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We investigate the color and spin structure of multiparton processes, using a rigorous formalism

for handling such new processes.

The new ingredients are the double structure functions

Lar(xy,x2,b7)’s which in addition to the joint x,;, x,, and by distribution (b;=relative transverse
distance of the two incoming partons), carry information about the color (L) and spin (A) state of
the diparton system. We also work out the cross section for these processes, which is a nontrivial
generalization of the two-parton-initiated cross section.

I. INTRODUCTION

Composite hadron structure allows for the simultane-
ous participation to hard processes of more than one par-
ton in the parent hadron (multiparton processes). The
class of multiparton processes which are disconnected! 3
at the Born level (Fig. 1) have become of increasing im-
portance since the first observation, at the UA1 experi-
ment* of four-jet events which are likely to be generated
by a disconnected four-parton scattering. The new gen-
eration of machines such as the Superconducting Super
Collider (SSC) will probe the very-small-x regions (x be-
ing the momentum fraction carried by the parton). In
these regions the parton flux is becoming large (o« 1/x)
and one may expect multiparton processes to occur fre-
quently.

Various authors®>~® have so far roughly estimated the
cross sections of such processes. The outcome of their
computations”® is that in the TeV region these processes
are expected to be comparable in magnitude to the two-
parton-initiated four-jets events (o~ 10732 cm? at Vs ~1
TeV to 10728 cm? at Vs ~20 TeV).

In this paper we do not intend to pursue the study of
multiparton processes in a phenomenological point of
view (cf. Refs. 5—8) but rather to provide a rigorous and
powerful computational method for handling such new
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FIG. 1. Example of a disconnected multiparton process (four
partons) generating four jets.

processes. In a previous study’ we have investigated the
factorizability of the process depicted in Fig. 1. We have
shown that the process remains disconnected to any lead-
ing order in a;. We have also analyzed its spin and color
structure when the initial diparton system is just a di-
quark system. The aim of the present paper is to general-
ize the result of Ref. 9 to the more complicated and realis-
tic case where the initial diparton systems from hadron A4
and B may be any combination of quarks (g), antiquarks
(g), and gluons (g).

The cross section of multiparton processes is related to
the forward elastic amplitude shown in Fig. 2. It has been
shown in Ref. 9 that the cross section has the form

o= 2 fTI' FA(xl,xZ,bT)'lT DiSC(Tl)
diparton 21S1
species

X

P2

Disc(T, )Cg(y1,y2,b7) J
2lS2

deldedyldy2d2bT . (1

FIG. 2. The amplitude under investigation.

2380 ©1985 The American Physical Society



32 CORRELATIONS IN COLOR AND SPIN IN MULTIPARTON PROCESSES

ST T

99 }
|
99 99 99

FIG. 3. The six different diparton systems in hadron A4 (B).

The sum Y, is taken over the six different diparton sys-
tems sketched in Fig. 3, namely, (gq), (7 §), (gq), (qg),
(gg), (gg). The cut amplitude ', (I'p) is a tensor with
Ll
§156:6261
and the lower ones to spin; more precisely we have

eight indices, i.e., I' 4 . Upper indices refer to color

(L1 =,i,,i5,01)
(Eieabrtl) = (i) O (993050,
(111,151 Y=(iaa'i’)

(162361 =(ap'a) " (%)%
(L1131 )=(a,a,a5a})
(81626261 = (npaprp)

The color indices (i) refer to quarks and antiquarks
(i=1,2,3) while (a) refer to gluons (a=1,2,...,8). a’s
and u’s are, respectively, Dirac and Lorentz indices.

x, (y1) and x, (y,) are the momentum fractions of the
incoming partons and by is their relative transverse dis-
tance inside the hadron A (B) introduced by Paver and
Treleani.” The amplitudes T'; and T, describe the discon-
nected hard processes. They also carry color and spin in-
dices, displayed in Fig. 4, which are to be contracted with
those of I'y and I'z, whence the trace in formula 1.
(81)'/2 and (5,)!/? are their center-of-mass energies.

