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Nucleon-nucleus reactions at ultrarelativistic energies
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In order to discern coherent processes from incoherent and collective processes in nucleon-nucleus

reactions at high energies, we study these reactions with an incoherent-multiple-collision model. In
this model, the projectile nucleon makes successive inelastic collisions with nucleons in the target nu-

cleus, the probability of such collisions being given by the thickness function and the nucleon-

nucleon inelastic cross section. It is assumed that each baryon-baryon collision produces particles
and degrades momenta just as a baryon-baryon collision in free space, and that there are no secon-

dary collisions between the produced particles and the nucleons. We found that the inelastic proton

data, the pseudorapidity distribution data dN~ /dg, and the total nucleon-nucleus absorption data
can be well explained by the incoherent-multiple-collision model. However, the single-particle frag-
mentation data for nonleading particles indicate that there is a reduction of the fragmentation cross
section because of subsequent collisions of the leading baryon along the collision chain. Modifica-

tion of the incoherent-multiple-collision model is suggested. The modified model gives cross sec-

tions for the reactions pA ~m+X, pA ~~ X, pA —+%+X, pA ~K X, and pA —+pX in the projec-
tile fragmentation region in good agreement with experiment.

I. INTRODUCTION

Recently, there is much interest in relativistic nucleus-
nucleus collisions, which have been suggested as a possible
way to produce a phase transition from ordinary confined
matter to unconfined quark-gluon plasma. ' Experi-
mental searches and investigations of the quark-gluon
plasma will provide a new insight into the mechanism of
quark confinement. It will also allow one to study the
properties of the primordial matter which existed in the
early Universe.

The energy density of the produced particles and the
baryon rapidity distribution shortly after a nucleus-
nucleus collision can be studied by using a multiple-
collision model ' " in which the basic process is the
nucleon-nucleon or the baryon-baryon collision. We
would like to examine the multiple-collision model further
to assess whether the model is approximately valid for
some restricted regions of phase space. As the model is
parameter free, we also wish to use the model as a refer-
ence model whereby coherent effects in some other re-
gions of phase space may be discerned as systematic devi-
ations.

While many multiple-collision models ' have been
employed in the past, it is worthwhile to spell out the as-
sumptions involved in the version of the multiple-collision
model ' ' we shall examine. In a multiple-collision
model, a nucleon in one nucleus makes many inelastic col-
lisions with nucleons in the other nucleus, the probability
of collision being given by the thickness function" and
the total nucleon-nucleon inelastic cross section. (In this
description, as an elastic collision has negligible contribu-
tions to energy degradation and particle production, we
shall ignore elastic collisions altogether. Henceforth, by a
nucleon-nucleon or a baryon-baryon collision, we shall
mean a nucleon-nucleon 'inelastic or a baryon-baryon in-

elastic collision, respectively. ) The nucleon may change
its identity during its passage through the nucleus, but its
baryon number remains unchanged. The relation between
the Glauber multiple-collision expansion and the high-
order Feynman diagrams in a hadron-nucleus collision
was first demonstrated by Gribov and studied further by
other authors. ' ' The multiple-collision model is a
reasonable description if the range of the nucleon-nucleon
interaction is short compared with the spacing between
nucleons. In the laboratory frame, the latter quantity is of
the order of 2 fm, while the range of the nucleon-nucleon
interaction is about 0.7 fm and decreases with increasing
energy. It appears that a multiple-collision model may be
a reasonable concept. Indeed, the Glauber model gives the
correct total pA absorption cross section and the correct
mass dependence. ' A Glauber model with the assump-
tion of no secondary collisions but no adjustable parame-
ters gives the rapidity density in the central rapidity re-
gion consistently ' within 30%, while a phenomenologi-
cal Glauber model with an adjustable parameter to take
into account effectively energy degradation improves the
agreement with experiment to within about 5%. A
multiple-collision picture of the Glauber type appears to
have approximate validity in describing the gross features
of the reaction process. However, there are complications
when we try to examine the finer details of high-energy
nucleus-nucleus collisions. In these collisions most of the
particles are produced outside the nuclei, ' while energies
of the baryons are apparently degraded inside the nucleus.
One can construct a schematic picture similar to those in
Refs. 14—16 to describe how this can proceed {Fig. 1). In
the nucleus-nucleus collision, the nucleons of one nucleus
may or may not collide with nucleons of another nucleus.
If an inelastic collision occurs, there is a degradation in
energy and a production of particles. To describe this de-
gradation and particle production, one can associate the
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FIG. 2. Possible microscopic description of the string of Fig.
1. An incident nucleon makes an inelastic collision with a target
nucleon when one of its valence quarks collides with a valence
quark of the target nucleon. The spectator quarks of the in-
cident baryon hadronize instantaneously to form a leading
baryon and continue to collide with other target nucleons. The
curly-bracketed section is a representation of the string of Fig.
1. Particles are produced when the leading baryon and the
recoil baryon are about 1 frn apart (in the center-of-mass sys-
tern).

t = & frn/c

PRODUCE
PARTICLES

FIG. 1. Schematic representation of a nucleus-nucleus col-
lision in the multiple-collision model. (a) shows the configura-
tion of the colliding nuclei before collision; the lengths of the ar-
rows indicate the momenta of the nucleons. Nucleons in the left
nucleus are shown as open circles, while those in the right nu-
cleus are shown as solid circles. (b) shows the configuration
shortly after the collision. The rnomenta are degraded and a
string indicated by a curvy line is developed between the collided
nucleons. In (c), the baryons travel forward and the strings are
stretched. At a time of about 1 fm/c, in the center-of-mass sys-
tem after the collision (d), the strings are broken and particles
are produced in the central rapidity region.

development. of a string between the collided baryons
with each inelastic baryon-baryon collision [Fig. 1(b)].
The development of string degrades the momenta of the
colliding nucleon. To describe particle production outside
the nuclei, one can associate the production process to
occur when the string is stretched to a length of about 1

fm in the center-of-mass system' [Fig. 1(d)]. Finally, to
describe independent baryon-baryon collisions and no
secondary collisions of the produced particles, one can as-
cribe the development of the strings to be independent of
each other. At ultrarelativistic energies, the strings are
likely to be parallel to each other and shadowed by the
leading particle so that there is no collision among the
strings and between the strings and the nucleons. 'While
the exact nature of the string is not yet resolved, a possible
description of the string can be given in terms of the dual
parton model of the constituent quarks (Fig. 2). We en-
visage that an incident nucleon suffers an inelastic scatter-
ing when one of its valence quarks collides with a valence
quark of the target nucleon. The two other spectator
quarks proceed forward and, together with a quark q
from the qq polarization, form a color-singlet baryon to

make further collisions with nucleons along its path. The
section indicated by the curly brackets in Fig. 2 can be a
representation of the string of Fig. 1.

The above schematic picture is useful for illustrative
purposes. For a quantitative analysis, it is necessary to
know how the energies of the baryons are degraded as
they pass through the other nucleus and how the degrada-
tion of energy affects the production processes. Different
assumptions will lead to different models and results.

In this paper, we undertake to study a simple
parameter-free version of the multiple-collision model. In
the target frame, the separation between nucleons is much
greater than the range of nucleon-nucleon interactions. It
is plausible that the string that is developed in an earlier
baryon-baryon collision is not much influenced by later
collisions. To a first approximation, then, this small in-
fluence can be neglected and included later only as correc-
tions. One then has a multiple-collision model in which
each nucleon-nucleon or baryon-baryon inelastic collision
produces particles and degrades the energies and the mo-
menta of the colliding nucleons (or baryons) in the same
way as baryon-baryon inelastic collision in free space. In
this description, a nucleus-nucleus collision consists of a
collection of successive incoherent elementary baryon-
baryon collisions. The momentum distribution of the
resultant leading baryon is obtained by folding the
momentum distributions of all its previous collisions. As
particles are mostly produced outside the nuclei, ' we
make the further assumption of no secondary collisions
between the produced hadrons and the target or projectile
nucleons. Then the rapidity distribution of the produced
hadrons is just an additive superposition from all the
nucleon-nucleon or baryon-baryon collisions. Implicit in
this model is the assumption of a local character of the
baryon conservation during each baryon-baryon collision.
Recent experimental data on the correlation of produced
baryon pairs suggests that baryon conservation may be 1o-
cal in character.
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In this paper, we specialize in the simple case of
nucleon-nucleus scattering and examine many types of
data. They include the single-particle inclusive fragmen-
tation data ' for pA —+pX, pA —+w+X, pA —+m X,
pA ~E +X, pA ~K X, and pA —+pX, the particle-
production data dX~ /d g, and the total-pA-
absorption-cross-section data. ' A subset of the above has
been analyzed by various authors ' using various
models. We would like to know whether there is any basis
for the estimates of.the initial energy density of quark-
gluon plasma in nucleus-nucleus collisions presented pre-
viously in Ref. 7.

