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Geometrical model of multiparticle production in hadron-hadron collisions
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A recently introduced concept of partition temperature in the geometrical model of multiparticle
production processes in high-energy hadron-hadron collisions is presented in detail. Extrapolations
to V s =53 GeV, 2 TeV, and 40 TeV are made.

I. DESCRIPTION OF THE GEOMETRICAL MODEL
FOR MULTIPARTICLE PRODUCTION PROCESSES

A. Separation of stochastic from nonstochastic
aspects of collision

Recently, new ideas have been introduced' to the
geometrical model for multiparticle production processes
in hadron-hadron collisions. The most important feature
of the new development is the separation of the stochastic
and nonstochastic [i.e., approximate Koba-Nielsen-Olesen
(KNO) scaling ] aspects of the collision which led to the
concept of partition temperature Tz and the single-
particle momentum distribution discussed in Ref. 3.

will become insignificant at very high energies. More
about this later.

For elastic processes illustrated in Fig. 1(a), the two
hadrons "pass through" each other' with a surviving am-
plitude S(b)=the S matrix at impact parameter b. Ac-
cording to the Huygens principle, the elastic-scattering
amplitude is the Fourier transform of 1 —S(b). More
precisely, we obtain the elastic-scattering cross section

doldt =sr
i
(1—S)

i

where

(1—S) =(2~) ' f f [1—S(b)] exp(ik b)d b

and

B. Details of model

(i) State
before collision

(ii) State
after collision

(iii) Final
momenta

(a) Elastic
scattering

(b) Double
diffraction
dissociation

(c) Multiparticle
production

FICx. 1. Schematic diagrams depicting (a) elastic-scattering,
(b) double-diffraction-dissociation, and (c) multiparticle-
production processes.

We shall now give a detailed description of the geo-
metrical model for inelastic hadron-hadron collisions.
Justification of the model and further consideration will
be given in subsequent sections.

The geometrical model is summarized in Figs.
1(a)—1(c) for elastic, double-diffraction dissociation, and
nondiffractive processes. We omit "single-diffraction dis-
sociation" processes which are usually defined as those re-
sulting in a few particles on one side and many on the
other. They are omitted because we believe such processes

—t =momentum-transfer squared in

center-of-momentum system

For the double-diffraction-dissociation processes illus-
trated in Fig. 1(b), the hadrons pass through and possibly
excite each other, with the excited states later fragmenting
into fast hadrons with small transverse momenta.

We shall now describe the last type of collisions: the
nondiffractive process illustrated in Fig. 1(c). For each
impact parameter b, a certain part of each of the incom-
ing hadrons proceeds with (essentially) its original veloci-
ty, resulting in the unshaded parts in Fig. 1(c) (ii), which
carry the energies Eo(1—h~) and Eo(1—h~) where Eo is
the energy of each of the incoming hadrons, and h~ and
hz are fractions of forward and backward energies that
reside in the shaded part. The unshaded parts later frag-
ment into leading particles. The shaded parts exchange
longitudinal and transverse momenta, resulting in the cen-
tral region in Fig. 1(c)(ii). The forward moving part of
this long region then has its energy partitioned into that
of many particles moving in the forward direction. Simi-
larly for the backward moving part.

C. Partition temperature T~

In this model, for pp and pp collisions at high energies,
hz-hz ( = h), and the multiplicities of particles on the

32 1692 1985 The American Physical Society



32 GEOMETRICAL MODEL OF MULTIPARTICLE PRODUCTION IN. . .

TABLE I. Parameters for multiparticle production processes at V s =540 GeV. n,b„which labels different charge-multiplicity
ranges, is different from the true charge multiplicity by a factor of approximately 1.25 due to experimental corrections. For a given
charge multiplicity, the shape of the experimental dn /dg curve is well fitted by Eq. (4) of Ref. 3 for one value of T~. The parameter
h and normalization constant K are both determined from the curves themselves. The average values for the impact parameter are
rough estimates based on a procedure outlined in Ref. 10. The total longitudinal momentum transfer is estimated by summing
(e —pI~) over all central-region particles (charged and neutral) using Eq. (4) of Ref. 3. Contributions to longitudinal momentum
transfer from particles in the fragmentation region are negligible.