The method we will develop consists in expanding the

tensor 'y &2 ... (I'p) for each diparton system in terms
&6 p

for (gg) .

of projectors on invariant color and helicity subspaces.
The coefficients of these projectors are necessarily positive
definite and are newly defined double structure functions
LCar(xy,x5,b7). They describe, in addition to the joint
X1, X5, by distribution the probability to find the dipar-
ton system in a given configuration of color |L ) and hel-
icity |A). :

FIG. 4. Discontinuities appearing in formulas (1) and (30).
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II. THE COLOR STRUCTURE

In this section we concentrate on the color structure of
the tensor I"y (I'p) of formula 1. We first write kit
(subscript 4 and B, spin and flavor indices, are all under-
stood) as
' Lty | T Ly Lo, ) 2)
where {|L;l;), ;=12,...,n.} is the basis of the ir-
reducible representation {L;} to which the incoming par-
ton (i) belongs, n;, is its dimension. I is the matrix den-
sity in color space. The representations of interest are
{L;}=3, 3, and 8, corresponding, respectively, to quarks,
antiquarks, and gluons.
Consider the irreducible basis | L!) defined by

ILI)= 2 <L111L212 'Ll) IL111>® |L212) . (3)

i,

The most general form of the operator I in the new basis
reads

’

np,np

Tpopp |L'UYCLE| . @)

r-3

L,L' LI

Since color is conserved in Fig. 3, I' commutes with all
the generators of the SU(3), group and therefore is pro-
portional to the identity within each irreducible basis
{|L1),1=1,2,...,n.} (Schur lemma):

Crop=Tr8r18y . 5)
Putting this form into formula 4 we get
r=>r.3 |LI)LI| (6a)
L 1

=>T.P., ] (6b)
L

where P =, |LI){LI| is the projector on the repre-
sentation L. Color conservation thus reduces the number
of independent quantities from np, Xng, to just the num-

ber of irreducible representations L contained in the prod-
uct |Lil,)® |Lyl;). As a cut amplitude (Fig. 3), the
operator I is positive definite, therefore the I'; ’s are posi-
tive quantities.

B

Using (6b), the matrix elements 221 of (2) read

1L LIl (1115 | Py | 111y)

1_
= % L TeP, (7

r

In this expression we have redefined the I';’s by dividing
the projectors by their traces and by keeping the same no-
tation for the I';’s. With this normalization I'; stands
for the probability for the diparton system to be in the
color configuration | L ).

For the six cases of diparton systems considered, the
Clebsch-Gordan decomposition reads



2382

(a) ¢q:3®3=386,
77:3®3=306,
(b) ¢7:393=1@8, : (8
(c) qg:38=306015,
7%3e8=3060T5,
(d) gg:828=108,68,01056106270 .

(a) <i'j'| P, | ij)—‘:%(sii'sjj'_sij"sﬁ') ’
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Therefore according to (7) we have to compute the projec-
tors on the states appearing in the decomposition (8). We
have worked out these projectors for each case. We list
below the matrix elements of the different projectors,
where i=1,2,3 denotes the quark/antiquark color,
a=1,2,..., 8 that of the gluon, A’s are the Gell-Mann
matrices, and f,;. and d,,. are, respectively, the totally
antisymmetric and symmetric tensors of SU(3),:

9
(i'j" | Py |1 =7 (8 +8y:8)
(6) ')’ | Py|if) =588y, 10
(i'j" | Py | if ) =885 — 5848y
(¢) (i'a"| Py, |ia)="6A"A% ,
(i'a"| Py | ia ) =58;i8ara — T (AAW )y — T (A¥A%)s (11)
(i'a" | Pysys) lia) = 58i1:8ara + T (AT — e ATAD
(d) (a'd’|Py|ab)=58um8u
(a'b’| Py, |ab) = 3dapedape >
(a'b’' | Pgy | ab ) =5 fapeSfabre » 12
(a'b" | Py | ab ) =+ (82gBpp'— SatOpa'— 5 faveSawe) + +1(AaraeSi7be +AprbeSatae) »
(a'b’| Prg | ab ) =+ (8aBsp'— 8abrBbar— 5 faveSarvre) — 41 (daraeS brbe +dppeS arae) »
(@'’ | Py | ab ) =+ (8aaBppr +8abBpar— 4 BapBartr — 5 dabedarte) -
|
III. THE SPIN STRUCTURE therefore can be written as
The spin structure of the partons inside the parent had- T= 3 (AA|T|MAD) [AMAD (A, ] . (14)

