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Following the method of Ioffe and Smilga, the propagation of the baryon current in an external
constant axial-vector field is considered. The close similarity of the operator-product expansion
with and without an external field is shown to arise from the chiral invariance of gauge interactions
in perturbation theory. Several sum rules corresponding to various invariants both for the nucleon
and the hyperons are derived. The analysis of the sum rules is carried out by two independent
methods, one called the ratio method and the other called the continuum method, paying special at-
tention to the nondiagonal transitions induced by the external field between the ground state and ex-
cited states. Up to operators of dimension six, two new external-field-induced vacuum expectation
values enter the calculations. Previous work determining these expectation values from PCAC (par-
tial conservation of axial-vector current) are utilized. Our determination from the sum rules of the
nucleon axial-vector renormalization constant G, as well as the Cabibbo coupling constants in the
SU;-symmetric limit (m;=0), is in reasonable accord with the experimental values. Uncertainties in
the analysis are pointed out. The case of broken flavor SU; symmetry is also considered. While in
the ratio method, the results are stable for variation of the fiducial interval of the Borel mass param-
eter over which the left-hand side and the right-hand side of the sum rules are matched, in the con-
tinuum method the results are less stable. Another set of sum rules determines the value of the
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linear combination 7F —5D to be ~0, or D /(F+D)~15.

I. INTRODUCTION

In the past few years the sum-rule method in quantum
chromodynamics (QCD) has emerged as a major tool for
computing the masses and coupling constants of low-lying
hadron states.! The procedure, while approximate, has
met with a considerable amount of success. In particular,
in a series of papers,>—* Ioffe and his collaborators have
successfully computed the masses of the nucleon and its
octet partners as well as the isobar and the decimet
members. In a later extension of this work, Ioffe and
Smilga® and independently Balitsky and Yung® considered
the correlation function of the baryon current in an exter-
nal electromagnetic field F,,. By computing the term
linear in F,, in the current correlation function, they were
able to calculate the magnetic moments of the proton and
neutron to within 109% accuracy.

In this present work we follow the ideas of Ioffe and
Smilga and consider the propagation of the baryon
current, i.e., of the nucleon and the hyperons, in an exter-
nal axial-vector field Z,, and compute the terms propor-
tional to Z,. In this way we are able to determine the
axial-vector coupling constants of the nucleon and hype-
rons. We find that the theoretical determination of the
axial-vector renormalization constants are in reasonable
agreement with experiment for hyperons as well as the nu-
cleon, provided the vacuum expectation value of the
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chiral-symmetry-breaking parameter is about 20% small-
er than the value usually assumed,

(gq)=—(0.25 GeV)* .

It is known that if the axial-vector current is conserved
exactly like the vector current and the physical vacuum is
invariant under chiral SU3;XSU; symmetry, then the
axial-vector coupling to the baryon octet will be of the
pure D type and the F-type coupling will be zero, as fol-
lows from SU; symmetry and charge-conjugation invari-
ance. Furthermore, there will be parity doubling in the
baryon spectrum. The lack of conservation of the axial-
vector current is attributed to the breaking of chiral in-
variance by the physical vacuum and is essentially a low-
energy phenomenon. Therefore the sum-rule calculation
should reveal that the F-type coupling should tend to zero
and D-type coupling tend to unity in the chiral-symmetric
limit. We shall see that QCD sum-rule approach brings
out these basic features of hadron physics very clearly.

The QCD sum-rule method is basically the following.
To compute the properties of a given hadron, one chooses
a current which has a nonzero matrix element between the
physical vacuum and the hadron in question. For the case
of the proton we shall use the current®’

N(x)=[u%x)Cy,ux) 1y, d (x)e™ . (1.1)
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One then computes the correlation function

m(pH)=i [ d*x e?*(0| T(n(x)7(0))|0) (1.2)
which satisfies a dispersion relation of the form
. )
rp=— [ AmTeD)_ 0 (1.3)

T PlZ__pZ_iE

For large p2, that is in the limit x—0, the product .

7(x)7(0) can be computed in terms of the quark and
gluon degrees of freedom via the operator-product expan-
sion (OPE). This in turn leads to an expansion of 7(p?) in
terms of the various vacuum correlation functions, such
as the chiral-symmetry-breaking parameter (gq ). On the
other hand, using a dispersion relation, the correlation
m(p?) can be computed as an integral over the absorptive
part, that is to say, in terms of the nucleon and excited
states which have the same quantum number as the nu-
cleon, apart from parity. By matching the Borel
transforms of these two calculations, one in terms of the
operator-product expansion and the other in terms of the
physical intermediate states, over a range of values of the
Borel mass parameter in the region of the nucleon mass,
one is able to deduce self-consistently the proton mass and
the coupling strength of the current 7 to the one-proton
|

(O] T(q(x)7(0)) | 0) =f (xR +8 (x )+ F1(xD)x-Z Ry s+f2(xDZ2ys+g,(xx-Z Ys+82(x1)0*PZ x gy s .

Here and in the following for a four-vector 4,,
.;i:A”y”. The structures f;, f,, and f are chiral odd,
while the rest are chiral even. In momentum space the
correlator takes the general form

m(p*)=F(p*)p+G (p )1+ F\(p*)p-Z pys
FFy(p)Z2y5+G1(p2xp y5+Go(pDoapZpPys .
(1.5)

It will be shown in detail in Sec. II that the leading terms
in p? for the coefficients F,(p2), F,(p?) via the OPE are
identical to the leading terms which are obtained for the
coefficient F(p2) occurring in the mass sum rule written
down by Ioffe.>?

The current correlation function 7(p?) in the absence of
the external field corresponds to the creation of a state
which has the quantum numbers identical to the nucleon
apart from parity by the current %(0) and its subsequent
annihilation by 7(x). In the presence of the external field,
as pointed out by Ioffe and Smilga,> one should take into
account the fact that the intermediate nucleon state can
make transitions to excited states under the influence of
Z,. These nondiagonal terms should also be kept in the
computation of the current correlation functions in terms
of the physical intermediate states and are a priori of ar-
bitrary and unknown strength. As will be discussed in de-
tail in Sec. III, these nondiagonal terms interfere dif-

ferently in the sum rules corresponding to the coefficient

Fi(p?) and F,(p?) for the structures p-Z pys and 27/5,
respectively. In particular, states of opposite parity add
destructively in the p-Z pys sum rule, while in the Zys

state.

In computing the OPE for the baryon-current correla-
tion function in an external field Z,, one encounters
terms of two types: (a) Z, interacting with a hard quark,
i.e., a quark which carries a substantial part of the current
momentum p appearing in Eq. (1.2). (b) Terms which
correspond to modification of the quark and gluon vacu-
um correlation functions by the external field.>® These
latter terms are analogous to the susceptibility terms one
introduces in the discussion of dielectric and magnetic
substances.

In our calculation, the fact that all gauge interactions in
perturbation theory are chirality preserving (SU; color
gauge interaction, as well as the usual weak interactions)
leads to the fact that the terms of the type (a), i.e., the
hard-quark terms, can be simply related to the propaga-
tion function in the absence of the external field Z,. In
this context the excellence of the choice of the baryon
current, Eq. (1.1), made by Ioffe manifests itself very
clearly,as will be discussed in detail in Sec. II.

For deriving the sum rules, it is simpler to calculate the
correlation function in configuration space first. It is easy
to see that the most general form to first order in the
external field is

(1.4)

[
sum rule they add constructively. As a result, in the latter
sum rule, the nondiagonal terms are quite significant.

In Sec. IV we extend the calculations to hyperons.
Bearing in mind that if chiral symmetry were exact the
Cabibbo coupling strengths would be F=0 and D=1, we
have chosen the transitions £—3 and £—A which in-
volve, respectively, only pure F and D couplings. In addi-
tion the sum rule for the =— = vertex which involves the
difference D —F is also written down.

We have analyzed the sum rules by two independent
methods. One of them we call the ratio method; it does
not require an explicit knowledge of the coupling strength
By of the current 7(x) to the nucleon state and is
described in detail in Sec. V. It depends on utilizing the
ratio of the sum rules for the correlation functions with
and without the external field Z,. This procedure is quite
stable as a function of the Borel mass parameter.

In the other method we follow the procedure of Ioffe
and sum over the excited contributions in the right-hand
side of the sum rules using asymptotic freedom. This pro-
cedure requires an explicit determination of the coupling
strength By and is determined from the mass sum rule.
Although this latter method is more sensitive to the pre-
cise value for the Borel mass variable over which the left-
hand side and the right-hand side of the sum rule are
matched, we find that the results are compatible with the
ratio method.

We find that the value of the axial-vector coupling con-
stant for the baryon octet depends quite sensitively on the
vacuum expectation value of the chiral-symmetry-
breaking correlation

a=—(2m)*0|gq |0) . (1.6)
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A value of @ ~0.45 GeV? is preferred by our sum rules
rather than the value of a~0.55 GeV> which is more
commonly used.® This confirms Belyaev and Ioffe’s ob-
servation® that the value a=0.55 GeV? is an overestimate
and a reduction of about 20% in its value should bring
their determination of the baryon masses into closer
agreement with experiment.

