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K~3 decays have been investigated with the inclusion of right-handed currents (RHC s), finite neu-

trino mass, and mass mixings. Predictions have been obtained for {i) pion energy spectrum, (ii) de-

cay probability, (iii} m-1 (=e,p) angular correlations, (iv} m-I energy correlations, (v) lepton energy

spectrum, (vi) m-v; (i =e,p~) angular correlations, (vii) m-v; energy correlations, (viii) 1-v; angular

correlations, (ix) I-vf energy correlations, {x}the ratio R = 8'(Il.„+3)/8'(j',+3), and (xi) longitudinal

lepton polarization. RHC contributions are transparent in almost all the parameters discussed,

~hereas finite-neutrino-mass contributions are substantial in (i)—(v), (x), and (xi}. The distinction

between RHC contributions and finite-neutrino-mass contributions is possible in {i)—(v), (x},and (xi).

Mixing effects are in general negligible but could be perceptible in the parameters (ii), (v), (x), and

(xi). It is shown that the currently known value of the ratio E. can be understood with the inclusion

of finite neutrino mass without or with RHC contribution. Lepton longitudinal polarizations (P~),
however, require the inclusion of the RHC contribution with or without the inclusion of finite

7?l (v3). The range of neutrino mass m (v3) values obtained with the inclusion of the RHC factor lies

between 14+8 and 44+5 MeV. The RHC-factor (E) limits are 8~0.26 and Fg0.22 for K,+3 and

E„+3 decay modes respectively, for vanishing m (v3).

I. INTRODUCTION

The SU(2)L, XU(1) electroweak theory' has met with as-

tounding success in the discoveries at CERN of inter-

mediate vector bosons W+-, Z, with characteristics exact-

ly agreeing with the predictions of the theory. But there

are a number of problems3 which require extension of the

theory to a higher-symmetry group that in a limit may
reduce to this model. An appealing and minimal enlarge-

ment of this model is to base the theory on the gauge

group SU(2)L, XSU(2)a XU(1), which contains right-

handed (RH) currents, besides the usual left-handed (LH)
interactions. In an interesting version of this model,
spontaneous breakdown of symmetry is incorporated sys-

tematically, and the scale of parity restoration is related to
the nonvanishing neutrino mass. Further, it may also
provide an effective intei—-.ediate stage in breaking the
symmetry of some of the grand unified theories7 (GUT's).

These features have motivated a good deal of interest in
these theories to make worthwhile theoretical and experi-
mental efforts to see the effects predicted by these
theories, as well as to constrain them. Notable among
these have been those by (i) Beg, Budny, Mohapatra, and
Sirlin, who provide a comprehensive study of the experi-
mental constraints on left-right-symmetry (LRS) theory
from low-energy processes involving charged currents, (ii)
Beall and Bander, ' who find constraints on the mass
scale of LRS theory from KL-Ks mass differences, (iii)
Gka, " who has attempted to solve the discrepancy be-
tween the Cabibbo-model predictions and the experiments
on hyperon decay parameters, (iv) Keung and Senjano-
vic, ' who made definite predictions about the production
of right-handed gauge boson (W„), and (v) Masso's'3

work, which constrains the 8'L - 8'z mixing angle within
the framework of a general Higgs sector, etc.

It is shown by Beall and Bander'o that for equal LH
and RH Kobayashi-Maskawa (KM) mixing angles and

gz =g~, gL, ~ being left, right coupling constants, the ex-
perimental value of the KL, -Ks mass difference (bmoc)
imposes severe restriction on the right-handed-current
(RHC) contribution, A, ( = rnL, /mn ) =3X10, and as a
consequence the contributions from RHC's in all low-

energy leptonic and semileptonic decays are expected to be
negligible. However, for unequal LH and RH angles,
Herczeg and co-workers' have shown that the b,mx value
does not rule out large contributions from RHC's even in
the low-energy leptonic and semileptonic processes; the
possibility also includes muon number violation. This
view has been further strengthened by the investigations
of Oka, " who has resolved the discrepancy between the
Cabibbo-model predictions for hyperon decay parameters
and their experimental values' with the use of the
SU(2)z XSU(2)it XU(1) model. These have led to
renewed interest in the search for RHC contributions in
the experiments on muon decay by Carr et al. ' and in
the decay K+~p+v by Hayano et a/. ' These experi-
ments have set new limits on polarization parameters and
contributions due to the RHC factor.

Another field of activity in the domain of weak interac-
tions in recent years has been to look for effects of finite
neutrinomass, ' mass mixings, andneutrinooscil-
lations. zs In fact, a finite neutrino mass would require
inclusion of RHC's in the theory. As such, a sys-
texnatic theory would require inclusion of aH aspects ap-
propriately. ' As emphasized earlier, a search for contri-
butions from RHC's, nonvanishing neutrino mass, and
mass mixing even in low-energy leptonic and semileptonic
processes could be useful. In fact, in our earlier discus-
sion on Kt+3 decays, it was shown that the effects of fi-
nite neutrino mass are substantial in all relevant parame-

33 110 1985 The American Physical Society



33 RIGHT-HANDED CURRENTS, FINITE NEUTRINO MASS, . . .

l5.0

t2.0

7.0

9.0

5.0

60

30

I.O

0
0.6 0 7 0.8 0.9 l.0

FIG. l. Pion energy spectrum in K,+3 decay. Solid, single-

arrow, and double-arrow curves are for m (v3) =0, 100, and 150
MeV, respectively, with LHC+ WM. One-circle, two-circle,

and threewircle (in gaps} curves are for m (v3) =0, 100, and 150

MeV, respectively, with LHC+ RHC+ WM. One-o and two-

0 curves are for m {v3)=100 and 150 MeV, respectively, with

LHC + RHC + KM. %'here one circle is on the line, the curve

is for m (v3)= 150 MeV with LHC + KM. Curves for
m (v3)= 100 and 150 MeV with LHC + HM, and

LHC+ RHC+ HM, not shown in the figure, almost coincide

with the curves for m (v3) =0 with LHC + %'M and

LHC+ RHC+%'M, respectively. The curve for m(v3)=100
MeV with LHC+ KM, not shown in the figure, also almost

coincides with the curve for m (v3) =0 with LHC+ %'M.

ters of the decay, and mixing effects show their presence
in energy and angular correlations. %e now report in this
work our investigations on K~3 decays with the inclusion

of RHC contributions, along with those of nonvanishing

neutrino mass and mass mixings. At present, a E+ beam

is copiously available at CERN in the p-p collider
(LEAR) and as such this facility could possibly be made
use of for investigating contributions from these factors to
the various parl~eters pertaining to these decays.

