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V

The supersymmetric extension of the gravitational Chern-Simons term in three-dimensional
spacetime coincides with three-dimensional conformal supergravity. The action reads
I=y 43R %0+ % f 4pc0 0Pw?, with y 45 the Killing supermetric and f4pc the structure constants of
Osp(1/4). The constraints read Ry, (P)=0, R,(Q)=0, and R,,” (M)=0. Even when auxiliary
fields close the super-Poincaré gauge algebra, I is invariant under local Poincaré sypersymmetry and
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independent of auxiliary fields.

I. INTRODUCTION

Chern-Simons terms play an increasingly important
role in supergravity. For example, in the recently ob-
tained action of maximal seven-dimensional supergravity'
one finds a linear combination of two Chern-Simons
forms, the particular linear combination being determined
by local supersymmetry (for notational convenience we
will omit wedge symbols),

Qs=tr(FFFB — + FFBBB — - BBFBF + + BBBBBF

—+-BBBBBBB) ,
(1.1
Q;=tr(FB — 3 BBB)(trFF) .

In models of this kind one might say that supergravity is
simply a supersymmetric extension of Chern-Simons
terms. '

In eleven-dimensional supergravity one finds a Chern-
Simons-type term dA ANdA N A where A is an Abelian
three-form.? Thus eleven-dimensional supergravity is the
supersymmetric extension of a Chern-Simons-type term
involving a three-form. Differential algebras with p-
forms (p > 1) are known to be the group-theoretical origin
of supergravity theories, but so far the role of Chern-
Simons terms in these algebras has not been understood.
In d =11 dimensions there exist four purely gravitational
Chern-Simons terms constructed from the spin connection
one-form

I =tr(RRRRRw-+more) ;

I =tr(RRRR) tr(Rw+more) ,
‘ (1.2)
I =(trRR) tr(RRR w +more) ,

I =(trRR) (trRR) tr(Rw+ more) .

It is at this point an open and interesting question
whether supersymmetric extensions of (a particular linear
combination of) these terms exist. If so, the vast amount
of work done on Kaluza-Klein supergravity would have
to be redone, since the classical field equations would be
modified.

The first time Chern-Simons terms surfaced in super-
gravity was in the coupling of matter to simple (N =1)
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d =10 supergravity. Coupling Maxwell matter, super-
symmetry dictated a particular linear combination of the
two-form A of the gauge action and the Maxwell field B
(Ref. 3):

F=dA—BdB. (1.3)

It was noted that F is Maxwell invariant if 8B =d A is ac-
companied by 64 =(dB)A, and this was called “modified
Maxwell invariance.” The extension to Yang-Mills cou-
pling* was achieved by replacing BdB by the gauge
Chern-Simons form tr(B dB+ +BBB). Recently it was
noted that if one also adds to F a purely gravitational
Chern-Simons form

F=dA —tr(BdB ++BBB)—tr(Ro— toow)  (1.4)

and if the gauge group of B is SO(32) or EgX Eg, then all
one-loop gauge and gravitational anomalies cancel.’
However, supersymmetry is broken, and it is unknown
whether a supersymmetric extension in d =10 dimensions
exists. It may be that this extension can only be obtained
in a superstring context.

In d =4k +3 dimensions one has purely gravitational
Chern-Simons terms. In the simplest case, d =3, even a
supersymmetric extension is known.® It is given by

I=e"*Ptr(R,,0,— —g-a)ya),mp)—f—f—ﬁrvrﬂf" ,
(1.5)
fF=€"*Dy,,

where w(e,¥) is the spin connection with gravitino-
induced torsion and D(w(e,)) is the gravitationally co-
variant derivative. This result was obtained in Ref. 6 by
explicitly checking that I is invariant under local super-
symmetry. As one of the minor results of this paper we
will extend these results to the case that the super-
Poincaré gauge algebra is closed due to the presence of an
auxiliary field S. Of course, there is also the question of
Chern-Simons terms in ordinary gravity models in d =3
(Ref. 7), but we will not discuss that issue here.