The multiple-collision model we have postulated is by
itself physically plausible, but its development will also
serve other useful purposes. In this phenomenological
model, all the baryon-baryon collisions are independent,
and their effects are incoherently superimposed. If the
baryon-baryon data are known, there will be no free pa-
rameters; all the information must come from the relevant
nucleon-nucleon (or baryon-baryon) experimental data. It
does not include coherent effects such as arising from the
interference due to later baryon-baryon collisions, the
mean-field hydrodynamical-type compression, the
formation-zone effect of Landau and Pomeranchuk,
inside-outside-cascade effects, and the effects due to the
formation of the quark-gluon plasma, etc. Furthermore,
the assumption of an energy loss per collision the same as
if in free space is one of simplicity and may need to be
modified. It may turn out to be reasonable if from one
collision to the next the creation of the string leads to a
loss of the energy of the leading particle almost as large as
the asymptotic energy loss. It may also turn out other-
wise, and future analyses may require knowledge of the
fraction of the asymptotic energy loss as the chain of col-
lisions proceeds. This multiple-collision model with no
free parameters can serve as a reference model (a bench-
mark, so to speak) whereby any coherent or other effect, if
it exists at all, may manifest itself as systematic deviations
of the experimental data from model predictions. It is
important to test the model in cases where there are exper-
imental data available, not only to judge the approximate
validity of the model, but also to see if there is any need
for the introduction of additional corrections or modifica-
tions due to coherent or other effects.

The need for a reference model is all the more compel-
ling in view of recent interest in the production of a
quark-gluon plasma by heavy-ion collisions. ' To iden-
tify the presence of a quark-gluon plasma, it is necessary
to probe the system by detecting various particles. " The
same particles are produced by the incoherent process of
nucleon-nucleon collisions. The signal from quark-gluon
plasma must be compared -with and contrasted against the
production of the same particles in incoherent processes.
Hence, it is useful to develop an accurate reference model
of incoherent multiple collisions to aid the detection of
the quark-gluon plasma.

The Glauber-type multiple-collision model we have pos-
tulated is an extension of the model of Blankenbecler
et al. ' to include additional assumptions concerning en-
ergy degradation and particle production. The model is
similar to the multichain model' ' but has important

differences in treatment methods and the use of approxi-
mations. In particular, in the multichain model the
momentum distribution of the colliding baryons comes
from a coherent but unknown partition of the energy
among the collision chains. In Ref. 15, it is given by a
postulated probability function P(A, )=aiP ', where a is
a free parameter and found to be -6. In some other work
on the multichain model, ' the momentum distribution is
parametrized in terms of an equal partition of the beam
momentum among the arms of the chain. However', there
are many approximations in the numerical calculations
which make their conclusions uncertain. In contrast, we
obtain the momentum distribution from nucleon-nucleon
experimental data, and a realistic nuclear density is
used. ' The model is similar to the model of Vary and
co-workers' but has also important differences. There,
the probability of a nucleon-nucleon collision leading to
particle production is assumed to be given by the total
nucleon-nucleon cross section multiplied by the normal-
ized thickness function. In contrast, we consider particle
production to occur only in inelastic collisions. Our
model differs from the multiple-collision model of Ref. 18
in the same respect. There are, in addition, other differ-
ences in the use of kinematic constraints and experimental
information of the stopping power.

A subset of the data we shall examine has been
analyzed previously by many authors in addition to those
mentioned above. ' ' ' Some recent theoretical work
studied pA~pX data in terms of a basic degradation
function involving an adjustable parameter and a postulat-
ed relation of 3 between the invariant pA cross section
agd the mass number A. Recently Csernai and Kapusta
studied the same reaction but made the postulate that a
proton remains a proton throughout the collision chain,
and adjusted arbitrary parameters to fit experimental data.
Such an analysis is subject to question. In a pp collision,
there is only a probability of about 60% for the leading
baryon to remain a proton. The postulate of a proton
remaining to be a proton throughout the collision chain
may lead to misleading results. Recent work by Hufner
and Klar and Date, Gyulassy, and Sumiyoshi ' adopted
an approach similar to that of Ref. 15.

Some recent work on the distribution der' /dy in
proton-nucleus collisions made use of a phenomenological
model where two phenomenological functions po(y) and
P(y) were adjusted to describe dN~ /dy. Although good
fits to the data were obtained, it is desirable to explain the
data in terms of known quantities without adjustable
functions. There are many other theoretical models
which analyze the rapidity distribution d&~"/dy. (See
Refs. 24 and 33 for a review of various models. ) The
energy-flux-cascade model " assumes the propagation of
an energy flux which is divided into slices in the rapidity
space. The original energy-flux-cascade model does not
give agreement with experiment. Agreement can be ob-
tained by modifying the way the rapidity space is to be
sliced. However, the underlying physics as to how this
division is made is not obvious. The additive quark
model3 and the dual parton model~ ' assumes a
quark-parton description of the hadrons. In the additive
quark model, only the valence quarks can interact, but in
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the dual parton model, both the valence quarks and the
sea quarks can interact. Both models are successful in
describing the production of particles in the central rapi-
dity region. Whether it can also describe the production
of p, m

+—
, K+—, and p in the fragmentation region is not

known.
Other previous work by Brodsky, Gunion, and Kuhn

on hadron production in nucleon-nucleus collisions is
described in terms of the interaction of the wee quark par-
tons on the projectile with the wee quark partons of the
target. The rapidity location of the parton-parton col-
lision is postulated to be uniformly distributed in the cen-
tral region. The height of the multiplicity plateau is also
assumed to be independent of the number of collisions the
projectile parton has suffered. These assumptions are not
justified from the consideration of energy-momentum
conservation of nucleon-nucleon collision data. It is not
surprising that, although the model gives reasonable
agreement with the ratio of total multiplicities in
nucleon-nucleus collisions, it can give only a qualitative,
but not quantitative, description of the asymmetric shape
of dX~" /dy. Furthermore, its generalization to nucleus-
nucleus collisions gives multiplicities too low by a factor
of 2 (Ref. 4).

It is instructive to rephrase our multiple-collision model
in the language of the parton model of nucleon partons
(and not quark partons). As is emphasized not the least
by Schmidt and Blankenbecler, ' nucleons are partons i.n a
nucleus. In our model, the nucleon partons of the target
nucleus collide with the projectile nucleon partons, and
the partons lose energy and momenta and produce had-
rons in each parton-parton collision in accordance with
the parton-parton collision data in free space. Written in
this parton-model language, our model differs from that
of Brodsky, Gunion, and Kiihn in the specific nature of
partons, in the way the partons degrade in energy and in
the way hadrons are produced. Namely, nucleons are par-
tons in our model, and the rapidity locations of the'
parton-parton collision are not uniformly distributed but
are given by parton-parton experimental data. The height
of the multiplicity plateau is not constant but becomes
lower in subsequent co11isions as determined by parion-
parton data. The width of the plateau for each parton-
parton coHision also depends on parton-parton relative en-
ergy at the moment of collision.

Returning to the language of baryon-baryon collisions,
we can follow the incident baryon in the collision chain.
In each baryon-baryon inelastic collision, the rapidity dis-
tribution of the produced particles depends on the center-
of-mass energy of the two colliding baryons. As the frac-
tional loss of energy per nucleon-nucleon collision is not
small, ' ' the magnitudes of the distributions of multi-
plicity dK/dy due to each subsequent collision of a nu-
cleon are lower than those due to the first collision. These
distributions also shift toward the target rapidly. It is im-
portant to follow the energy of the baryon as it traverses
the target nucleus. For this purpose, we shall include the
transverse-momentum distribution in a factorizable ap-
proximation in which the longitudinal and the transverse
degrees of freedom are separable. The total rapidity dis-
tribution of the produced particles can then be obtained

by simple numerical integrations.
This paper is organized as follows. In Sec. II, we gen-

eralize our results on the momentum distribution of an in-
cident baryon after n successive collisions to include also
the transverse-momentum distribution in the factorizable
approximation. In Sec. III, we use these new results to
obtain the invariant pA —+pX cross sections which are
then compared with the experimental data of Barton
et al. , Eichten et al. , and Allaby et al." We examine
in Sec. IV the stopping power of a baryon in a nucleus
with the inclusion of the transverse momentum distribu-
tion and kinematic constraints. The average rapidity of a
baryon y„after n successive collisions is obtained numeri-
cally. Knowing the average rapidity, we calculate the
center-of-mass energy before the next baryon-baryon col-
lision. The rapidity distribution of the produced hadrons
in each baryon-baryon collision is extrapolated from
nucleon-nucleon data to give the total distributions of the
produced particles in Sec. V. They are compared with the
experimental dX~"/dg data of Elias et al. In Sec. VI
we investigate single-particle cross sections for the pro-
duction of nonleading particles in the incoherent-
multiple-collision model. A general result applicable to
all regions of rapidity space is obtained. In Sec. VII, we
specialize to the projectile fragmentation region and the
reactions of pA —+~+X and pA~+ X. The theoretical
results are compared with the experimental data of Barton
et al. Systematic deviations of the predictions of the
incoherent-multiple-collision model from experimental
data indicate the presence of coherent effects. A
phenomenological reduction factor which depends on the
number of subsequent collisions is introduced to explain
the data. In Sec. VIII we study the fragmentation reac-
tions in the first-collision approximation in which the
nonleading particles come from the first of many col-
lisions of the incident nucleon. We analyze the cross sec-
tions for the reactions of pA ~%+X, pA ~K X, and
pA~pX in this approximation. How one incorporates
the reduction factor to study particle production in the
central rapidity region is discussed in Sec. IX. Section X
summarizes the present discussions.

