g; ) N,„gA,J, —

which is maximized varying the channel fractions Aj and

1
gA, = ~ (Bp(mi2)[Bg, (mii3)+By, (m„4)]

(A4)

+Bp(m3$)[Bg (m 3/i )+By (m 342)]

+ p( i4)[ ~,(mi42)+8~, (mi4i}]

+Bp™23)[BA2(m 231 ) +Bye(m 234 }]]

(A5)

where 8 (m;1 ) denotes the relativistic p Breit-Wigner am-
plitude or nn combination i,j (Ref. 26)

Bq(m) = (m&I ~ /p')'~

ir(m m —im I—)P P P

(A6)

where

I P
——I 0 2 2, I 0

——155 MeV,

p'= —(m —4m )' p' =—'(m ' —4m )'

Bq (mi~k } is defined similarly.

The helicity formalism is used to represent ypp final
states with a given pp spin-parity. The amplitude for the
decay J/P~yX, X~pp, p~mm for a state X with spin-
parity J is given by

P

m +A, cos8& sin8&
Tm~=+ ~0

2
"Fii—Ai "Fi

m —A, cos8&
+Ay

2
I ~ (A7)

where m =+1 and A, =+1 are the g polarization and the

y helicity, respectively. A&,p&minI2, JI, are the un-
known amplitudes for production of the state X with heli-
city p, and F& is a function of the pion variables, given
below, for its decay. Squaring (A7) and introducing
x =A i /Ao and y =Aq/Ao, which are assumed to be real,
the rate, or unnormalized weight is

any other parameters on which the mj may depend, in
particular the helicity ratios x and y defined below. N„
and N, h denote the number of events and the number of
channels, respectively.

The amplitudes which do not involve angular correla-
tions are products and sums of appropriate Breit-Wigner
factors. For pp, pen, a.nd A2w the expressions are

g~ —— [B&(m iz)8&(mi4)+8&(m iq)8&(mi3)], (A3)
1

PP

g~ ———,
'
[8&(m,2)+Bq(m 34)+B&(m i4)+8&(m23)],

g ~

T &~ z=(1+cosi8„)~Fo
~

—xv 2cos8„sin8„Re[F0(Fi F' i)]+x sm 8„(~—Fi
~

+ ~F i ~
)

+y sin 8„Re(FO(F2+F' )+2yvx2sin8~cos8„Re(FiF2 F iF' 2)+y —,
' (1+—cos 8r)( (

Fi ( + (
F

(AS)
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The decay amplitudes F„aregiven by

F„=8~(mi2)8~(m ss )[Qp(m4, m i2, m s4) ]
1

C„.D o(Ii))D u(Qs)D„; J(&~)+(1~3)

ty amplitudes which are given by products of Clebsch-
Gordan coefficients when projecting onto the LS basis.

For J =0, (A9) can be written as

Fu ——[Bp(m ii)Bp(ms4) —Bp(m i4)Bp(m2s)]

Xp'(rn &2)p'(m34)Q~(m4~, mi2, ms&)

with rotation matrices

D~ „(Q)=dq„(8)e

Xsin8isin8ssin(pi+at 3)

8&(m) =8&(m)/p'(m)

(A10)

and p center-of-mass momentum

Qp(m, m „m2)= I [m —(mi+m2)2]

X [m '—(m, —m, )']/4m '] '" .

L is the angular momentum between the two p's. The no-
tation (1~3) represents symmetrization with respect to
the interchange of pions 1 and 3, and C;I are decay helici-

and

p'(m)=(m /4 —m 2)'~

In (A10) the sum of azimuthal angles, {ti+$2, defines the
orientation between the p decay planes and is denoted as
the X angle in Sec. III. Note the relative minus sign be-
tween the pp Breit-Wagner amplitudes required for
Jy=0, which is not obvious in (A9).
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