As discussed in detail in Sec. V, the determination of
the precise values of the renormalization constants is sub-
ject to some uncertainties. On the other hand, choosing
the same parameter for the Borel mass variable, as is done
in earlier calculations of the nucleon mass, the G, value
does come out close to the experimental result. The Ca-
bibbo couplings D and F in the SUjz-symmetric limit are
also not far from the experimental data. In the broken-
SU;-symmetry case, the results depend significantly on
the methods of analyzing the sum rules.

We have summarized in the Appendix for the reader’s
convenience a collection of Fourier transforms and Borel
transforms needed in the text.

During the course of this work, we became aware of the
work of Koniuk and Tarrach® and Belyaev and Kogan,'°
who have discussed some of the problems to which this
paper is addressed. We disagree with Belyaev and Kogan
on several points. More importantly we believe that their
method of analyzing the sum rules which involves sub-
tracting two different sum rules may not be a priori reli-
able and moreover they used an unrealistic value of the
coupling strength By in their calculation. On the other
hand, in our analysis we use two independent m~ethods,
one of which involves no explicit knowledge of By, and
the other which uses By as determined by the mass sum
rule. The consistency between these two methods assures
us that our By is indeed close to its true value. Further in
our analysis of the sum rules, we do not restnct the value
of the external-field-induced correlation (O | qG,wy q 10)
to that given by the analysis of Novikov et al.'! and re-
gard it as a parameter.

II. DERIVATION OF THE SUM RULES:
CONFIGURATION-SPACE RESULTS

We introduce an external axial-vector field Z, (not to

‘T(n(x)n(0

L1=qi ﬁq, with ﬁ:y"(V“—i—iqu#yS) ,
(2.1)

n

, A
V”=8u+zgcAz7 R

g. is the QCD gauge coupling constant, and A" are the
Gell-Mann matrices. The value of the weak coupling con-
stant g, depends on the quark type as well as the field Z,,.
If, for instance, z, is the third component of an isovec-
tor, then g, = —gy and g, =0, with corresponding assign-
ments for other SU;-flavor currents.

Following Ioffe*” we take the nucleon current to be

N(x) =€ [u o Cy,uly vy d(x) , 2.2)
=4[(uBCdl)uf —(uf Cdl)ug 1%, (2.3)

where a,b,c denote the color indices, C is the charge-
conjugation matrix and the right- and left-handed projec-
tions of the quark field g (x) are

gr(x)= 3 q(x),
1+
qr(x)= 27’5q( )

Equation (2.3) is obtained from Eq. (2.2) by a Fierz rear-
rangement. - The adjoint nucleon current can be written as

)= [@¥ yy,Cu® M1 Bysy”, (2.4)
=42’ b (@8 cad s —@t cad gl @5
We are interested in the correlation function
mp)=i [ d* (0| T(n(x)7(0))|0)e?™. (2.6)

We shall find it advantageous to use the form for the
current in the helicity representation given by Egs. (2.3)
and (2.5), respectively. Since the u and d quark masses
can be considered zero for our purpose, the splitting of the
field into left-handed and right-handed pieces is very use-
ful. Furthermore, both the SUjs-color gauge interactions
and weak interactions in perturbation theory leave the
chirality of the fermion wunchanged. The product
)) consists of terms of the type

be confused with the intermediate boson Z°), whose in- T(n(x77(0))=0g (x)+ 0L (x)—E,(x)—Es(x) , 2.7)
teraction with the quark field ¢ is written as where
i
Og(x)=T(uf(x)CdE (x)uf (x),d & ca; 7§ )16etce e’ (2.8)
O (x)=T(uf (x)Cdl(x)ug(x),d 2 Ca¥ u$ )16e®e b’ | 2.9)
E, (x)=T(uf(x)CdE (x)uf (x),d % caf u z’ )16€beea’ b’ e’ (2.10)
and
Eo(x)=T(uf (x)CdE(x)uf(x),d % Cug 7§ 1166 b’ @2.11)

We shall calculate the OPE expansion for these operators using the procedure of Ioffe and Smilga.’ In essence, it con-
sists of using standard perturbation theory but with provision being made for the fact that normal products like :gq:,
which by definition in the perturbative vacuum have zero expectation value, acquire a nonzero expectation value in the

physical vacuum.
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Returning to Eq. (2.8) it is evident that in the product Og(x), the d quark remains right-handed in its propagation
from the space-time point O to x, while the two u quarks either simultaneously retain their chirality or change their
chirality. Thus the terms Og(x) and Op(x) contribute only to the chiral-odd invariants f(x2), f1(x2), f5(x?) in Eq.

(1.5). Similarly the products E;(x) and E,(x)contribute only to the chiral-even invariants.
Following Ref. 5, the quark propagation function in the presence of the external field Z, can be written as

i8% X 8% x-Z(X)yi i

(0| T(gfgh)|0)=
| T(q/,q %) | Py Vs

n > >
ab G" (xapv‘i‘o'yvx )ik
v

T o? & x4 3272 87 x?

;'flfﬁabﬁik(oqu 10>+le‘qu5“(27’5)1‘1¢(0|¢7‘] |0) + 5c8,%%ZP0,py5(0 | qg | 0)

Sab )
+T§56,—kx (0|go-Ggg. |0) +

. The first three terms correspond, respectively, to the free
propagation function for a massless quark, the propaga-
tion with interaction with the external Z, field and the
vacuum gluon field G,,, where g, is the coupling con-
stant defined in Eq. (2.1) and g, is the SU(3)-color gauge
coupling constant and A" are the SU(3) Gell-Mann ma-
trices. The fourth term represents the breaking of chiral
symmetry by the physical vacuum. The fifth term arises
from the fact that in the presence of the external field Z,,,
Lorentz invariance of the vacuum is broken and
(Gv,Ys9 >#0. We have defined a susceptibility X by

(0| gy,7sq |0)=g,XZ,{0|gq |0) .

The sixth, seventh, and eighth terms arise on expanding
the vacuum correlation (0|g(x)g(0)|0) in a Taylor
series around x=0. Thus

(0] gf(x)g5(0)]|0)
- =(0]¢f(0)g2(0)|0)+x,(0 | (V¥g®)g 2 | 0)

(2.13)

X, X
+—’;—,1<0|(V“V" OZEI0Y+ -, (2.14)

where we have followed the conventional approach and
used fixed-point gauge, x”A4,=0, so that covariant
derivatives are equivalent to ordinary derivatives.

Using the equation of motion (§+igq2y5)q=0, one
can write

g
xu((VRg)T &) =8"Ext 20,y 5(qg) , (2.15)
and
%xuxv((V"V"q{')?ﬂ
x28;
__gab ik ,_ .
T (gg.0°Gq)
+L72ﬂ—[(%x2z—x-2x)y5]ik (2.16)

The external-field-induced susceptibility x appearing in
(2.16) is defined by '

(7§uv7ﬂ)=ZuK(0|7q |0> »

where

(2.17)

'Sabqu< qq )
72

[(3x 27 _x-Z X)y5)ix +higher-order terms . (2.12)

~ 1
le = 7€“vaﬁGaB ’
and

GaB=GnaBZ‘i
>

We note that in Eq. (2.12) the first three terms are odd
in chirality and are the ‘“hard-quark” terms mentioned
earlier. The terminology “hard” reflects the fact that in
momentum space these correspond to the quark carrying
large momentum. The soft-quark terms, i.e., the chiral
condensate and its modification thereof by the external
field, are all even in chirality with the exception of
qv,vsq and g G, y"q which are odd.

It is now straightforward to compute the operator-
product expansion in Egs. (2.8)—(2.11). As an illustration,
consider the coefficient of the identity operator which
arises from the first two terms in the propagator in Eq.
(2.12). Using chiral projections, these two terms can be
written as

i8% 1xys 1%y;s

2?2 2
which simply reflects the fact that the left-handed and the
right-handed quarks have opposite couplings to the exter-
nal field and, more importantly, the effect of the interac-
tion with the external field appears simply as a multiplica-
tive factor in the hard-quark term. To comprehend close-
ly the nature of the similarity between the OPE with and
without an external field, it is useful to keep both the
terms independent of Z,, as well as terms linear in Z,.

We list below the contribution in perturbation theory to

the Wilson coefficients'?> in the OPE Eq. (2.7) to Eq.
(2.11). The coefficients of the identity operator and of Z,
are given by Figs. 1(a) and 1(b), respectively:

(1%ig,x-Z) (2.18)

(b)

FIG. 1. Diagrams for Eq. (2.19).

(a)
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N\
\“_‘ \
N {I 3 N 7 ;'
(a ) (994 ( b ) }:-’1'
FIG. 2. Diagrams for Eq. (2.20).
24i X .
Fig. 1_+—‘— ’io(1+zgdx-2y5>. (2.19)

Notice that there is no contribution from the interaction
of the Z,, field with the u quark. ‘

The coeff1c1ent of GZ¢G apand Z, Gy eld ap are given by
Figs. 2(a) and 2(b).

! X 1_i . 2
3075 ;;(l—zgux Zys)g. G2), (2.20)
where
(8.2G*) =(8.2G#Gp) . .21

The contribution from the diagrams in which the vacuum
gluons interact with different u# lines are zero,!? both in
the sum rule for the mass as well as for the external field
case. Therefore there is no dependence on g, in Eq.
(2.20). One can check this readily in the helicity represen-
tation, Eq. (2.8).