II. MOMENTUM DISTRIBUTION
AFTER n INELASTIC COLLISIONS

E
3

——x exp( —p, /2o, ),do. do. 1 2

dp dx 2&0
&

where x is the Feynman scaling variable defined by

(2.1)

co+ c~
X = (2.2)

bo+b,
with co and c„respectively, the energy and the longitudi-
nal momentum of the detected particle c (proton in this
case) and bo and b„respectively, the energy and the long-

In the multiple-collision model, the basic process is the
baryon-baryon collision. The baryon-baryon inelastic col-
lision data provides the basic information from which
other results are obtained. We can parametrize the
pp~pX data in the form
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D'"'(x„,p,„)=I«tt —id pt n —1D (xn —1 t Pt n —1)

X ttt(xn —I iPt n —1ixn ~ptn ) ~ (2.3)

where the function ttt(x„&,pt „ i,x„,pt„) is the probabili-
ty distribution for finding a 'leading" baryon with a final

itudinal momentum of the beam particle (incident proton
in this case). In terms of the Feynman scaling variable,
the three-momentum of a baryon p can be represented by
(x,p, ). The standard deviation o., in the transverse
momentum p, is a function of x (Ref. 26). It equals 0.28
GeV/c at x =0.8, 0.31 GeV/c at x =0.5, and 0.35 GeV/c
at x =0.3. For simplicity, we shall make the factorizable
approximation of assuming a constant average ot
(o, =0.31 GeV/c in this case) for all values of x. We also
assume that the invariant cross section of pp ~pX is relat-
ed to that of bb ~bX, where b is a baryon, by a constant
branching factor. The momentum distribution of the in-
cident nucleon (or baryon) after n inelastic collisions
D'"'(x„,p,„) is connected with that after (n —1) inelastic
collisions D'" "(xn &, ptn &) by

Feynman scaling variable x„and a transverse momentum
p,„after a nucleon-nucleon or a baryon-baryon inelastic
collision if the initial scaling variable is x„& and the ini-
tial transverse momentum is p« i. Experimental data at
a fixed p, for pp~pX reactions at high energies show a
nearly flat and energy-independent differential cross
section as a function of the Feynman scaling variable x.
There is a quasielastic diffractive peak around x = l. Its
contribution to the total pp~pX inelastic cross section
(over and above the nearly flat distribution) is about 6%%uo.

Thus, one can approximately express the nucleon-nucleon
inelastic differential cross section do. /dx as the sum of a
"truly" inelastic part k and a quasielastic part 1 —A,

dO = [A 9(1—x)8(x —xI )+(1—A, )5(1—x)]oz,dx (2.4)

where A, =0.94, xL is the lower limit of x in accordance
with energy-momentum conservation, and 0.

& is the total
nucleon-nucleon reaction cross section.

From the differential cross section (2.4) and Eq. (2.1),
we can write the normalized probability distribution m as
given by

H(x„&—x„)0(x„—xl )
ttt(x„ i, pt „ i',x„,pt„)= 1, +(1—A, )5(x„—x„ i) F'"'(p«&, pt„) .

xn —1 xL
(2.5)

How the transverse momentum of the leading particle
varies as it traverses the nucleus is not completely under-
stood. There are two possibilities. One can envisage the
leading particle to maintain its identity as it travels
through the nucleus, and that the particle suffers a
transverse-momentum kick during each baryon-baryon
collision. In this case the transverse momentum of the
leading particle after the nth collision is the vector sum of
that after the ( n —1)th collision and the transverse
momentum due to the collision. The function I""'is then

I

(ptn —t~ptn)

1
2(Pt Pt —1)

2 exp
27TO 2 2

for n =1
(2.7)

6(pt„—p„,) for n)2 .

The distributions D'"' and m are normalized according to

ID (xn&ptn)«ndPtn

2
(Ptn Pt n —1)+"(pt i Ptn)= pe"p z

2m '', 2o&
(2.6) = f ttt(xn —I ~ pt n —1i xn ~ ptn )dx d ptn = 1

Explicitly, xi m Eq (2.5) is.given by'
In this case, the width of the transverse momentum after
n collisions, crt„, grows with n as ~n cr, . We call it the
case of an increasing transverse (-momentum) width.

There is another possibility. If the leading particle
suffers such a large loss of energy that the leading particle
is the remnant of an inelastic nucleon-nucleon collision.
That is, the leading baryon is itself a product of a previ-
ous collision. In that case, there is a natural frame of
reference for the nth collision in which the z axis in that
frame lies in the direction of the momentum of the lead-
ing particle before the nth collision. The angle of rotation
between the natural frame of reference and the laboratory
frame is very small due to the large value of the longitudi-
nal momentum in comparison to the transverse momen-
tum. Thus, even though the leading particle has a trans-
verse momentum, it travels essentially in the beam direc-
tion and thus produces a subsequent leading particle with
essentially the same transverse-momentum width. In
this case, which we call the case of a constant transverse
(-momentum) width, the function F'"'(pt„,p«&) is

where

(bo+b )& b
(2.9)

mz. ——(m +p, )
2 2 1/2 (2.10)

D'0'(x, p, ) =5(x —1)5(pt ) . (2.11)

m is the nucleon mass, and bo and b, are the energy and
the longitudinal momentum of the incident beam particle.
With xL depending on p„ the longitudinal and the trans-
verse degrees of freedom are not separable. We shall
make the separable approximation in which the p, in Eq.
(2.10) is replaced by its expectation value after collision.
This is a reasonable approximation, as the transverse
momentum is relatively sharply peaked for small values
of n, and the average value of n for collisions with even
the heaviest target is approximately 4.

Initially, the momentum distribution is
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If the 5-function term in Eqs. (2.4) and (2.5) is absent, a
properly normalized m function will lead to a distribution

A

n=0
D'"'(x p )

8(1 x) 8[x —xL (n)]
1 —xL (n) (n —1)!

x —xL (n)—ln
1 —xL (n)

n —1

A
D'" (x p )(Tzkcrz) (1—Twi(crR)

n=o '

(2.17)

1
X 2 exp

27To tn

pt
2m'0 t„

(2.12)

where xl (i) is the lower limit of x after i collisions

xl (i)=(1 +2a„ /m )'i m/(b 0+b, )) ,).

For the case of an increasing transverse-momentum
width, the transverse-momentum width is related to the
collision number n by

do =o;„8(1—x)8(x —xl. ),
dx

(2.18)

where TA is the thickness function of the target nucleus
A. This identity shows that as far as inelastic scattering
(i.e., terms with n &1) is concerned, the result obtained
with .the total reaction cross section o.~ and the corre-
sponding distributions D'"' is the same as that using only
the -distributions D'"' in conjunction with a truly inelastic
nucleon-nucleon collision with the cross section o;„:

2= 2
0t~ =not (2.13) with 0;„given by

For the other case of a constant transverse width, the
transverse-momentum width is independent of the num-
ber of collisions,

2= 2
~tn (2.14)

Our previous analysis' of the pA ~pX data used impli-
citly the assumption of a constant transverse width [cf.
Eq. (6.17) of Ref. 10].

We denote by D'"' the distribution function after n col-
lisions obtained when the 5-function term in Eqs. (2.4)
and (2.4) for elastic and quasielastic scattering is present.
Clearly, D' '=D' '. For n =1, we have

-() ) 8(1—x)8(x —xl (1))
D (x p, )= +(1—A, )5(1—x)

1 —xl (1)

o =Ao& (2.19)

co+ czy= —, ln
co —cz

(2.20)

where c is the momentum of the baryon particle in ques-
tion. Therefore x and y are related by

Henceforth, we shall use the distribution D'"' and the cor-
responding o.;„ in our subsequent discussions. Experimen-
tally, the reaction cross section (rz for pp collisions is
31.3 mb. Thus, the total cross section o.;„ for the (truly)
inelastic pp collision is 29.4 mb, which can be taken to be
also the cross section for truly inelastic baryon-baryon
collisions.

Besides the Feynman scaling variable x, there is a com-
plementary rapidity variable y defined by

1
exp

2%0 t

In general, we have

Pt

2ot
(2.15) lnx =y —y~ + ln(m, r /m ),

where

(2.21)

n
D'"'(x, p, ) = g . )(,'(1 —A, )" 'D "(x,p, ), (2.16) m~r=(mq +c( )

2 2 1/2 (2.22)

,
i =0

where D" is given by Eq. (2.12).
There is a simplification which we shall make. As far

as energy degradation and particle production are con-
cerned, elastic and quasielastic scatterings give negligible
degradation and particle production. In fact, in the ap-
proximate form to represent elastic and quasielastic
scatterings by a 5 function as in Eq. (2.4), they give no
contribution at all. Anticipating the result of Eq. (3.4) in
the next section, we can prove the identity that

exp[y -yU(n)]8[yU(n) —y ]8[y -yi «) 1D(n)(y p )
I 1 —exp[yl (n) —yU(n)] [ (n —1)!

D'"(y, p() =5(y —ya»(pr»
and for n)1

(2.23)

—ln
y (n) (n —1)e"—e

yU(n) y~(n)
e —e- 2 exp

27Tn 0 t~

pt
2 7

20tn

m, is the mass of detected particle c, and yz is the rapidi-
ty of the incident (beam) particle. In terms of the rapidity
variable, the three-momentum vector p of a baryon can be
represented by (y, p, ). Again, to make the transformation
simple, we shall replace c, in Eq. (2.22) by its expectation
value. The corresponding momentum distribution as ob-
tained from Eqs. (2.11) and (2.12) is

(2.24)
where the upper and lower limits yU(n) and yI (n) depend on the average of the square of the transverse momentum.
They are explicitly given by

yL, (n) =yr+ —,
' in(1+2o,„~/m~), (2.25)

yU(n) =yz ——, ln(1+2o,„ /m ), (2.26)
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where yz and yz are the target and the beam rapidity, respectively, and o.,„depends on the assumption concerning the
dependence of the transverse width on the collision number Eq. (2.13) or (2.14).