The investigation deals with the following aspects of
K~3 decays: (i) pion energy spectrum, (ii) decay probabili-

ty, (iii) n 1(=e,p) angu-lar correlations, (iv} nlenergy. -

correlations, (v) lepton energy spectrum, (vi) m-v;

(i =e,p, r) angular correlations, (vii) m-v; energy correla-
tions, (viii) I-v; angular correlations, (ix) l-v; energy corre-
lations, (x) the ratio R =8'(K&q)/W(K, +3), and (xi} lep-
ton longitudinal polarizaiions.

We use the RHC-factor contribution from the presently
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FIG. 2. Pion energy spectrum in K„+& decay. One-cross,
two-cross curves and one-right-mark, two-right-mark curves are
for m (v3) = 100 and 150 MeV with LHC + HM and
LHC + RHC + HM, respectively. Curves for m (va) = 100, 150
MeV with LHC+ KM and LHC+ RHC+ KM, not shown in
the figure, almost coincide with the corresponding curves for
m{v3)=0. Other descriptions of the curves are identical to
those given in Fig. 1.

known limit of Ref. 17. The mixing used in the quark
sector is of KM type whereas in the lepton sector we use
KM2s as well as hierarchical (H) mixings, the latter be-

ing included for the purpose of comparison.
In the next section we give details of our discussion per-

taining to all the aspects listed in (i)—(xi} and a summary

of the conclusions is given in Sec. III.

II. KI3 DECAYS

A. Pion energy spectrum in K+~l+v;e

Xy [1—y F+(1 3+)]Ui,

where G' is the coupling constant inclusive of radiative
correction, U~ are the elements of the neutrino mass mix-

The patri~ element foithe processes K+ 1+
with the inclusion of RHC, "mixing matrices for neutrino

species, and radiative correction, ' is given by

V„Cg ~ u„~ uv, ((px+p. )f++(px p}f—6'
2
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FIG. 3. Variation of decay probabihty with m(v3) in EC, 3 de-

cay. Solid curve, dashed curve, and cross curve are for
LHC + WM, LHC + KM, and LHC + HM, respectively.
One-circle, one-right-mark, and one-o curves are for
LHC+ RHC+%'M, LHC+ RHC+ HM, and LHC+ RHC
+ KM, respectively.
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FIG. 4. Variation of decay probability with m(v3) in E»
decay. The description of the curves is identical to that given in
Fig. 3. The curve for LHC+ RHC+ KM, not shown in the
figure, almost coincides with the curve for LHC + RHC + HM.

ing matrix with /=e, p and i =1,2, 3, Viz is the matrix
element of the KM mixing matrix in the quark sector,
C is the Clebsch-Gordan coefficient, 3'

g~'~I. '~~2

gI. M~ V~z

with gL a being the coupling constants associated with the
subgroups SU(2)L, a, ML, a are the masses of the corre-
sponding charged gauge bosons, and Vi2 is the KM mix-
ing element in the RH-quark sector. Following Oka, "we
assume that RH neutrinos are sufficiently light to partici-
pate in the decay. The matrix element, Eq. (1) of Ref. 29,
is a special case of Eq. (1), when F=0.

The expression for the pion energy spectrum is given by

CG' V Q ~UN~ m (x —45 )' A,
' ((k —x)5 5 )f

384m (k —x)3

X((1+F }t(x —45 )[2(k —x) —(k )x{ /5+5;—) (5/ 5; )—]+3—[(k —x}(5/ +5; )—(5/ —5; )2](1—5 z)2)

—12F(k —x) 5(5;(k+x) +68,$(1—5 }(k—x}I(k—x}[(5i +5; }(1+F) —4F5i5;]—(5i —5; ) (1+F ) j

+3
~ g ~

'(k —«}'I(k —x)[(5i'+5 )(1+F')—4F5A] —(5i' —5i')'(1+F')] ) (2)

where 6' =1.0216„(Ref.31), C = —,
' (Ref. 31),

0x=, E~=cQcI gg of K
Ptlg

g(0)=g 1+A,+
f- q'
f ' + rn~'

2
mE

5i —— 2 m(v)
5 2

2

2'
f+ =f+(0) 1+

k =1+5~, A,(«,y,z)=x +y +z —2(xy+yz+zx),
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I,+ ——0.032+0.008

g(0}= —0.35+0.15
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)p m» (x —45 ~)'~2 2

A,

384r (k —x
+ (0) A,A, +(k —x}

2

X (1—U~(3 )(k —x —5I }(1+F
1

X (x —45~ )[2(k-—x) —(k —x)5 —5
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FIG. 7. m-e energy correlation in E,+3 decay. The description
of the curves is identical to that given in Fig. 1. Curves for
m {v3)=100 and 150 MeV with LHC + KM, LHC
+ RHC + KM, and LHC + HM, LHC + RHC + HM, not

sho~n in the figure, almost coincide with the corresponding
curves for m {v3)=0.

FIG. 8. m-p energy correlation in K„+3 decay. The description
of the curves is identical to that given in Fig. 1. Curves for
m (v3) = 100 and, 150 MeV with LHC + KM, LHC
+ RHC+ KM, and LHC+ HM, LHC+ RHC+ HM, not

shown in the figure, almost coincide with the corresponding
curves for m {v3)=0.