Our main concern is to find a geometrical origin of the
supersymmetric Chern-Simons terms, and through this to
obtain a method to compute the supersymmetric exten-
sions. For simplicity we shall consider the d =3 model,
although our ultimate aim is the d =10 and d =11
models. Our basic observation is that the higher-
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derivative nature of (1.5) suggests that this invariant is, in
fact, a conformal supergravity model. Our reasoning goes
as follows. The fermionic equivalent of the Chern-Simons
gravitational Re term is something like R (Q)¢ where
R (Q) is the gravitino curvature and ¢ a fermionic con-
nection. However, we need two derivatives in the fer-
mionic sector, hence we need a constraint which equates ¢
to the derivative of the gravitino. Such constraints are
well known from d =4 simple conformal supergravity.®

In d =4 dimensions there exist other, parity-preserving,
R? theories besides conformal supergravity, but they al-
ways involve propagating (Poincaré auxiliary) fields S and
P, in addition to a propagating chiral (Poincaré, auxiliary)
field 4,,.° In d =3 dimensions we expect and in d =4
we know® that conformal supergravity models do not con-
tain propagating S and P fields, while in d =3 dimen-
sions we do not expect a chiral gauge field 4, to be
present. Thus we expect that conformal supergravity in
d =3 will also be a Poincaré supergravity theory.

In Sec. II we will discuss the gauge algebra and derive
the constraints of d =3 simple conformal supergravity.
This is interesting in itself. The theory of d =4 simple
conformal supergravity was established in a series of pa-
pers by Kaku, Townsend, and the author in 1979 (Ref. 8)
and we will closely follow that approach. In the mean-
time, however, new insights have simplified the original
treatment'®~!? and we shall use these simplifications to
our advantage.

In Sec. III we shall show that the d =3 conformal su-
pergravity action can be written in the simple and elegant
form

I= [ @ (y 43RP0"+ £ fapcooPo?) , (1.6)

where v 4p is the Killing metric of Osp(1/4) and f ¢ its
structure constants. The problem here is to prove invari-
ance under all local superconformal symmetries in the
presence of constraints. The proof will be extremely sim-
ple by using some properties of ¥ 4p.

Finally, in Sec. IV we shall show that (1.6) can indeed
be reinterpreted as a Poincaré supergravity. In d =4, the
connection between conformal and Poincaré supergravity
was worked out by Ferrara and the author.!*> The main
result of that work which we will use here is that a Poin-
caré supersymmetry transformation 85 is a linear com-
bination of ordinary and conformal supergravity transfor-
mations. Namely,

82(€)=8G(€)+85(Se+ 31b,e) , (1.7)

where S is the auxiliary field of simple Poincaré super-
gravity and b, the dilaton. We shall end with a few com-
ments on‘future developments.

II. THE GAUGE ALGEBRA OF d =3
CONFORMAL SUPERGRAVITY

The conformal algebra in d =3 dimensions is SO(3,2).
Hence there is in d =3 dimensions asuperconformal alge-
bra, namely, Osp(1/4). (We consider only simple confor-
mal supergravity and leave the extended theories for
later.) By decomposing the generators Mg, (K,L

=1,...,5) into d=3 Lorentz generators M,,,
(m,n=1,...,3), dilatations D =M,s and translations
and boosts P,, and K,,, and decomposing the odd genera-
tors Q4 (A4 =1,...,4) into ordinary and conformal su-

persymmetry generators Q¢ and S* (a¢=1,2), one obtains
the d =3 conformal superalgebra. It is given in Table I.

A striking difference with the d =4 conformal su-
peralgebra is the absence of a chiral charge 4. Of course,
in d =3 there are no chiral transformations but in d =4
one needs A to satisfy the (QQS) Jacobi identity. In
d =3, 7™ is not independent of 7", and one needs to
satisfy only one relation, namely,

70, P 420, =242+ for Op =1, , (2.1

* where 7 are Pauli matrices. In d =4, one must satisfy

two relations, namely,?

0 for O;=vy,, ,

Y™ 0;y™" +20; — 67501y s= old/2]41 (2.2)

Yr for Or=v,,

where y™ are Dirac matrices. The first two terms on the
left-hand side of (2.1) and (2.2) are fixed by the (QSP)
Jacobi identity and come from the M and D contribution
to the {Q,S} anticommutator. The term with 5 in (2.2)
is due to the A4 contribution and can be normalized such
that both relations in (2.2) are satisfied simultaneously.

Having obtained the structure constants of the confor-
mal d =3 superalgebra, we next construct the curvature
two-forms. We associate to each generator X, a connec-
tion one-form w* and curvature R4

RA=do?— 5 f5c0C® . (2.3)

These curvature two-forms are given in Table II.

We will now first discuss the local gauge algebra; after-
wards we will turn to the construction of the action.