While the representation of der/dx by a step function as in Eq. (2.18) is adequate for the region of x &&0, it may not
be realistic in the region of x -0 where the phase space opens up slowly after the kinematic constraint is removed. It is
reasonable to represent the experimental pp —+px data in a form similar to that of Ref. 15 by

dO =A(x —xi ) 8(1—x)8(x —xI ) .a—1

dX

A properly normalized m function becomes

(x„—xi )
~(pn —1 p ) =a

~ 8(xn —1 xn )8(xn xL )+ (pt —1 pt(x, —i —xL )

The distribution function is then

(2.27)

(2.28)

X~ —XLD(n)(x p ) an
1 —XL

a —1

X~ —XL—ln
1 —XI

8(1—x„)8(x„—xL )

(n —1)!
1

2 exp
2%0 g~

A
2

2~~n
(2.29)

The x dependence obtained here is similar to, but slightly different from, that obtained in Ref. 31.
In Refs. 15, 30, and 31, for a chain of n collisions, the leading baryon in each of the first n —1 collisions suffers ener-

gy losses according to the probability function m [Eq. (2.28)] with a stopping-power index a, but the last collision with
the stopping-power index changed from a to a'. The parametrization of Eq. (2.28) allows the distribution function
D'n'(x„, p,„)for such a case to be written out explicitly. For completeness, we present the distribution function below:

D ' (x&,p, &)=a'[1) X1 —XL

1 —xi

a' —1

1 1
8(1—x~)8(x~ —xL ) exp

1 —XL 2&0't~

pt

20
(2.30)

a' —1 a—1
czn

—la' rn —rn

1 —x ( — ')"
( lnr„)"— 1—r„'g, k 8(1—x„)8(x„—xt ) z exp

, k!(a—a')" 27TO t~

pt
2 7

2otn

(2.31)

where

X~ —XL
rn=

1 —XL

III. pA INELASTIC CROSS SECTIONS

In the multiple-collision model, the probability for the
incident nucleon to make a (truly) inelastic collision with
a target nucleon is given by the product Tz(b)o,„where
Tz(b) is the thickness function of the target nucleus A.
In the approximation of small nucleon sizes, the thickness
function Tz (b) is given by

T~ (b) = fp~ (b,z )dz, (3.1)

where pz is the nucleon density normalized according to

f zp(r)dr= 1 . (3.2)

As a consequence, the thickness function is normalized
according to

f Tg(b)db= 1 . (3.3)

These results are the generalizations of those obtained in
Refs. 15, 30, and 31. They are useful for purposes of ex-
ploring the change of the stopping-power index cx as a nu-
cleon transverses the nucleus. ' ' ' ' As we shall see, the
data of pd~px at p= 100 GeV/c is consistent with
a=a=a". -1.0, while Refs. 30 and 31 give a=3 and
a'= 1.

From the probability for the occurrence of n inelastic
collisions and the momentum distribution after n inelas-
tic collisions D'"'(x, p, ), the differential cross section for
the process pA —+baryon —+X in an inelastic process is

dO~I„" =fdb g D'"'(x, p, )[T (b)o;„]"
dX dPr

X [1—Tg (b)o;„]" (3.4)

In the above equation, the subscript "in" denotes an in-
elastic process which involves at least one inelastic
nucleon-nucleon collision. Hence, the summation over n
starts at n =1.

We calculate daI'„"/dx dp, with the above equation, us-
ing a Fermi-type nuclear density distribution with a ra-
dius R and a diffuseness a. To compare with the experi-
mental data of Edo. /dp for pA~pX, we assume that in
the range of interest, 1)x &0.2, the fraction of protons
among the baryons in the process pA ~bX is independent
of A. This is a reasonable assumption as, experimentally,
the A dependence of the reaction pA ~nX is the same as
the pA~pX dependence [Fig. 6 of Barton et al. (Ref.
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25)]. Explicitly, we assume

d CT
pre

E
3 (pA ~pX) =cx (pA ~bX),

Gp Qx 8p,
(3.5)

&GOO

where the proton fraction parameter c is determined from
the pp~pX data.

The results of the calculation depend on how the trans-
verse widths depend on the collision number. We shall
discuss first the case of an increasing transverse width
(o,„=na, ) We. shall use the following set of geometri-
cal parameters:

R=1.222' —1 5A ' fm, (3.6)
Qu

and a =0.54 fm.
We first examine the experimental data of Barton et al.

for pA ~pX at 100 GeV/c. The pp~bX data are rather
insensitive to the value of a. We use a = 1.05 for definite-
ness. The proton fraction parameter c is found to be
c=0.52. When we compare the theoretical differential
cross section E der/dp (pA ~pX) with the experimental
cross sections of Barton et al. , it is found that the ex-
perimental cross section of Barton et al. at x-0.3 is
higher than the theoretical curves. Varying the geometry
parameters of R and a does not improve the results. It
appears that the assumption of an increasing transverse
width does not agree with the data at 100 GeV/c.

The situation is different for data obtained at a lower
energy. We examine the data of Eichten et al." at 24
GeV/c in conjunction with the data of Allaby et al. at
19 GeV/c. The data pp —+pX at 19 GeV/c requires a pro-
ton fraction constant of c =0.86. In Fig. 3 the theoretical
differential cross section thus obtained is compared with
the experimental data at 19 and 24 GeV/c. One finds
good agreement between the experimental data points and
the theoretical predictions. The agreement indicates that
the transverse-momentum width may increase with n for
an incident proton momentum around 20 GeV/c but not
around 100 GeV/c.

Recently, preliminary experimental data have been ob-
tained from Brookhaven for the reaction pA —&pX at 17
GeV/c. The Brookhaven data differ from the data of
Eichten et al. and the data of Allaby et al. in magni-
tude and slope. While the questions of absolute normali-
zation and shape are not yet resolved, it is interesting to
note that the data of Eichten et al. and Allaby et ai. can
be brought to approximate agreement with the
Brookhaven data if the latter data are multiplied by a fac-
tor of 2.3 (Fig. 3). There is, however, a difference in the
shapes around x -0.2—0.4 which needs to be resolved.

While the data at 100 GeV/c disagree with the model if
the transverse width increases with the collision number,
we can examine whether the second possibility of a con-
stant transverse-momentum width is consistent with the
experimental data. We use again +=1.05, the proton
fraction parameter of c=0.52, and the geometrical pa-
rameter of Eq. (3.6). In Fig. 4, the theoretical results are
compared with the experimental data of Barton et al.
The good agreement between the theory and the data sug-
gests that the transverse width at 100 GeV/c does not
seem to increase with the collision number. Clearly, the

&OO

Al

100

c)
LIED

0.2 0.4 0.6 0.8

FIG. 3. Comparison of the experimental data for pA ~@Xat
19 and 24 CxeV/c with the theoretical results obtained under the
assumption of a transverse-momentum width increasing with
the collision number. Preliminary data points at 17 GeV/c are
also shown.

assumption of a constant transverse width is not con-
sistent with the data of Eichten et al. and Allaby et al. at
24 and 19 GeV/c.

If the data at these energies and the above analysis are
correct, there appears to be a change of the mechanism of
the scattering process. Around pt, b

—20 GeV/c, the
transverse-momentum width increases with the collision
number as V'n o„while for p —100 GeV/c, it becomes
independent of the collision number. If this is indeed the
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p+ A

v

TABLE I. Comparison of the theoretical total inelastic cross
section H„and the experimental total absorption cross section
o~" for p-nucleus collisions. The experimental measurements
were from Ref. 19. The geometry parameters are given by
8 =(1.223 ~ —1.5A '/) fm and a =0.54 fm.

~O

E

10

Nucleus

H
Li
Be
C
Q
Al
CU

Ag
Sn
Pb
U

o.~" (experiment)

29.4
154+5

222+7

409+12
764+23

1179+35
1730+52

o.~„(theory)

29.4
131.5
165.1
211.2
267.3
402.7
756.7

1113.8
1192.9
1761.0
1932.2

a&4

)00
0.2

Pb
v Ag
& Cu
& Al

Cl

o p(300 GeV/c)
O p(~75 GeV/c}
~ p (70 GeV/c)

0.8 $.0

tons among the resultant baryons is the same for pp~bX
and pA +bX. Th—is is a good assumption in the range of
x around 0.3(x (1, as the contribution comes mainly
from the incident nucleon having suffered a single col-
lision. When multiple collisions become important, as in
the much smaller region of x, it is necessary to take into
account the variation of the proton fraction as the number
of collisions increases.

X

FIG. 4. Comparison of the experimental data for pA ~@Xat
100 GeV/c with theoretical results obtained under the assump-
tion of a transverse-momentum width independent of number of
collisions.

case, one expects that (p, ) of the detected baryons in rela-
tivistic heavy-ion collision is greater at 20 GeV/c than it
is at 100 GeV/c. It will be of interest to test such a pre-
diction experimentally.