T T

+35& (k —x —5( } (1—5~ ) +(k —x) (1—5~ )2g(0) 1—2 2 22 2
A, +(k —x)

A, ~(k —x)
+g (0) 1 — (k —x)

+ U/3 A ((k x) 5I 53 ) ( 1 +F ) I (x —45 )[2(k —x) —(k —x)(5& +53 )—(5&'—53 ) ]

+3[(k —x)(5( +53 ) —(5(2—53 ) ](1—5 ) )

—12F(k —x) 5I53(k +x}

A, +(k —x)
+g(0) 1-, (1—5.')(k —x)

x I(k —x)[(5, +53 )(1+F ) —4F5(53]—(5I —5 ) (1+F )I

+3) (0} 1—A, +(k —x)
2 « —x}'

I « —x)[(5l'+53')(1+F')—4F5,5,]

—(5I —53 ) (1+F ) I
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FIG. 9. Electron energy spectrum in @+3 decay. The dashed
curve and the curve with a circle on line are for m (v3)= 100 and
150 MeV with LHC+ KM, respectively, and the description of
the other curves is identical to that given in Fig. 2. Curves for
m(v3)=100 and 150 MeV with LHC+ RHC+ KM, not
shown in the figure, almost coincide with the corresponding
curves for HM.

-i6.O—

FIG. 11. m-v, angular correlation in E+~ decay. The solid
and one-circle curves are for LHC + WM and
LHC+ RHC+ WM, respectively, with y . The one-right-
mark and two-circle curves are for LHC + %'M, and
LHC+ RHC+ WM, respectively, with y;„. The dashed curve
is for LHC+ KM with y;„and a circle-on-line curve is for
LHC+ KM with y . Curves for LHC+ RHC+ KM with
both y and y;„, not shown in the figure, almost coincide
with the corresponding curves for WM.

FIG. 10. Muon energy spectrum in K„+3 decay. The descrip-
tion of the curves is identical to that given in Fig. 2. Curves for
M (v3)= 100 and 150 MeV with LHC + KM, LHC
+ RHC+ KM, not shown in the figure, almost coincide with

the corresponding curves for HM.

A plot of the pion energy spectrum, in the X+3 decay, is
shown in the Fig. 1 for m(v3)=0, 100, and 150 MeV.
Equations (4) and (5) of Ref. 29 are used, respectively, for
hierarchical and KM (Ref. 28) mixings.

The pion energy spectrum with both left-handed and
right-handed currents (LHC + RHC) for the case without
mixing (WM) is distinct from the corresponding one not
involving RHC's over almost the entire range of x. The
RHC contribution enhances relatively the value of
dW/dx over almost the entire range of x. The same pat-
tern follows for the finite-neutrino-mass cases
m (v3) =100, 150 MeV. Mixing contributions are, howev-
er, not distinct except for x & 0.9.

The pion energy spectrum in E&+3 decay is shown in
Fig. 2. The energy spectrum for the LHC+ WM with
m (v3) =0 case differs distinctly from that of
LHC+ RHC+ WM with m(v3)=0 and takes higher
values of dW/dx for all values of x. But for finite
m (v3) =100 or 150 MeV (WM) the two are not distinct
over the entire range of x. The curves involving hierarch-
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FIG. 14. ~-v, angular correlation in EC» decay anth (a) HM, and (b) KM. The description of the curves is identical to that given
in Figs. 12(a) and 12(b).
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FIG. 15. n-v„angular correlation in K„+3 decay. One-circle

and two-circles curves are for LHC+ RHC+%M with y,„
and y, respectively. The description of the other curves is

identical to that given in Fig. 12(a). Curves for LHC+%M
with y „and y;„, and LHC + KM, LHC + RHC + KM, not

shown in the figure, almost coincide with the corresponding

curves of HM, respectively.
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FIG. 16. ~-v, angular correlation in K„+3 decay with (a) HM
and (1) KM. The description of the curves is identical to that
given in Figs. 12(a) and 12(b).

anci

pi+2+m+' [mi+m—(v )]'
&max 2

1Flg
unambiguous over the entire range of m (vq). The curve
LHC+ RHC+ HM lies above the LHC+ HM curve
through the entire range of rn (v3), enabling a precise dis-
tinction of the RHC contribution. Distinction between
HM and KM mixings is not possible. Using

&min =
lV,„p,(K„+3) =(2.59+0.07) X 10 sec

Variation of the decay probability of K,3 decay with

finite m(v3) is shown in Pig. 3. The LHC+ RHC with
%'M curve lies above the LHC+ %M curve almost over
the entire range of rn (v3). A similar conclusion follows
when H mixing is included. But for KM mixing the
RHC contribution cannot be easily separated. It may thus
enable the distinction between types of niixings. Using
~ i&(K,+3)=(3.9+0.041)X 10 sec ' (Ref. 34), and the

prmxdure of Ref. 29, we calculate the value m(v3) in
LHC and LHC+ RHC cases for which theoretical and
experimental values of W(K,+3 ) home equal. The values
of rn (v3) so obtained are given in Table I.

Variation of the K„3 decay probability with fmite
Nk (v3) is showll ill Fig. 4. The curve correspoildiilg to
LHC+ RHC+ WVM lies above the LHC+%M curve up
to m(v3}=40 MeV, and thereafter it reduces and goes
below this curve. As such, the RHC contribution is not

(Ref. 34}, and the procedure of Ref. 29, we calculate
m (v3) mass hmits which are given in Table I.

It may, however, be emphasized that the experimental
value of decay probabilities in these decays cannot be ex-

plained without introducing the RHC contribution
without or with a finite neutrino mass rn (vi). The upper
limits on the RHC factor I' obtained are &0.26 and
~0.22, respectively, for K,+3 and E„+3 decays which are

consistent with the value of the RHC factor of Ref. 17.

C. e- I angular correlations

The expression for the m-I angular correlations with the
inclusion of RHC's and retention of dominant 53 terms is
given below,
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FIG. 17. m-v, energy correlation in K,+3 decay. The solid and
one-circle, curves are for LHC + WM, and LHC
+ RHC + %'M, respectively. The dashed and one-0 curves are

for LHC+ KM and LHC+ RHC+ KM, respectively. Curves
for LHC+ HM and LHC+ RHC+ HM, not shown in the fig-
ure, almost coincide with the curves for LHC+%M and
LHC + RHC + %'M, respectively.

FIG. 18. m-v„energy correlation in K+3 decay. One-cross
and one-right-mark curves are for LHC + HM and
LHC+ RHC+ HM, respectively. The description of other
curves is identical to that given in Fig. 17.
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Decay
mode Currents

LHC+ RHC
LHC

m(v3) (MeV)
Hierarchical KM

mixing mixing

VA'thout

Inlxlng

TABLE I. Values of m(v3) in Kf+3 decays, calculated from

decay probabilities with the inclusion of LHC+ RHC and

LHC, respectively.