It is well known that under local gauge transformations
connections transform into covariant derivatives of the
gauge parameters. The latter are defined by arbitrary
variations of the curvatures

dpo'=de’+ fApcewP=de — f5c0Ce® , 2.4)
8RA=f"pc€“RB=—f43R" . (2.5)
On the right—hand side of the {Q,Q} anticommutator, one

TABLE 1. (Anti-) commutation relations of the conformal
superalgebra in d=3 dimensions. Note that

me"P,KS= —2(8™8"—8"8™) and not —28L"87.

[Mpn, M1 =1muMp+3 terms, m <n and k <1
[MmmPk]z"InkPm-—nmkPn , idem Kj
[D)Pk]Z_Pk ’ [Dka]:Kk

[PmrKn]=_2an +2'f]mnD , m<ninM,,
[Q%Mpn]=5(Tpn)*6Q7, idem S@
[Qa’Km]z_(Tm )aﬁsﬁ

[S% Py ]=(7m)"Q"

[Q%D]=+Q%, [$%D]=—+S5°

(Q%QF) = —2(+"C;~1)*fP,,

{$%,8P) =4 2(7"C;~1)*PK,,
{Q%,88)=2(+""Cy~ )M, —2(C3~")*BD, m <n
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TABLE II. Curvature two-forms of the d =3 super confor-
mal algebra.

R (M)™=d o™ + o™ 0" —2(e™f"—e"f™) + 2%
R(D)=db +2e™f™—2¢¢d

R(P)"=De™ —{r™p+e™, De™=de™+wn™"e"
R(K)"=Df™+¢1"¢—f"b
—R—(_Q_SZD{/)—‘*'aTmem'F%ler Dw:d{/}-_"%&wmnTmn
R(S)=Dé—Grmf™—+6b

produces P-gauge transformations instead of general coor-
dinate transformations. In order to turn these P-gauge
transformations into general coordinate transformations,
one needs extra curvature-dependent terms as follows:

[80(€2),80(€1) 0 =8p(28T";)0)l + 26T, RF, . (2.6)

With these extra curvature terms in (2.6) one finds on the
right-hand side a sum of local invariances of the theory.
To see this, note the relation between general coordinate
transformations and gauge transformations

gencoora(EM)wft =(D, ) +E*R7, , e'=E0f 2.7

where R ;fv has strength two: dx*dx*R fy =2R4.

The extra curvature-dependent terms in (2.6) can be ob-
tained as follows.® By imposing constraints on curvatures
which can be solved algebraically for some fields & 4 it
follows that the transformation rules of the solved fields
& “ contain extra terms proportional to curvatures,

8(total)d i =8,0 /! +8(extra)d ;. (2.8)

The &(extra)d,, can be computed from the property that
the total variation of a constraint vanish identically, and
yield in (2.6) the extra curvature terms.

Inspection of Table II reveals that only R (P), R(Q),
R (M), and R (D) contain products of a vielbein and
another connection, namely, products of a vielbein and a
dilation b, a conformon f™ (=conformal boost field), a
spin connection ™", or a conformino ¢ (=conformal
gravitino). Hence the vielbein e™ and gravitino ¥ must be
independent fields and transform as Sga)" in (2.4), while
f™, o™, ¢, and b may or may not have to be eliminated
as independent fields by imposing constraints on (some or
all of) the curvatures R (P), R(Q), R (M), and R (D).

Counting field components, one discovers that, as in
d =4 simple conformal supergravity,® there are equal
numbers of bosonic and fermionic components if one
eliminates ™" and f™:

9(e,'f)——3 (gen coord)—3 (local Lor)—1 (scale)=2 Bose ,
6(¢;;)—2 (ord sups)—2 (conf sups)=2 Fermi , (2.9)
3(b,)—3 (local conformal boosts)=0 Bose .

One therefore might expect that, as in d =4, the gauge
algebra closes without adding auxiliary fields. This is
indeed the case, as we shall show.

Since P is produced only in the {Q,Q} anticommutator,
only dj(extra) may and must be nonvanishing. Hence all
constraints must be K, S, M, and D invariant. (Invari-
ance under general coordinate transformations is obvious.)