We assume factorization'? for the four-quark correla-
tion function, which receives contributions both from the
hard-quark term in the first three terms in the propagator
Eq. (2.12) as well as the soft-quark terms. The hard-
quark contribution to the (gg)* are given by Figs. 3(a) and
3(b): .

(2.22)

Fig. 3= —— (l+zgdx Zys)gq)?.

i
317 2
For the odd chiral structures x-Z Xys and Z Vs, these are
the only diagrams containing hard quarks which appear
in the coefficient of operators of dimensions d <7. No-
tice that in all the cases above, the proportionality factor
between the hard-quark terms and the corresponding
terms in the absence of the external field is evident as
promised in the Introduction. Next we turn to the soft-
quark terms.
The coefficient of gy, sq is given by Fig. 4:

o€y

(a)
FIG. 3. Diagrams for Eq. (2.22).

:
) §

FIG. 4. Diagrams for Eq. (2.23).

(a)

4
Fig. 4=+ — 5 [(8u +84)Z x £ys—gux 2ZysX(gq) .
(2.23)
Notice that for an isovector field, g, = —g, and therefore

the coefficient of Z-x Xy s vanishes.
The coefficient of § G, 7.4 is given by Figs. 5 and 6:

A

. 1 xZx V4 _
Fig. 5=—— (38, +8a) ¢ Vs— 38475 |x(qq) ,
o X X
(2.24)
Z% 12y |,
Fig. 6=+ —; L gt |EE Ry 2515 ()
x 2 x
(2.25)

Combining the expressions of Figs. 5 and 6, we get

, ) 1 2 x Zx?/s 13 Zvs
Fig. 5+Fig. 6= — — £ -0 =
ig. 5+Fig & |84 |3 e 6 1
z _
+84 k{gg) . (2.26)

Notice that the coefficient of x-Z Xy 5 is independent of
8d-

Next consider the soft-quark contributions to the coef-
ficient of Z,(0|gq |0)> This arises from the seventh
term in the propagator expansion given in Eq. (2.12) and

(a) (b)

FIG. 5. Diagrams for Eq. (2.24).
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(a) (b) % (c)

FIG. 6. Diagrams for Eq. (2.25).

is given by Fig. 7:

xZ% Z
2

Fig. 7=— - (2.27)
X

2,
972 ="
So far all the terms considered have odd chirality. Next
we consider even chirality terms.

The leading terms in the OPE are the operators gg and
Z,qq for the external-field-independent and the external-
field-dependent cases, respectively. These terms are given
by Figs. 8(a) and 8(b) and are computed using the fourth
and the sixth terms in the propagator expansion Eq.
(2.12):

5
2m)*xS
g4 xPze

o
32m)* %P xS
Note that unlike the odd chiral structures, the leading
contribution to the even chiral case arises from the exter-
nal field interacting with a soft quark and not a hard

quark. ‘
The coefficient of §qgy,ysq is given by Fig. 9:

. 28,  Z%PB,_ |,
Fig. 9=+—3?aaﬁ—-x—4—(qq> X .

Fig. 8(a)= (qq) , (2.28)

Fig. 8(b)=— (gq) . (2.29)

(2.30)

Finally the coefficient of §y,ysq go-Gq is given by Fig.
10:

aapxﬁ

x2

. 1
Fig. 10=— wgux | 48

B
Ua
) xﬂf X(gq)(go-Gq) . (231

T 482

FIG. 7. Diagram for Eq. (2.27).

(a) (b)

' FIG. 8. Diagrams for (a) Eq. (2.28) and (b) Eq. (2.29).

To compute the contribution to 7(p) from these various
Wilson coefficients, we need to compute integrals like

ip-x( )
e d* et )
[ ] f x (x2—ie)
with (2.32)
(- )=1, x4, OF XoXxg,

where € is a positive infinitesimal quantity corresponding
to the usual Feynman boundary condition and they are
listed in the Appendix for the readers’ convenience. _Us-
ing these, the coefficients of the structures p-Z pys, Zvs,
and [0,8Z % By s can be written and are presented in Table

We next carry out the Borel transformation as follows.
Remembering that the OPE coefficients are calculated for
spacelike values of P?= —p?,

BLf(pP)]=f3(M?)

n

. (PZ)n+1 d )
= 1 —_
Pl
P2/n=M? fixed
(2.33)

The Borel transforms needed for our purpose are listed in
the Appendix. Collecting all the results, the Borel
transforms of the correlation #(p) corresponding to the
structures p-Z pys, 27/5, and iaaBZ“pﬂy5 are given by
the following. For p-Z pys,

FIG. 9. Diagram for Eq. (2.30).
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TABLE 1. Wilson coefficients (a) with no external field and (b) with external field, in momentum

space. Apart from a multiplicative factor i /(2m)*.

a~

(a)

p
Fig. 1(a) —+p*in(—p?)
Fig. 2(a) ——;—(g\chz)ln( —p?)
Fig. 3(a) —%azpiz
Fig. 8(a) —ap?In(—p?)
(b)
P-Zpys Zys i04pZ PPy
Fig. 1(b) gap?In(—p?) +8ap*In(—p?)
Fig. 2(b) —%gu<g,3c;2>;}7 —1g,(2:2G?) In(—p?)
Fig. 3(b) —%gdazﬁ %g,‘,azi2
Fig. 4 —3(ga-+8,)Xa In(—p?) —+(gg—58, Xap*In(—p?)
Fig. 5 _(2;5,v,,+-‘3°—g,,)Kapi2 —(g4—>5g, )xa In(—p?)
Fig. 6 2gu +g,,)xa—p1—2 3(g, +g4)xa In(—p?)
Figs. 5 and 6 —%Kag,,i2 2(gq+4g, )ka In(—p?)
p
. 1 1
Fig. 7 %guaz;j %g,‘az;?
Fig. 8(b) —2g4aln(—p?)
Fig. 9 %)(azg,,i2
Fig. 10 —texatmer
p

_8
2m)*

For 27/5,

_4
(2m)*

For Z,pgoqgyss

ﬁ(gd%aw—gu%xwrgu%mo%). (2.36)

We shall refer to them as the left-hand side (LHS) of the
sum rules. The right-hand side (RHS) of the sum rules
are to be computed in terms of the physical hadron inter-
mediate states and coupling strengths, which are given in
the next section.

+(gy +8a)(—Tka)M*— (g, +3g4)—

M4
(—8a) =5~ +(8u +84) i XaM*+(5g, +3g4)t5Kka +8, 55 {8°G?) + (8, +84)(— tKa)+(g, — 584)

. 6
(—g0) B+ (gg — g XaM*+ (ga — Sg,) S a8, 3 (876 ) M?

a2

9

32
a® 1
9 Mm? |’
(2.34)
(2.35)

(a)

(b)

FIG. 10. Diagrams for Eq. (2.31).
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III. THE CORRELATION #(p) IN TERMS
OF THE PHYSICAL INTERMEDIATE STATES

The QCD sum rules are obtained as usual by comput-
ing 7(p) in terms-of physical intermediate states as given
by the dispersion integrals in Eq. (1.3). In the presence of
the external field Z,, there are not only diagonal transi-
tions in which the 1n1t1a1 state |j) is the same as the final
state | k), but there are also nondiagonal transitions
[j)== k).

The diagonal nucleon contribution to 7(p) can be writ-
ten as

iAy3

_ZHiG -t
F—mzv( l AY“VS)F—'"N
1
=—G A ZF—————
A/MN (pz_mN2+l.€)2
X {[(p*—my*)+2my*ly,

—2p p+2my(io*p,)}ys . (3.1)

The axial-vector renormalization constant G, is defined
by

where v (p) is the nucleon spinor with the normalization

(3.4)

" We must also take into account the so-called single-pole
terms, in which either the initial or the final state is the
nucleon, while the other is an excited state. Further since
7 is a fermion current these excited states can be of either
parity. This is crucial in the following, since the contribu-
tion from the positive- and the negative-parity states com-
bine differently in the different helicity structures. To see
this in detail, and at the same time to keep the discussion
simple, let us momentarily ignore the width of the excited
states and introduce the definitions

v =2my .