Currents

1. LHC + RHC

2. LHC

rn (v3) (MeV)
Hierarchical KM

mlxlng mixing

31+16 35+15

35%15 35+15

%ithout
mixing

14%8

26+8

TABLE II. Values of m (v3) ln %f3 decays, calculated from

the ratio 8 = W(K„+3)/8'(K,+3).

2. K„+3 LHC + RHC
LHC

35+8
15

20+8
14

C'G'V»'m»'(x' 45.—')'"(y' 45 —')f '(0) &+(k —x)

512ir3[(2—x)(y —45' )'~ +(x —45 ) ~yz]

(1++2} (the quantity in the large square brackets with the replacement y i
—Ry)

A, +(k —x)
32F515—3 k+x +2/(0) 1 — (1—5 )+g (0) 1—A, +(k —x}

(k —x)

and

2((k+5)2 —x)(2—x)—(x' —45 2)'~zzI(k+5( —x) —5(2[(2—x) —(xz —45 2)zz] j'~ }

(2—x) —(x —45~ )z2 2 2 2

2((k +5i —53 —x)(2—x)—(x —45 ) z I (k +5i —53 —x} —5i [(2—x) —(x —45 )z ] I
' }

(2—x) —(x —45H )z

The m-e angular correlation in E,+3 decay is shown in Fig. 5 for m(v3)=0, 100, and 150 MeV. The curve for
LHC + RHC + WM with m (v3) =0 lies above the corresponding curve of LHC + WM with m (vq) =0. When a finite
neutrino mass m (v3) ( =100, 150 MeV) is included, the behavior is reversed for WM as well as for KM mixing cases.
The RHC contribution is transparent for all cases. The general features of ir p, angular co-rrelations (Fig. 6) in K» decay
are identical to those of ir ecorrelation-s except for differences in numerical values.

D. ~-l energy correlations

The expression for ir-1 energy correlation, with the inclusion of RHC and 5i dominance, is given by

C O' Vip m» f+ (0) A, +(k —x)
1+

x dy 128m 2

X (1+8 )(1—Ui3 ) [(2+x)(1—5 )+(x —45 )]2y —y (2+x)

+ [2(k —x +5,') —y(2 —x)][y(6+x)—2(4+5,')]+S5,'(k +x)

A, +(k —x)
+2/(0) 1 — t2y(2+x)(k —x) —y (4—x )2

+[2(k —x +5/') —y (2—x)](25/' —xy —2y}+85/'(1 —5 ')
I



33 RIGHT-HANDED CURRENTS, FINITE NEUTRINO MASS, . . .

+g (0) 1—A, +(k —x)
I (k —x)(2—x)2y —y (2—x)

+[2(k —x +5i2) —y (2—x) ](xy —4y +25'')+ 85i2(k —x) j

+(1+F )Uii [(2+x)(1—5 )+(x —45 )]2y —y (2+x)

+[2(k —x+5' —5i ) —y(2 —x)][y(6+x)—2(4+51 —5& )]

A, +(k —x)
+85I (k+x)+2/(0) 1—

X I2y (2+x)(k —x)—y (4—x ) +[2(k —x +5i —5i ) —y (2—x)]

X(25' 25' —xy ——2y)+85I (1—5~ ) j

A, +(K —x)
+f2(0) 1 ——

+
I (k —x)(2—x)2y —y (2—x)'

+[2(k —x+5 —5i ) —y(2 —x)1

X(xy —4y+25i +25' )+85' (k —x) j]

A, (k-x)
4FU„'5,5, k+x+2'(0) 1—,(1—5 ')+g'(0) (8)

x =2E /m», y =2Eilm» .

n-e energy correlations in the decay E+& are shown in Fig.
7 for y =0.5. All curves involving the RHC contribution
lie above the corresponding ones not involving the RHC
excepting for low values of x. Thus, the RHC contribu-
tion as well as those involving finite m(vi) can be dis-
tinguished. Types of auxings are, however, indistinguish-
able. Identical conclusions follow in the m-p energy corre-
lation in the E„+& decay (Fig. 8).

E. Lepton energy spectrum in K~+3 decays

Integration of Eq. (8) for x gives the expression for lep-
ton energy spectrum dW/dy. The limits of integration,

used for x, are those given in Eq. (5). Variation of

deaf

/dy with y, for I =e, is shown in Fig 9.
It is not possible to distinguish bet@veen curves involv-

ing LHC+ RHC+ WM with m(vi)=0, 100, and 150
MeV from the corresponding ones not involving the RHC
over the entire range of y, except for 0.5 ~y &0.7. How-
ever, curves involving a finite m (v&) with or without the
RHC contribution are distinguishable from those having
m (v3) =0 and different m (v3) values. Mixing effects are
also not precisely discernible from the corresponding WM
cases.

The general features of the muon energy spectrum in

K&i decay (Fig. 10) are identical to those of the electron
energy spectrum. In this spectrum the curves involving a
finite neutrino mass lie below the curves of
LHC + RHC+ WM and LHC + WM, with m (v3) =0 in
the positive region of the spectrum.
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FIG. 19. m-v, energy correlation in E,+3 decay with (a) HM
and (1) KM. The description of the curves is identical to that
given in Figs. 18 and 17.
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FIG. 21. m-v„energy correlation in K~+3 decay. The descrip-
tion of the curves is identical to that given in Figs. 17 and 18.
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FIG. 20. m-v, energy correlation in K~+q decay with (a) HM
and {b) KM. The description of the curves is identical to that
given in Figs. 18 and 17.