Let us begin by considering the vielbein. Since it
transforms into the gravitino, while both are independent
fields, there is no 8(extra) contribution to the {Q,Q} an-
ticommutator when evaluated on the vielbein, and one
must require the constraint

RI(P)=0. (2.10)

Next consider the gravitino. Since &(total)d(total)y
=38, 5(total )y + +[8(extra)o™r,,,€le”, we have a 8(extra)
term in the {Q,Q}y¥ relation. One can compute
S(extra)o™” from

d(total)R (P)=84R (P)+[8(extra)o™"]e"=0,
(2.11)
8 R (P)"=2&r"R(Q) .

The result is

Sg(extra)oymn = — TR pmp (Q)+ &7, Ry, (Q)+E7, R, ()

(2.12)
However, from (2.6) it follows that one needs
+[8g(extra, €)™ (Tpn€)) — (€1€;)
=2(&7€)R,(Q) .  (2.13)

If 8(extra)wymm = —&€ruRm,(Q), then (2.13) is satisfied.
Therefore, we must use the constraint 7, R, (Q)
—TnRmu(Q)=0. This is equivalent to R,,(Q)=0. Hence
we have derived a second constraint,

R2,(Q)=0. (2.14)

[In d =4, one needs 8(extra) @ m, = —2&y,R,,,(Q) and
this leads to the constraint ¥R, (Q)=0. In d=3,
R,,(Q)=0 is equivalent to 7#R ,,(Q)=0 as one may veri-
fy by solving both constraints explicitly, or by counting
degrees of freedom. Thus, although the R (Q) constraints
in d =4 and d =3 differ by a factor of 2, they can both
be written in a similar way.]

Since we solved R (P)=0, there is no constraint left
from which one can solve b, hence b must be an indepen-
dent field. In Sec. IV we shall solve R (Q) explicitly start-
ing from

(Du— %b,u)'l'v_(Dv_ %bv)'p,u:'r/z(bv—'rvd’p .

In this section we shall only need 8(extra)g,,.
From 6(total )R (Q)=0 we deduce 8(extra)¢ as follows.
We begin with

8g(total)R ,,(Q)= — 7R 1y (D)e+ 5 (T €)R .., (M)™

(2.15)

+7,0(extra)p, —7,8(extra)p, =0 .
(2.16)
Hence
8(extra)p, = ¢ (7,€)R ,,(D)
+ 5 (T1pe€)R o (D) — 5 (T, T €)R o (M)™
— 15 (TypoTrmn € RPT™ (M) . 2.17)

From the Bianchi identities



DRA=dR*+ 43R w®=0, (2.18)

one can find expressions for the cyclic identity and pair
exchange of the M curvature. Namely, from R (P)=0
one finds

R (M)ype)"=—R[,,(D)ey)™ . (2.19)

By using the identity

3[R [ypo 1 M) + R (pgr1( M) — R 5, 1p (M) — R 1510 (M)]
=2[R,por(M)—R,p,(M)],  (2.20)

we then deduce that

Rypor(M)—R 5 rp(M)=[R,.(D)g,; +3 terms] , (2.21)

and after contraction over v+ we find the antisymmetric
part of the Ricci tensor

Ryo(M)—R ,p(M)=—R,,(D) . (2.22)

[In d =4, one finds —2R,,(D) at this point.] As a check
I

{6Q(€2),6Q(€1)]b'u=8Q(t0tal,€2)2€1¢#——(614—-)62)
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one may verify that the f-dependent terms in this last re-
sult match.

By inserting these results into the expression for &(ex-
tra)g,, one finds the rather simple result

8(extra)p,= 5 7€[R .y (D) +R (M)

+ Ry, (M)—5g,,R(M)] . (2.23)

In particular, the 7,,,R (D)° terms cancel, as in d =4
(Ref. 8). Since the factors of + in this result will be im-
portant, let us discuss a good check. Since ¢ =d(e,1,b) is
independent of f while 8y(total) =58y (gauge) on e,9,b is
also independent of f, the f-dependent terms in 8(extra)¢,,
must be minus those in &(gauge)d,, i.e., S(extra)d,
=7"fnE+more. This is indeed the case: %R,W(D) con-
tains f|,,), while %R(W,—%g,“,R (M) contains f(,,,
(note: not the traceless part of f,,), since we are in d =3
instead of d =4).

Let us now return to the {Q,Q]} relation evaluated on
the dilaton. We have

=8p(2&,7"€,)b,, +[2€,8(extra, €;)¢, — €€, ]

= —4E&"e)f [ + (&) [R 4y (D)+R (M) + R, (M) — 5g,,,R (M)] .