ron is described by the spin tensor T where

£16,856
&1&, - - - are Lorentz indices for gluons and Dirac indices
for quarks and antiquarks. In order to treat the spin
structure in a fashion similar to the color, we convert
from the &; basis to the helicity one | A; ). The advantage
of the latter is that the total diparton helicity A is approxi-
mately conserved, i.e., the A nonconserving part of
I' ,(T'p) is suppressed’ by powers of 1/V’s (Vs being the
overall center-of-mass energy). This conservation rule, to-
gether with that of parity (for unpolarized beams) will
play a role analogous to the color conservation in the
preceding section. We therefore write I'g ¢ ... as

Lo e = > (MAY T [MAy)

AA,ALAL

X@E(MIPE AP, Mg (A3) . (13)

@¢,(A;) denotes the spin wave function of the incoming
parton i with helicity A; (A;=1), i.e., @g (A )=€,(A;) for
the gluon and @g (A;)=u4(A;) [Ua(A;)] for the quark [an-
tiquark].

I' is an operator in helicity space (matrix density) and

AAALA

In general, T is nondiagonal in the |A;)® |A,) basis.
However, due to helicity and parity conservation I is di-
agonal in the following basis:

_ . =t =+
|A)=|++),|—f>, V5
[cases (a),(b),(d)], (15)
IM=]++)351—=)]+=)|—+) [case(c)].

(16)

We thus write T in the new bases |A) as a sum over the
projectors P, associated to the state |A):

T=3(A|T|A)P, . (17)
A

Parity in addition requires that
(++|T|++)=(==|T|==)

[cases (a),(b),(c),(d)],
(—+|T|=4+)=(+—|T|+—) [case(c)].
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Therefore, we can rewrite (17) as

= P,
P—;nTrPA ) (19)
where
PA=(P |44y +P|_)i(P 1y |—4))
(a),(b),(d)],
[cases (a),(b),(d)] 20)

Py=(P|)y+P|__));(P4_y+P|_4)) [case(c)].

As for color T' is positive and is the structure function
describing the diparton system in the helicity subspace A
associated to P,. We thus have only four kinds of projec-
tors whose matrix elements are listed below:

(MA2 [P 44y +P ) |7‘1}‘2>=%(1+)‘1A2)8x17t;87~27»21 ’

(MA2 | P4y +P ) l7»17»2>=‘2L(1—7‘1}‘2)8A111812A'2 ’
1 (21)
(MAL P4y —+) [7‘17~2>=7(5A1x3812A;

—MAgBy 518, 10) s

ra 1
<}\.1}\,2 fP‘ +—)— | —+) l }\,1A2>=7(8A1A1812N2—8M7\56}~2NI) .
(In the above formulas, A; is twice the helicity for quarks

and antiquarks.) Putting (19) into (13) we get the follow-
ing form for the covariant tensor,

AMA | Pa | AiA,)
Leesg=2 2 FA( : ZlTrzl:! =
A AaAsA] A

><¢721(7»1)<p22(7»2)¢7§;(7\.'1 )cpg,z(k'z) .