FIG. 22. m-v energy correlation in K~+3 decay with (a) HM
and (b) KM. The description of the curves is identical to that
given in Figs. 18 and 17.
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«?.95'— 9,5

?.5

«0.45

?.95 «5
0

X
XX

0.2 0 4 0.6 0.8

9 5I-

06 «0

FIG. 23. e-v, angular correlation in E,3 y.+ deca . The solid
are for LHC + WM andand one-circle curves are

' ht-LHC+ RHC+ WM, respectively, with ym~. The one-rig
f r LHC+ WM andk and two-circle curves are .or LHC +

The dashed andLHC+ RHC+ WM, respectively, with y;„. e
for LHC+ KM and LHC+ RHC+ KM,one-u curves are or

andpec ', '
h . The curve with one circle an Line anrespectively, with y ~. e

urve are for LHC+ KM and LHC+ RHC+ KM,

+ RHC+ HM with y and y;„, not s.ow
'

g a-not shown in t e igure, a-
most coincide with the corresponding curves of WM.

F. m-~; angular correlations in Ki+3 decays

Th expressions for pion-neutrino gan ular correlationse
0

an ular correla-are o tain rb
'

ed from the expressions of m- ang
~. (6) b making the replacements mi~m ~m(v;),

u

dW
dxdz

«.5
0 0.2 0.4

l

0.6

FIG. 24. (a} e-v angular correlation in K,3 yK+ deca with HM.
Th - oss and one-right-mark curvees are for LHC+ HMe one-cr

ith . Two-crossan d LHC+ RHC+ HM, respectively, wit ymax

-ri ht-mark curves are for LHC + Ht-mar HM andand two-rig t-mar
(b) e-v angularI.HC+ RHC+ HM, respectively, with ymtg - I.

+ with KM. The description of thecorrelation in E,3 decay, wi

curves is identical to that given in Fig. 23.

dW
dx dz

2
i

Ui.
i

O' Vi2 mx (x —45 ) (y 45, )f+5 2 2 i/2 2 2 2(()) g (k x)li

512m [(2—x)(y —45; )' +(x —45 )'/yz]

2X 2+x — — ' ' ' ' —45 ')' (y' —45 ')' 'z[y(2+x) —3+5~ —]2+x)(1—5 ')+(x' —45 ')]2y —y'(2+x) +2(x — y—

—(x —45 )(y —45; )z +85; (k+x

j k —x)(2+x)2y —y (4—x ) —2(x —45 ) (y-[ k + 2 2 2 2 1/2 2 452)l/2 (xy+k x)+2$(0) 1 — t(k —x +x y —y2

2
1 5 2)+(x —45 )(y —45; )z +85; (1—5 )

+g (0) 1— 2 2 2 2 I/2( 2 45 2)1/2z [k x y(2 x)]I (k —x)(2—x)2y —y (2 —x) +2(x —45 ) y—
2
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—(x —45» )(y —45; )z +85; (k —x)J (I+8 )

A, +(k —x) z A+(k —x)—32E515; k+x+2'(0) 1 — (1—5»2)+g' (0) 1 — (k —x)

sphere

2E(v; )

mg

2((k+5; —5I —x)(2—x)+(x —45» )' zI(k+5~ —5I —x) —5; [(2—x) —(x —45» )z ]J'~ )

(2—x) —(x2 —45 2)Z

z =eos8 (11)

Variation of dW/dx dz with z =z, z, and z in

K,+3 decay, are shovvn, respectively, in Figs. 11, 12, and 13,
with the use of m (v, }=0, m (v„)=0.52 MeV,
m(v, }=150 MeV, and x =0.6. In the n-v, angular
correlation, RHC contributions are distinguishable both
for y;„and y,„ for z~ &0.07, except for z~ in the

vicinity of 0.2 for y ~ and z~ &0.08 for y;„. H mix-

ing cannot be distinguished from that of the WM case.

Types of mixings are distinguishable except for z &0.8
for ym;„. The general features of n-v„and m-v, angular
correlations (Figs. 12 and 13) in the K+3 decay are identi-

I

cal to those of the n v, cor-relations. n-v„m-v&, and n v, -

angular correlations in the K&3 decay are shown in Figs.
14, 15, and 16, respectively. RHC contributions, in all
these correlations, are substantial for both H and KM
mixings. Types of mixings are easily distinguishable ex-

cept in the m-v„angular correlation.

G. m-v~ energy correlations in XI+3 decays

The expressions for n-v; energy correlations can be ob-

tained from that of m-I energy correlations, Eqs. (8) and

(9), by making the replacements ml ~m (v; ), E~~E (v; ),
e~z~e~, and Xi~=i I Uh

I

'=
I

~~ I

':

C
I Us I

G' V)2 mx f+ (0) A, ~(k —x)
1+

128m 5»

X (1+F ) [(2+x}(1—5 )+(x —45 2)]2y —y (2+x)

+[2(k —x+5; —5I~)—y(2 —x)][y(6+x)—2(4+5; —5I )]+85; (k+x)

A+(k —x)
+2('(0) 1 — I2y(2+x)(k —x) —y (4—x )

+[2(k —x+5& —5~ ) —y(2 —x)](25; —25~ —xy —2y)+85; (1—5» )I

A, +(k —x)
+$2(0) 1 —

I (k —x)(2—x)2y

—y'(2 —x)'[2(k —x +5, ' —5,') —y (2 —x)](xy —4y+ 25, '+ 25,')

+85r (k —x)I

4@5,5, k+x+2$(0) 1—
A, +(k —x)

(k —x)
2 (12)

with
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Z)J g
OQ i I i I i I ~ I

0 02 04 06 08 I.O

"+.0—

FIG. 29. e-v, energy correlation in X+3 decay. The descrip-
tion of the curves is identical to that given in Figs. 17 and 18.

2E~X= 2E(v; )

mg

dW
dxd

25 ~ I i& I i ]
0 0.2 0 4 0.8 O.S I.O

FIG. 28. p-v, angular correlation in E„+3 decay with (a} HM
and (b) KM. The description of the curves is identical to that
given in Figs. 24(a) and 23.

m-v„m-v„, and m-v, energy correlations, in K,+3 decay, are
shown, respectively, in Figs. 17, 18, and 19, taking
m (v, ) =0, m (v&) =0.52, m (v, ) =150 MeV, and y =0.65.
In m-v, energy correlation, the RHC contributions are
transparent for all values of x)0.65, both for WM as
well as KM mixing cases. The H mixing part cannot,
however, be distinguished from that of WM. H and KM
mixings are discernible. The general pattern of n-v& and
n v, energy -correlations are identical to that of the rr-v,
energy correlation except for differences in numerical
values. RHC contributions are negligible in the m-v& case
involving H mixing.

v„m v„, -and n-v-, energy correlations in the X~+3 de-

cay are shown, respectively, in Figs. 20, 21, and 22. The
general patterns are identical to those in the E+& decay.

