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How to describe weak-interaction mixing and maximal CP violation?
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It is argued that nature exhibits a very specific kind of weak-interaction mixing among quarks,
and that accordingly a specific description of this mixing is warranted. We propose and discuss a
parametrization of the weak-interaction mixing among the three quark flavors, which in several

respects is more appropriate in describing the observed mixing pattern than the standard form.
Furthermore, CP violation can be described in a simple way, and the notion of maximal CP viola-

tion finds a simple geometrical interpretation.

It is a well known, yet unexplained feature of the weak
interaction among the quarks that the quark states for
which the charged weak currents are diagonal are not
eigenstates of the strong interactions; i.e:, they are mix-
tures of different quark "flavors. " In QCD the quark
eigenstates of the strong interactions are simply those
states in which the quark mass matrix is diagonal. If all
quarks of a given charge were degenerate in mass (e.g., of
zero mass), the phenomenon of weak-interaction mixing
would not exist. In this sense the quark-mixing parame-
ters of the weak interactions can be viewed as elements of
the quark mass matrix. Any attempt to gain insight into
the physical structure of the quark masses is at the same
time an attempt to obtain information about the mixing
parameters. Therefore both the quark masses and the
weak-interaction mixing parameters must depend on each
other. To establish such a dependence and to find its
mathematical expression is one of the most important and
interesting tasks in theoretical particle physics at present.
The most economical way would be to express the quark-
mixing parameters solely in terms of quark masses. In
the past several attempts have been made in this direction
(see, e.g., Refs. 1—3) which are in agreement with the pat-
tern of the weak mixing parameters observed, especially

s' = V,d V„
Ql .
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We shall assume that only six quarks are present. In
this case the mixing matrix V must be unitary.

Taking into account the constraints imposed by unitari-
ty, the experimental data including the new results on the
lifetime and branching fractions of b-flavored particles
give (one-standard-deviation range, we use the results of
Ref. 4, only the absolute values of the mixing elements are
given)

with the new information gained recently (for a recent dis-
cussion, see, e.g., Ref. 4).

In general, the charged weak currents can be written as
Uy&L D', where y&L denote the left-handed projections of
fp 0

y„I=2 yt, (1+y5»
and U=(u, c,t}, D'=(d', s', b'). The quarks u, c, and t
are mass eigenstates, while the quarks d', s', and b' are
mixtures of mass eigenstates:
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As clearly shown by these results, the weak-interaction
mixing seems to be of a rather specific nature. Especially
noteworthy is the smallness of the matrix elements V„b
and V,~, as well as the fact that the matrix element V,b is
relatively small compared to V„,: I V,b/V„, I

=0.17
—0.22. [The latter is implied by the relatively large life-
time of the b flavored particles (-see, e.g. , Ref. 5).] The
smallness of V„b follows from the experimental con-
straints on the branching ratios 1 (b~u)/I (b —+c}which
lead to the requirement

I Vub/~cb
I
(0 12 (90%%uo C.L. ) . (3)

In particular, we should like to stress that the ratio Eq.
(3) is significantly less than tan8=0. 23 (8 is the Cabibbo
angle). This will turn out to be of relevance below.

Nothing is known directly about the matrix element
V~. However, the unitarity requirements force V,d to be
larger than 0.005, as denoted above.

In any case the experimental constraints on the quark
mixing indicate that the mixing proceeds mainly between
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In general, all matrix elements are complex numbers.
However, one can easily see that by suitable phase rota-
tions of the quark fields all matrix elements can be made

IC
real. For example, a change of phase u —+ue

d~de (a„and ad are arbitrary angles) can be ab-
sorbed by the matrix V if one carries out the substitution

i (ad —a„}V„d~ V„de " . In case of six quarks five such rela-
tive phases are available, which can be used to absorb the
phases of, e.g., the elements V„d, V~, V„, V,b, and Vti, .
Since the second and the third column must be orthogo-
nal, V„must be real as well. Likewise, the first and
second row must be orthogonal. Thus V,d must be real,
and therefore the remaining matrix element V,d must also
be real. In the limiting case V„b ——0 all phases can be ab-
sorbed, and no CP violation exists.