(0] n|Pyy=Afv(mt), - (3.5)
and

(0]7|8;)=A;ysv(mi), (3.6)
where | P;) denotes a positive-parity state of mass mf,

whlle | S; ) denotes a negative-parity state of mass m;.
?r are the coupling strengths of the baryon currents to
the physical states in question. The weak-field-Z,-
induced transition matrix elements are defined by

(N |J5 INY=(N |@yyysu —dy,ysd) | N) (B | | P) = =Gl Tom iy o (mid, 3.7)
=gAv(p),y,u,y5U(p) (3.2) (S] |JM lPk)zG]k U(mj )Y#v(mk ). (3.8)
and Using these definitions, Eqs. (3.5)—(3.8), we collect the
coefficients of the various invariants in the expansion of
(0|9 |N)=Ayv(p), 3.3)  wlp):
|
4 AR Gix Ay Ak
coefficients of 2p-Z pys= — i
74 pbYs J’zk (P +2)(p2_m,;I-2 (p2_mj—2)(p __mk )
Gi k”k+ G?"_N Ar
- e 'iz Lk |, 3.9)
(p?— Np2— (p m; ) p—mg %)
coefficients of 27/5= 2 ++7»,*7tif(p +mj m’) Gf;—kf'—)\"—(p2+mj—m"_)
I (pz—mfrz)(pz—mlfz) (pz——mj_z)(pz—mk_z)
v _Gi TATAL (p? —m, mk ) G A A (pP—mtmy) (3.10)
(p2—m; H(pi—mi?) (p2—mpi—mg? |’
‘ +x+x+ Gj “Aj Aic(mj” +myg
coefficients of iaaBZaPBYSZ z : J +I;(m] +771k ) jk I; m; +myg )
Jk (p —m; )( (P —m; )(P —my )
(P2—m HD(pi—m?) (p —m”)(pz-mk_z)‘ )
In particular when either |j) or | k) is the nucleon for the coefficient of 2p-Z py s, we have the combination
s — Gt AT G Awhic LS — Gt A Ay Gin"Aj Ay
T | @ —mpyPpi—miF?)  (pP—mpyDpi—mg?) L PP=mp —my?)  (pP—m ) (p?—my?)
(3.12)

which is sharply different from the corresbonding coefficient of Z ¥s given by
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Gl AWM (PP +mymit) Gl AyAi (p>—mymy)
C (pP=my)pP—mi?) (p2—myA)p*—mi?)

A AN PP +mimy)  GiNTAT An(pi—mym[T)
+2 JN ivzp - 2N JNz 3 Zzp 2 anzj 3.13)
)p2—my?) (p2—m; (p2—mp)
as well as at ioaBZ"‘pBys
(P2_mN2)(p2_mk+2) (pZ__mNZ)(pZ__mk—Z) ; (pZ_mj+2)(p2_mN2) (p2__mj—2)(p2_mN2) °

Imagine now for the excited states, chiral symmetry is realized in the Wigner-Weyl mode, that is, parity doubling.
Then it is reasonable to expect

mj+zmj_, Aj-’_z)\'j_’ G1¢k+%G+_, G]-I'\—’+~ jN+' (3-15)

Then in the coefficient of the structure > P Z pys, the contribution from the positive- and negative-parity states will cancel
each other, while for the structures at V4 Ysand ioupZ @p B, there is no such destructive interference.

Now one might ask whether our assumption that chiral symmetry is realized in the Wigner-Weyl mode for the excited
baryon states has any justification provided by the QCD sum rules? To see that this is indeed the case, we turn to the
mass sum rules derived by Belyaev and Ioffe.> The structure at p,

2

MS bM? o2 —m*+2/M? oy —mi2/M?
T T et 3L = =20m | ST T 4 B (g e : (3.16)
J j
The structure at 1,
b 8 X 17 s (1 —(m )2/ —m; —2 /M2
2aM4— 22 I @ 50t OGP _ 2 ) )
a 9 + 81 7 a2 (277) Z[m (A" )%e m; (Aj )’e ] (3.17)
|
Here, and in the following a is as defined in Eq. (1.7), the left-hand side becomes more and more accurate for

larger values of M 2 therefore the behavior of the sum

2 —
—(2m)*(0|gq |07 , over the physical states on the right-hand side is more ex-

b=(0] ng” LG™|0), actly described for large M? by the leading term on the
left-hand side. Hence the only way by which the two sum
=g /4m , rules can be consistent is for the excited state contribu-
2 /A2 2 /A2 tions in the right-hand side of the second sum rule to can-
= A%)/1
L =In(M"/A")/In(p"/A%) , cel asymptotlcally In partlcular it strongly suggests that
amy*=(2m)*(0|go-Gq | 0) , |Af2—A;%| —0and | mi"2—m; *| —0 for large j.

Returmng now to the case where the external field Z
is present, we can write the right-hand side of 7(p) as the
sum of three pieces: (i) one containing the diagonal nu-
cleon term which has a double pole at the nucleon mass in
momentum space, Eq. (3.1), (ii) one involving transition
between the nucleon and excited states, Eq. (3.12), which
has a simple pole at the nucleon mass in momentum
space, and (iii) the pure excited-state contributions. Upon
Borel transforming, one can write the sum rules as fol-
lows: For p-Z pys,

where p is the renormalization scale taken to be 500 MeV
and A is the QCD scale parameter taken to be 100 MeV.
It is seen that in the RHS of these sum rules, the contri-
bution of each state is a positive-definite quantity
(Af ) exp(—m;™2/m?). In the p sum rule, Eq. (3.16), the
positive- and negative-parity state contributions add,
while in the second sum rule, Eq. (3.17) they combine
with opposite signs. On the other hand, the asymptotic
behavior in the Borel variable M? is sharply different in
the LHS of these two sum rules. A forteriori, the OPE on

|
SIA,I‘:/g + 6LK6(; 2T+ 3;?;25 24>/9 5(11;;';2/ ’ ]= 3 N —f—{% +A Je—m’v 2/Mz—l—excited-state contribution . (3.18)
For 275,

-+ excited-state contribution . (3.19)
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For iaaBZ“pﬂys,

M% M*Xa? 2 mo’aM?® | —my2/M? . o
1 2a é(a + 122‘132 VT 4;L s | =8 NimyG+cM?e” ™V + excited-state contributions , (3.20)
l
where B y2=(27)*Ay%/4. In writing down the sum rules  strengths to be
following Ioffe and Smilga® we have also incorporated the 5
effects of the anomalous dimensions of the operators 7, (p|Julp)=G4=D+F, 4.2)
'q'(f1 % for the Wilson’s cogfficients in the left-hand (3t JZ |S+)=Gs=2F, (4.3)
side.
For our purposes it is convenient to rewrite the mass (A JZ |2%)=Gs A=T/2—_— D, 4.4)
sum rules (3.16) and (3.17) as follows: 3
M6 BME | e @'mg? (E=|J,|E")=Gz=D—F. (4.5)
—_— —_ L —_—
8L*4"° + 32L47° tea 24M? We have suppressed the baryon spinors for- simplicity.
~ 5 —myi/M? ) The second and third matrix elements are particularly in-
=By’e +excited states ,  (3.21)  teresting since if SU3XSUj chiral symmetry were exact,
M b 17 @ _ 2 M2 i.e, m,=mgz=my;=0 and .the physical vacuum is invari-
- 479 ?,_2'4‘ gl“_s‘ Xal’f =By*Mye "V ant under this transformation, when D=1 and F=0. To
AL 7 derive the sum rules corresponding to these transitions we
+excited states . (3.22) make use of the currents

Our discussion in the previous paragraphs, in particular
Eq. (3.12) to Eq. (3.14), shows that in the sum rule (3.18)
we can expect the nondiagonal single-pole term A to be
small, while similar coefficients B and C appearing in
Eqgs. (3.19) and (3.20) are expected to be non-negligible. A
comparison with the mass sum rules Egs. (3.21) and (3.22)
is also quite illuminating. Since we know the experimen-
tal value of G, to be close to unity, we see that the
p°Z pys sum rule Eq. (3.18) bears a close similarity to the
mass sum rule Eq. (3.21). On the other hand, in the Z Vs
sum rule, Eq. (3.19), the sign of the nucleon contribution
is reversed in the RHS. In the even chiral sum rule Eq.
(3.20), even the leading term on the LHS is different from
the leading term on the LHS of the mass sum rule Eq.
(3.22). We shall not consider the even chiral structure
sum rule Eq. (3.20) any further in this paper.

IV. EXTENSION TO HYPERONS

Since significant experimental data for the hyperon lep-
tonic decays exist and the Cabibbo theory works reason-
ably well, it is important to extend the calculation to
hyperons. To this end it is useful to consider transition
amplitudes of the type £—3, 3—A, and E—E induced
by the external isovector field Z, and write for the
current

Jo=(ay,ysu —dy,ysd) , ’ 4.1)
since SU;-flavor

symmetry predicts these coupling

M* M? M?

1217 Xa + 6L 68/81 Kka + 32149

and for 27/5,

(8.2G*) +5a’L*°— fymsaXa=B3

Ng—=(s°Cy,s®)ysy,d e, (4.6)
N+ =UCyul)ysy s, 4.7)
Na=V2/3[(u*Cy sy sy,d®

—(d°Cy sty sy, ucle (4.8)
N50= %[(u“nydb)Vsyusc

+(d*Cy )y syuslee . 4.9)

We shall first consider the sum rules in the hypothetical
SU;-flavor-symmetric  limit: m,=myz=m;=0 and
(iu) ={(dd ) =(5s )5£0. The modification taking into
account the strange-quark mass and the difference be-
tween (Zu ) and (35 ) are considered in Sec. V.

To derive the sum rules corresponding to the =+ X+
transition vertex, for example, all we need to do is to carry
out our calculations of Sec. II using the current Eq. (4.7)
instead of the proton current Eq. (2.1). This consists of a
simple replacement of the d quark by the s quark. Since
we assume Z, to be an isovector, its coupling to the s
quark is zero. So the sum rules for the transition (4.3) are
simply obtained by setting g; =0 in the formulas (3.18) to
(3.20). It is easy to see that the leading term is absent, re-
flecting the fact that in the exact-symmetry limit we ex-
pect that F=0. Writing down explicitly the sum rule for
the +—37T vertex, at the odd chiral structures, for

p.ZﬁyS’

2042
27 "M (2F 4 BM?)