H. I-v; angular correlations in ECq+3 decays

The expression for l-v; angular correlations is given by

C'i Ui,
~

'O'V„'mx'(x' —45I')'"(y' —45 )f+'(0) X+(» +y+5 '—1)
1+

256~ [(2—x)(y —45; )' +(x —45i )' yz]
2

(1+Fz) 8(y —5.z)(x —5I ) —[xy —z(x —45' )'/ (y —45 )'/ )(4—5I —5. )

A, +(» +y +5~ —1)
+2/(0) 1 — I45;z(x —5(z)+45lz(y —5; )

—[»y —z (» ' —45I')'"(y' —45, ') '"](5,'+ 5,.z)
I

A, +(x +y +5 —1)
+g2(0) 1

+ ~
I [xy z(»2 45 2)1/2(y2 45 2)1/2]

2 I
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x(5I +5 )+85 5

—4F5i5; 2(3—x —y+5 )+4/(0) 1—A, +(x +y +5 —1)
(1—5 ')

A, +(x +y +5~ —1)
[25 +25 +xy —z(x —45I )' (y —45 )' ]2 I I l (14)

with x =2E~/mz,

2E(v; )

2((1+5I +5; —5~ —x)(2—x)+z(x —45I )' [(1+5( +5( —5~ —x) —5( [(2—x) —(x —45I )z ]I' )

(2—x) —(x —45' )z
(15)

(a) (a)

1.0—

aw
4xdy

dw
dx d)t

o.aj- 0.5—
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FIG. 30. e-v„energy correlation in K+3 decay with (a) HM
and (b) KM. The description of the curves is identical to that
given in Fig. 18.

—I.O—

FIG. 31. e-v, energy correlation in E,+3 decay with (a) HM
and (b) KM. The description of the curves is identical to that
given in Fig. 18.
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and z =cos81„. e-v; angular correlations in K,+3 decay are
'V] '

shown in Figs. 23—25, taking m(v, )=0, m(v„}=0.52
MeU, m (v,}=150 MeU, and x =0.5. RHC contributions

are substantial both for H and KM mixings. Types of
mixings are discernible except in e-v, angular correla-

tions.

The expression for I-v; energy correlations, is given as

The general features of p-v; angular correlations (Figs.
26—28) are identical to those of e-v; in the II +3 decay ex-
cept that the types of mixings are not discernible in p-v&
correlations and RHC contributions are negligible in the
p-v, correlation with y,„, for both KM and H mixings
in the region Z„„&0.6.

I. /-v; energy correlations in XI+3 decay

dW
dx dy

i Ul; i
O' Vi2 C mx f+ (0) A, (x+y+5 —1)

128m 5
1+

X (1+F ) 4(y —5; )(x —5I ) —(x+y+5 —1 —5I —5; )(4—5I —5; )

A, +(x +y +5 —1)
+2((0) 1 — l25 (x 5!—)+251 (y —5 )

—( —5( +x +y +5 —1 —5 )(5( +5;2)]

+g'(0) 1—A, +(x +y+5 —1)
[(x+y+5 —1 —5(' —5; )(5( +5; )+45' 5 ]

4F5I5; 3——x —y +5„+2/(0) 1—A, +(x +y +5 —1)
2

+g'(0)
A, +(x +y +5„—1)

(x +y +5„—1)

with

2EI 2E(v;)
X =

e-v; energy correlations in X+3 decay are shown in Figs.
29—31. RHC contributions in e-v; correlations are sub-
stantial for H and KM mixings in the region

I

Q. 75 g x g 0.9. In e-v„and e-v, correlations, the RHC
contributions are transparent up to x=0.8 for both KM
and H mixings. Types of mixings are discernible in all
cases for x &0.8. But H-mixing effects are not distin-
guishable from the WM case in e-v, correlation.

p-v; energy correlations are shown in Figs. 32—34. The
general features of p-v; are identical to those of e-v;
correlations except that types of mixings are not distinct

2.5

2.0—

l, 5—

de
dxdy

dW ~(O6
dxdy

0.5—

0

X

0 i I I I I I I

0.2 0.4 0.6 0,
I

l.0

FIG. 32. p-v, energy correlation in E„3decay with (a) HM and (b) KM. The description of the curves is identical to that given in

Fig. 18.
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FIG. 33. p, -v„energy correlation in E~+q decay. The descrip-
tion of the curves is identical to that given in Figs. 17 and 18.
Curves for LHC + KM, LHC + RHC + KM, not shown in the
figure, almost coincide with the corresponding curves of %'M.

dW
dxdy

20—

in the p-v& correlation and RHC contributions in p-v,
correlations are not clear in the vicinity of x =0.3.

0 1

).0

J. The ratio R =IV(K„+q)/W(K,+q)

Using Figs. 3 and 4, we obtain the ratio
R =IV(K&+q)/W(E+&), for various values of m (vq), and
plot it in Fig. 35. We note that with the use of F=0.295,
the curve involving contributions from RHC's in the WM
case is clearly distinct from that not involving RHC's.
The RHC contribution reduces relatively the value of this
ratio for all values of m (vq). This conclusion is unambi-

guous and is suggestive of the fact that this ratio could be
an important measure for ascertaining the contributions
from RHC's. When mixings (both of H or KM type) are
included, RHC contributions cannot be easily discerned.

Using the present experimental value for this ratio
R =0.66+0.02, we calculate rn(vi) for various cases
which are given in Table II. Variations of this ratio (R)
with the RHC factor for some chosen values of m (vq) are
shown in Fig. 36, for the purpose of illustration. We em-
phasize that the experimental value of this ratio can be
understood either in terms of finite m (vi) or finite m (vi )

plus the RHC, but not in terms of only the RHC contri-
bution. A knowledge of rn (vi) may enable us to infer the
RHC contribution (or conversely) to obtain a best fit with
the experimental value.