The orthogonal matrix V can be parametrized by rota-
tion angles only in one way:

neighboring families, while the mixing between the first
and third family is very small. Within a specific ansatz
about the quark mass matrices this hierarchical pattern of
mixing has been anticipated in Ref. 1. (For a generaliza-
tion to more than three families, see Ref. 6.)

Independent of theoretical considerations about the ori-
gin of the remarkable observed mixing pattern, the fact
that the transition element V„b is not only much smaller
than V or V,b, but also smaller than V,d should be con-
sidered thoughtfully when choosing the best way to
parametrize the matrix V. A number of different ways
have been discussed in the literature, following the origi-
nal parametrization of Kobayashi and Maskawa (KM).
The purpose of this paper is to give simple and convincing
arguments in favor of a particular parametrization, which
in the context of CP violation has been discussed previ-
ously by Chau and Keung, and which is a slight modifi-
cation of the one given by Maiani a number of years ago.

In view of the fact that V„i, is very small, one should
consider the case V„b =0 as a very good starting point for
a parametrization, and the small value of V„i, (plus the
corresponding contributions to the other elements implied
by unitarity) should be introduced later as a correction.
Suppose one starts with a transition matrix

(se stands for sin8, ce for cos8 etc.).
The angle 8 (Cabibbo angle) describes the mixing in the

d-s system, while the angle ~ describes the s b-mixing.
According to experiment one has 0= 13.2 —13.5',
&=2.2 —2.9. The mixing can be viewed as a two-step
process. We start out from the three orthogonal axes de-
fined by the mass eigenstates (d, s,b). First a rotation by
8 is carried out in the (d,s) plane (about the b axis, angle
8) followed by a rotation about the new d' axis (angle r).
After these two steps we arrive at the weak-interaction
eigenstates (d', s', b') (see Fig. 1). It is worth emphasizing
that after the mixing the d' quark is still located in the
plane spanned by the mass eigenstates d and s, while both
the s' and the b' quarks are outside the. s-b plane.
Presumably this signifies an important feature of the
physical mechanism causing the weak-interaction mixing.
(This, of course, is related to the order of the two-step
mixing process. ) The Cabibbo mixing is first, followed by
the s &mix-ing. If it were the other way around, V„i,
would differ from zero (V„b=ses, ), and V„would be
zero. This possibility, however, is excluded by experi-
ment, since one would expect

~
V„i, /V, i, ~

=tan8=0. 23, in
disagreement with Eq. (3).

As a final step we introduce a nonzero (complex) value
of V„b in such a way that the unitarity of the mixing ma-
trix is preserved. A number of possibilities exist; however,
one is particularly singled out as follows. Introducing a
small value of V„i, means tilting the d' quark very slightly
outside the d-s plane. During such a process the mixing
angles 0 and ~ have to be changed slightly such that the
unitarity constraints are obeyed. One can easily see that
these changes are minimized if one describes the introduc-
tion of a nonzero value of V„b by a slight rotation includ-
ing a phase rotation about the s axis right after the Ca-
bibbo rotation. In this case the d' axis is lifted vertically
above the d-s plane, and the value of 8 remains un-
changed. Thus we are led to the following parametriza-
tion:

b'

0 c~ s~ 0
V= 0 c, s

0 —s~ c~

—se cg 0
0 0 1

Ce 0
—SgC~ Cgc~ S~

sos —cps c

FIG. 1. The mixing of the quarks, observed in nature, seems
to proceed in two consecutive steps: (1) The Cabibbo rotation in
the d-s plane (angle 0=13 ). (2) A. rotation by an angle
~=2'—3 in the s-b plane. CP violation is caused by a very
small rotation, tilting the d' quark slightly outside the d-s plane
by an angle o. & 0.2', not shown here.
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Here s is the third rotation angle, which is responsible
for a nonzero value of V„b, and which must be very small.
The experimental data require s ~ 0.004, i.e., o. & 0.23'.