+excited-state contributions , 4.10)
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5 M M? M? £/9 2, ~ms?/M? 2ms? ,
12 12L4/9Xa '“2L68/81 Ka+32L4/9 (8.°G?) — 9 L =B 2F |1— M2 +B
+ excited-state contributions . (4.11)
The sum rules for the other transitions can be written similarly. For the transition of £—A, for Z-p pys,
M¢ M* 2 M? 22 27 4/9 —ms?/M? g2 .
S 24L4/9Xa+ o7 8781 Ka + AL’ (8.2G?) +2a’L*°=f3,Bse (D +C"M*)+(excited states) , (4.12)
and for 275,
M6 7M4 M2 M 2 4/9 5 D i " 2 —MEZ/MZ
QLA 24L4/9Xa— 2L ALK T s (87G7) +< o —BaBz |D1- +CTM” e
+ (excited states) . (4.13)
For E—E, for p-Z pys,
6 4 - —m 2 2
5%44—/9— 12AZ4/9 Xa + 6 L4/9+ —é—asms)(a —%msmozas =Bl me /M (D —F +CM?)+(excited states) , (4.14)
and for 27/5,
M M*%a  M%*a  a’L*° = , —mgiMm =’ 2 .
S " 1oL + S /81 + G =Bz (D—F) |1— +C'M~ | 4+ (excited states) . (4.15)

It should be borne in mind that the flavor-symmetric
limit defined by m, =my4=m,;=0 does not coincide with
the usual SUj-flavor-symmetric limit defined by the
Gell-Mann—Okubo mass formula. Therefore the hyperon
mass should be set equal to the nucleon mass in this limit,
that is, mg=mys=m,=my, and not to the value given
by the SU;z-symmetric term in the mass formula.

It is illuminating to compare these sum rules with the
mass sum rule Eq. (3.21). It is seen that the leading term
is absent in the =—3 transition, while it is the same for
the other two £—A, E—E, just as in the nucleon case.
The coefficient of the GZVG"’”’ term, that is the b term,
however, varies from sum rule to sum rule. While it is
identical for the nucleon and the mass sum rule, it is ab-
sent in the E— = transition.!

V. ANALYSIS OF THE SUM RULES

It is worthwhile to remind ourselves that the experi-
mental ddata on hyperon semileptonic decays is consistent

(O] @y,ysu [O)Z:—iZVfd“x

can be determined by the pion-pole contribution and is
equal to

<O,’77/#7/5u !O>Z='—~ny1r2 ’ (5.2)
where
(O|ay,ysd | 7% ) =frq, (5.3)

and

e’ C*(0 | T(7(x)y,ysu (x)—t_i-(x)y,,‘ysd(x),iiynyu) |0} | 0,0

with the Cabibbo model. In Ref. 17, a detailed discussion
of the recent experimental data is given. The constants F
and D are determined to good accuracy. A typical fit, as
given in column 5 of Table III of Ref. 17 gives
F=0.477+0.012 and D=0.756+0.011. There are varia-
tions of a few percent, which depend on the detailed as-
sumptions made in fitting the data. Therefore it is sensi-
ble to analyze all of our sum rules in the SU;-symmetric
limit, which in the context of QCD corresponds to setting
my =0, that is to say, that the hyperon masses are degen-
erate with the nucleon mass.

A. Determination of X and x by PCAC

To proceed further and determine the value of G4 we
need to know the values of the susceptibility parameters X
and « introduced in Sec. II. As pointed out by Belyaev
and Kogan'® these parameters can be evaluated through
the use of PCAC. In particular, the matrix element

(5.1

[
fr=133 MeV .

Returning to the equation for the propagator expansion
given by Eq. (2.12) where we had defined
(?7,.7/5!1 ) =ngux<7q )= _Zufvzgq » (5.4)

- this leads to the identification, that X{gg)= —f,>2.
An analogous determination of the expectation value



32 RENORMALIZATION OF THE AXIAL-VECTOR CURRENT INQCD - 1797

(0] 75FVy”q |0) requires a knowledge of the matrix ele-
ment

(O[ﬁéyvyvq |7m)=iq Ky . (5.5)

There is an estimate of «, by Novikov et al.,!! which is
adopted by Belyaev and Kogan.!® This value is obtained
in Ref. 11 by a rather tenuous chain of argument. While
it is likely that the determination of the susceptibility X
given by Eq. (5.4) is quite accurate for our purpose,
a priori the determination of the matrix element Eq. (5.5)
may not be as reliable. Therefore we have included the
possibility that the matrix element (5.5) may have a dif-
ferent value from Ref. 11 by writing

(017 G,r*q |0Y=xZ,{0|gq | 0) (5.6)
with

k(0|gq |0) = —+£f,%0.2 GeV?, (5.7)

J

where £=1 corresponds to the value given in Ref. 11. In
our analysis, we shall consider different values of £.

With this all the terms in the left-hand side of the sum
rules are now known and we shall analyze the sum rules
using two different methods. The fundamental assump-
tion in either of the methods is of course the principle of
duality, i.e., there exists an interval in the Borel-mass vari-
able M2, which includes in its range the mass of the had-
ron whose properties we are trying to determine, over
which the left-hand side and the right-hand side of the
sum rules match.

B. The ratio method

Let us consider the nucleon sum rule at the structure
p'Z pys, Eq. (3.19), multiplying the equation by M? and
comparing it with the mass sum rule (3.21) derived by Be-
lyaev and Ioffe:

MS M?b M%*%a —mpy2/M2? —m2/M? ,
a1 ¥ 3045 +a2L4/9(—f;+-;-)+—62§78—1—=BN2[GA +4AM?}e” VT + %v(ﬁszj+AjM2)e 7T, (619
J
1‘46 M2b 1 274/9 7 2 —mNz/l‘l2 2 —m;2/M?
+ +5a’L*’ =By’ + X Bi’e . (3.21)
8L4/9 32L4/9 Jn

The asymptotic behaviors for large M? for the two sum rules are identical. This again strongly suggests that the cou-
pling of the axial-vector current to the excited states G; tend to 1 as M; gets larger and the single-pole coefficients A4;

tend to zero. Let us introduce the ratio function,

M6/8L4/9+M2b/32L4/9—-}-(12[44/9(%+%)+M2Ka/6L68/81

R(M?¥»=

MS/8L*° 4+ M?b /32L%° +a%L*° /6

Computing this ratio in terms of physical intermediate states we can write

Gs+AM*+ 3, (B*Gj+AmP)B %
SN

R(M?) | gus= —  _m2_
14 2 B; By
J#=N
The function R (M?) is plotted in Fig. 11.
Now for the right-hand side we make the ansatz

R(M?)| qus=G 4 +Am?>+[y +8(W2—mpy?+M?*)]exp

In writing this we are assuming that the excited-state con-
tribution in the ratio R (M?) can be effectively represent-
ed by a state with mass W? somewhat analogous to effec-
tive pole approximation used frequently in dispersion
theory calculations. If our ansatz for the effective contri-
bution (5.10) is good, then we expect the right-hand side
and the left-hand side to match over a large region of M?,
for M 22m ~2. In fact if the two sides matched asymptot-
ically then

(5.11)
(5.12)

G, 4+v=1, coefficient of constant term ,
8+ A =0, coefficient of M? term .

To find the constants ¥ and 8 we proceed as follows.
We fix § at an initial value, say, zero, and start with an ar-

my?)/M?

(5.8)
—-(mjz——mNz)/M2
(5.9)
Wz—n’lN2
B (5.10)
[
bitrary value of ¥ and compute
2 I’Vz—--ﬂ'lN2 2
R(M )—yexp’ Y =S(M?°) . (5.13)
The function S (M?) is fitted by
S(M?*)=p+oM? (5.14)
in the fiducial region,
0.9<M?< 1.2 GeV?. (5.15)

If the output value did not satisfy the condition p+y =1,
a new value of

Y=(n+1—p)/2 (5.16)
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FIG. 11. The function R (M?), Eq. (5.8), is given by the solid
curves. The dashed curves correspond to our ansatz fit in terms
of the baryon pole and excited states, Eq. (5.10) with §=0. (a)
and (b) corresponding to the value £=1 and —2, respectively,
while (c) is the ZE— = amplitude and is independent of £.

was chosen and the processes were iterated. The conver-
gence of this iteration is shown in Fig. 12. We note the
following. points. The iteration in ¢ coverages rapidly,
and more importantly the final value of p is independent
of the initial value &,.

We have also tried to satisfy Eq. (5.12) by iterating 8.
However, a small nonzero value of 4 48 persists. It
seems proper to us to choose §=0 and let the constraint
of Eq. (5.12) be mildly violated in the large M? region.
Figure 11 shows the match between the function R (M?)
and our ansatz, Eq. (5.10). It is seen that our failure to
match Eq. (5.12) has little effect in the mass region of in-
terest, Eq. (5.15). It is of course unreasonable to expect a
fit over the entire M? region. Therefore we take our final
value of G4 to be the limit to which p converges. Our re-
sults are displayed in Table II.