The theoretical calculations we have performed are
essentially parameter-free. The radius parameters are not
much different from the well-known parameters for nu-
clear sizes, and the constants k and c are determined
from pp~pX data. As a further check, we can calculate
the total pA inelastic cross section in the multiple-
collision-model framework'

H„=Idb I 1 —[1—Tz (b)o.;„] (3.7)
1

and compare this with the pA total absorption cross sec-
tion o~ which should equal approximately the total in-
elastic cross section. We find good agreement of H„" and
the experimental data' of o~" (Table I). In our previous
work, ' the fraction of the quasielastic cross section was
not subtracted away from the total inelastic cross section
and we used A, = 1, u;„=a+. Essentially the same theoret-
ical results of do. /dx dp, were obtained with I 0=1.25 fm
and c =0.53, but the total inelastic cross sections H„" were
about 10% greater.

In Eq. (3.5) we have assumed that the fraction of pro-

IV. STOPPING POWER OF BARYONS
IN A NUCLEUS

Although the Feynrnan scaling variable x and the rapi-
dity variable y can both be used to describe the longitudi-
nal momentum of a particle, the stopping-power equation
can best be specified ' in terms of the average value of y
instead of the average value of x. With the former, the
width of the rapidity distribution behaves as v'n —1. The
average value of y is a reasonable concept when n is not
too much greater than unity. For nucleon-nucleus col-
lisions, the greatest average value of n is about 4, and
therefore the average value of y is a meaningful concept.
On the other hand, in terms of the Feynman scaling vari-
able x, the distribution in x for n =1 extends uniformly
over the whole range of x, and the average value of x is
not as meaningful a concept.

Previously, we obtained the stopping-power equations
for a nucleon in nuclear matter in the ultra high-energy
limit in which the effects of kinematic constraint and
transverse momentum can be neglected. The result is

yn=ya —n ~ (4.1)

(y —y~) = n —(ln(1 ——e )—ln(I —e ~ ~)) . (4.2)

For small values of n and yz ~~1, the last term in Eq.

where y„ is the average rapidity of a baryon after n col-
lisions and yz is the beam rapidity. In the presence of the
kinematic constraint and the transverse-momentum
spreading, the distributions in y and p, are given by Eqs.
(2.23) and (2.24). The expectation value of y —yz is
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FIG. 5. The dependence of the average value of the rapidity

variable y„after the nth collision on the collision number n.

They are given for two different incident momenta.

(4.2) is negligible, and we obtain the result of Eq. (4.1).
As n increases, however, the peak of the rapidity distribu-
tion shifts to smaller values of y and the last term cannot
be neglected. With the knowledge of the distribution
D'"'(y, p, ) as given by Eqs. (2.23) and (2.24), the expecta-
tion value of y -ye can be obtained numerically. In the
numerical work which follows, we shall use the geometri-
cal parameters of R = 1.2A '~, a =0.5234 fm, and the as-
sumption of increasing transverse width. The other set of
parameters and the assumption of fixed transverse width
will affect the final results on the produced particles only

slightly. We show in Fig. 5 how the average rapidity
y„after n collisions depends on the collision number n.
In line with the usual convention, we put the rapidity axis
as the horizontal axis. The calculation was performed for
an incident nucleon momentum of 200 and 100 GeV/c,
for which the beam rapidities are 6.055 and 5.35, respec-

tively. Initially, the average rapidity decreased approxi-
mately by unity for each nucleon-nucleon collision. How-

ever, as the nucleon-collision number increases, the aver-
age rapidity decreases very slowly.

V. THE RAPIDITY DISTRIBUTION
OF PRODUCED PARTICLES

In a highly relativistic nucleus-nucleus collision, the
produced particles having rapidities much different from
the target or the projectile rapidities are produced outside
the nuclei. ' There are no secondary collisions of these
particles with nucleons in the nucleus. Those produced
particles having rapidities in the vicinity of the target and
projectile rapidities may colhde with the target or the pro-
jectile nucleons if their spatial coordinates are the same.
At high energies, the fraction of these produced particles
is, however, quite small, as can be inferred from the rapi-
dity distribution of the produced particles. It is therefore
reasonable to neglect the secondary collisions between the
produced particles and projectile or target nucleons alto-
gether in the discussion of the rapidity distribution of the
produced particles. Particles can also be produced by the
collision of recoiling target baryons and other target nu-

cleons. However, the energies of relative motion are small

(5.1)P(n, b)=
1 —[1—Tg (b)o;„]"

~here the probability is normalized according to
A

g P(n, b) =1 .
n=l

(5.2)

The rapidity distribution . of the produced particles
d¹"(b,y)/dy for a collision at impact parameter b is

dX~
(b,y)

A n

= QP(n, b) g J dy'dp, 'D'J "(y',p,')
n=1

I [s ( I' yp)]t' (5.3)

where dN'J'/dy(~s~, y ) is the rapidity distribution of the
produced particles in the jth baryon-baryon coHision for
which the center-of-mass energy before the jth collision is

~sz. The energy ~sz depends on the rapidity and the
transverse momentum of the leading baryon D'J "(y', p', )

before the jth collision. To make the results simple, we
shall make the approximation that the baryon-baryon ra-

pidity distribution dN/dy needs to be evaluated only at
the center-of-mass energy ~sz corresponding to the aver-

and will only give small contributions to the multiplicity.
These collisions can be neglected. Thus, the (initial) rapi-
dity distribution of the produced particles is just an addi-
tive supposition of those distributions from all the
nucleon-nucleon (or baryon-baryon) collisions. The rapi-
dity distributions thus obtained are only the initial multi-

plicity distributions before the produced particles interact
among themselves. There are situations where the final
rapidity distribution may be very close to the initial rapi-
dity distribution. In our case, in the collision of a light
projectile the increase in multiplicity may not be great
enough for the reaction products to interact strongly
among themselves. Even if they interact, if the produced
matter follows the law of an ideal fluid without viscosity,
it can be shown that the entropy per unit of rapidity is
conserved throughout the expansion phase. As the multi-

plicity is proportional to entropy, the multiplicity distri-
bution per unit rapidity is conserved. If that is the case,
the final rapidity distribution is the same as the initial dis-
tribution. For these reasons, it is of interest to examine a
phenomenological model of particle production where the
final rapidity distribution, to be confronted with experi-
mental data, is given by individual nucleon-nucleon col-
lisions in an additive manner without modification.

In the multiple-collision model we have postulated, the
probability of collision depends on the thickness function
and the baryon-baryon inelastic cross section, and each
baryon-baryon collision will produce a number of parti-
cles in the same way as a baryon-baryon collision at the
same energy in free space. In the collision of a nucleon
with a nucleus A at an impact parameter b, the probabili-
ty of having n inelastic collisions when the nucleon makes
an inelastic collision with the target nucleus is

[&~(b)~.1"[1—&~(»~.]"
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age value of yj and p, . This is a reasonable simplifica-
tion as the distributions are sharply peaked for small
values of j which give the dominant contributions. In this
approximation, the kinematic status of the projectilelike
baryon is specified by its average values of y and p, .
Knowing the rapidity variable and p, , we can then obtain
the center-of-mass energy ~sz of the baryon relative to a
target nucleon with which it collides. The latter baryon
can be taken to be at rest. We obtain then

and the square of the transverse momentum p, of the in-
cident baryon has been replaced by its average value of
2(or~ i) .

In the experiment of Elias et al., there is no impact
parameter selection; we need to average Eq. (5.4) over the
impact parameter b. For each b, there is a weight of

d ~Tin

db

d~pA A n

(b,y)= g P(n, b) g (~s, ,y),
dy

where

(5 4)
pA

where do-;„ /db js

do-~„A
=1—[1—T~(»~in]" . (5.6)

~s= I2m +2m[m +2(crT& ~) ] coshyj

(5 5)
After averaging over the impact parameters, the multipli-
city distribution is

(
dhPA 1 A

A A „" dh(J)„Jdb g „[T~(»~;.]"[1—T~(b)~;.]". " g (5.7)

(5.8)

Finally, to proceed further, we need to know the nucleon-nucleon dN/dy data as a function of the center-of-mass ener-
gy ~sj., in the range of energy corresponding to an incident beam momentum of 200 GeV/c and lower. The multiplicity
distribution is in the form of a Gaussian function for these energies. We parametrize it so

[y —(yj 1+yt)/2]'
(~sz ,y) =N(~.sj ) exp

dy 2' a( sj ) 2[0.( sq )]

where N(~sJ ) is the total multiplicity at a center-of-mass
energy ~sj, o(~sz ) is the width of the Gaussian distribu-
tion, and y, is the target rapidity. Experimental data for
N(~s~ ) are given by Eq. (4) of Table II in the tabulation
of Albini et al.

N (~s, ) = —0.5+1.27 i~, (5.9)

which is valid within the range of 3 GeV (~s~ &20
GeV. From the data of Elias et al. , we can extract

o ( ~s~ ) =0.585 ln~sj . (5.10)

We shall compare the theoretical results from Eq. (5.7)
with the experimental pseudorapidity distributions. In
such a comparison, it is necessary to convert the rapidity
variable y into the pseudorapidity variable defined by

lab
g = —1n tan, '2 (5.1 1)

1/2
~e dip

m, T cosh y
(5.13)

where 0&,q is the angle of the detected particle relative to
the beam direction, measured in the laboratory system'. It
is easy to show that given y and dX/dy, we can obtain g
and dÃ/dg as

(coshy)[1 —m, /(m, T cosh y)]'~ +sinhy

(coshy)[1 —m, /(m, T cosh y)]'~ —sinhy

(5.12)
and

where m, and m, z are the rest mass and the transverse
mass of the detected particle, respectively. As the pro-
duced particles are mostly pions, we can take m, to be the
pion mass. The transverse mass m, ~ of the pion can be
calculated by assuming an average transverse momentum
of 0.4 GeV/c as estimated from the pA ~w+X data.