Because of the small values of o. and ~ we can set
coso =1 and cosr= 1 (accuracy -0.1%), in which case
the mixing matrix takes the form

A parametrization of this kind has been discussed pre-
viously by Chau and Keung in the context of CP viola-
tion. It is interesting that here the CP-violating phase
factors e' are all multiplied with factors of order 10
Using the chain of arguments discussed above we see that

the parametrization Eq (6.) emerges uniquely as the natur-
al candidate for parametrizing the mixing matrix V. For
example, the parametrization introduced by Kobayashi
and Maskawa has, although mathematically equivalent to
Eq. (6), serious drawbacks. It can be written as a product
of three rotations:

1 0 0 c1 s1 0 1 0 0 1 0 0
V(KM) = 0 c2 s2 —s1 c1 0 0 1 0 0 C3 $3

0 —s2 c2 0 0 1 0 0 ei 0 —s3 C3

C1 $1C2 $1$3

—$1C2

$1$2

C1C2C3 $2$3e c1c2s3 +s2c3ei5' i5'

+c1$2c3+c2s3e c1s2s3 +c2c3e
i5' i5'

(Here the c;, s; stand for cos8;, sin8;. CP violation is
described by the phase 5'. )

The relations between the KM angles 01,82, 03 and the
angles 8,r, o in Eq. (6) are given by

C1 =C~cg, C3$1 C~sg~ $1S3=S

c~s~=(cl c2 c3 +c3 $2 +2CIC2C3s2s3 cos5 )2 2 2 2 2 1/2

In the limit V„b =0 one has, of course, cr=0 and 83——0,
8=8~, v=82, and the representations (6) and (8) are iden-
tical. Otherwise the relations (9) involve the KM phase 5'.
Approximately (within —1%) one finds

8—=01, 03&1=- o. ,
(10)

(83 +82 +28283cos5')'~ =r .
The Kobayashi-Maskawa representation describes first

a rotation by 83 about the axis defined by the mass eigen-
state of the d quark, followed by the Cabibbo rotation
about the new b' axis, and finally a rotation by 82 about
the new d' axis.

As one can readily see, the special case V„b ——0 is real-
ized by setting 03 ——0, in which case the mixing matrix,
after absorbing the phase e', is identical to the one given
in Eq. (5). As we have emphasized, the nonzero value of
V„b as well as CP violation arise, if the d -quark axis is ti-

lted slightly (by an angle of at most 0.2') out of the d-s
plane. Within the Kobayashi-Maskawa representation
this is described by a rotation about the d axis by an angle
83 which must be less than 1 .2' ( s 3 (0.02), followed by
the Cabibbo rotation, in such a way that the d axis is

driven away from the d-s plane by an angle of order SIS3.
This procedure expresses the experimental facts, in par-

ticular, the surprisingly small value of V„b, in a rather
fussy way, while the parametrization (6) gives much more
insight. The latter may, in fact, reflect directly, via the
sequence of rotations discussed above, the underlying
physical mechanism, which is responsible for the genera-
tion of the weak-interaction mixing. We expect that it
will emerge naturally in a future theory of the quark mass
matrix. Furthermore, the description of CP violation is
much more natural in the representation (7). In the limit
V„b —+0, i.e., o.—+0, the CP-violating phase is automatical-

ly turned off, while in the KM representation (8) the
phase 6' remains present and has to be absorbed subse-
quently by a suitable phase rotation of the quark field.

For this reason we suggest that the parametrization of
Kobayashi and Maskawa should be abandoned, and that
the matrix (6) should be used instead.

