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Continuous observations in quantum mechanics: An application to gravitational-wave detectors

Alberto Barchielli
Dipartimento di Fisica dell Uniuersita di Milano, Istituto Nazionale di Fisica Nucleare, Sezione di Milano,

Via Celoria, 16-20733 Milano, Italy
(Received 22 October 1984)

A two-stage measuring apparatus (detector and meter) for detecting gravitational waves is

analyzed using a recently developed formalism for continuous observations in quantum mechanics.
Detector and meter are modeled as quantum-mechanical dissipative linear systems; a large class of
couplings between them is considered, so obtaining a unified treatment of various models which

have appeared in the literature. In the simplest cases, explicit expressions for uncertainties in the es-

timate of the gravitational force are obtained. In the general case it is shown how the problem of
the estimation of the force can be treated and general results are given.

I. INTRODUCTION

A detector for gravitational waves can be crudely
described as a harmonic oscillator which couples to the
gravitational field; by monitoring some characteristic of
the oscillator one obtains information about the wave.
The gravitational wave is estimated to behave essentially
as a classical force on the oscillator; however, this force is
so weak that uncertainties in the measurement due to the
Heisenberg principle can completely mask it. The need to
avoid these uncertainties has led to the development of the
concept of "quantum nondemolition (QND) measure-
ment" (see Refs. 1—7 and references contained therein).
Essentially, one chooses properly the measured observ-
ables of the detector in order that from the data obtained
one can deduce the value and the time behavior of the
classical force with an uncertainty as small as desired.

The chosen observables (QND or not) are often continu-
ously monitored, so that we have to treat continuous mea-
surements in quantum mechanics (QM). This is a delicate
concept: only in the framework of a generalized formal-
ism for QM (Refs. g—12) can continuous observations be
introduced in a well-founded and mathematically con-
sistent way.

A theory of continuous observations, suitable for the
quantum analysis of a gravitational-wave detector, was
developed by our research group in Milan. ' ' %'e suc-
ceeded in giving a quantum-mechanical description of a
situation in which some observables (such as position, or
position and momentum, for a particle) are continuously
followed in their time evolution.

The aim of this paper is twofold. First, using the
theory we have developed, I give a unified treatment of
some models for gravitational-wave detection which have
been introduced in the literature. I think that the physical
ideas underlying the QND concept (see, for instance, Ref.
2) are essentially right; I reconsider these models here be-
cause, as questions of principle are raised, the analysis
must be well founded in measurement theory in QM.
Moreover, our formalism allows for an easy treatment of
dissipative phenomena, such as diffusion and damping.

Second, the simple models introduced in the literature

in connection with gravitational-wave detection provide a
framework for a nontrivial application of the formalism
of continuous observations, so allowing one to test the
possibilities of this theory and to illuminate the underly-
ing physical concepts.

The plan of the paper is as follows.
In Sec. II the formalism of continuous observations in

QM is presented.
In Sec. III we discuss a quantum-mechanical model for

a two-stage measuring apparatus (detector, coupled to the
gravitational force, and meter) and introduce continuous
observations for this model. Detector and meter are treat-
ed as linear dissipative one-dimensional systems and vari-
ous couplings between them are considered. The strategy
is to obtain information about the gravitational force
starting from continuous measurements of the canonical
position and momentum of the meter.

In Sec. IV, in order to test the possibilities of the
continuous-measurement theory, we treat the simplest ver-
sion of the introduced model. Mean values and correla-
tions are calculated and compared with the results of the
usual formulation of QM. Moreover, it is shown how one
can obtain information on the position and momentum of
the detector from measurement of the position and
momentum of the meter.

In Sec. V the problem of the estimation of the gravita-
tional force is considered. First it is shown how this prob-
lem can be handled in the general case; then two particu-
lar schemes for the measuring apparatus are treated in de-
tail and the uncertainties in the estimate of the force are
calculated.

II. CONTINUOUS OBSERVATIONS
IN QUANTUM MECHANICS

In this section we give an account of the formalism of
continuous observations in QM. We shall try to pay more
attention to physical ideas than to mathematical rigor;
however, because notions from different fields, such as
open system theory, measurement theory in QM, and gen-
eralized stochastic processes, are involved, the exposition
of the mathematical formalism is lengthy. A full presen-
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tation of continuous measurements can be found in Ref.
15.

The most general framework for treating continuously
measured quantities is that of generalized stochastic pro
cesses (GSP's), which turns out to be essential for intro-
ducing continuous measurements in QM. Let us denote
by

(z, (t, ) . z, (t, ))

L([V ] Ip)
6

(pJ t ) Ipj t$
(2.4b)

The prototype of a CUSP is white noise, whose charac-
teristic functional is

z(t)=(z)(t), z2(t), . . . , z„(t)} L„„[y]=exp ——,
'

1 f dt rp (t), I"& 0; (2.5)

the set of observables that are continuously measured. As
any measuring apparatus has a certain "inertia" in its
response, in general, its output will give only "time aver-
ages" of z(t) of the form

n

z„=g f dth, (t)z, (t), (2.1)

C(h"', . . . , h'";B)= I z CE':(z&„„.. . , z&„))CB I (2.2)

(B is a Borel set in R ') are called cylinder sets. Let X be
the o. algebra generated by the cylinder sets. Then the
continuous observation is described by a probability mea-
sure P (N

~
p), N H X [for instance, N can be the set (2.2)],

which gives the probability of the result z HX; p is a sym-
bol which denotes how the system is prepared.

A GSP is uniquely determined by its characteristic
functional L([y(t)] p), which is defined as the mean
value of exp(iz„) with respect to the probability measure
P(.

~

p). Vice versa, probabilities can be obtained from
the characteristic functional by taking the Fourier
transform

P(C(h"', h" B)
~
p)

where the test functions

h(t)=(h&(t), . . . , h„(t)}

belong to a suitable function space E.
In this context, a physically meaningful question is the

following: given a set of test functions h"'(t), . . . , h"(t),
what is the probability that the s-tuple of values of the
corresponding stochastic variables z&(I}, . . . , z&(,} belongs
to a Borel subset B of R'? More precisely, we take for E
the nuclear space of n-component, real, C functions on
R with compact support and denote by E' the topological
dual space of E. The subsets of E' of the form

it is a zero-mean Gaussian GSP with a two-time correla-
tion function given by

( [z (t)—(z(t) ) ][z (t') —(z (t') }] ) =I 5(t t') . — (2.6)

Many manipulations, such as linear transformations on
stochastic variables, are easily made at the level of the
characteristic functional. For instance, consider a GSP
described by the characteristic functional L ([(p]

~ p); z(t)
is the continuously observed quantity. Suppose we are in-
terested in the probabilities for the derivative z(t); we
denote by rt(t) the generic test function associated with
z(t). Recalling that test functions vanish with all their
derivatives at the ends of the interval of measurement, we
can write

f dt rl(t)z(t)= —f dt rl(t)z(t) . (2.7)

By taking qo(t) = —rl(t) we obtain the characteristic func-
tional L( . ) for z(t), i.e.,

L([q(t)]
~
p) —=L([—g(t)] p); (2.8)

then probabilities can be obtained from L( . . ) by Eq.
(2.3). Transformations of this kind will be used in the fol-
lowing sections.

Now let us consider quantum mechanics. In the most
general formulation, ' measurements are described by
operation valued measu-res. Let T(A) be the Banach space
of trace class operators on the Hilbert space 8 of the sys-
tem; T(A') is the space spanned by statistical operators.
Let X be a o algebra on a space 0 (for instance, for s
real-valued observables we take Q=B' and X is the o.

algebra of Borel sets). An operation-valued measure
~ (N), NHX, is a set of linear operators in T(A'), with
the following properties: (i) u (N) is cr additive on X; (ii)
M (N) is completely positive; and (iii) ~ (0) is trace
preserving (normalization), i.e.,

1
S

= f d, z f d, kexp i g k„z-„
(2rr)'

Tr[w (fl)X]=Tr(X), VXH T(g) . (2.9)

xl- (2.3)

Then, for the system prepared in the state p (statistical
operator), the probability of obtaining the result z&N (z
denotes the measured quantities) is given by

Moreover, the moments of the variables (2.1) can be ob-
tained directly from the characteristic functional by func-
tional differentiation,

P(N (p) =Tr[w (N)p] . (2.10)

Moreover, operation-valued measures give also the
change of the state due to the measurement: indeed

( zt (1) t (2) zt ($) } P'=~ (N)p IP(N
~
p) (2.11)

n

f dt, . . . dt, h,("(t, )
. . h,"(t, )

J l' 'Js = ~

&&(z, (t, ) . . z, (t, )}, (2.4a)

is the state of the system after the measurement, when the
result was z&X. In this respect operations give a general-
ization of the Von Neumann reduction postulate. The
usual scheme of QM (observables represented by self-
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adjoint operators, . . .) can be restated in the language of
operations and represents only a particular kind of mea-
surement in QM.

Properties (i)—(iii) guarantee that Eq. (2.10) defines a
probability measure on X (a positive, cr additive, normal-
ized measure) and that p' [Eq. (2.11)] is a statistical
operator (a self. -adjoint, positive operator with trace one).
In particular, property (ii) implies the positivity of quanti-
ties (2.10) and (2.11); however, complete positivity is
mathematically more restrictive than positivity of (2.10)
and (2.11). This condition is now largely used in axiomat-
ic open system theory and measurement theory"' and
can be justified by physical considerations. " As in the
following, I have no need of using explicitly complete
positivity, I refer to the existing literature for its defini-
tion (see, for instance, Ref. 23).