(22)

Summing over the helicities 7»,-,7&}1 in (22) we get
]

(P )5152525’1

Poose=2Tapp, 23)

where the covariant (P, )’s are obtained from the nonco-
variant ones (21) by the substitutions (we use the conven-

tion of Bjorken and Drell;!? also quark masses are neglect-
ed)
S —Paa >
(24)
A — £ (Y s# )a'a

(with 4+ for quarks and — for antiquarks of momentum
P
Sav——g up' >
(25)
ABA’}‘I—-)iea”#'pkpn g

(for gluons of momentum k), where €guup 18 the Levi-

Civita totally antisymmetric tensor, and n is a spacelike
four-vector such that n-k=—1; a simple choice may be
n°=(0,k/|k|2). The first three rules are straightfor-
ward. The fourth one is less trivial and involves the po-
larization sum

> Aeulk,Meu(k,A) .
A
The reader may check this substitution taking

e+=——‘/l_2—(0,1,i,0)

and

e_=—‘/1—§(0,1,—i,0) .
The result of the substitution is listed below.
Cases (a), (b) (the lower sign corresponds to the gg sys-
tem):

. .
(P [++) +P| -=) )a,azaaa'l = 7[Fa'la‘pa;_azi('}/5p)a'lal(ysp)aéaz] ’

1 —_
R e AL T Ak 1 | 0 NPRICE JNPRYE DI (26)

1
(P| +=)—|=+) )alazaéa'l 2 (Fa'lalpaiaz_pa'lazyaéal)

Case (c) (the lower sign corresponds to the gg system):

(Pi ++) +Pl -=) )ay;t'a': %[ —gyy’pa’aiieauu'pkpna(ysp)a’a] ’

27

(PI +-) +P| —+) )a;m’a’:%[ _gyy'ﬂa‘aiiﬁcmp’pkpn0(7’5ﬂ)a’a] .

Case (d):

=1 — PPy 0y T
Pty P =)yt = 7 8 8y, ~ oo Conpus 17

€ e, kPkPnn®), (28)
O 1 p Opfrp

8y B )

1
Pt 1=+ D sy = = C gy

(Ply—r—i-

(g, 8

W iy = T C i By, ~
. . . . . . .. 1L .
Combining the color and the spin degrees of freedom we arrive at the final decomposition of the tensor I’ 5‘1 522525 511’1 which

appears in (1):
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P,oP,
M= ,——2 29
L}i LA (TrP, )(TTP,) 29)

where I';, is the probability to find the diparton system in the color-helicity subspace L&A, P, ® P, is its correspond-
ing projector with the traces TrPy =n;, TrPy, =n, (ny and n,, being, respectively, the dimensions of the subspace L
and A). The matrix elements of these projectors are listed in (9)—(12) and (26)—(28). Finally the cross section of mul-

tiparton processes (1) have the general form

A B
o= 3 3 [Tiix,bp)TRpdx,x5,b7)
diparton (AL)
species (A'L’)

Tr PA®PL

DiscT;

A

2ipy

DiscT,

. AN

2ip;

P,®P;:

X

(TrPpANTrPp (TrP )(TrPy:)

IV. CONCLUSION

In this paper we have elucidated the color and spin
structure of multiparton processes where two partons
from each hadron participate simultaneously to hard pro-
cesses. We have introduced new structure functions
TCaL(x1,x2,br)s. The key procedure to define uniquely

such T'y;’s is to expand the color-spin tensor 'z ¢ ... in
terms of projectors on invariant subspaces

L(color)® A(spin) .

Conservation of color, helicity, and parity are needed for
such an expansion.

The structure functions 'y (x,Xx,,b7)s thus defined
are positive definite and therefore have a probabilistic
meaning. They describe, apart from the joint (x;,x,,b7)
distribution, the way the two partons are correlated in
color and spin inside the parent hadron. The formula that

dxdx,dx'dx5d*br . (30)

|we have obtained for the multiparton cross section consti-
tutes a nontrivial generalization of that for the two-
parton-initiated processes. We have been able to write it
in a simple form, with a universal structure for all flavors.
Many other problems remain to be investigated; a particu-
larly interesting one is the analysis of the evolution of
multiparton distribution functions "', ’s, which is not a
trivial matter due to their mixing under radiative correc-
tions.
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