We conclude this note with two comments.
(a) A specific form of the quark mixing matrix has been

introduced recently by Wolfenstein. ' In this parametriz-
ation, which is assumed to be a perturbative expansion in
a parameter A, , the Cabibbo angle 8 is interpreted to be of
0(A, ), the b smixing a-ngle ~ is taken to be of 0(A, ), and
the angle o of 0 (A, ). Although numerically in agreement
with the observed value of r and with the experimental
limit on o., we doubt whether it is a useful way to
parametrize the weak-interaction mixing. In all attempts
to relate the mixing angles to the quark mass parameters,
no perturbative expansion in 0-X seems to emerge. In-
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CP 2= —sln5 c)c2c3$) $2s3

and in the parametrization Eq. (6)

= —sin6c~c c s~s,s~ .CP 2

One finds

(12)

sln5
SIQ6 $2

(13)

stead the small value of V„b finds its explanation in the
very small value of (m„/m, )'~ (Refs. 1 and 2). The fact
that the angle w is numerically close to 8 -A, , may well
be an accident. For this reason we doubt that
Wolfenstein s parametrization is a useful way of describ-
ing the weak-interaction mixing. Of course, the situation
will change, if arguments can be given that the relation
~=-0 is more than just a numerical coincidence.

(b) The phase parameter 5 in Eq. (6) causes CP
violation. In particular the amplitudes of the CP
violating processes in the case of strange- or charmed-
particle decays are proportional to the factor
A =Im(V„, V,d V„V„d) (see e.g. , Ref. 11). In the KM
parametrization Eq. (8) one finds

stantially.
It is interesting to note that in a very good approxima-

tion A can be expressed in terms of the matrix elements
of V as follows:

A cp= —sins
( V„„V„,V„b V,b ~

. (14)

(This holds within an accuracy of 1%.) Since the factor
multiplying sin5 is a measurable quantity and as such in-
dependent of phase conventions, it is apparent that A is
maximal if 5=+m. /2. Thus we define maximal CP viola-
tion as follows: CP violation is maximal, if the phase 5 of
the complex rotation in the d'-b plane introduced in Eq. (6)
is maximal U.sing the representation of the quark mixing
matrix given in Eq. (6), our definition of maximal CP
violation is very similar to the one given recently in Ref.
12, although our definition seems simpler and more trans-
parent in its physical content.

It remains to be seen whether the CP violation observed
in reality is indeed maximal in the sense described above.
If this turns out to be the case, we suspect that both maxi-
mal CP violation and the specific structure of the quark-
mixing pattern discussed here, especially the relation

~
V„b/V, b ~

&&1, are intimately related to each other.

For arbitrary values of the mixing angles the ratio (13)
can, of course, assume arbitrary values. However, in the
limit V„b~0 (83—+O, cr~O) the phases 5 and 5' must be
identical. Nevertheless, in reality 5 and 5 may differ sub-

I am indebted to the TH division of CERN, where this
paper was written, for its kind hospitality. This work was
supported in part by Deutsche Forschungsgemeinschaft
(Germany) Contract No. Fr. 412/6-1.

1H. Fritzsch, Nucl. Phys. 8155, 189 (1979).
28. Stech, Phys. Lett. 1308, 189 (1983).
G. Ecker, Z. Phys. C 24, 353 {1984).

4K. Kleinknecht and B. Renk, Phys. Lett. 1308, 459 (1983); K.
Kleinknecht, in Flavor Mixing in 8'eak Interactions, edited by
Ling-Lie Chau (Plenum, New York, 1984), p. 4S9.

Cy. Trilling, in Flavor Mixing in Weak Interactions (Ref. 4), p.
63; W. Ford, ibid. , pp. 77—90.

H. Fritzsch, Phys. Lett. 85$, 81 (1979).
M. Kobayashi and K. Maskawa, Prog. Theor. Phys. 49, 652

(1973).
L. Chau and K. Keung, Phys. Rev. Lett. 53, 1802 (1984).

9L. Maiani, in Proceedings of the International Symposium on
Lepton and Photon Interactions at High Energies, Hamburg,
1977, edited by F. Gutbrod (DESY, Hamburg, 1977).
L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1984).

IL. Chau, Phys. Rep. 95, 2 {1983).
~2M. Gronau, R. Johnson, and J. Schechter, Phys. Rev. Lett. 54,

2176 (198S); see also M. Cironau and J. Schechter, ibid. 54,
385 {1985).