(2.24)

It is clear that the R, (D) term is off by a factor of + compared to (2.6). In the case of d =4, one has two independent
fields on which to close the gauge algebra, the axion 4 as well as the dilaton b, and there one finds!'?

dp(extra in d =4)p,=y* %GRW(D)— imeR,W(A)—

+ 5 R, (M)— g, R(M)+R(Q) terms | ,

and again all f-dependent terms sum up to y™f,.€.
From the Bianchi identity on R (P) one deduces'*!> that

i
4

Requiring closure on b, as well as 4, leads to the con-
straint

R, (M)+R,(D)+5¥*y,R,1(Q)=0 ind =4

Ru(D)=—>€,f'R,(4) ind=4. (2.26)

(2.27)

which is equivalent (and simpler) than the constraint ob-
tained in Ref. 11. Thus, in d =4, 8(extra)¢, contains
both R,,) (M) and Rp,,)(M). In d=3, on _the other
hand, 8(extra)¢, contains only R ,,,(M).

In d =4 one can impose the full (2.27) as a constraint;
this eliminates f Z’ completely and yields a closed gauge
algebra, of the minimal form as given in (2.6). We note
parenthetically that if one only requires closure on the
d =4 axial-vector field, it is sufficient to require that the
symmetric part of (2.27) vanish; this then eliminates only
S(my)- However, in this case f|,,,] remains as an indepen-
dent field in the theory, and since in this case one would
not have equal numbers of bosonics and fermionic field
components, the algebra would not close on f|,,,]. One
must thus eliminate in d =4 also f{,,,), and any con-

i
16 #

FOR oo (A)+ 5 R, (M)

(2.25)

[

straint which can do this is allowed. The algebra on the
dilaton always closes because one can always add to the
(Q,Q) gauge commutator a conformal boost term (K acts
only on the dilaton). The simplest choice is to have no ex-
tra term at all, and this is achieved in d =4 by imposing
(2.27). The 8(extra)f; which results from (2.27) does not
affect the results for 8(extra)¢, and 8(extra)w,” because

¢, and ©;" do not depend on f};.

In d =3 we must also eliminate the whole f; in order
to have equal numbers of bosonic and fermionic degrees
of freedom [see (2.9)]. Since R,,”™"(M) has as many com-
ponents as f° Z‘, we choose the constraint

R,,"(M)=0. (2.28)
From (2.22) we then also find
R,,(D)=0 (2.29)

so that, with (2.23), 8y (extra)$,=0. It follows that, as in
d =4, the gauge commutator is given by (2.6), and that, in
particular, no extra local symmetries on the right-hand
side of (2.6), such as local K transformations, are needed
(although one can always add them).

We close by observing that in d =4 the constraint
(2.27) is preferred in the sense that with this constraint the
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action becomes extremely simple [see (3.1)]. Any other
constraint would lead to a less simple form of the d =4
action. In d =3 the action will be independent of f ,'I', and
therefore any constraint from which f' can be solved
algebraically is as good as any other.

III. THE ACTION OF d =3
CONFORMAL SUPERGRAVITY

The gauge action of conformal supergravity has a very
simple form!® in d =4,

I= [ d*x[R(M)™R (MY*€pns—8R(Q)ysR (S)

—4iR (AR (D)] . (3.1)

Originally, this form of the action resulted by requiring
invariance under all local symmetries, and in this way the
various constraints were found to be needed. We now
prefer to first analyze the gauge algebra and deduce the
various constraints, and afterwards to check that the ac-
tion is invariant.

Of course, the d =4 Pontryagin invariant

I= [d*yRPRA (3.2)
with ¥ 4p the Killing metric of Osp(1/4), is a total deriva-
tive since its variation vanishes. To prove this, it suffices
to use S8R 4= (D8w)” and the Bianchi identities of (2.18).
Hence, by peeling off an exterior derivative, one gets a
reasonable candidate for the action of d =3 conformal su-
pergravity,