Using operations and the language of GSP's, continu-
ous observations can be introduced in QM, avoiding prob-
lems such as the "Zeno paradox. " For any time interval
(t„t2) of measurement, we assume there exists an
operation-valued measure ~ (t2, t),N), NHX~, , , ), where

X(«) is the sub-o. -algebra in E' generated by the cylinder
sets (2.2) with the restriction that the test functions h(~)(t)
have support only in the interval (t„t2). When at time t)
the system is prepared in the state p, the quantity

+(t„t))=—a(t„t„E') . (2.17)

To take in ~ ( ) the total set E' means that no regis-
tration of the result of the measurement is made in the in-
terval (t), t2); here E', the dual of the function space E,
plays the same role as 0 in the general case. By property
(iii) we have

P(E'
l p, t) )=1,

and, so, by Eq. (2.13),

p(t2) =—+(t2, t) )p

(2.18)

(2.19)

—%(t, to) =~(t)+(t, to),

k ( t() t() ) = 1

(2.20a)

(2.20b)

where the generator W(t) is a linear operator in T(A)
with the structure

is the state at time t2, when no selection is made in the in-
terval (t„tz). Therefore, Eq. (2.17) gives the dynamics of
the system. We assume k(t, to) to satisfy an evolution
equation

P(N lp, t))=Tr[w(t3, t)', N)p], N&x(. . .,), (2.12) (2.21)

is the probability of finding the result z&N in the mea-
surement interval (t), tz) and

p '=M (t2, t)', N)p IP(N
l p, t) ) (2.13)

is the state at time t2, conditioned upon the result z&X.
In order to have a consistent description when different

measurement intervals are considered, we must also re-
quire the following property:

( t3 t2 M)W (t2, t),'N)=a (t3, t),'M AN)

VXEX(.. ., ), @MES(. ..), ti &t2 &t3 . (2.14)

Tr[w (t„t,;M (l N)p]

Tr[w (t„t„N)P]

the condition (2.14) allows us to write

(2.15)

P (M
l

N'p t) ) =P(M
l

p' t) ) =Tr[~ (t3 t2 M—)p ']

(2.16)

where the state P' is given by Eq. (2.13). Roughly speak-
ing, Eq. (2.14) means that the description of measure-
ments referring to the time interval ( t), t3) is the same as
the. description obtained by considering measurements in
the interval (t), t2) followed by measurements in the inter-
val (t2, t3).

In this setup measurement and dynamics are intimately
connected. Indeed, consider the operator

Let us explain the meaning of this condition. If we intro-
duce the conditional probability

P(M flN
l p, t) )

P(M lN;p, t))= PN pt,

H(t)=H(t), Q„=Q„,
D,„=D„,e R, E„„=—E„., e R,
D+iAE) 0 .

(2.22)

(2.23)

(2.24)

Here, [A,B]=AB BA, [ A, B I =A—B+BA and we have
introduced the matrices

D=(D„„) ~, E=(E„„) (2.25)

The argument t in H(t) means an explicit time depen-
dence (we are working in the Schrodinger picture).

Equation (2.20) is the operator form of a generic quan-
tum master equation. The expression (2.21) for W(t) is
equivalent to the structure studied by Lindblad, which is
the most general one in the case of bounded operators;
moreover, all known master equations can be rewritten in
this form. In principle, one could consider a unitary
dynamics for the system and the external world; then, by
suitable approximations, one obtains the master equation
(2.20a) for the reduced dynamics of the system; the gen-
erator W(t) turns out to have the structure (2.21). In par-
ticular, the explicit expressions for the operators Q„and
the matrices D and E depend on the interaction between
the system and the external world. Conditions
(2.22)—(2.24) guarantee that k(t, to) transforms statistical
operators into statistical operators; in particular, Eq.
(2.24) guarantees complete positivity of the dynamics.

Roughly speaking, the first term on the right-hand side
of Eq. (2.21) gives the reversible (Hamiltonian) part of the
dynamics, while the second and the third terms give the
dissipative part (they can describe diffusion, damping,
etc.); however, note that the splitting between Hamiltoni-
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an and dissipative parts is, in general, not unique. In
our case the dissipative part is due to the interaction with
some reservoir and with the measuring apparatus itself;
however, it is not possible to distinguish within the for-
malism the contributions of these two sources of noise. In
the following we shall see that if dissipation is not present,
no continuous measurement is possible.

Given the dynamics, we have to introduce explicitly the
measurement. Technically, it is useful to work with the
characteristic operator 9(t2, 't&, [Ip]) (the analog of the
characteristic functional of a GSP) defined as the mean
value of e xp(i z&) with respect to the operation-valued
measure M (t2, t„' ), i.e.,

ments in a suitable way. We have

~(t;Ip(t))= W(t)+ Q—
I C, , )Ip, (t)

j=l

(2.31)

where W(t) is the generator of the dynamics introduced
above [it must appear in A (t, tp) because of Eq. (2.27)]
and

t29'(t 2t ,'I[ pI])—: exp i dtz(t) Ip(t) a(t2, t&,'dz),E'

(2.26)

Cj ——g Q„C„J,

Mj ——g Q„MJ,

J 1 ) ~ ~ ~ y P1

J 1y ~ ~ ~ y fl

(2.32)

(2.33)

where dz means an infinitesimal set in E . The charac-
teristic operator is the functional Fourier transform of the
measure M (t2, t ~ , ). '

First, for y =0 the integral in Eq. (2.26) gives
a (t2, t, ;E'), so that, by Eq. (2.17), we obtain

I,J ——I j,. ER, C„J ER, M„j&R,
I &0, detI )0,
D+ifiE (C+—iM)I '(C iM —) &0 .

(2.34)

(2.35)

(2.36)

e(t tp)=$(t t 'p[ 0]) (2.27)

Moreover, just as the trace of an operation-valued mea-
sure applied to a state p gives probabilities, the trace of
S(" ) applied to p gives the characteristic functional of a
GSP; in particular, the quantity,

L ([Ip]
~
p) —= lim TrI 9'(t, 0;[gr])pI

+
(2.28)

(2.29)

with the initial condition

( tp, tp, [IR])=1 . (2.30)

The generator M(t;tp(t)) is a linear operator in T(A) and
must be such that the probabilities constructed via Eqs.
(2.28) and (2.3) are actually positive (and normalized).
The structure of this generator determines the type of the
measurement. Essentially, it can contain a "Poisson" and
a "Gaussian" contribution; ' the pure Poisson case corre-
sponds to the counting processes studied by Davies and
Srinivas, ' while the Gaussian case has been studied in
Refs. 13 and 15 and is suitable for observables with con-
tinuous spectra. As in the following we shall treat con-
tinuous measurements of position and momentum of an
oscillator, here we consider only the Gaussian case. The
generator for this case has been found in Refs. 13—15,
starting from repeated imprecise measurements and then
taking the limit to a continuous sequence of measure-

is the characteristic functional corresponding to a con-
tinuous measurement in the interval (0, + ao). Probabili-
ties (2.12), which are the quantities containing all the
physical information, are obtained from L([Ip]

~ p) via
Eq. (2.3); moments are directly given by Eqs. (2.4).

For a large class of continuous observations the charac-
teristic operator is determined by the differential equa-

13—15

Here we have introduced the matrices

I =(I i~)nxn

(Crj)m xn~ ™rj)m xn

(2.37a)

(2.37b)

tl
9'(t, , t p[qr]) = T exp j dt ~(t;ip(t))

0
(2.38)

here T denotes the time-ordered product.
For mean values we obtain

(zj(t) ) =Tr[CJp(t)],
where

(2.39)

the superscript T denotes the transpose.
As we shall see, the operators Cj are associated with

the continuously measured quantities so that Eq. (2.32)
says that these quantities must be linear combinations of
the operators Q„appearing in the dissipative part of
W(t). Mathematically, there is no relation between n

(number of measured quantities) and m (number of opera-
tors appearing in the dissipative part of the dynamics).
However, in the physically interesting cases we expect to
have m ) n ( m = n when dissipation is wholly due to the
measurement). Another link between the measurement
procedure and dissipation is given by Eq. (2.36), which is
the mathematical condition that guarantees the positivity
of the probabilities one obtains by Eqs. (2.28) and (2.3),
for any initial state p. If this relation is violated, we do
not have true probabilities and, therefore, a meaningful
theory.

Now, the characteristic operator is only a mathematical
tool without a direct physical meaning; in order to clarify
these considerations and to gain insight into the role of
the various terms introduced above, we must consider
physically meaningful quantities such as mean values and
correlations. Moments can be easily calculated by using
Eqs. (2.28) and (2.4) and the formal solution of Eq. (2.29),
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p(t)= k(t, O)p. (2.40)

We can interpret Eq. (2.39) by saying that the measured
observables are associated with the self-adjoint operators
CJ', this equation is the standard quantum formula for the
mean value of CJ at time t when the dynamics is given by
'k(t, O). However, recall that %(t,O) contains also a per-

I

& [z, , (t ()—&zj, (t] ) ) ][zJ,(t2) —&z,,(t2) }])
g2

I 5(t, —t, )J~Jz

turbation due to the measuring apparatus. Note that for-
mally CJ can be any self-adjoint operator; however, it is
not true that for any observable Ci the Gaussian genera-
tor (2.31) is a reasonable choice. For instance, for an ob-
servable such as the number of particles in a certain re-
gion a generator of the "Poisson" type must be used.