We have investigated the sensitivity of the final results
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FIG. 12. Convergence of the iteration in ¥ to determine the
renormalization constants for N—N, 2—A, and E—Z. Note
that the final value is always independent of the initial value of

Y.
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TABLE II. Renormalization constants determined from p-Z pys sum rules based on the ratio
method. (a) In the symmetrical limit the baryon mass is 0.94 GeV; the continuum mass is taken to be
W?=2.3 GeV2 Different columns correspond to different values of the susceptibility x and the chiral-
symmetry-breaking parameter a. Values in parentheses correspond to the fiducial region 0.8 < M2< 1.2
GeV2. First number is the renormalization constant and the second is the single-pole coefficient o.
Numbers immediately above are from fitting the region 0.9 <M?<1.2 GeV2 (b) For the broken-
symmetry case, the E mass is 1.32 GeV, the fiducial region is 1.5<M?<1.9 GeV2. a=0.45 GeV?,

W?2=3.6 GeV2. This sum rule does not depend on &.

(a) SUu)-symmetric limit: m,=mz=m;=0

a=0.45 GeV? a=0.55 GeV>

N—->N 1.52, —0.19 1.24, —0.07 1.61 —0.21 1.37, —0.11
D+F (1.57, —0.22) (1.24, —0.08) (1.65, —0.23) (1.38, —0.12)
S—A 1.05, —0.10 0.91, —0.04 1.14, —0.13 “ 1.02, —0.08

D (1.08, —0.12) (0.92, —0.05) (1.18, —0.15) (1.04, —0.09)
EE 0.58, —0.01 0.58, —0.01 0.67, —0.05 0.67, —0.05
D—F (0.60, —0.02) (0.60, —0.02) (0.70, —0.06) (0.70, —0.06)

(b) Broken SU(; symmetry: m,=my=0, m;=0.15 GeV, f=-—-0.2.

ZE>Z 0.56, 0.03
D—F

to the following two variations: (i) The fiducial range of
the Borel-mass variable over which the duality is assumed
to be valid. For example, we have increased the fiducial
range to 0.8 <M 2 <1.2 GeV? and the results for the renor-
malization constants are displayed in Table I. (They ap-
pear within parentheses immediately below the values for
the shorter range.) (ii) We have also varied the effective-
mass parameter W2, The results are quite stable and the
variations are less than the variation due to the change of
the fiducial region in (i).

It is also straightforward to carry out the calculation in
the SU; limit for the £— A transition vertex, as well as
for the =—Z vertex (see Figs. 11 and 12). By this pro-
cedure, we determine the constants D and D —F. Table I1
displays the value of (D +F)y, Dsy, (D —F)z for dif-
ferent choice of values for the chiral-symmetry-breaking
parameter: a=0.45 and 0.55 GeV>. The results for varia-
tions in the susceptibility « or equivalently the £ parame-
ter introduced earlier are also tabulated in the same table.
It is seen from the table that the determination of the
values of D +F, D, and D — F are mutually consistent.

C. The continuum method

In their analysis of the mass sum rules, Belyaev and
Ioffe® sum over the contribution of the excited states, i.e.,
the states above the nucleon occurring in the right-hand
side of the sum rules, by using the asymptotic freedom ex-
pressions given by OPE, in analogy with the situation in
the cross sections of e*e™ to hadrons, where it is well
known that the cross section for the excited states or the
continuum is very well reproduced by the asymptotic free-
dom expression. Therefore in the baryon case, one ap-
proximates the absorptive part of the physical excited
states by the imaginary part of the OPE expression for the

creation and the absorption of the three-quark state, for
Borel mass greater than some effective mass, M2> W2
We refer to this approximation of the excited-state contri-
bution as the continuum method. Within this approxima-
tion, the sum rules after transferring the right-hand side
excited-state contributions to the left-hand side can be
written as follows. For N—N,

M°E, M%a M?* 5a%L*"°
8L4/9 + 6L68/81 + 32L4/9 + 18

2 2
my“/M
Ze N

=By (D+F+AM?) . (517

o.80L H-H Broken Symmetry 4

0.60-

040 .

0.20 + .

|.60 I.éO 2.(30 2.50
2 2
M (GeV")
FIG. 13. The Z— E transition in the broken-symmetry case
by the ratio method, m;=0.15 GeV and f = —0.2. (See text.)
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=By "M D raM?) . (5.18)
For 2 -2,
‘M‘E, Yoo Mxa_  M%_ a’L*”
2L er AT T s o

~ — 2 2

=By ™M FELa MY . (519
And for E—E,
MSE M*E 2
—-—Tl—————-—iXa+—q~L“/9
8L /9 12L4/9 6

~ - 2 2
=By ™MD _FiramM? . (520
We have introduced the functions
Eyu)=1—e% E,=1—e “1+u)
with (5.21)
2
u =~A}7 .
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To analyze the sum rules, we must determine the value
of the constants 3 y? as accurately as possible. We follow
Ioffe and Smilga® and use the mass sum rule (3.16) with
the experimental nucleon mass 0.94 GeV. For a=0.55
GeV® and W?=2.3 GeV?, one obtains 3 y2=0.26 GeVS.

Since in the ratio method we found somewhat better
agreement with experiment if the value of a is decreased,
we have also analyzed the mass sum rule, Eq. (3.16), with
a=0.45 GeV? and find the corresponding value of 8 52 to
be Bn2=0.22 GeV® if W? is once again taken to be
W?2=2.3 GeV2. Now we proceed to determine the renor-
malization constants and the coefficients of the single-
pole term. Using the least X? criterion, we match the
left-hand side and the right-hand side of Egs.
(5.17)—(5.20) in the mass region 0.9 <M?<1.2 GeV2 The
results are displayed in Table III. Figure 14 displays the
left-hand sides of Eqgs. (5.17)—(5.20) and their right-hand
sides corresponding to the best-fit values of the renormali-
zation constants and the single-pole terms.

As in the ratio method, we have also investigated the
variation in the value for the renormalization constants
due to the change of the fiducial region and the results are
again displayed in Table III. It is seen that the variations
in the final results here are somewhat larger than in the
ratio method. However, this should not be surprising,

TABLE III. Renormalization constants determined from p-Z pys sum rules based on the continuum
method. (a) The symmetrical baryon mass is 0.94 GeV, the continuum mass is taken to be W?2=2.3

GeV2.

Different columns correspond to different values of the susceptibility « and the chiral-

symmetry-breaking parameter a. The double-number entries are the renormalization constant and the
single-pole coefficient o. The values not in parentheses are for 0.9 <M 2<1.2 GeV?, and the values in
parentheses are for 0.8 < M2 < 1.2 GeV2 (b) For the broken-symmetry case, the double-number entries
in the £ columns are the renormalization constant and the single-pole coefficient o.

(a) SU;-symmetric limit:

" a=045 GeV?, By2=022 GeV?®

m,=mg=m;=0. _
a=0.55 GeV?, B5*=0.26 GeV®

§=1 E=-2 §=1 §=-2
N-—N 1.26, 0.46 1.07, 0.47 1.58, 0.17 1.41, 0.18
D+F (1.40, 0.34) (1.19, 0.36) (1.73, 0.03) (1.56, 0.04)
S 5A 0.85, 0.38 0.75, 0.38 1.13, 0.14 1.05, 0.14
D (0.96, 0.28) (0.86, 0.29) (1.25, 0.03) (1.17, 0.04)
>3 0.41, 0.09 0.31, 0.09 0.44, 0.03 0.36, 0.04
F (0.44, 0.06) (0.33, 0.07) (0.48, 0.01) (0.39, 0.01)
== 0.45, 0.28 0.45, 0.28 0.69, 0.11 0.69, 0.11
D-F (0.52, 0.22) (0.52, 0.22) (0.77, 0.03) (0.77, 0.03)
(b) Broken SU; symmetry: m,=m;=0, m;=0.15 GeV, f=—-02.
B? in GeV* mpg w? Fiducial
(a=0.45 GeV?®) in GeV  in GeV? in GeV? E=1 E=-2
09<M?<1.2 054, —0.10 0.41, —0.05
DR 0.42 1.19 3.2
1.3<M?*<1.7 0.32, —0.08 0.24, 0.08
09<M?*<12 0.37, 0.32 0.37, 0.32
EE 0.58 1.32 3.6
1.5<M?*<1.9 —002, 063 —0.02, 0.63




T T T
(a)

N-N

0.80} / J
=

0.60} 4
040| J
0.20} i

1 1 1

1.00 1.50 2.00 2.50
2 2
M® (GeV")
T T ]
(c)

0.80 |- 4
0.60} . .
040} S~ A 4
0.20}- o

1 1 1

1.00 1.50 2.00 250
2 2
M® (GeV®)

32 RENORMALIZATION OF THE AXIAL-VECTOR CURRENT IN QCD 1801

(b)
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FIG. 14. Comparison of the right-hand side and the left-hand side of the nucleon and hyperon amplitudes using continuum ap-
proximation, W2=2.3 GeV?, By2=0.22 GeV®, £=1, my=m,=ms=mz. The solid curve is the left-hand side of Egs. (5.17) to
(5.20), divided by B x> The dashed curve is the least-square fit in the fiducial region 0.9 < M2< 1.2 GeV?, assuming the functional
form, exp( — my2/M?) exp(—my?/M?)[D +F + AM?], etc., as given by the right-hand side of Egs. (5.17) to (5.20). (a) N—N. (b)

252 ©)2—A. @) E-E.

since the parameter f3 y? itself enters explicitly in the con-
tinuum method and itself is determined not too accurate-
ly. Moreover, it is seen from Fig. 14 as we move away
from the fiducial region, the difference between the LHS
and the RHS is substantial except for the 2—X case. It
is seen from Table III that as in the ratio method in the
SU;-symmetric limit, the determination of the D and F
from different sum rules is mutually consistent, i.e., the
equalities

Dsy +F;z(‘D +F)y , (5.22)
as well as
Dsp—Fs~(D —F)z (5.23)

are satisfied.