I= fdsx[VABRBwA-F%fABcwaBﬂ’A]

with fusc=v4pfPsc the totally ' super-antisymmetric
structure constants of Osp(1/4). Indeed, under arbitrary
variations, 8R“4=(D8w)4, hence &I = f d3x 2R 480
vanishes under gauge variations 8w =(De)? in d =3 di-
mensions. Moreover, the terms containing only the spin
connection and R (M) reproduce the ordinary gravitation-
al Chern-Simons terms. However, in order that the Q
transformations of Sec. II are really supersymmetry
transformations we had to impose constraints. With these
constraints, the {Q,Q} commutator produced a general
coordinate transformation on the vielbein and gravitino as
required on physical grounds; without constraints one
would find that {Q,Q}w™" =0, which is to be rejected.
We must therefore investigate whether the action in (3.3)
is invariant in the presence of the constraints. Moreover,
we want to obtain invariance not only under Poincaré
(=ordinary) local supersymmetry, but rather all supercon-
formal symmetries, including ordinary and conformal su-
persymmetry. This will automatically lead to invariance
under Poincaré supersymmetry, and extend the supersym-
metric Chern-Simons terms of Ref. 6 to the case that aux-
iliary fields close the Poincaré gauge algebra. Our result
will contain the special subcase that a cosmological con-
stant is present, just as in ordinary Poincaré supergravity
the formulation with auxiliary fields contains the case
when a cosmological constant is present.

In fact, since the fermionic terms need two derivatives
because the bosonic Chern-Simons term has three deriva-
tives when w=wl(e,1), it is clear that (3.3) cannot be the

(3.3)

whole result, because one would find a first-derivative fer-
mionic kinetic term. The constraints R (Q)=0, on the
other hand, will relate the conformino ¢ to the derivative

- of the gravitino, and in this way one will obtain a quadra-

tic derivative gravitino term. This reasoning led to our
conjecture that the supersymmetric d =3 Chern-Simons
term is nothing but d =3 conformal supergravity. This
we shall now prove.

There is one possible loophole in the above arguments.
Namely, it might be that y,p vanishes identically.
Indeed, for the super-Poincaré algebra, ¥ 45 =0, but, as we
shall show explicitly, for the simple orthosymplectic alge-
bra, the Killing form is nonvanishing. We recall its defi-.
nition

Y 4B =fPAQfQBP( -,

where o(P)=0 if X, is an even generator while o(P)=1 if
X, is odd.

Without any work we can at once prove that the action
remains invariant under the modified Q-gauge transfor-
mations. On general grounds it is clear that y 45 is only
nonzero for the MM, PK, QS, and DD entries. Moreover,
S(extra) is only nonvanishing for the K, S, and M entries
since these are the only fields which have been eliminated.
Also &(extra)w™" =0, see (2.13) and (2.14). This leaves
only 8(extra)f™ and 8(extra)p. However, these modified
variations are multiplied by R (P) and R (Q), respectively,
which vanish. Hence the action is indeed invariant under
all local gauge invariances of the super conformal group,
with P gauges replaced by general coordinate transforma-
tions.

To find the explicit form of the action we will now
evaluate the entries of the Killing supermetric ¥ 4. The
easiest way is to use the total superantisymmetry of f4pc.
For example, from

(3.4)

meSaSB=meanK"SaSBZYPmKn(ZTnC3 -1)aB
=—fsapmss= ‘VsagnyyPMsﬂ
=7 5agr7"C3 P (3.5)

we deduce that ¥,m.=ab,, and that Vsagh
=—a(C; 1. As a check, and in order to fix the
overall scale a, we computed y 4p directly from its defini-
tion in (3.4). The result reads

Y pgmnpgrs= — 58 Ops(m <,y <s), ypp=5,

7men:7KmPn=_1077mn ’ (3.6)

¥ gass=7 sags=20(C3 ™1 .

In d =4, one finds similar results, except that ypp,=0
since Q% and P™ (and S® and K™) have the same number
of components in d =4.

The d =3 action (after extraction of an overall constant
'— ) thus reads

I= [ d*[R™w™ 4R (K)"e™—8R (§)—2R (D)b

+4 (= $)f upcoe’o’] ,

where we only used that R (P)=R (Q)=0. Let us deter-



mine the f-field equation. Direct evaluation shows that
its field equation vanishes identically. In other words, I is
independent of f. This can immediately be understood
from the fact that 8I =R (P)§f =0, since R (P)=0, and
since the expressions for ®™" and ¢ which solve R (P)=0
and R(Q) do not depend on f. Thus, no matter what
constraint one imposes to solve for f™, the action remains
invariant. In d =4, the f-field equation was equivalent to
the M constraint in (2.7), but here we can in principle
leave f as an independent field in the theory without
violating invariance of the action.