For two-time correlation functions we have

+ ,
'

8(t& —t2—).[Tr([C& —&zj, (t, ) }]+(t(,tz) ICJ, —&zj,(t2) ),p(tz) ] ) i T—r(CJ, k(t ( t 2)[ Mj, ,p(t 2)])]

+ —,
' 8(t2 t

& )[as ab—ove with t &~~t~j, ~~j 2], (2.41)

0 for t &0,
8(t)= —, for t =0, (2.42)

1 for t &0.
The first term in Eq. (2.41) is a white-noise contribution

[cf. Eq. (2.6)]; it can be interpreted as an internal noise of
the measuring apparatus affecting the accuracy of the
measurement. This contribution is essentially due to con-
dition (2.14); we can say that this condition implies the
internal noise of the measuring apparatus to be white.
When this is not a reasonable approximation for the inter-
nal noise of the measuring apparatus, Eq. (2.14) cannot
hold and some "memory" of the past history of the sys-
tem must be introduced. In this case an alternative way
to proceed is to retain Eq. (2.14), but to include in the
"system" the part of the measuring apparatus responsible

]

for the "non-Markovian" behavior.
The terms multiplying the step function also require

some discussion. The first is a kind of "quantum sym-
metrized correlation function" sometimes introduced in
the literature at a phenomenological level (see for instance
Ref. 26) and contains all the internal fluctuations of the
measured system. The second term gives a correction to
these fluctuations due to the particular measuring pro-
cedure adopted. To change MJ does not change the
dynamics or the observed quantities CJ, what changes is
the way in which the CJ's are measured. The operators
MJ can be taken to vanish; however, the "best" measuring
procedure is in some sense the one characterized by the
equality sign in Eq. (2.36). In this case, if E&0, then
M&0 and the operators MJ do not vanish.

Finally, let us consider the variances of the time
smoothed variables (2.1):

n + 00

(Mp, ) = g f dt(dt2h (t&)&[zj. (t&) —&zz (t~)}][z (t2) —&zj (t2)}]}hj(t2)
J& Jz=]

g2 f dt h(t)rI h(t)

n +~f dt& f dt2hj (t~)hJ (t2)[Tr([CJ —&zz (t())]+(t(,t2)ICJ —&zj (t2)&,p(t2)j
» Jz=]

i Tr(Cq k(t—), t~)[MJ, ,p(t2)])] . (2.43)

If we wanted to have the variances of the nonsmoothed
variables, we would let the function h(t) go to a 5 func-
tion, but in this limit the first term goes to infinity. The
stochastic process is a true generalized one, and only the
time smoothed variables have finite variances. If we con-
sider the time averages

—f +'dt z;(t),t

we must take
——TrI[C;,M;]p(t)I . (2.44)

h, (t) =5J,X( , ,+,)(t)Ir, -—

where X(, q((t) is the characteristic function of the interval
(a, b) Then, for smal. l r, we obtain

2
g2f dt z;(t) = I,, +TrI [C, ——&z;(t) }]'p(T)It v'~0 2v
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The first term is due to the white noise, the second is the
usual quantum-mechanical variance, and the third is a
further contribution (not necessarily positive) due to the
measuring procedure, as seen above. Note that for very
small ~ the first term in Eq. (2.44) diverges; this means
that we always need a finite time of measurement in order
to collect sufficient information about the measured quan-
tity.

About the first term in Eq. (2.43), note also that if we
have no dissipation (D=O, E=O), by Eq. (2.36) this term
grows to infinity and we have no sensible measurement.
In other words we can say that the coupling to the
measuring apparatus gives a dissipative contribution to
the dynamics: the more precise the continuous measure-
ment, the more dissipative the dynamics.

III. THE MODEL
FOR THE GRAVITATIONAL-WAVE DETECTOR

where

Vk ~ (k) ~ (k)e,j.[Q;, [Q J, J], k =1,2, (3.1)

A gravitational-wave detector can be schematized as a
harmonic oscillator (for instance, the fundamental acous-
tic mode of a massive bar) interacting with the gravita-
tional field. The dynamics of such systems, when dissipa-
tion is included, was studied in a coherent quantum-
mechanical way by Lindblad, and in Ref. 14 I applied to
these linear models the theory of continuous measure-
ments. A preliminary analysis of continuous measure-
ments (including measurement of QND observables) on a
gravitational-wave detector was given in Ref. 18.

As stressed in Ref. 2, in order to have a more complete
view of the problem, it is useful to include in the quantum
analysis also the first stage of the measuring apparatus
(the meter ' ). Our aim is to apply the formalism of con-
tinuous observations to some observables of the meter and
to deduce from this measurement information about ob-
servables of the detector and ultimately about the gravita-
tional force.

The meter is essentially an electrical circuit. This is a
very complex system from a quantum point of view.
However, in some physically interesting cases (see, for in-
stance, Ref. 2), it can be schematized as a generic quan-
tum one-dimensional linear system. Even in more compli-
cated cases, this schematization can give a qualitative idea
of the effects induced by the meter into the results of the
measurement.

Hence, we have two coupled linear systems: system 1 is
the detector, system 2 is the meter. The generators of the
dynamics for these two systems, when no coupling is
present, are given by

~(k) &

[H (k) ] D(k)[Q (k) [Q (k)

(3.4)

0 1

—1 0 (3.5)

D(k)+~hyke) O . (3.6)

In these equations summation (from one to two) over re-
peated lower indices is understood (elsewhere we shall use
also matrix notation). No summation convention is ap-
plied to the upper indices, which distinguish the detector
and the meter.

The dynamics of a system k generated by an operator
W'"' of the form (3.1) is extensively studied in Ref. 27.
Let us recall some results. The first term in Eq. (3.1)
(Hamiltonian part) gives the main features of the motion
of the system. We set

tB(k)))/2 (3.7)

Then, if detB'"') 0, cok is a positive real number and, in
this case, the system k has an oscillatory behavior with
angular frequency cok. A simple choice for the matrices
B(") is, for instance,

(k)

2~k~k
0

0
k =1,2.

mk
(3.8)

The second term in Eq. (3.1) gives diffusion (both for po-
sition and momentum); the matrix D'"' has the same role
as the diffusion matrix in a classical Fokker-Planck equa-
tion. This does not mean that the diffusion here has a
classical origin; it can be due to purely quantum phenom-
ena. The third term gives damping (in the physical case
yk )0). Condition (3.6), which is equivalent to

D' ')p, D',k2')0, (3.9)

is needed to ensure that the dynamics transforms statisti-
cal operators into statistical operators. It is a mathemati-
cal formulation of the well-known fact that in QM we
cannot have damping without diffusion.

Now we introduce the interaction of system 1 with the
gravitational wave (treated as a classical external force).
This interaction is described by the term

(3.10a)

where

f(t) =f(t)u; (3.10b)

f(t) is the unknown gravitational force and u describes
the coupling to canonical position and momentum. If the
gravitational wave couples only to position (as it does
when the detector is a mechanical oscillator), we have
Q&=1~ 02=0.

Let us introduce now a generic quadratic, possibly
time-dependent interaction between the two systems

A (k) x (k) A (k) (k) (3.2)
(3.11)

~ (k) & ~ (k)~(k)~ (k)
CJ (3.3)

(x ' ' and P '"' are the canonical position and momentum
operators for the two systems), where A(t) is a real 2)&2 matrix.

Interesting examples of interactions are given by the
following choices for the interaction matrix A(t):



32 CONTINUOUS OBSERVATIONS IN QUANTUM MECHANICS: AN. . . 353

A(t) =A,
A(t) =exp(B")et)A,

A(t)=g(t)A .

(3.12)

(3.13)

(3.14)

D(I) g
~' g(&)
CO).

(3.18)

Summing up, the generator for the dynamics of the two
coupled systems (detector plus meter) is

These interactions have been introduced in the literature
in connection with gravitational-wave detection; the struc-
ture of the matrix A(t) determines the essential features
of the measurement. Matrix (3.12) describes a time-
independent coupling; this is the standard way of operat-
ing existing gravitational-wave detectors. The measure-
ment scheme with interaction (3.12) is called "amplitude
and phase" measurement. ' Matrix (3.13), when
detA=O, describes the so-called "back action evading"
coupling. This name comes from the fact that the
behavior of the observable of system 1 entering the cou-
pling is not affected by the action of system 2. This cou-
pling, in principle, allows a precise estimation of the
force; however, it requires unrealizable (today) com-
ponents. The model of Eq. (3.16) of Ref. 2 is of this kind;
the matrices B'"' are given by Eq. (3.8) with co&

——0 and
the interaction matrix by Eq. (3.13) with

1 0
A= 0 0 (3.15)

The interaction (3.14), with a suitable g (t), can give better
results than amplitude and phase measurements; more-
over, it is experimentally realizable and a prototype has
been constructed. For the model proposed in Appendix
D of Ref. 2, A(t) is given by Eq. (3.14) with

g (t) = cosco) t (3.16)

B"',B' are given by Eq. (3.8) with coq
——0 and A by Eq.

(3.15). For the model of Eq. (3) of Ref. 3 A(t) is given by
Eq. (3.14) with A given by Eq. (3.15) and

g (t) =cosco)t coscopt, (3.17)

the matrices B'"' are given by Eq. (3.8). Also the models
proposed in Ref. 4 could be translated into our notation
with some more complicated interaction matrix A(t).

Dissipation is considered in Ref. 3, where an external
source of white noise is added to the equations of motion,
and in Ref. 4, where the same treatment as ours is used
with

(3.19)

where the various terms are given by Eqs. (3.1)—(3.6),
(3.10), and (3.11).