-20—

FIG. 34. JM-v, energy correlation in E„+3 decay with (a) HM
and (b) KM. The description of the curves is identical to that
given in Fig. 18.

K. Longitudinal lepton polarization in XI+3 decays

The longitudinal polarization of the lepton in K&3 de-
cays is given by the expression

IM(» I

'+ IM( —» I' IM+ I'

with s.pi=1. Expressions for
I
M

I
and

I M+ I, with
the inclusion of the RHC, finite neutrino mass, mass mix-
ings, and retention of doininant contribution of 5&, are
given below:
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0.7
0.68
0.54—

0.52

0.4
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0
0 5.0 10.0 I 5.0 200 25,0

FIG. 35. Variation of ratio R = W(E~+g )/8'(K+3) with
m (v3). The sohd, one-circle, one-right-mark, and one-n curves
are for LHC+ VfM, LHC+ RHC+%M, LHC+ RHC
+ HM, and LHC+ RHC+ KM, respectively. Curves for
LHC+ HM and LHC+ KM, not shown in the figure, almost
coincide with the curves for LHC + RHC + HM and
LHC + RHC + KM, respectively.

0.50
0

I I

0.08 0 (6 0 24 052

FIG. 36. Variation of ratio R = W(K~+3)/W(K+q} with the
right-handed-current factor F. The solid, one-arrow, and two-
arrow curves are for m(v3)=0, 100, and 150 MeV with %M.
One-right-mark and two-right-mark curves are for m {v3)=100
and 150 MeV, respectively, with HM. One- and two-o curves
are for m (v3) =100 and 150 MeV, respectively, with KM.

M
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—g(0) 1—A, +(k —x)
[y(1+5' +5I —x) —25( (2—x)]512
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A, +(k —x)
2 2 2
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X[25I x ~y(1~5 'i5I' —5,' —x —y)]

—(1—5 )[y(1~5''+5 —53' —x) —25''(2 —«)]I

X(53'—5I')

I ~+ I

'= 2f+'G'1'iz'C'~x'

X ' (1++ )(1—Ui3 ) 3-5~ —x —2y+5i )(2+2y —1 —5~ —5I') —(1y5~' —5I' —x)(1~5 '~x)

A, ~(k —x)
+g(0) 1 —

2 [(1+5 —5i —x)(x ~2y —1 —5 '—5I')

—2(1~5 —5( —x)(1—5 )

y(1y5 ~~5i —x)(3—5 +5i —x —2y)]

r

~f'(0) 1—, [(1+5.—x 5i )(1—+ ~ + I—A, i(k —x) 2 2 2 2

(1+5— 5i x—)(1+—5 —x)]

+F3 (1+8 ) (3 5 2~5 —5 ~ —x —2y)(x +2y —1 —5~ —5i +53 )

-(1~5.'-5, '-5,'-x)(1~5.'~x)

~g(0) 1—A, +(k —x) 2 2 2 2 2 2

2 [(1~5 ~ —5( ~53 —x)(x ~2y —1 —5 —5I ~53 )

—2(1~5 —5I —53 —x)(1—5 )

~(1~5„~~5i —53 —x)(3—5 +5I —53 —x —2y)]

'2

~$2(0) 1 — [ (1+5„—5( +53 —x)(1+5 +5l 53 x)
A, ~(k —x) 2 2 2 2 2 2

X( —5l +1+5~ —53 —x)(1+5~ —x)]

A, ~(k —x)
2 2

A, ~(k —x)
4E5i53 1+5 +x +—2$(0) 1 — (1—5 )+ g (0) 1 — (1+5 —x) (20)
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The expressions for
~
M

(

2 and
( M+

~
are integrated

over x using the limits for x given by Eqs. (5).
The variation of electron longitudinal polarization with

m(v3) is shown in Fig. 37. The curve for LHC+ RHC
for the WM case shows a little variation of P, with m (v3)
for a fixed value of the RHC factor (F=0.295). Curves
for the LHC and H and KM mixings (not shown in Fig.

FIG. 37. Variation of electron longitudinal polarization (P, ),
in E,3 decay, with m (v3). The solid, one-circle, and one-right-

mark curves are for LHC+WM, LHC+ RHC+%'M, and

LHC+ RHC+ HM, respectively. Curves, not shown in the
figure, for LHC+ HM, LHC+ KM, almost coincide with the
curve for LHC+ WM and the curve for LHC+ RHC+ KM
coincides with the curve for LHC+ RHC + HM.

Q.8498 l I I I i I ~ I I I

0 5 0.6 0.7 O.S Q.9 I.O

FIG. 39. Variation of electron longitudinal polarization (P, )

with electron energy y. The solid, one-circle, two-circle, and
three-circle curves are for m (v3) =0 with LHC + %'M,

m(v3)=0 with LHC+ RHC+%'M, m(v3)=100 MeV with

LHC+ RHC+ WM, and m (v3) =150 MeV with LHC
+ RHC+ WM, respectively. Curves for m (v3) =100 and 150

MeV with LHC + WM, LHC + HM, LHC + KM, and

LHC + RHC + HM, LHC + RHC + KM, not shown in the

figure, almost coincide with the curve for m(v3)=0 with

LHC+ WM, and LHC+ RHC + WM, respectively.

37) almost coincide with the curve for the LHC with
WM. Also the curves for LHC+ RHC with KM (not
shown in Fig. 37) almost coincide with the curves for
LHC+ RHC with H mixing. Thus the types of mixings
cannot be distinguished. The curve with LHC

0.8

I.O

0.6

0.9
0.4

08 0.2

O.T 50

O.S
0 O. I Q. 2 0.3 0.4 0.5

FIG. 38. Variation of electron longitudinal polarization (P, )

with the right-handed-current factor F. The solid curve is for
polarization with m(v3)=0 and %'M. Curves for m(v3)=100
and 150 MeV with HM, KM, and WM, not sho~n in the figure,
almost coincide with the sohd curve.

FIG. 40. Variation of muon longitudinal polarization (P„)
with m(v3). The description of the curves is identical to that
given in Fig. 3.
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FIG. 41. Variation of muon longitudinal polarization (P„)
with the right-handed-current factor. The description of the
curve is identical to that given in Fig. 36.