With the above equations, the pseudorapidity distribu-
tion can be obtained as follows. Given an incident
momentum, we first evaluate yj &

numerieaHy as in Sec.
IV from which the center-of-mass energy ~sJ before the
jth collision can be obtained from Eq. (5.5). With the
knowledge of ~sj, the baryon-baryon dN/dy distribution
can be calculated from the systematics of Albini et al.
[Eqs. (5.8)—(5.10)]. Equation (5.7) can be integrated out
numerically over b to give the rapidity distribution
dip /dy averaged over the impact parameters. The rapi-
dity distribution can then be transformed into the pseu-
dorapidity distribution by Eqs. (5.12) and (5.13), to be
compared with experimental data. The equations and the
numerical calculations are applicable to both the pp col-
lisions and pA collisions.

The systematics of Albini et al. give a good description
of the dN&~/dg data at various incident momenta (Figs.
6, 7, and 8). They are therefore useful for extrapolation to
other center-of-mass energies of the colliding baryon
along the collision chain. Using the set of parameters
r0 ——1.2 fm, a=0.5234 fm, and o.;„as before, we calculate
(dN~ /dy) b from Eq. (5.7) by integrating over b numeri-
cally as outlined above. They have been evaluated for the
targets of p, 12C, 27Al 63cu 108Ag 208Pb and 238U for an
incident proton momentum of 200, IOO, and 50 GeV/c.
With no other free parameters, the theoretical results
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FIG. 6. Comparison of the theoretical results for the total pseudorapidity distribution of produced particles dX~"/dq in pA col-
lisions with the experimental data for an incident beam momentum of 200 GeV/c. The solid curves are theoretical results. The his-
tograms are from Ref. 20. To avoid confusion with the histogram for Ag, the histogram for Pb is given by dashed lines. The location
of the beam rapidity is indicated by an arrow.
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FIG. 7. Comparison of the theoretical results for the total pseudorapidity distribution of produced particles dX~ /dq in pA col-

lisions with the experimental data for an incident beam momentum of 100 CieV/c. The solid curves are theoretical results. The his-

tograms are from Ref. 20. The location of the beam rapidity is indicated by an arrow.
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the result of Eq. (5.7), this peculiar feature can be under-
stood by the following reasoning. Particles having a rapi-
dity within half a unit of the beam rapidity must be pro-
duced in the first collision of the projectile nucleon with
the target nucleons. Subsequent collisions of the resultant
baryon can only produce particles with lower rapidities
because of the degradation of the energy of the baryon.
Thus, for y near yz, only the term j= 1 in the summation
over j gives any contribution. We have therefore,

cgA~

Jy

„fdb g f T~ (b)o;„]"
Oin n=1

I.O

e Pb

dX (~s),y) .
dy

(5.14)
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FIG. 8. Comparison of the theoretical results for the total
pseudorapidity distribution of produced particles dN~ /dq in
pA collisions with the experimental data for an incident beam
momentum of 50 GeV/c. The solid curves are theoretical re-
sults. The histograms are from Ref. 20. The location of the
beam rapidity is indicated by an arrow.

agree well with the experimental data (Figs. 6, 7, and 8).
The magnitudes and the positions of the peaks are well
reproduced. The exceptions are the p-' C results which
seem to show a smaller experimental multiplicity in re-
gions g & 3. This deviation may be due to the presence of
a large oblate deformation for the ' C nucleus, resulting
effectively in a more diffused surface with fewer higher-
multiple collisions. The agreement for heavy nuclei at 50
GeV/c is not as good as that in the other energies. This
may be due to the limitation of the parametrization (5.9)
which may give too high a production cross section at low
energies near the particle-production threshold.

From the numerical calculations, we see that the ratio
R of (dX~"/dy) with respect to dK/dy at a rapidity
near the beam rapidity is nearly independent of A. With

Hence, we have in the projectile fragmentation region

R (y-yg)=1
as is observed experimentally.

It should be pointed out that while the extrapolation of
dX/dy appears to give reasonable results for impact mo-
menta of 200, 100, and 50 GeV/c, the extrapolation of the
systematics of Eq. (5.9), valid for 3 GeV (Qs~~ (20
GeV, may need to be altered for lower incident energies as
the particle-production process has a threshold in V's
which is not much greater than v s =2 GeV. In the other
extreme, for much higher energies, the distribution
dX/dy for nucleon-nucleon collisions is not given by a
Gaussian. It is better represented by a Fermi-type distri-
bution whose height and diffuseness depend on the
center-of-mass energy. The analysis of pA data at higher
energies will require a different extrapolation of the
nucleon-nucleon dX/dy data.

VI. PARTICLE PRODUCTION IN THE
INCOHERENT-MULTIPLE-COLLISION MODEL

We have analyzed the leading particle (proton) data and
the rapidity distribution data in terms of the incoherent-
multiple-collision model with some measure of success.
There are fragmentation data for nonleading particles
such as m+—,E+—,p, etc. In addition, the examination of
the signatures of coherent or other peculiar effects in dif-
ferent regions of the rapidity space requires the reference-
model results for which the incoherent-multiple-collision
model can be quite useful. In this section, we shall derive
the expression for the cross section of single nonleading
particles in the incoherent-multiple-collision model. The
differential cross sections for the nonleading particles
have characteristics very different from the leading parti-
cle differential cross sections. The spectra of the leading
particles are determined by momentum degradation, while
those of the nonleading particles come from the hard
scattering or fragmentation process. The cross sections
are indirectly affected by energy degradation. It is desir-
able to test further whether our model is also consistent
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with the production of nonleading particles in the frag-
mentation region.

In the multiple-collision model we postulate, particles
are produced by baryon-baryon collisions which degrade
the momenta of the baryons. With the assumption of no
secondary collisions, the production of nonleading parti-
cles is just simply superimposed. The probability for the
incident baryon with an impact parameter b to make n
collisions with the target nucleons X is

r

Q «») = [T~(»a.]"[I—T~(b)a;.]'
which is normalized to

g Q(n, b)=1 .
n=0

The differential cross section for the production of a non-
leading particle c, in the reaction pA —+cX, is given by

d o (pA ~cX) x,pg

= fdb g Q(n, b)
n=l

dN'J'(bN ~cX) x &pt&xpg
X Pg

1 da'&'(bN cX) x pi&xp~
in X Pg

(6.3)

Experimentally, the differential cross sections may depend
on the type of incident baryons and on the type of target
nucleons. It may be necessary to take this into account.
The (baryon) —(target nucleon) cross section should be
given by

da'j'(bN cX), „da(4N c»
a(g —1)(b )

dx dpi' g dx dpt
(6.4)

The qu»tity dN"'(bN~cX)/dxdp, is the distribution
function after the jth collision for the particle c with
momentum (x,p, ) in a collision of a baryon b of momen-
tum (x', p', ) on a target nucleon N. In terms of the
single-particle cross section, it is given by

n

~ g fdx'dp, 'D'J "'(x'p,')-
dN'1'(bN ~cX)

X x p~&xpidx dpi'

(6.2)

where b& represents a baryon of type k (p, n, A++, . .).
and a'J ' (b~ ) is the fraction of k-type baryons before the
jth collision. For the target nucleus, the proton fraction is
Z/A and the neutron fraction is N/A. Therefore, the
differential cross section bN~cX for the jth collision is
given by

der"'(bN~cX) (,) Z da(bgp~cX) N do"(bqn ~cX)a(J —1)(b ) +-
dxdp, A. 2 dxdp, 3 dxdp, (6.5)

Combining all these results together, we obtain the general expression for the single-particle cross section in the
incoherent-multiple-collision model,

der(pA —+cX)
d dp,

da(b&t' ~cx) N dcT(b&n ~cx)= f g Q(n, b) g fdx'dp', D'J "(x'p,') ga'~ "(bA, ) (6.6)

VII. FRAGMENTATIGN CROSS SECTION
FGR @Adam —X

From the results of Eq. (6.6), we see that a complete
analysis of the fragmentation data in the pA —+cX reac-
tions requires the knowledge of the baryon fraction after a
baryon-baryon collision and the experimental cross sec-
tions. In general, the baryon fraction o." ' evolves accord-
ing to

a'J'(bp ) =+My(a'J "(b(), (7.1)

where the branching matrix element M~~ for an incident
l-type baryon branching into a k-type leading baryon
needs to come from experimental data. We know only the

proton fraction Mz&
——o.o after a pp collision, while the

fractions for the other baryons are not known.
Experimental do. /dx data for pp~px and pn~pX

(backward) at 19 GeV/ incdicate that at that energy the
proton and neutron fractions exhaust nearly all the baryon
fractions in a pp collision. Furthermore, in the region of
x )0.3, the produced particles come essentially from the
first of the chain of collisions. (Qur numerical calcula-
tions confirm that this is indeed the case. ) It is therefore
safe to approximate the small contributions from the sub-
sequent collisions by taking only the proton and the neu-
tron as the resultant baryon in the collision chain. For an
incident proton [i.e., a' '(p)=1 and a' '(n)=0], the pro-
ton fraction after an inelastic scattering is
a"'(p):—ao ——0.52 (Sec. III). Therefore, after j collisions,
the proton fraction is
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J
~(j)(p) g I ~ j —i(1 ~ )i

l .i=0
i =even

and the neutron fraction is

J
ai~'(n) = g . ao '(1 —ao)' .