Now we have to introduce the continuous observation.
Here we assume that the measured observables are the po-
sition and momentum of system 2 (to choose some linear
combination of them gives no more generality). From
this measurement we want to deduce information about
the behavior of system 1 and ultimately about the gravita-
tional force. From the results of the previous section we
have that the generator for the characteristic operator is
given by

M(t;tp(t)) = W(t)+ —
I Q,'", Iy, (t)+ —,

'
[Q ;'", ]M;,y, (t)

(3.20)

The 2)&2 matrix F is real, symmetric, and invertible and
M is a real 2X2 matrix. Moreover, condition (2.36) now
becomes

D' '+i%'@zan —(1+iM)I '(1 —iMr) &0 . (3.21)

I.([y]
~
p) =e~TrI W(a(0))p], (3.22)

where P is the initial state at time t =0, W(a) is the Weyl
operator

W'(a) =exp(iaj~ "Q~"+iaj. 'Q
1

'),
the quantity f3 is given by

(3.23)

The matrix C appearing in Eqs. (2.32) and (2.36) here is
taken to be the identity, so that the measured quantities
are the Q,' 's as wanted [cf. Eq. (2.39) and the following
discussion].

In Appendix A we show how to calculate the charac-
teristic functional (2.28) (which is sufficient for recon-
structing probabilities) for the model we have introduced.
Here we give only the final results. The characteristic
functional can be written as

g2
)33=I dt if(t) ea")(t) —,

' g a("'(t) eD(")e a—'"'(t) ——a' '(t) @My(t) — p(t) I y(t)0 2
(3.24)

and the functions a'"'(t) are the solutions of the differen-
tial equations

with the final conditions

(3.27)
a() )(t)

dt

a( )(t)
dt

f1 +B e a '(t)+A A(t)Ga '(t)
2

(3.25)

'V2

2
+B"'e a"'(t)+RA(t) ea("(t)—y(t)

In the Weyl operator in Eq. (3.22) the functions a' '(t) are
evaluated at t =0.

The trace appearing in Eq. (3.22) can be explicitly cal-
culated, for instance, in the case of "Gaussian" states. ' '
Coherent states and squeezed states are in this class.
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IV. MEAN VALUES AND CORRELATIONS 2
Q(k)(t) g R(ks)(t)Q(s)(t) (4.9)

In this section we want to see what kind of physical
picture emerges from the continuous-observation formal-
ism. Here we are interested primarily in testing the
theory we have developed and not in problems connected
with gravitational-wave detection. For this purpose we do
not need all aspects of the general model outlined in Sec.
III; therefore, we specialize to the situation in which no
explicitly time-dependent term is present, and we take

s=l

With the same notation the covariance matrix (4.3) be-
comes

2
(ks)(t) y R(kr)(t) (rl)(p)R(sl)(t)T

2
R(kr)(t t )eD( E R (t —t )2 0 r=l

f(t) =0, A(t) = A . (4.1)
(4.10)

In order to compare our results with the usual formula-
tion of QM, we introduce the quantities

g(k)(t) Tr[g (k)qt)]

~((ks)( t) Tr[ I g (k) g(( )( t) g (s) g (s)( t) I (t) ]

Recalling the definitions of the previous section, i.e.,

P(t) = +(t,p)p= exp[(W("+ W(2)+ W, )t]p,
~ (k) ~ (k) ~ (k) ~(k)

(4.2)

(4.3)

(4.4)

(4.5).

we see that Eq. (4.2) gives mean values for position and
momentum of the two systems, while Eq. (4.3) defines
what can be called a covariance matrix. Note that o.I) '(t),
for instance, gives the usual variance for an instantaneous
measurement of x ' ' and cr22 '(t) the usual variance for
P ' '. Obviously, the matrices (4.3) satisfy the Heisenberg
principle

lim p(t)=p qt~+ oo
(4.11)

where p,q is the G-aussian state defined by mean values

Q,q'= lim Q'"'(t) =0
t —++ oo

(4.12)

and covariance matrix

~(k' = lim ~(k'(t)
eq

t—++ oo

2 I dt R' "'(t)eD'"'e R'"'(t) (4.13)
r=l

The matrices cr,'q ' are equivalently given by the equation

When all the eigenvalues of the matrix (4.8a) have a
negative real part, the system exhibits approach to equili-
brium: for any initial state

deto'" '(t))A' /4. (4.6)
eD("e

TGO eq +CTeqG 0
0

6'D{2)CT (4.14a)

However, these variances refer to distinct measurements
of position and momentum, not to a joint measurement;
joint measurements of noncommuting observables can be
introduced in QM only by using the general framework
from which we developed the continuous-observation for-
malism. A full treatment of joint instantaneous measure-
ments of position and momentum is given in Ref. 10.

The quantities (4.2) and (4.3) can be explicitly calculat-
ed (see Appendix 8). The mean values (4.2) satisfy the
differential equations

where G is given by Eq. (4.8a) and

(11)
eq

(21)
eq

(12)
eq

(22)
eq

(4.14b)

Consider now the continuous observation, first in the
simple case of a single oscillator. This situation is
described by the characteristic functional (3.22)—(3.27)
with A, =O (no interaction between the two systems). The
continuously measured observables are the position and
momentum of system 2:

Q( 1)(t) ~8( ) ) Q( 1)(t)+ge AQ(2)(t)
dt 2

(4.7a)
z, (t)=x"'(t), z, (t)=p(2)(t) . (4.15)

d Q' '(t)= eB' ' — Q' '(t)+keA Q'"(t) .
dt 2

(4.7b)

The solution of Eqs. (3.25) and (3.26) (for A, =O) is
given by [cf. Eqs. (813)]

%'e introduce the 4&4 matrices

with

dt'R(»)(t' t)r+(t ), tz(()(t) =p, (4.16)

eB Xl
2

'V2

2

(4.8a)

—yet/2=e Sinu 2t
coSco2t +eB( '

R'"'(t)=exp t eB(2)—
2

(4.17a)

R(t) =exp(Pit); (4.8b)

then, using the 2&&2 blocks R'"'(t) of R(t), the solution
of Eqs. (4.7) can be written as

~22= detB'" .

Then, by Eqs. (2.4) we obtain

(4.17b)
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(z(t)) =g' '(t)=R' '(t)Q' '(0)

([z(t))—(z(t())][z(tz) —(z(tz))] ) = I"5(t) tz—)+0(t, tz—)R' '(t) tz—) o' '(tz)+ EM— '

2 2

where now we have

+6(tz t, —) o'"'(t, )+ M—e R'"'(t, —t, )
2

(4.18b)

'"'(t) =R'"'(t) '"'(0)R'"'(t)T+ —,
' f dt'R'"'(t')eD"' R'"'(t') (4.19)

The mean values (4.18a) coincide with the quantities Q' '(t) [Eqs. (4.2) and (4.9) for A, =O] as stated by the general re-
sult (2.39). In the correlations (4.18b) we can identify the following contributions:

(1) the term containing the 5 function, which gives the unavoidable internal white noise of the measuring apparatus;
(2) the terms containing the matrix cr' '(t), which give the usual internal fluctuations of the system;
(3) the terms containing the matrix M, which can be interpreted as a correction to the covariance matrix due to the

way the measurement is performed.
The variances (2.43) for the time smoothed variables become now

r

A)2 + oo + oo

(Mh) = f dth(t) I h(t)+2 f dt) f dtzh(t)) R' '(t( tz) o' '(t—z)+ —eM h(tz) . (4.20)

To gain insight into the meaning of this equation, consid-
er the time average of position in the interval (t, t+ r) for
the case of a free particle, i.e., choose

In this case we obtain
1/2

~z( )
ri't ~z 1 31 Ar

2m 3 5 2m 2m
(4.25)

h&(t)=X;, ,+„(t)/r—, h, (t)=0,

811 =8]2 =0 822 = 1/m &2=0 .(2) (2) (2)

With this choice Eq. (4.20) gives
r 2

f dtx'"(t) —=b, ,z(t)+bzz,

where

(4.21)

(4.22)

(4.23a)

Therefore, the two contributions are of the same order of
magnitude and the variance can be made as small as one
wants by taking w sufficiently small. However, if for a
small r we make the choice (4.24) for the measuring pro-
cedure and the initial conditions, then h~ (t) grows rapid-
ly in time; in fact, from Eq. (4.19) we have

o'(7'(t)=oI( '(0)+O'Iz '(0)t+ozz '(0) +D'))'
m 6m

b, , (t)=oIj '(t)+ os '(t)+ o'zz (t)
m 4m 2

F11+ ™21 ~11+ D22 D12
2~ 2 6m 6 Sm

(4.23b)

%12 (t) =era (0)+%22 (0) +D ))
(22) (22) (22) t (2)

m 4m

(4.26a)

(4.26b)

~3+,all
10m

(4.23c) o22 (t) o22 (0)+ 2 D 11 t (4.26c)

We have written the variance (4.23a) as a sum of two
terms: the first is due to the usual covariance matrix o'
at time t, the second is due to diffusion and to the charac-
teristics of the measuring apparatus. Once the averaging
interval (t, t+w) has been fixed, one can ask what is the
best measuring procedure. It is possible to minimize the
variance (4.23a) under the constraints (4.6) and (3.21); for
t =0 the minimum is reached for

72

(4.27)

and from Eqs. (4.24c), (4.24d), and (4.23b) we obtain
1/2

(t)= ' +(1+ ) + 1+—5 t 3 5 t
2 4 31 2 31

5
D11 ——6

31
mA

D)z ——0, Dzz ——0,

a.ii (0)=, ~12 (0)=0, ozz (0)=(22) ~ (22) (22)

4m
'

6
v'155 mA' , r„=o, 1/'r„=o,

Ml I ( 31 ) ~ ~12™210~ Mzz
1/2

' 1/2

(4.24a)

(4.24b)

(4.24c)

(4.24d)

dt
p(t)= i~z[a a,p—(t)]+yzap(t)a — Ia a,p(t)I

2

2+0~ 3 2+0 .