D. SU;-symmetry breaking

Now we turn to the effect of SU; breaking. At this
point, it is sensible to keep m, =m;=0 still, but we must
allow for my;%0. Moreover, one knows that*
(0|35]0)4(0| @u|0). Following Belyaev and Ioffe,* we
incorporate the effect of these corrections by modifying

" the strange-quark propagator function from the massless

limit given by Eq. (2.12) to
(0|s%x)520)|0)
=RHS of (2.12)

3 2
+aabi4T85—f (0]55 |0) +3,(0|50°Gs | 0)

myg

— m (5.24)
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Define

a;=—(2m)*(0|5s |0)=(1+fa . (5.25)

Following Ioffe and Smilga,'® we take f=—0.2 and
m;=0.15 GeV. :

Using Eq. (5.24), it is straightforward to calculate the
corrections to the sum rules for the 3—X and E—Z= am-
plitudes. However, the effect of the strange-quark mass
on the — A transition is too complicated to analyze and
will not be considered here. The modified sum rules are
as follows: For = —2,

M* M?%ka M’ | a’L*® mg Y
121479 " 6L, 68/81 + 32140 9 12 aa;
=Bstexp(—ms /M?)(2F +["M?) + excited states ,
(5.26)

and for E—Z,

1‘4'6 M4Xa a 2 m m
SLA " ppim g LY+ g Xaa——mmoa,
.:B-Ezexp(——msl/MZ)(D _F+B:,:M2)

+excited states . (5.27)

The modified mass sum rules given by Belyaev and
Ioffe,* for =,

MS  bM® | @’L*® a’mg’ amM’  amg’m,
849 + 3249 + 6  24aM? 4L*® 24
=pBsexp(—my?/M?)+excited states ,  (5.28)
and for E,
M6 bM? a,2L° ’amsmoz
sL T LA T T 6 12
=B 22 exp(—mz2/M?)+excited states . (5.29)

We have again analyzed the sum rules using the ratio
and the continuum methods. In the former we have used
for the ratio R (M?) the left-hand side as given by Egs.
(5.27) and (5.29) and used the fiducial range 1.5 <M?*< 1.9
GeV? to determine the new D —F value. As seen from
Table II, there is only a small departure from the symme-
try limits. The fit for the E— E case is shown in Fig. 13.

For the continuum method (see Fig. 15), first the cou-

pling strengths B5* and B z? are redetermined using the
mass sum rules (5.28) and (5.29) and the experimental
values of the hyperon masses. We find for a=0.45 GeV>

Bs2=0.42 GeVS, W?=3.2 GeV?,
- (5.30)
B=2=0.58 GeV®, W?=3.6 GeV?.

Following the least-X? criterion as before we have deter-
mined the broken-symmetry values of Fs and (D —F)z
using the fiducial mass regions:

for =, 1.2<M?*<1.6 GeV?,
(5.31)
for E, 1.5<M?<1.9 GeV>.

(@)

0.80} E

0.60 R

0.40f 4

0.20} % -3 - Broken Symmetry 1
L 1 1
1.00 1.50 2.00 250
M? (GeV?)
(b)
0.80 |- .
0.60 4
0.40} E
Z-5 Broken Symmetry
0.201 /////ﬂ////////////f N
1 1 1
1.00 1.50 2.00 2.50
M? (GeVv?)
FIG. 15. Broken-symmetry case using the continuum

method. Comparison of the RHS and the LHS of the sum rules
Eqgs. (5.26) and (5.27). As in Egs. (5.17)—(5.20), the continuum-
states contributions are transferred to the LHS in these figures.
(a) 2—=. The fiducial region 1.2<M?< 1.6 GeV? is used to
match the left-hand side (solid curve) and the right-hand side
(dashed curve) after dividing through by Ss2. (b) E—ZE. The
fiducial region 1.5<M?<1.9 GeV? is used to match the left-
hand side (solid curve) and right-hand side (dashed curve) after
dividing through by 5z

The results are again displayed in Table III. It is seen
that there is substantial change from the SU;-symmetric
case. A large part of this change of course comes from
the change in the definition of the fiducial region. As
remarked earlier, the results are sensitive to the fiducial
region and the departure from the symmetry limit can be
reduced by moving the fiducial region to lower M? value.
On the other hand, it is not clear to us within the spirit of
duality whether such a choice is proper.
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E. The 2 vs sum rules

We now turn to the 275 sum rules (3.19) and (4.15). In
the SU;-symmetric limit for the proton and the cascade,
they are given below as Eqgs. (A) and (B):

M6 Xa ... 3 «ka ., bM?*  a*L*”?

8LA° ~ or4rn " T L68/81M 30 T 18
L —my?/M? 2my?
=By ™M 1= =2 (D +F)+B’
M
~+continuum , (A)
M Xa 4, 1 ka 2, 1 274/
QLAY 12L4/9M +3 L68/81M +sa’L
2
_f[.2 —mNz/Mz 2mN ”
=By ll— 7 |P—P)+B J
+continuum , (B)
respectively. As usual, when m;=0, we must set

mz=my and B y*=BZ".

As noted earlier sum rule (3.19) has a structure which is
very different from either the mass rule Eq. (3.16) or the
G4 sum rule at the structure p-Z pys, Eq. (3.18). For one
thing, the diagonal-nucleon double-pole term enters the
right-hand side with a negative sign. Further, as pointed
out in Sec. III, we expect the nondiagonal single-pole term
at the nucleon mass to be significant, unlike in the sum
rule, (3.18). Therefore it is not possible to extract directly
the renormalization constants D +F and D —F from
these sum rules. However, it is interesting to consider a
linear combination along with the mass sum rule (3.16),
given below as Eq. (C)

M¢ bM?

. .
TRz +2L* =B > exp(—my? /M)

32L 4/9 6

+continuum . (©)

It is easy to see that the linear combination
+[6(B)—5(C)—(A)] of these three equations eliminates
both the leading M term arising from the unit operator
the M* term arising from the coefficient of (gy,ysq).
After multiplying both sides by

2 4p2 -
™M famy B N
we obtain
my?/M? 4 4 2
e : —3 . bM 9xaM +a L4/9M2
‘12mN2EN2 16 L4/9 2L 68/81 9
— L(7F —5D)— —L—[54 (7F —5D) + B'—6B"1M>
lsz

+excited states . (5.32)

“The left-hand side of this equation is plotted in Fig. 16.

We have fitted this curve with the form A4+ oM?2. Notice
that the fit works well over a large M? region, suggesting
that for this particular linear combination the continuum
is probably not too significant. Identifying A with
(7F —5D)/6, we arrive at the values listed in Table IV.

We have also determined the coefficient (7F —5D)/6
using the continuum method. As in the earlier discussion
the effective mass for the continuum is taken to be
W?=2.3 GeV? Transferring the excited-state contribu-
tion to the left-hand side, one arrives at

—mNZ/MZ _ 4 ‘4 2
e 3 6M E0+ xaM +_£_1_L4/9M2
12mN2N2 16 L4/9 2L68/81 9
—L[7F —5D)— —L—[54(7F —5D) + B’
12mN

—6B"IM? . (5.33)

The left-hand side of this sum rule for the case a=0.45 is
illustrated in Fig. 16. It is seen that a straight line fit,
A+oM?, works very well. The best-fit values of
A=+4(7F —5D) and o are displayed in Table IV. Notice
that the A value is very small numerically although F and
D by themselves are not small compared to unity. Table

IV therefore suggests the relation
7F =5D . (5.34)

This in turn gives for the ratio

D _ 7
F+D 12

which is quite close to the experimental number!’

~0.58

a=

0.40 @
7F -5D No continuum corrections
0.20F -1
1 1 AL
1.00 1.50 2.00 2.50
M (Gev?)
0.40
(b)
TF-5D Continuum corrections , w2=2.3 GeV?®
0.20 4
I
L 1 [}
1.00 1.50 200" 2.50
M2 (Gev?)