1i=1
i =odd

(7.2)

(7.3)

der(pp CX) 1 C( )( 1 p(g)
d dp

(7.9)

We can parametrize C as a Gaussian function in p, with
the same standard deviation as that for pp~px,

The fractions of proton and neutron approach one-half
rapidly as j increases.

To proceed further, it is necessary to know the cross
sections for different fragmentation reactions. In what
follows, to avoid confusion with respect to the projectile
or the target fragmentation regions, we shall adopt the no-
tation that PT—+cX denotes the reaction of an incident
projectile P on a target T producing particle c in the pro-
jectile fragmentation region. While the experimental data
for pp~cX are quite extensive, those for pn ~cX are less
so, and the data for np —+cX and nn~cX are very scarce.
In the projectile fragmentation region, we expect the cross
sections to be independent of the target

do (pp ~cX)= do(pn .+cX—)

(7.4)

10

10

t t t l

do do(pp~rr X)=— (pn ~nX) . .
dx dx

(7.5)

Comparison of pp +vr+X data —' ' and pn~m+X data5
shows that the cross sections are about the same for
x &0.3, but for x ~0.3 der(pnsm. +X) is greater than
do(pp~m+X) by above a factor of 2. These differences
call for further experimental measurements in the region
of large x as there are "difficulties in momentum
resolution. . .of very-high-energy particles. " Until these
differences are resolved, we shall assume that the projec-
tile fragmentation cross section is independent of the tar-
get [i.e., Eq. (7.4)].

%'e shall discuss only pion production in the remainder
of this section. Because of isospin symmetry, the cross
sections for np~~+—x and nn~~+—x are related to those
for pn and pp by

do (np ~cX)=do (nn ~cX) .

Comparison of the pp~m' X data ' ' and pn~vr X
data at 100—200 GeV/c shows that indeed

10

O

C9& 102

LLJ

10

100 =

10

do (np ~m+ X)=d cr(pn ~vr.+—X) (7.6)
10

da. (nn ~+~X)=do.(pp ~~+X) . (7.7)

(j i), do(pp~m. +X)
+Q n) (7.8)

The experimental differential cross section for the reac-
tion pp ~cX can be represented by

The baryon-nucleon~sr —+X cross section of Eq. (6.4) can
be written in terms of pp~+. +—X cross sections

do(bX~vr +X) (j ))
—do(pp~vr +X)—

dx dpi dx dpi
=cr p

I I t i I1O~
0 0.2 0.4 0.6 0.8 1.0

X

FIG. 9. Comparison of the theoretical and the experimental
single-particle inclusive fragmentation cross section for
pA ~++X at an incident momentum of 100 CxeV/c and p, =0.3
CxeV/c. The solid curves are the theoretical results with a reduc-
tion parameter a.=0.15. They include contributions from all
collisions. The dashed curves are results from the first-collision
approximation [Eq. (8.3)] with ~=0.15. The dashed-dot curves
are theoretical results with no reduction parameter.
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A (c) p~C(c,p, ) = exp
2%0

& 20t

where A (c) can be obtained from the tabulated values of
C(c,p, ). The cross section pA —&~+—X of Eq. (6.6) can be
finally written as

de(pA ~m ~X)
dx dp,

(7.10)

A n

n, , b n'j "p '+' x,p,
Oin n= j=1

+a'J "(n)&'~'(x, p, )],
(7.11)

where the distributions &'g' are given by

p~

(a„)'
g(m' —)

X

X
Xf dx

X —XL
X —ln

1 —xl
(7.12)

g(rr+) =g(pp~—n+X) =3.39,

C(vr ) =C(pp~vr X—)

=12.17 mb/(GeV /c ),

(7.13)

and xL, =XL, (j —1) is defined by Eq. (2.13).
In this simple theory, the input parameters are the ex-

perimental nucleon-nucleon cross sections as parametrized
by C(rr +) and g(m ——+), the proton fractions ao having been
determined previously (ao=O. S2). We can find the pa-
rameters of C(rr )and g(vr —

) fr—om Table 16 of Brenner
et a/. For p, =0.3 GeV/c and an incident momentum
of 100 GeV/c, we have

C(m+) = C(pp~rr+X)

=18.09 mb/(GeV /c ),

and

r)(rr ):rI(—pp~~ X)=4.39 .

Using this set of parameters of C(~+) a—nd ri(~ +), a-s

determined from previous measurements, we calculate the
differential cross section for the reaction pA ~rr+X with
Eqs. (7.11) and (7.12) and the same geometrical parame-
ters of ro, a, and o.;„as before. The integrations in these
equations are carried out numerically. The theoretical re-
sults thus obtained are shown as the dashed-dot curves in
Fig. 9 and compared with the experimental data of Barton
et al. One finds that the incoherent-multiple-collision
model gives the correct shapes of the cross sections, but
the magnitudes are systematically greater than the experi-
mental results. The heavier the projectile, the greater are
the deviations.

It is difficult at this stage to pinpoint precisely the ori-
gin of the coherent effect which can produce such a devia-
tion. A plausible explanation is the interference of subse-
quent collisions on the production of energetic particles.
One can infer from the inside-outside-cascade picture that
in the laboratory frame, the more energetic the produced
particle, the later it is produced. But the late production
is likely to occur at the same time when the incident
baryon is making subsequent collision with nucleons along
the chain. These subsequent collisions probably reduce
the production of energetic particles, although they may
have little effect on the production of slower particles pro-
duced earlier. To account for such an effect, we introduce
a phenomenological reduction factor for the jth collision
along a chain of m collisions. Clearly, the physical quan-
tity concerning subsequent collisions is its number (n —j)
and the simplest factor one can write down is a linear
form 1 —(n —j)i~, with ~ the reduction parameter. To
specify the reduction of the production of energetic parti-
cles at the jth collision due to the presence of subsequent
n —j collisions in a chain of n collisions, we modify Eq.
(6.6) to include the reduction factor as

(x,p, ) =f g Q(n, b) g [1 (n j)ir]9[—1 —(n —j)~]—
dxdpg 0';~ „

da(bkJV ~cX)
X J dx'dp', D'J "(x'p', )ga'~ "(bk) (X Pg, XPg ),

k dx dpt
(7.14)

where the step function is to ensure that the contributions
are positive definite.

With this phenomenological reduction factor, a value of
~=0.15 gives the cross sections for pA ~rr+X at p, =0.3
GeV/c as solid curves (Fig. 9). There is a good agreement
between the theoretical results and the experimental data
points for all the nuclei of C, Al, Cu, Ag, and Pb under
consideration.

The reduction factor may be a useful phenomenological
concept if the same parameter can also explain the other
data of pA~m X, pA —+K+X, and pA~pX. We calcu-
late cross sections for pA —+m. X with the same reduction
factor of ~=0.1S. The results are shown as the solid

curves in Fig. 10. It is gratifying that there is again a
good agreement with the experimental data when the
incoherent-multiple-collision model is modified in the
same way.

We can examine the contributions of higher multiple
collisions to the production of ~—in this range of x & 0.2.
We show in Figs. 8 and 9 the cross sections of pA —+~+—X
coming from only the first collision of the incident projec-
tile nucleon as the dashed curves. Clearly, the contribu-
tions from higher multiple collisions are very small for
light target masses and large values of x. For pPb —+m —+X
at x=0.2, the contributions from the first collision are
about 90% of the total.
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VIII. FIRST-COLLISION APPROXIMATION
FOR THE pA —+cX FRAGMENTATION

CROSS SECTION

The results of the last section allow us to examine qual-
itatively the mass-number dependence of the inclusive
fragmentation cross section (for nonleading particles). As

0.2 0.4 0.6 0.8
X

FIG. 10. Comparison of the theoretical and the experimental
cross sections for pA ~~ X at an incident momentum of 100
GeV/c and p, =0.3 GeV/c. The solid curves are theoretical re-
sults from our model with a reduction parameter a.=0.15 and
include contributions from all collisions. The dashed curves are
results from the first-collision approximation [Eq. (8.3)] with
v=0. 15.

10
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I

0.4 0.6
I

0.8 1.0
X

FIG. 11. Comparison of the theoretical and the experimental
cross sections for pA ~%+X at an incident momentum of 100
GeV/c and p, =0.3 GeV/c. The theoretical results are obtained
with the first-collision approximation [Eq. (8.3)] with a =0.15.

we mentioned before, even though the incident proton can
make many collisions with the target nucleons, essentially
only the first inelastic collision can produce energetic par-
ticles in the fragmentation region of x &0.3. Subsequent
collisions of the incident baryon produce particles with
smaller values of x. This means mathematically that the
produced particles come essentially from the j =1 term in
the sum over j in Eq. (6.2). If we neglect the other smaller
contributions from j& 1, we get from Eq. (7.14) the ap-
proximation
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=fdbI 1 —[1—Tg (b)cr;„]"I . (8.2)

Therefore, we have

do(pA ~cX)
dXdpt ~ —I 0 in

(x,p, ) —fdb g Q(n, b)[l (—n —1))r]

We recognize the definition of pA inelastic cross sections,

H„=f

dbms

Q(n, b)
n=1

d o(pN. ~cX)
dx dpi'

x~pi)

do = 12.75(1—x) mb/(GeV/c )dx dp,

(8.1)

From the experimental data for Cu, we calculate pA ~@X
cross sections for the other nuclei with Eq. (7.3) using the
same reduction parameter ~=0.15 as before. There is a
good agreement between the predictions and experiment

do(pA ~cX)
dpt

~A
[ 1 ( 1 ) ]

do'(pp ~cX)
d& dp

=—[1—(v- 1).] d'pp-'X),
v dx dp,

(8.3)

p(100 Gev/c)+A ~K +x
p& =0.3 GeV/c

where v is the average number of collisions

A 0.;„
pAIn

(8.4)
10

As uf'„" is approximately proportional to A, the frag-
mentation cross section for pA ~cX is approximately pro-
portional to 3, in agreement with experiment.