(4.28a)

(4.28b)

If we introduce position and momentum by the equations

Another interesting example is that of a harmonic oscil-
lator decaying to its ground state; it is described by the
master equation
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X
~ (2)

2m 2c02

(2)

' 1/2

(a +a),
]/2

(a —a), m2 &0,

(4.29)
D(2) (4.31)

Ay2 +6
m 2c02

0

of x' '(t) alone. Using the results we have obtained up to
now, we modify the diffusion matrix by taking

'A/2m 2c02 02

we can write the generator of the evolution operator in the
form (3.1)—(3.6), with and choose

g(2)
2m 2c02

0

0
(2) 72 g(2)

1/m 2
(4.30)

1/A'y2m 2co2 0

0 1/e
(4.32)

As det(D' '+ifiy2e)=0, Eq. (3.21) cannot be satisfied:
this means that we cannot have a joint measurement of
position and momentum when, under measurement, the
dynamics is given by Eq. (4.28a). Vice versa, we can say
that the interaction with the measuring apparatus for a
joint measurement of x' '(t) and p' '(t) modifies the
dynamics, and we cannot have decay to a pure state but
only to a mixed state.

However, if we go back to the general formalism of Sec.
II, we see that we can introduce continuous measurement

I

0 0
—1/m 2co2 0

(4.33)

Then, to recover the dynamics (4.28a), we take into ac-
count only the results for the measurement of x l '(r) and
let e go to zero. Note that the matrices D' ', I, and M
satisfy Eq. (3.21) with the equality sign; this means that
the noise is the minimum compatible with the given
dynamics.

For mean values and correlations we obtain

(2)(x' '(t)) =e ' cosct12t Ql '(0)+ Q2 '(0)
m 2602

(4.34)

([x"'(rI ) —(x'"(r, ) ) ][x"'(r2)—(x"'(12)) ] &

5(rl —r2)
27?l 2CO@'2

+@rl r2)exp (rl r2) 'cos~2(rl r2) ~ll (r2) — +»n~2(rl r2) ~12 (r2)
y2 (22) 1 (22)

2 2m 2co2 m 2502

T2+8(t2 tl )exp — (t2 ——tl ) (as above with tl ~t2),
2

(4.35)

where

2
(22) &p~ (22) sin c02t (22) slnc02t

(t) =e crl, (0)cos co2t +o22 (0)
2

''

2 +crl2 (0) cosa12t + (1 —e '),
m2 cc)2 m 2c02 2m 2co2

(4.36a)

(22)
y t ~22o.12 (t)=e

Pl 2C02
m2ct12crl 1 (0) slnco21 coscct2r +012 (0)(cos ct)2r —s111 ct)2r)

(22) ~ (22) 2 2 (4.36b)

At equilibrium we have

o'l l
= 11II1 Crl 1 (1)=(eq) ~ (22)

&~+ oo 2m 2502

cr'12" lim cr1——2 '(r) =0,
E~+ oo

and Eqs. (4.34) and (4.35) become

(x"'(r) )„=0,

(4.37)

(4.38)

=o
1 1 5(t, t2) . —(eq) 1

3'2
(4.39)

Note that the contribution —,AM2& ———A/2m2co2 cancels
exactly the contribution of o'~'I ' in the terms containing
the step function so that only the term containing the 6
function survives.

(x' '(tl )x' '(t2)),q
—— 6(tl t2)—

2m2a 2@2
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If we consider the time average of x' '(t), we obtain
2

t( (eq) 1 f +
dt (2)(t)

2 ~ r,- (4.40)

f dt x' )(t)

as obtained through the considered measuring procedure.
For r «1/y2 we have a very big variance [cf. Eq. (2.44)]:
the measuring apparatus has not had enough time to co1-
lect information about the measured quantity. For an
averaging time v of the order of the decay time 1/y2 we
obtain the usual variance o']'& ", however, note that o'&'~q' is
the variance for an instantaneous measurement of posi-
tion, while Eq. (4.40) gives the variance for the time aver-

This equation gives the uncertainty in our knowledge of
the random variable

age of position in an interval of duration T obtained via
continuous measurement. For r&&l/y2 we have a very
precise estimation of

+
dt ~(2) t

ct'"'(t) = dt'R""'(t' t) q(t'—) .
t

(4.41)

Then, by Eqs. (2.4), we obtain

but a time average of x' '(t) on a large interval gives very
little information about x' '(t) itself: the time average of
the position of a damped oscillator in a large interval is
zero with practically no uncertainty.

Now, let us go back to the case of nonvanishing cou-
pling (A,&0). The solution of Eqs. (3.25) and (3.26) [for
A(t) = A] can be written as [cf. Eqs. (813)]

( z(t) }=Q' '(t), (4.42)

2

([z(t, ) —(z(t, ) }][z(t,) —(z(t, ) }]}= rS(t, t, )+—9(t, t, ) —g R""'(t,—t, )t7(""(t,)+—"R'"'(t, —t, )eM
2 k=1 2

2

+g(t —t ) y (2k)(t )R(2 )(kt —t ) T+ MTET R(2 2)(t —t )T
k=1 2

(4.43)

where Q' '(t) and o' '(t) are given by Eqs. (4.9) and
(4.10). Equation (4.43) has the same structure as Eq.
(4.18b), but now we have a more complicated dynamics.

Up to now we have considered mean values and correla-
tions for the variables of system 2. However, system 2 is
only a stage of the measuring apparatus (the meter), while
we are interested in the behavior of system 1 (the mea-
sured system). If we assume

through the interaction with the meter. In Sec. II [Eqs.
(2.7) and (2.8)] we have seen how the derivative process
can be introduced; here we proceed in an analogous way.
Denote by rl(t) the generic test function associated with
y(t). Recalling that test functions must vanish at the ends
of the measuring interval with all their derivatives, we
have, by Eq. (4.46)

det A&0,
Eq. (4.7b) can be written as

Q(I)(t) ( AT) I~T Q(2)(t)—1

dt

(4.44)
dt g(t) Ty(t)

1 +~ dq(t)= ——f dt " (A ) 'e +q(t)T(AT)-I

B(2) ~ Q(2)(t)
2

(4.45) X B'"— e z(t) .
y2

2
(4.47)

this equation enables us to obtain the position and
momentum of system 1 by starting from the position and
momentum of system 2. Indeed, we can introduce the
new variables

y(t) = (AT) Ie—T —z(t) — eB(2' — z(t), (4.46)

Then, if in the characteristic functional for z(t) we take

(p(t)= ——ei ' g(t)+ B"'— e A Iq(t)
dt 2

(4.48)

which represent the position and momentum of system 1

[yI(t)=x"'(t), y2(t)=p'"(t)] as continuously measured
we obtain the characteristic functional for y(t). The re-
sult is
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L~([g] ~
p)=e TrI W(a(0))PI, (4.49)

a'"'(t)= 5—»eA 'g(t)+ J dt'R" '(t' t)—rt(t'),
t

(4.50)

r

P= ——, dt. —, g a' '(t)"eD'"'e a'"'(t) ——a' '(t) eM eA ' rt(t)+ 8' ' — e A 'g(t)
+ QO d 2 T2

0 dt 2

+ 9 (AT)-leT+g(t)T(AT)-1 B(2) ET rd (t)T T2

2A, dt 2

X eA ' rt(t)+ 8' ' — e A 'ri(t)
d Y2

dt 2
(4.51)

From this characteristic functional we obtain for the mean values

&y(t) &=Q" (t&,

as it must be, and for the two-time correlation functions

& [y«i ) —&y«i » 1[y«2) & y(t2 » ]'&

(A ) 'e I eA '6(t, —t )+ (A ) '(A'8'2're —heTrB'~'+eTMT Me—)A 'o(t, —t )
2A2 2k 2

(4.52)

(A) ' A' 8'' — e I 8'' — e —AM 8'' — e —A' 8'' — e M+D'' A '5(ti t2)—+
2~2 2' 2' 2' 2'

T

2
(k 1) (12) (2) (2) 2+5(t, t, ) g R—""(t, t, )o'""(t,—)+ R'"'(t, t, )e D"'——AM 8"'— e A —'

k=1 2A, 2
J

+&(t2 —t&) a""'(t, )R""'(t,—t, )'+ (A')-' D'"—r 8"'— e' M' e'R'"'(t,
2 ] y

2A, 2
(4.53)

Equation (4.53) is much more complicated than Eq.
(4.43): in it appear not only the 6 function, but also the
first and second derivatives of the 5 function. This fact is
simply due to the "propagation of errors" from z(t) to
y(t): indeed y(t) is obtained from z(t) by means of Eq.
(4.46). Moreover, note the close analogy between the non-
singular terms in Eqs. (4.43) and (4.53).