FIG. 16. The Zys sum rule, Eq. (5.32) for the linear com-
bination %—(7F —5D) in the SU3-symmetric limit, with £=1. (a)
The solid curve is the left-hand side of Eq. (5.32). The dashed
curve is the right-hand side without including the excited-state
contributions. (b) The left-hand side (solid curve) and the right-
hand side (dashed curve) of Eq. (5.33) with W2=2.3 GeV2.
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TABLE IV. Results from Zys sum rule for +(7F —5D) in
SU(@3) limit (m, =mz=m,;=0). The parameters a=0.45 GeV3,
Bn?=0.22 GeV®. In the symmetrical limit the baryon mass is
0.94 GeV and the fiducial region 0.9 < M%< 1.2 GeV2,

No continuum Continuum approximation

corrections with W?2=2.3 GeV?
E=1 £=-—2 £=1 E=—2
L(7F —5D) 0036 —0.003 0.053 —0.092
o 0075 —0.373 0.049 —0.242
+(6B"—B') 1.00 0.17 1.02 0.32

a=0.613+0.009.
On the other hand, from Eq. (5.33)

1
lszZ

The values of +[B’—6B"] are given in Table IV for
a=0.45 GeV? and different values of £. It suggests that
the single-pole coefficients,. B’ and B'’, should be of the
order unity and therefore quite comparable to the double-
pole terms; this is in sharp contrast to the p-Z pys sum
rule. This confirms our remarks in Sec. III concerning
the nature of the interference between the odd- and the
even-parity states. \

[54+(7F —-5D)+B’'—6B"] .

o=

VI. DISCUSSION

In our analysis of the sum rules, we find both the
strength and the weakness of the sum-rule approach for
the determination of hadron properties. On the one hand,
the sum rules illustrate some basic features of hadron
dynamics clearly. For example, the fact that in the
SU,; X SU;-chiral-symmetric limit, the coupling constant
F tends to zero and D tends to unity is brought out by the
structures of the hard-quark terms. In the limit where
chiral SU;X SUj is broken, but flavor SU; remains intact,
we find that the coupling D decreases to a value below
unity, while the value of F+D moves up from unity.
These very general features emerge as a consequence of
the structure of the OPE with and without the external
field. The sum rules also suggest that chiral symmetry
perhaps is realized in the Wigner-Weyl mode for the
high-mass states.

On the other hand, to extract the precise values of had-
ron couplings from the sum rules is a difficult task. We
are faced with several problems. First, we must make
some approximation for the excited-state contributions in
the right-hand side of the sum rules. Second, the duality
principle in itself is only an approximate statement. We
have taken this principle to mean, for example, in the case
of the nucleon, the left-hand side and the right-hand side
of the sum rule should match over the Borel mass variable
0.9<M?*<1.2 GeV>. While it is obvious that the same
fiducial region should also be applicable for the hyperon
amplitudes in the SUz-symmetric case, it is less clear in

the experimentally relevant broken-symmetry situation
what is the correct Borel-mass region over which this
matching should be done. We have found that the results
of the calculation change if we change this fiducial range,
especially in the continuum method.

Nevertheless the following conclusions emerge from our
calculations. It is worth stressing that the key parameter
that enters in all calculations of baryon properties is the
quark chiral condensate {(0|gg |0). To a first approxi-
mation? the nucleon and isobar masses are proportional to
| (O|gq |0) |3 Belyaev and Ioffe’ in their analysis of
the mass sum rule for the nucleon and isobar including a
large number of terms in the OPE found that the comput-
ed masses came out uniformly higher than the experimen-
tal number and suggested that perhaps the value of a is
overestimated by about 20%. The G4 sum rules confirm
their observation and thus reducing a would help to bring
both the mass calculation and the G 4 calculation closer to
experiment.

We have seen that in the presence of the external field
Z,, counting operators to dimension 6, we have intro-
duced two new vacuum expectation values, whose values
are phenomenologically characterized by the susceptibili-
ties X and k. Using PCAC the susceptibility X is related!®
to the pion decay constant f,. On the other hand, the
determination of the susceptibility « requires a knowledge
of the matrix element (0|gG,,v.,q |7) which is not
directly related to experiment. A4 priori we do not know
even its order of magnitude. It is therefore impressive
that the value obtained for this matrix element by Novi-
kov et al.,'! when employed in the G, sum rules leads to
sensible results. In fact, if we use the continuum method
to analyze the sum rules and use the best fiducial region
recommended in Ref. 3 with 0.9<M?<1.2 GeV? the
axial-vector renormalization constants D and F come out
very close to the experimental values. Perhaps this is not
altogether a coincidence.

Comparing the ratio method, which does not involve an
explicit knowledge of B 52 and the continuum method, it
is gratifying that the two methods are compatible if we
recognize that the sum-rule procedure itself is only ap-
proximate. It is difficult to pinpoint the precise reason
for the difference in the values of the renormalization
constants determined by the two methods. It could arise
from either of the following: (i) Errors in the value of By.
(ii) The different methods of accounting for the excited-
state contributions in the right-hand side.

We have seen that in the ratio method, the constant
D +F determined from the nucleon sum rules comes out
somewhat higher than the experimental number. The sus-
ceptibility X does not enter the nucleon sum rule. There-

_ fore keeping it at its PCAC value, Eq. (5.2), if we decrease

the susceptibility x from the value given in Ref. 11, we
find that the agreement with experiment improves. On
the other hand, the discrepancy could also be due to
higher-dimensional operators in the OPE in the left-hand
side. : ’

We have seen that the sum rules at the Z ¥s structure
cannot be individually used to extract experimental infor-
mation, because of the reversal of the sign of the G4 term
on the right-hand side, as well as the relative importance
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of the single-pole terms. However, we have been able to
combine several sum rules and determine the ratio
F/(F +D) to be approximately -5, which is close to the
experimental value of 0.6. Moreover, it also confirms the
relative importance of the single-pole term as analyzed in
Sec. I1I.

The analysis of the broken-SUj situation is considerably
more complicated. Since the Cabibbo theory is empirical-
ly successful, it makes sense to investigate vertices like
3—3 and Z—ZE, which are of course not accessible for
experimental measurement. On the other hand, the choice
of these amplitudes simplifies theoretical analysis very
considerably. If the initial and final baryons are very dif-
ferent in mass, then the distinction between the double
pole whose residue contains the physical coupling of in-
terest and the single-pole term is blurred. We have found
that in the ratio method, the D —F value obtained from
the Z—Z amplitude is quite stable. In the continuum
method, however, the E—Z amplitude is less stable than
the 33— X amplitude.

As for future work, the following questions are worth

pursuing. A global analysis of all baryon sum rules, for

the masses, magnetic moments, and G4 value should help
to determine quite accurately the value of the quark chiral
condensate. Alternative calculation of the QCD vacuum
susceptibilities especially k would help to narrow down
the uncertainties in the present calculation. Finally the
amplitude =— A which is experimentally known is a real-
istic candidate for investigating the broken-SU;-symmetry
case, since the mass difference my—m, is only about 80
MeV, and moreover, the corresponding axial-vector cou-
pling constant D is experimentally close to unity.

Note added. After the submission of the present
manuscript for publication, our attention was called to a
work by V. M. Belyaev, B. L. Ioffe, and Ya. I. Kogan
[Phys. Lett. 151B, 290 (1985)]. In this paper, taking into
account those terms proportional to f,%m 2, these authors
stated that they had reevaluated the sum rules of Ref. 10
and obtained F=0.45 and D=0.95. This solution is
essentially the same as our solution given in column one
of Table III.
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APPENDIX

In the text we need to calculate the Fourier transforms
of expressions like

S(x)

Al
(x2—ie) (Al

where € is a positive infinitesimal supplying the appropri-
ate boundary conditions and f(x)=1, x4, Xoxg. We de-
fine the following bracket symbol

[fln= [ d*

lpx x)

. (A2)
—ie)”

Equation (A2) is most eas11y computed by introducing a
parameter a? and evaluating

[aters——t—

(A3)
(x*—a*—ie)

The integral in Eq. (A3) is well known. To obtain the
value of Eq. (A2) one merely differentiates (A3) with
respect to a’n times and sets a%=0.

One obtains

[I]Zn:Cn(pz)n_zln(“Pz) ’ (A4)
where
n = (= 1)" . (A5)
(n —2M(n —1)14"—2

Similar formulas for [ x4 ], [X4Xglan, etc., may be ob-.
tained from Eq. (A4) by differentiating with —i d/9p,,
(—i0/0p,)(—id/dpg), etc. For convenience we write

out a few:
[1]2= '—41772'—'15 ’
p
[xo], =822 (A6)
P
[xaxﬁ]2=—8i72 ——gaf -‘4—_—_pa";ﬁ ,
p
[1l4=im?In(—p?)
[xali=2m22 (A7)
p
[xoxple=—2i? |29 _pPabb |
p
[1l¢=—F—p*In(—p?),
‘ > 2
[xa]6=—TPa In(—p*~), (A8)
i PaPB
[xaxﬁlé— 4 gaﬁln("pz)+2 e ],
[11s= 3 26 p*In(—p?),
[xq1s= I 24PaP21n( (A9)
[xaxgls—3 24[gagp21n( P +2papgin(—p?H],
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—iﬂz 6 2
[1]10=WP In(—p*),
4 2
Xqlio=— In(—p°), (A10)
[xa]10 3PP p
___iﬂi_ 4.4 2)In( 2)
[xaxpglio= 3% 20 (8app ™ +4papgp )n(—p~) .
The Borel transform is defined by the following limit,
B[f(p™)]
- : 1 241 |_d " 2
= n11_>n:o n!(—p ) —— | fP7). (Al1)
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Note that p? is assumed to be spacelike. For the right-
hand side of the sum rules which are written in the form
of a dispersion integral, the Borel transform is given sim-

ply by

B (pA]=— [,"ds Imf (s)e =/ (A12)

On the left-hand side there are two types of terms that
occur. Their Borel transforms are
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