We eliminate ™" and ¢ as independent fields by solv-
ing the constraints R (P)=0 and R (Q)=0 and find

Opumn =DOumn (e)—( "Zy'rm Yp— J;ﬂ’n Ym + Jm T,u.wn )

+eumbn —eunbm » (3.8

bu=—17D =D )~ S €upe D bo . (39)

where Z =D hy— 5b, ¥,

Substituting these results into the action, we discover
that the b-dependent terms cancel. This result, which is
independent whether or not one has imposed and/or
solved the remaining M constraint (since f™ cancels), can
also readily be understood as follows. Since the remaining
fields are e™, ¥, and b while only b transforms under lo-
cal conformal boosts, it follows from the invariance of the
action under local boosts that it must be b-independent.?

The action thus becomes

I= [ &*x[R(0)™0™ +297™"p0™ + 4§ de™

—gaD'/’“%fABcwch@A] , (3.10)
yvhere
— 5 fapcooPo=y 4p(RP—dwP)w*
=(— %@m")(a)mkwk” +24y™"P)
—10e" Gy "¢ —209( 560" 7,y
—200( PO ™ Ty +$T"e,) . (3.11)

In this result all ¢,,¢e™ terms cancel. [Although the ¢
dependence of I is given by 8I =R (Q)8¢=0, this does
not mean that one may omit all ¢ terms, because
¢=d¢(e,,b). The field equation, R (Q), does vanish iden-
tically, but in the action the composite fields ¢(e,1),b) do
not cancel]. Also the explicit wy¥¢ terms cancel. One is
left with

I= [ d*x[R™(o(e,¥))™ (e, 1)
+ 300 ™ 0*™ 8¢ (e,)DY] . (3.12)
Inserting the solution for ¢ given in (3.9) one obtains
I= f d3x [(R™P™" 4 + ™y R gykm)

+4i ("*PD  Pg)r,7,(€7°D )] . (3.13)

This is our final result for the action of conformal super-
gravity in d =3 dimensional spacetime.
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IV. CONFORMAL SUPERGRAVITY
AS A CHERN-SIMONS TERM

Since the action of the last section is invariant under lo-
cal Q and S conformal supersymmetry transformations, it
is also invariant under the particular linear combination'?

8p(€)=8¢(€)+85(Se+57Hb€) . 4.1)
Since the vielbein is .S inert, we have
8g(€)=2ery,

which is the transformation law of the vielbein in Poin-
caré supergravity. For the gravitino, on the other hand,

8o¥u=D,lwle,,b)le—5b e
=D,lole,P)]e—5T,be, 4.2)
Bsl€lp,=Tye€ . ’ (4.3)

Hence in 82 the dilaton terms cancel
8oV, =D, e+T7,Se (4.4)

and this is the transformation rule of the gravitino in
Poincaré d =3 supergravity.

1t follows that

(i) the conformal d =3 supergravity action is indepen-
dent of the auxiliary field S. It contains only the vielbein
and gravitino.

(ii) it is invariant under Poincaré supersymmetry, even
when the gravitino law 8¢, contains the auxiliary field S.
We have checked these results explicitly, using

1 vV = V= 1 Y
8a);zmn =y (ey €, —e, €1y, )¢p.v_ Tehe, eTudea
S - - -

+z(¢pgmn6+¢m€en;f‘¢n6emp) B

where ¥, =D ¢, —D,,.

Because the supersymmetric Chern-Simons form is in-
variant under supersymmetry laws with auxiliary fields,
one may add it to other invariant actions, such as the or-
dinary d =3 supergravity action, and/or the supersym-
metric cosmological term, without destroying local super-
symmetry. This at once shows that one can add a cosmo-
logical term to the supersymmetric Chern-Simons terms.
It also allows adding matter without losing supersym-
metry.

We close with a few remarks. It would be interesting to
extend our results to extended d =3 conformal supergrav-
ity, and to study its relation to Osp(N /4). Extended con-
formal supergravities in d =4 were obtained in Ref. 14
but do not seem to be relevant for this purpose. In higher
dimensions we intend to study conformal supergravities in
d =10 (Ref. 17).

Note added in proof. A tensor calculus for N =1 con-
formal supergravity in 1 4+ 1 and 2 4+ 1 dimensions has
been given by T. Uematsu [Z. Phys. C (to be published)].
The extension of our results to N > 1 has recently been
obtained by M. Rocek, C. S. Zhang, and the author (un-
published).
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