A much simpler situation appears when the characteris-
tic times for the evolution of system 2 are much shorter
than the characteristic times of system 1. Mathematical-
ly, this situation can be realized by making the substitu-
tions

s") s")/S', D"' D")/a', y,

y2) 0, if detB' ') 0, (4.55a)

y2&2( ~detB' '~ )'~, if detB' '&0. (4.55b)

and taking the limit A, ~O; this is known in the literature
as the weak coup/ing li-mit (see„ for instan ce, Ref'. 28). If
the limit is to exist, the real part of the eigenvalues of
(eB —/2/2) must be negative; more explicitly, we must
have

A~A/A, , I ~A, I
(4.54) Using the results of Appendix 8, Eqs. (814)—(825), we

obtain in the weak-coupling limit

( y(t) & =Q'"(t) =R""(t)Q"'(0),
([y(t ) —&y(t )&][y(t ) —&y(t )&] &

(4.56)

2

2
I 5(t, t, )+B(t, —t, )R—""(t,—t, ) o'"'(t, )+—eM +9(t, t, ) o ""(t,)+ —M—e R"'(t, t, ), (457)—

2 2
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where

R'"'(t) =exp eB—~ t
2

—1

y2'
AgB(

2 2

(4.58a)

(4.58b)

from mechanical to electrical quantities) the approxima-
tion of very short characteristic times is probably not a
good one, so we cannot take the weak-coupling limit. On
the contrary, short characteristic times are typical of an
amplification stage. Therefore, the model of Sec. III gives
a sensible description of the measuring chain:
detector + meter + amplifier.

2
72

'V=3 1+3'2 +~2
4

detA, (4.58c) V. ESTIMATION OF THE GRAVITATIONAL FORCE

1M B()—j2 1 B()—~ M
2 A 2

In this section we want to discuss the problem of es-
timation of the gravitational force, using the general re-
sults of Sec. III. Let us denote by R'"'(t, to) the formal
solution of Eqs. (B9)—(810), when the interaction matrix
is time dependent; then Eqs. (3.24)—(3.27) give

u'"'(t) = dt'R' "'{t',t) Ip(t') . (5.1)

D"' A-',1

g2

v""(t)=k'"'(t)~""(0)k'"'(t)'
dt'k I"'(t')~D~ R ""(t')"

2 0
—1

(4.59)

(4.60a)

Inserting this result into Eqs. (3.22) and (3.24), we obtain
the characteristic functional for the continuously mea-
sured quantities z(t) [zt(t) =x' '(t),zz(t) =p' '(t)]. In
particular, for the mean values we have

2

(z(t))= g R""'(t, 0)g'"'( 0)

k=1
—pB(

2

D(2 cT —B(2)~T
2

—1

M=A B(2)—"eT2'

A (4.60b)

t
dt'R""(t, t')e Tf(t') . (5.2)

0

By inspection of Eq. (3.24), we see that only the mean
value of z(t) depends on f{t);therefore, we can introduce
a new stochastic process y(t), independent of the gravita-
tional force, by setting

z(t)= J dt'R'"'(t, t')e f(t')+y(t) . (5.3)

2
(4.61)

With some algebraic manipulation and using Eq. (3.21),
one can prove that

I )0, D+iAye) 0, (4.62a)

D+ikye (1-+iM)I— (1—iM ))0. (4.62b)

D' '+ih) e=(1+iM)I '(1 —iM ),
we obtain the "best" measuring procedure on 1, i.e.,

D+ihye=(1+iM)I '(1 —iM) .

(4.63)

However, for a physically realizable meter (a transducer

These results are clearly the same as for a direct con-
tinuous measurement of the position and momentum of
system 1 alone. This is a general result of the formalism
of Sec. II. The interaction with the measuring apparatus
has changed the dynamics of the measured system (both
the Hamiltonian and the dissipative parts) and has given
rise to the terms I and M, directly connected with the
way x"'(t) and p'."(t) are measured. Note that, even if
we started with M=O, we obtain M&0. When D"I=O
and y1 ——0, then the dissipation in system 1 is wholly due
to the interaction with the measuring apparatus. More-
over, in this case, if we start from the "best" measuring
procedure on 2, i.e.,

Thus the output z(t) is composed of a deterministic signal
(the term containing the force) plus a noise y(t). This is
the typical situation considered in classical estimation
theory. Note that the noise in our case has a quantum
origin, but at this stage we have a purely classical prob-
lem: the estimation of the signal in the given noise.

The solution of the problem depends on what is a priori
known about the force. In Ref. 30, Holevo uses our
theory of continuous measurements in the simpler case of
a single harmonic oscillator (treated in Ref. 14) and as-
sumes the force to be

f(t) =f (t)u (5.4)

with u known (i.e., it is known how the gravitational field
couples to the detector), but f(t) unknown. We have a
"waveform" estimation problem.

Following the terminology of estimation theory, we de-
fine an unbiased estimator for f ( t) to be any functional

F(t) =F([z];t) (5.5)

of the measured quantities z(t), whose mean values gives
the force

f(t) = (0)g) (t), 02g2(t) )

with g&(t) and g2(t) known; then he treats the two-
parameter estimation problem for 01 and 02. Instead, in
this paper we treat the case of two harmonic oscillators
(detector and meter) and consider the force to be
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(F(t)) =f(&), &f(&); (5.6)

if F(t) depends linearly on z we speak of a linear un-
biased estimator. If the estimator F(t) is not unique, one
can determine the "best" choice using some optimality
criterion. .For the most used criteria, when the process is
Gaussian (as it is in our case when the initial state is
Gaussian), the best unbiased estimator is linear.

Given a certain estimator F(t), one can obtain its
characteristic functional LF[g] from the characteristic
functional L ([y] ~

p) of z by using the dependence (5.5)
I

of F(t) on z. In Appendix C we show that Eq. (5.6) im-
plies that

(5.7)

so that

Tr[ W(a(0) )P] = 1

and LF[ri] does not depend on the initial state p. More-
over, we have

+ oo + filnLF[ri]=P=i f dt f(t)ri(t) —, f— dt y(t) I y(t)+ —, g a' '(t) eD'"'e a'"'(t)+fia' '(t) @My(t) (5.8)

where one component of y, say y2, is an arbitrary func-
tional of q, and a'"'(t) and y&(t) are linear combinations
of q(t) and y2(t) and their derivatives (they can be ex-
plicitly calculated as sketched in Appendix C). The
dependence of qo2 on g can be determined by imposing
some optimality condition.

From Eq. (5.8) one can calculate the variances of the
time smoothed variables

tFth t

for an arbitrary test function h (t), so obtaining the "pre-
cision" of the estimate of

f dr f(r)h(r)

(for instance one can consider the Fourier components of
the force). The first result is that this precision does not
depend on the initial state P of detector and meter [be-
cause of Eq. (5.7)], but only ori the dynamics of the sys-
tem and on the chosen measuring procedure. This is not a
strange result: a classical model for the detecting ap-
paratus would give the same qualitative result. Indeed, if
we want to estimate a force acting on a classical particle
by measuring the position x(t) of the particle, we find
that the estimate does not depend on the initial distribu-
tion in phase space, essentially because the force is linked
to the acceleration which does not depend on initial condi-
tions.

u1 ——1, u2 ——0. (5.9)

First we study the case of the coupling (3.13), with A
given by Eq. (3.15); explicitly, the interaction Hamiltonian
1S

H, (r) =ax '"X,(r),

X, (r) =x "'cos~, t —p "'
fPl ]CO]

(5.10a)

(5.10b)

The quantities a'"'(t) and y~(t) are calculated in Ap-
pendix C [Eqs. (C2) and (C16)—(C19)]. The quantity
y2(t) is an arbitrary linear functional of ri(t), which we
write as

(5.1 1)q, (t) = f dt'ri(r ')K (t ', t) .

Then, using Eqs. (5.11), (C17), and (C19), we can write

f dr y(t)Tz(r) = f dt ri(t)F(t), (5.12a)

where

All the variants of the model introduced in Sec. III can
be worked out. However, we limit ourselves to discussion
of two simple cases: the "back action evading" coupling
(3.13) and the time-independent coupling (3.12). More-
over, we take for the matrices B'"' the expressions (3.8)
and consider the case in which the force couples only to
w (1) ~X, 1.e.,

F(t)= f dk'K(t, t') p'"(t') —m, , x'"(&')+—x (r')(2) d (2) ~~ (2)

dt

2 2m 1m 2~1 d (2) . 'Y1 d (2) V2 71/2 d (2) 71 2 V2+ . x"'(t)+ +@~ x"'(r)+ ~,'+ + x"'(t)+ ~,'+ —x'"(r)
Asinm1t dt 2 dt 4 2 dt 2 4

(5.12b)

Equation (5.12b) gives the dependence of the estimator F(t) on the measured variables [x' '(t) and p' '(t) are position
and momentum of system 2].

By inserting Eqs. (C2) and (C16)—(C19) into Eq. (5.8) we obtain the characteristic functional for the estimator F(t)
Here we consider only the case of a very large coupling between detector and meter (A,~ oo ); the existence of this limit is
due to the structure (3.13) with det A=O (back-action-evading interaction). Moreover, in this case, the best choice is to
take y2(t) =0, because the terms containing y2 give a positive contribution to all variances. From the results of Appen-
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dix C, we see that in the strong-coupling limit we have

a' '(t) =0, tp(t) =0,
cosco

&
t

( ] )a, (t)= —m&to& . g(t), az (t)=71(t) .
sin~, t

Therefore, the characteristic functional (5.8) becomes

2+ oo + oo
2 ()) ()) COSCO)t (I) 2 2

COS CO)t
lnl. F[q]=i f dt f(t)r)(t) —, — dt's (t) D» +2D,2m&to, . +D22m~ to~ 20 0 since&t sin co)t

(5.13)

(5.14)

(5.15)

From Eq. (5.15) all the moments of F(t) can be obtained
via Eqs. (2.4). Note that if D"'=0, all correlations van-
ish and the force is estimated without uncertainty. Thus
we agree with the conclusion that a "back-action-evading
coupling" allows a precise estimation of the force (cf.
Ref. 2).