FIG. 42. Variation of muon longitudinal polarization (P„)
with muon energy y. The dashed curve is for m (v3) =100 MeV
with LHC + KM. The description of the other curves is identi-
cal to that given in Figs. 1 and 2.

+ RHC+ WM is, however, distinct from that of LHC
+ WM, and, does not show any variation with m (vq).

In Fig. 38, variation of P, with the RHC factor F is
shown. It is not possible to distinguish between curves

with m(v3)=0 from those with finite m (v&), as well as
from those involving H and KM mixings. These two re-

sults lead us to conclude that a value of P, smaller than

+1 will be indicative of the presence of the RHC contri-
bution. This conclusion is independent of contributions

from finite m (v3) as well as H or KM mixings.
Variation of P, with the electron energy y is shown in

Fig. 39. P, for the case m (vi) =0, for the LHC + RHC,
WM case shows no variation with y. However, the value

P, is reduced by a constant factor. The curves for
LHC+ RHC for WM with m(v&)=100 and 150 MeV
show a little variation of P, with y, below and beyond a
certain value of y. The niixing effects are, however, not
discernible for various cases. Thus an indication of varia-
tion of P, with y could be suggestive of the contribution
from a finite neutrino mass. This, of course, would re-

quire a highly sensitive measurement of P, vs y.
The variations of muon polarization with m(vi) are

shown in Fig. 40 for y =0.6. The curve for
I HC + RHC + %'M is distinct from that for
LHC+ WM except around m(v&)=85 MeV. The types
of mixings are difficult to distinguish. However, the
behavior of these curves, namely, the curves pertaining to
LHC+ RHC with H or KM mixings are distinct from
those of LHC+ HM or LHC+ KM over almost the en-

tire range of variation excepting at the tail end. The vari-
ations of P& with the RHC factor E are shown in Fig. 41
for vatlolls cases.

In Fig. 42, variation of P„with the muon energy (y)
for various cases is shown. The curve LHC

+ RHC + WM with m (v3) =0 is clearly distinguishable

from the LHC+ WM with m (vi) =0 for all values of y;
the RHC contribution decreases the values of P& relative-

ly. When finite m (v3) =100 and 150 MeV are included,

the polarization curves involving the RHC lie above the

corresponding curves not involving the RHC. Thus the

RHC factor enhances the values of P& for all values of y.
When mixing is included (whether H or KM), the

curves inclusive of the RHC factor lie below the corre-
sponding curves not involving the RHC factor for
m (v3) = 100 and 150 MeV for y & 0.64. These values of
m (v3) are chosen only for illustration purposes. Thus a
study of variation of P& with y could be a useful place to
ascertain the RHC contribution, finite m(v&) as wel] as
mlx1ngs.

III. SUMMARY AND CONCLUSIONS

(1) RHC contributions are transparent in the following
parameters: pion energy spectrum in both E,+3 as ~e11 as

E&i decays, when no mixing is involved [for finite
m(v3)=100 and 150 MeV, these contributions are dis-
tinct except at the tail end of the spectrum]; decay proba-
bility', m-I angular and energy correlations; lepton energy
spectrum; m-v; angular and energy correlations; I-v; ener-

gy and angular correlations; in the ratio 8 involving no
mixing; and in electron and muon longitudinal polariza-
tions.

(2) Finite-neutrino-mass m(vi) effects are distinct in
the following parameters: pion energy spectrum in both
L,+3 and E„+3decays involving no mixing; decay probabili-
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ty; n-I angular and energy correlations; lepton energy

spectrum; the ratio 8; and the muon longitudinal polari-
zations.

(3) Mixing effects could possibly be seen in decay prob-
abilities of K,+& and K&s decays, lepton energy spectrum in

the range 0.5 &y &0.7, the existence of energy and angu-
ll correlations m-v„, m-v e-v„, e-v, in K,+3 decay and
m-v„n-v~ p-v„p, -v, in K&3 decay, the variation of ratio
8 with m (vi ) for m ( vi }& 80 MeV, and in the variation
of muon longitudinal polarization against muon energy y.

(4) The types of mixings in the lepton sector are diffi-
cult to discern. However, it may possibly be done in the
following: lepton energy spectrum in the range 0.5&y
g0.7; all m-v; angular and energy correlations except in
n-v„ in the K&s decay; and in the variation of muon longi-
tudinal polarization with y.

(5) Contributions from RHC's may be distinguished
from those of a finite neutrino mass m (vi) in the follow-

ing: (i) pion energy spectrum curves, lying above that for
ttt (v3 ) =0, are explainable only in terms of RHC contri-
butions, whereas those involving a finite m(vq) with or
without RHC lie below this curve. (ii) Decay
probability —RHC contributions enhance the decay proba-
bilities whereas a finite m (v&) reduces it. (iii) m-l angular
and energy correlations —the behavior has the features
described in (i). (iv) Lepton energy spectrum —the varia-
tion of d W/dy in the range 0.5 &y & 0.7. (v) The ratio R
for the without-mixing case. (vi) Variation of electron
and muon longitudinal polarizations with y.

(6) A few notable conclusions follow.
(i} The presently known decay probabilities of K+& and

K„3 decays can be explained either with the inclusion of a

RHC contribution or a finite m (vs)+RHC contribution,
but not in terms of a finite neutrino mass m (v&) only.

(ii) The value of the ratio R (0.66+0.02) can be ex-
plained either with the inclusion of a finite neutrino mass
m (v&) or a finite m(vi)+RHC contribution, but not in
terms of a RHC contribution only.

(iii) The existence of electron polarization P, & +1 will
be indicative of a finite RHC contribution independent of
m(vi). A departure of P, from the constant value for
any value (s) of y will be indicative of the contribution of
finite m (vs). Such unambiguous conclusions for muon
polarization~ P& are, however, not possible in which
RHC contributions as well as those from a finite m (v3)
are not distinct.

(7) The range of values of m(vi) calculated using
presently known parameters with the inclusion of the
RHC contribution lie between (14+8)—(44+5) MeV and
are consistent with the presently known limits. o

(8) The calculated limits on the RHC factor F, neglect-
ing the neutrino mass, are &0.26 and & 0.22 for K,+s and
E&+3 decays, respectively, which are consistent with the
presently known limit. '
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