To analyze the kaon production data, we note that we
do not have sufficient data to follow the collision chain.
Although experimental data for pp~K+—X is available,
those for (pn, np, and nn) +K+Xa—re n—ot. As the first
collision is the dominant component of the collision
chain, we shall analyze pA~K +—X data using the first-
collision approximation of Eq. (8.3) and the numerically
integrated cross section o]'„(Table I).

In applying Eq. (8.3) to analyze pA~K+—X data, we
find it convenient to parametrize the pp~K +—X data in
the form of Eq. (7.9). The parameters at 100 GeV/c and

p, =0.3 GeV/c for pp~K+X are2

g(K+)=1.41 mb/(GeV' /c )

10a

H)

N

C9
10'

UJ

100

and

g(K+) =2.56,
and for pp~K X are

(8.5)

C

C(K )=0.92 mb/(GeV /c )

and (8 6)
-1

10

g(K ) =4.59 .

With the reduction parameter ~=0.15 determined previ-
ously from pA ~n+X data, we obtain cross sections for
the reactions pA ~K +—X. The theoretical results are
shown as the dashed curves in Figs. 11 and 12. It is grati-
fying that the experimental data agree well with the
theoretical predictions without additional parameters.

Barton et al. also give data for the reaction pA ~pX.25

Thhe pp~pX data are too scanty to be used as the basic
cross section to generate the cross sections for the other
nuclei. Instead, we parametrize the pCu —+pX data. At
p, =0.3 GeV/c, they are given by

qo-s I I I l

0 02 0.4 0.6 0.8 1.0
X

FIG. 12. Comparison of the theoretical and the experimental
cross sections for pA ~K X at an incident momentum of 100
GeV/c and p, =0.3 GeV/c. The theoretical results are obtained
with the first-collision approximation [Eq. (8.3)] with )) =0 15. .
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(Fig. 13). The experimental statistical errors are, however,
quite large. 10

Pb
eV/c)+ A~ p + X

=0.3 GeV/c

IX. MODIFIED MULTIPLE-COLLISION MODEL

The results we have obtained in the last few sections in-
dicate that the incoherent-multiple-collision model can ex-
plain the rapidity density d&~ /dy in the central rapidity
region with no parameters, but needs simple modification
and a single parameter for the data of pA ~rr+X,
pA ~~ X, pA —+E+X, pA ~E X, and pA —+pX in the
fragmentation region. Although both the dN""/dy data
and the fragmentation data appear to be equally impor-
tant, it is necessary to realize that the central rapidity
dN~"/dy data are the bulk part of the rapidity density
distribution. Our comparison indicates that the model
may be a good first approximation which nevertheless
needs finer modifications for the tail part of the distribu-
tions.

With the model modified for the fragmentation region,
it is of interest to seek a unified description throughout
the whole rapidity space. The parameter ~ is 0.15 in the
fragmentation region but is apparently zero in the central
rapidity region. A unified description calls for a reduc-
tion factor which depends on rapidity. This is a reason-
able concept as the production of slow particles (in the
laboratory system) occurs before the incident baryon col-
lides with the next target nucleon. To be consistent with
the fragmentation data, it is necessary to modify Eq. (S.7)
for produced particles to include a reduction factor Ic(y)
which depends on rapidity

H)Ocd
C9

E.IB
1.0

0.3

0.0i

0.00$

0.2 0.4 0.6
I

0.8 1.0
X

FIG. 13. Comparison of the theoretical and the experimental
cross sections for pd ~@X at an incident momentum of j.00
GeV/c and pt ——0.3 GeV/c. The theoretical results are obtained
with the first-collision approximation [Eq. {8.3)] with re=0. 15.

(
dX~" db

(y) =j „gQ(n, b) g [1—(n —j)a(y)]8[1 (n —j—)lc(y)] (~s~,y),
~in a=i dy

where

(9.1)

lr(y) ~0.1S for y — &y,
yj —1+y~

y, i+y~
Ic(y) —+0 for y—

e crossover rapidity y, is as yet not well determined but is probably about 1—1.S units of rapidity less than the beam
rapidity. Clearly, such a modification only alters the tail part of the rapidity density and wil1 preserve the good agree-
ment of the rapidity density in the central rapidity region. In a similar manner, the single-particle-production cross sec-

for the reactton ~~ cX in the modifted multtple-collision ~~d~l is g

do(pA —+cX)
x, pg

db ~
=f g Q(n, b) g [1—Ir(y)(n —j))0[1—a(y)(n —j)]

111 pg=i j=l
Z do(bkp~cX) N der(bkn~cX)

&Jd 'p'D" "('p'& " '""' ~k dy dp& A dy dpt
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X. SUMMARY AND DISCUSSION

We undertake to examine the incoherent-multiple-
collision model by comparing its predictions with experi-
mental data. In this model, baryon-baryon collisions pro-
duce particles and degrade the baryon momenta in the
same way as nucleon-nucleon collisions in free space, the
probability of the collision being given by the thickness
function and the nucleon-nucleon inelastic cross section.
It is further assumed that there are no secondary col-
lisions of the produced particles with the target or projec-
tile nucleons. The basic process in this model is the
baryon-baryon collision from which all other data are de-
rived. When the experimental baryon-baryon data are
available, the theory is parameter-free and provides a
"benchmark" comparison whereby peculiarities due to
coherent effects may show up as systematic deviations.

We compare the predictions of the model with an ex-
tensive set of experimental data. We study pA —&pX to ex-
amine the spectra of the leading particles and their depen-
dence on the mass number A. %'e investigate the rapidity
distributions for nucleon-nucleus collisions as a function
of bombarding momenta and target-mass number for the
whole range of rapidity. We also study the production of
nonleading particles ~—+, K—+, and p in the fragmentation
region. The cross sections of the pA~pX reaction and
the pseudorapidity distribution dNt' /drl are well repro-
duced. Other qualitative features such as the approximate
unity of the ratio

R =(dN~" /dy)/(dN~~/dy)

near the beam rapidity also emerge naturally in the model.
These results lend support to the approximate description
of the nucleon-nucleus collision as a succession of in-
coherent elementary baryon-baryon co11isions, with
perhaps smal1 modifications. They also provide the justi-
fication for a multiple-collision description of a nucleus-
nucleus collision for the rapidity density in the central ra-
pidity region which forms the basis for a previous esti-
mate of the initial energy density of the quark-gluon plas-
ma in highly relativistic heavy-ion collisions.

While the agreement between the theory and the experi-
ment is substantive, there are also some experimental data
which are peculiar and appear to be deviations from other
similar data and from the model. It is important to repeat
these measurements or perform similar measurements in
order to confirm or exclude these peculiar pieces of data
from our consideration. Of particular interest is the
pA —&pX data for small values of x and heavy nuclei
where the data of Eichten et al. and Allaby et al. ap-
pear to give a cross section different from the data of Bar-
ton et al. If the cross-section data are all correct, it

may be an indication of a change of the proton-
production mechanism as energy increases.

In the fragmentation region, however, the incoherent-
multiple-collision model predicts too large a cross section
for nonleading particles. As the most energetic particles
are produced last, they are affected by the presence of
subsequent collisions. By allowing a phenomenological
reduction factor as depending on the number of subse-
quent collisions, a modified multiple-collision model gives
predictions of the cross section of pA —+m. +X, pA —+m X,
pA~E+X, pA~K X, and pA~pX in good agreement
with experiment.

The phenomenological reduction factor is introduced in
the linear form of 1 —(n —j)a which could well be in oth-
er forms such as (1—a )" J or e "'" J' having the same
terms linear in ~. The latter two forms have the appear-
ance of an attenuation factor. The origin of the reduction
factor suggests that the value of a is likely to depend on
the incident energy. As energy decreases, the production
process is closer to completion before the leading baryon
makes its subsequent collisions, and hence ~ decreases as
the incident energy decreases. As the energy becomes too
low, however, there may be absorption of the produced
particles. Careful measurements of a as a function of en-
ergy may allow one to distinguish the different effects.

The success (or partial success) of. the present model
poses an interesting puzzle which needs resolution in the
future. In this model, energy losses occur inside the nu-
cleus, while the fast particles are produced outside the nu-
cleus. What is the space-time picture of the production
process before the projectile emerges from the target nu-
cleus? Can the schematic picture of Figs. 1 and 2 be put
in a more quantitative form, as in the Lund model of par-
ticle production? Or, alternatively, can one speak of a
formation zone as suggested by Brodsky and Stodolsky?
How does one deduce theoretically the effect of interfer-
ence of the production process due to subsequent col-
lisions? How does the interference affect the momentum
of the colliding incident baryon'? These are some of the
unanswered questions which need to be resolved. More
rigorous theoretical justification of the model will also be
of interest.
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