The simplest case of nonvanishing dissipation is when
the matrix D"' is given by Eq. (3.18) (for i= 1). With
this choice, when the interaction is off, system 1 decays to
its ground state [cf. Eqs. (4.28) and (4.30)]; recall that in
this equilibrium state

a';,"—=Tr[(p "'—(p"')„)'p,„]= —,
' am, co, . (5.16)

If we denote by hq the variance for the estimate of

dt th t

we obtain from Eq. (5.15)

+ h'(t)
A~ ——

2 Am]co~y& dt
sin co~t

(5.17)

For instance, if we consider the time average of f ( t) in
the time interval (t, t+r) [so that h (t) is the characteristic
function of the considered time interval divided by 7], we
obtain

2
7+~ 14—f dt f(t) = —,A'm )to)t

5X&——(fr/m &co&)sinco&t . (5.19)

Consider now the variance of X~ defined as usual as

TrI [X,(t) —(X,(t) ) ]'P(t) ];
it can be easily calculated. During the same time the
internal fluctuations increase this variance by an amount

A'y (~(~)) = 2' )CO)
(5.20)

II, =ax ("x '" . (5.21)

Moreover, we take the simple diffusion matrices given by
Eq. (3.18). This is the situation discussed in Sec. IV [Eqs.
(4.28)—(4.33); now with interaction between the two sys-
tems] and corresponds to the zero-temperature case. As
shown in Sec. IV, p' '(t) is not measured, so that y2(t) =0.
Then we take

I ) ) ——I /A'@2m 2cop, M2) ———1/m 2cop,

Setting Eqs. (5.19) and (5.20) together yields Eq. (S.18).
Let us study now an example of a standard detecting

apparatus; we consider the time-independent coupling
(3.12) with A given by Eq. (3.15). The interaction Hamil-
tonian in this case is simply

sinco (r/~ )r
X . (5 18)

sinco&t sinto&(t+r)
M )] ——M )2

——M22 ——0
(5.22)

Note in Eqs. (5.17) and (5.18) how the uncertainty in the
estimation of the force is linked to the equilibrium vari-
ance o.q2q' for the momentum. This does not mean that
we are considering an equilibrium situation: when the
time-dependent interaction is on we have no equilibrium
state. Rather both of the quantities (5.16) and (5.17) de-
pend on the dynamical features of the system and, so,
they must be connected.

It is interesting to note that for the case co&v. «1, Eq. '

(5.18) can be obtained from a very simple argument. Dur-
ing the time ~ the force changes the value of the measured
quantity

X, =x ' cos~, t(&)

a) (t)=m, — rt(t)+ 7)(t)(1) 71
dt 2

',"(t)=g(t),
(5.23)

a, (t)= —m, m, g(t) g(t)—(2) 1 d 32
dt 2

[cf. Eqs. (4.32) and (4.33)]. This choice corresponds to the
minimum noise compatible with the given dynamics.

Following the procedure given in Appendix C, we ob-
tain

—(p" '/m, io, )since, t

[cf. Eq. (5.10b)] by an amount
a2 (t) = — g(t),

(5.24)
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Ol 1mz d
g, (t) =Ari(t)—

dt2
g(&) —Y& g(&)

dt

2

co2 + g(t), (5.25)
4

dg(t): —g(t) —
Y&

-- g(t)
dt2 dt

+ +co~ q(t} .z (5.26)

where
First, by proceeding as for Eqs. (5.12), we obtain the es-

timator F(t) for the force

3 2 2 2

F(t)=Ax (t) ——m, m, ,x (t)+(Y, +Y,),x (t)+ rl +r2 +Y i Y2+~ i +~22 2 d (2)
dt' dt3 4 . dt'

2

Y&Y2+'Yz~t +Yi~2
d

x (t)+
~

+~i(2) r1
dt

rz
4 2
'

+co ' x"'(t)

Then, by inserting Eqs. (5.22)—(5.26), into Eq. (5.8), we obtain the characteristic functional for F(t)
lnL F[g]=i f dt f(t)ri(t)

t

fi +" Yimi dg(t) Y~+ +~~ 'g (t)
2' 1 dt

rz~z

r 2
d g(t)

dt

2 2r1 —rz
+CC)1 +F2 dry(t)

dt

'2

r1+ +CO] co2 — ri (t) + A. 'g'(t)
4 2rzggzm 2

1?l ) P12 d2$(t)+
2A, rzcoz

2 2rz+
4

2 dg(t)—coz
dt

2 t

+co,' g'(t) (5.28)

sln+n t~ +n

The simplest way to study this characteristic functional is to use Fourier expansion. Consider a finite interval mea-
surement (0, T) and set

~

1/2

rj(r)= g q„ (5.29)T

Inserting this expression into Eq. (5.28), we obtain

L~(ri„g2, . . . ) = Q exp[if„g„——,
'

b, (Q„)q„],
n=1

where

(5.30)

2f.=n

' 1/2

f dt f(t)sinQ„t, (5.31)

2

b, (0)= Ar1Pl 1

Q ++71 +
2' 1 4

~~1 r 1 r2, r]2 2 2

0 —0 +C01 +COZ + +C01r zcoz 4 4

2

coz

+
2r zeal 2CO2

Aftl 1 f71 2 4
2 2

A +2
2g rzcoz 4

2

0 + — +402z z rz z

4

2

r 2

n4+2
4

—C01 0 +2 2

r 22r1
+CO1

(5.32)
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Equation (5.30) gives the characteristic function of the
joint probability for the Fourier components of the esti-
mator; these Fourier components are statistically indepen-
dent Cxaussian variables with variances 5 (0„). Equation
(5.32) gives the so-called power spectrum of the noise and
can be used for computing such quantities as the signal-
to-noise ratio and in general for studying the sensitivity
characteristics of the detecting apparatus. The
temperature-dependent case [when Eq. (3.18) does not
hold] can be discussed in a similar way and a
temperature-dependent power spectrum can be obtained.

tial equations.
For any operator M in T(A) we can define its tran-

spose in 8 (8) (bounded operators in 8) by the equation

Tr[ Y'(WX)] =Tr[(W "F)X],
(A3)

VXE T (A ), tt FEB (A ) .
Using this notation, the characteristic functional can be
rewritten as

L ([y]
~
p) = lim Tr[I($(t,O;[(p])P)]

APPENDIX A = lim Tr[(9' (t,O;[(p])I)p]

The characteristic functional (2.28) for the model of
Sec. III can be calculated by using the %"eyl operator tech-
nique. ' ' The Weyl operators are defined by Eq. (3.23)
and enjoy the following properties:

lim Tr[(8 (t,O;[(p]) W(0))p] . (A4)

Taking the transpose of Eq. (2.38) and differentiating
with respect to to, we obtain the equation

i3 W(a) i

[Q,'"', W(a)]=fiaj"'ej, W(a) .

(Al)

(A2)

ST(t, t;[(p])= A "(t;y—(t))9 (Tt, t[ p(]),

ST(t,i;[(p])=1 .

(ASa)

The strategy is to use Weyl operators for converting the
operatorial equation (2.29) into a set of classical differen-

The transpose of the generator (3.20) can be easily calcu-
lated by using definition (A3), and it can be written as

M (t;tp(t))=W (t)+ —[Q,'", )(p, (t) ——,
' [Q;'",.]M;,(p, (t) y, (t)I—;,y, (t), (A68)

~T(t) ~(1)T+~(2)T f (t)[Q (~1) ]+ g (t)( [ Q
(I) [Q (2) .] j + ( Q

(2) [Q
()) .]]) (A6b)

~(k)T & Il(k)[Q (k) [Q
k ]] D(k)[Q (k) [Q (k) .]] k

[Q (k) [Q (k) .]] (A6c)

In the case of a quadratic generator such as (A6), we have

9' (t, t;[qr]) W(a(t))= W(a(t))expP(t) .

From Eqs. (A7) and (A4), by taking

a'"'(+ )=0,

(A7)

(AS)

we see that the characteristic functional can be written in the form (3.22) [where P= P(0)].
To calculate the functions a'"'(t) and P(t) we differentiate Eq. (A7) with respect to t; using Eqs. (Al), (A2), (ASa), and

(A6) and identifying the coefficients of the various operatorial terms, we obtain the coupled differential equations (3.25),
(3.26) for a'"'(t) and a differential equation for P(t) which can be immediately integrated; Eq. (3.24) gives the value of
P(t) at t=O.

APPENDIX 8

In this appendix we calculate the quantities (4.2) and (4.3). By differentiating Eq. (4.2), we obtain

Q '(t)=Tr[(W Q', ')P(t)], (B1)

and computing W applied to Q'; ', we find Eqs. (4.7). Using the same procedure for the matrices o' '(t) we obtain the
equations

a(ll)(t) eB(l) a(ll)(t)+geAa(21)(t)+a(11)(t) B(l)eT +pa(12)(t)ATILT+ eD eT
dt 2 2

(82a)

a(22)(t) eB 2 a(22)( t) +geATa(12)(t) +a(22)(t) B(2 eT +ga(21)( t) AeT+ eD(2)eT
dt 2 2

(82b)
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d 71o (12)(t) — pB() ) tT() 2)( t) +A/A(T(22)(t) +o (12)(t) B(2)eT +gtr() 1)(t) Ae T ~
T2

dt 2 2
(82c)

moreover, by definition, we have

(21)(t) (12)(t)T

By introducing the four-component vector
~'

Q(1)(t)
Q(t) =

Q(2)(t)

and the 4&4 matrices

(83)

(84)

R""(O)=R'"'(O) =1,
R'"'(o) =R'"'(o) =o .

An equivalent set of differential equations is given by

d R""(t)=R'"'(t) EB'"— +AR" '(t)FA
dt 2

(811)

o(t)=
(11)(t) &(12)(t)

(21)(t) (22)(t)

ea
2

A.eA

7

~g(2)
2

R(t) =exp(Gt),

(85)

(86a)

(86b)

R( )(t)=gR( )(t)eA+R(12)(t) eB(2) Ã2

dt 2

R' '(t) =kR' "(t)@A+R' '(t) eB'2'—
dt 2

(812a)

(812b)

(813a)
we have that the solutions of Eqs. (4.7) and (82) can be
written as R(21)(t) R(21)( t ) eB(1) +QR(22!( t)~AT

dt 2
Q(t) =R(t)Q(0),

(r(t) =R(t)o (0)R(t)T

+ —,
' f dt'R(t —t')

~R(t t')T . —

0
0

(87)

(88)

(813b)

As a fourth-order algebraic equation can be explicitly
solved, the eigenvalues of the matrix G can be found and
R(t) calculated. However, we treat only the weak-
coupling case (4.54) and (4.55). Equations (812) become

By using the 2)&2 blocks R' '(t) of R(t), we obtain Eqs.
(4.9) and (4.10).

The 2X2 matrices R' '(t) can be defined equivalently
as the solutions of the differential equations

r

R""(t)= EB(" R'—"'(t)+REAR' "(t),
dt 2

d R '(t) =R' (t) EB — + —R' '(t)eA1

dt 2

(814a)

d 1R" '(t) = R" '(t} eB( ' + —R(")(t)pAT2

dt 2 A,

(814b)

d )(t) —A/A R( )(t)+ pB( ) R( )(t)
dt 2

(89b)

d R(22)(t) QCATR(12)(t) eB(2) R(22)(t)
dt 2

(8 loa)

Equation (814b) gives

R' "'(t)

f dt'R""(t')eAexp eB( ' — (t —t')
k2 2

A, —+0 ) I (2) 'V2= —R(")(t)eA f dt'exp eB( ' — (t t')—
d 'Vt

R(12)(t)= EB(1) R(12)(t)+QATAR(22)(t)
dt 2

(8 lob)

A.—+0
(2)= AR""(t)eA —eB( '

2
(815)

with the initial conditions Using this result in Eq. (814a), we obtain the equation
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R""(t)=R' "'(t) EB'"—
dt

' ' '
2

+ eA —eB(2)

2

whose solution is

eA

(816)

Finally, Eq. (89b) becomes
T

R(21)(t) 8(2) 2 R(21)(t)
dt ~2

'
2

+—eA R'"'(t),

which gives

(820)

R' "'(t) =exp eB"'—
A~0 . y2R""(t) = X

' —~B(2) eA'R""(t) . (821)

+ eA —eB72
2

Equation (8 1pa) becomes

eA t (817)
Using these results the mean values (4.9) become

Q'"(t)=R""(t)Q" (0) (822a)

d 1R(22)(t) ——eATR(1 )(t)+ eB( R (t)
dt A2 2

A, ~O
eATR(1 )(t)gA —pB

2

Q' '(t) =exp eB' '—
A2 2

where

R'"'(t)=exp eB——t
2

Q(2)(p) (822b)

(823a)

which gives

+ &8(2) R(22)(t)1 'V2

~2 2
(818)

B B ( )

2
—1

'V2

2
+ 2672 AeB( 'e A (823b)

A, ~O l y2R' '(t) = exp eB' '— 2r2 2
'V = 'V 1 +3'2 +~2 det A (823c)

~2 ——detB

t
+ I dt exp eB —(t t')—

2 (823d)

X@A R'""(t')eA —eB' '
'V2

2 B f ~B( 1 ) V1 +~A
'V2

FB(2)
2 2 2

EA . (823e)

0 i y
exp eB ' — t

A,
2 2

(819)
For the correlation matrices (4.10) we obtain

o""(t)=R ""(t)o'"'(0)R ' "'(t) + —, dt'R ""(t')eDe R ""(t') T,
0

(824a)

~'1 '(t) R ' '(t)~" )(0)exp 8'2'gT
2

(824b)

cr (t)=exp eBt (2) 3 2

k2 2
~(22)(P)exp 8(2)gT 'V2

A' . 2

where

t /A, ~ 'V2
+ — dc exp 7" QB'

2 0 2
eD")eTexp z B(2)g"—

2
(824c)

D(1) A
V2 B(2)
2

D(2)~T 2 B(2)~T
2

(825)

APPENDIX C

Consider an unbiased linear estimator F(t) for the force f (t) [Eqs. (S.S) and (5.6)]. The estimator is a stochastic pro-
cess whose characteristics functional LF[g] can be deduced from the functional for z(t) using the dependence of ~(t) on
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z. Therefore, LF[q] is given by Eqs. (3.22)—(3.27) where ]p is a certain functional of zl. Now, by Eq. (5.6), the force
must appear in 1nLF[q] in the form

i f dt f(t)zl(t);

by comparing this with Eq. (3.24), we obtain

g(t) =usa"'(t) . (Cl)

By a canonical transformation on system 1 and by rescaling f ( t), we can always obtain u] ——1, uz ——0; so, Eq. (Cl) be-

comes

a',"(t)=g(t) .

By using Eq. (C2), Eqs. (3.25) and (3.26) become

(C2)

dt
a, (t)=

2
—8",,' a]"(t)+BI']'q(t)—A,A»(t)aI" (t)+ A.A» (t)a,"'(t), (C3)

'V~ ($) (1) (1) (2) (2)

dt 2
'g(t) = +8]2 '9(t) —Bzz a] (t) —AAzz(t)a] (t) +AAz] (t)az (t) (C4)

d (2)a] (t)=
2

—B]z' a'] '(t)+8']]'az '(t) —AAz](t)aI"(t)+RA]](t)zl(t) —y](t), (C5)

(2)

dt
az (t)= (2) (2) (2) (2) (1)

2
+8]z az (t) —Bzz a] (t) —XAzz(t)a] (t)+RA]z(t)g(t) —]t]z(t) . (C6)

From Eq. (C4), by assuming Bzz'&0, we obtain

a, (t)= „, — zl(t)+ +8» q(t) —AAzz(t)a] (t)+RA»(t)az (t)1 d (2) (2) (C7)

and we insert this result into the other equations.
From Eq. (C3), using Eqs. (C5) and (C6), we have

az (t) =g(t)+&(t)a] (t),
where

(C8)

&(t)= I'{t) Azz(t) —Bzz A]z(t)+Az](t)Bzz —Azz(t) +8]2 —8lz(&) (-2) (&) (2)

dt 2
(C9)

g{t) = I'(t) — 7/(t) y] g(t)+ — +co] Y/(t) +A[detA(t)]g(t) —Azz(t)]p](t)+Az](t)]]]]z(t) ',1 d 2

dt dt 4
(C10)

Y(t) = Az](t) Azz(t)811 Bzz All(t)+Azl(t) +8]z +8]2=d (2) (&) (&) (2)

dt 2
(Cl 1)

Inserting Eq. (C8) into Eq. (C6) and using Eq. (C5), we obtain an expression for aI '(t); we do not write the result:

a] (t) is a linear combination of rt(t), p](t), cpz(t) and their derivatives at time t. Finally, by putting this result into Eq.
(C5), we obtain a link between q, y„gz, thus, one component of ]p, say c]]&z, is an arbitrary functional of zl, while ]]c] de-

pends on q directly and through pz. In particular, recalling that test functions vanish at t=0 with all their derivatives,
we obtain a'] '(0) =0 and, by Eqs. (C8), (C7), and (C2), also az '(0) =a',"(0)=az"(0)=0.

In order to give an example of these calculations, let us consider the case of Eqs. (3.8), (3.13), (3.15), and (5.9). First of
all, Eq. (C2) holds; then Eqs. (C3)—(C6) can be rewritten as

d —y)&/& (&)
—y)~/2 (p)

dt
Ie [cosco]ta] (t) —m]co]since]tel(t)]J =Re az (t),

y g/2 Sin&3 &E
( ~ )e a] (t)+ cosco]trt(t)

dt NZ )CO)

(C12)

(C13)

2 (2)

dt 2
a] (t)= a] (t)+mzcoz az (t)+A,

sino) It (i }a] (t)+cosco]tg(t) —]Ic](t),
m )co)

(C14)
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(2) ~2 (2) ~ (2)
a2 (t) = ap (t) — a] (t) —yp(t) .

dt 2 m2

Equation (C13) with the final condition (3.27) gives

(C15)

costa ~t
a& (t)= —m&coi . g(t) .

since &t

Then, from Eq. (C12) we obtain

(C16)

(2) m &CO&

a2 (t)=
A, since&t

'Vi . g(t) d
co )costa )t + stnto ) t . — ti( t)

2 since &t dt
(C17)

Finally, from Eqs. (C14) and (C15) we have

al (t) m2 a2 (t) a2 (t) m2q2(t)(2) Y2 (2) d (2)

2 dt
(C18)

2 2

Pl(t) m2 a2 (t) Y2 a2 (t)+ +~2 a2 (t) +m2 q 2(t) q2(t)(2) 2 d 'V2

dt 4 dt 2
(C19)
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