+obs

Partition
temperature

Tp (GeV)

Normalization
constant

SC (GeV-')

KNO
variable

Z =)lcm'&/n

Energy fraction
in central
region= h

Average energy per
particle in

central region
(GeV)

Average impact Longitudinal
parameter momentum

b (fm) transfer
(approximate) (GeV)

&71
51—70
41—50
31—40
21—30
11—20
&10

4.4
6.3
6.8
8.8

14
24

180

83
54
40
29
20
11
4.8

99
73
55
44
33
21
11

3.4
2.5
1.9
1.5
1.1
0.73
0.37

0.45
0.42
0.33
0.32
0.31
0.26
0.20

1.6
2.1

2.2
2.6
3.4
4.4
6.6

0.02
0.1

0.3
0.6
0.9
1.3
1.8

9.2
6.4
47
3.6
2.5
1.5
0.67

two sides are approximately equal,

ch ch neutral neutral
nF =nF ng =ng, nF ng

More precisely,

n' = n'" +0(( n'")' ) etc

The partition of energy into outgoing particles on each
side is a stochastic process governed by (i) the requirement
that the total energy of all outgoing particles on each side
be Eoh, (ii) the transverse-momentum cutoff factor g (pz ),
(iii) the Bloch-Nordsieck factor d p/E, and (iv) correla-
tion effects between particles. The simplest stochastic dis-
tribution for a single particle on each side, not taking
into account effect (iv), is

dn =dn'"=X(d p/E)g(pq ) exp( E/Tz), — (4)

where T& is the "partition temperature. "
For 540-CxeV pp collisions at the CERN Collider, for

different impact parameters b, the values of h, Tz, and
the total charge multiplicity n, etc., were given in Ref. 3
and are reproduced in Table I.

D. Inelasticity

We remark that the leading particles take away a frac-
tion (1—h) of the total energy, and this fraction according
to Table I is & 50% for all collisions at the CERN Collid-
er. Averaged over all nondiffractive collisions this frac-
tion is 1 —h =72%. The remaining fraction h=28% of
the incoming energy represents the average energy that
goes into the multiparticle production process [shaded
part of Fig. 1(c) (ii)]. It is what has been called "inelastici-
ty" by cosmic-ray physicists. In recent years, Basile
et al. , have emphasized the importance of the leading
particle effect, which is related to the fact that h is less
than 100%.

Experimental estimation of the value of h for each col-
1ision has always in the past come up with an ambiguity
because it is not clear which of the fast particles (in the
c.m. system) should be included in the "central region"

(shaded part) and which in the fragmentation region
(unshaded part). Since a fast particle contributes a large
chunk of energy, this ambiguity has made it very difficult
to give any accurate evaluation of the fraction h. With
the introduction of the partition temperature Tz and Eq.
(4) this difficulty disappears: Take the 540-GeV pp col-
lision discussed in detail in Ref. 3. For each total multi-
plicity in Table I and Fig. 4, T~ is determined from the
experimental g distribution, mainly for low values of g,
say 0&g &4. Having determined Tz, Eq. (4) then allows
for a calculation of the small tail of the curve for g & 5.
The magnitude of this tail then makes possible an accu-
rate evaluation of the contribution to h from the g&4
part. Thus this contribution is evaluated not from g&4
data which are inaccurate, but from lower-q data together
with Eq. (4).

E, Increase of T~ with impact parameter b

In remark (a) of Ref. 3, the increase of Tz with b, seen
in Table I, is given a natural qualitative physical reason
based on the geometrical picture.

F. Longitudinal momentum transfer

The value of the total longitudinal momentum transfer
is listed in the last column of Table I. We see that its
value is very small for low-multiplicity events. Even for
the high-multiplicity events, its value is only 9.2
GeV=3.4% of the incoming momentum. This presents a
picture of small-impact-parameter collisions which is not
what one may at first anticipate: For such collisions, the
incoming hadrons are quite opaque to each other. The
survival amplitude

S(b =0)=exp[ —Q(0)]

is only -0.19, so that only -4% of such collisions are
elastic. The point is that for the remaining 96% of such
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collisions, the result is very far from a "bang, " (i.e., an
amalgamation of the two hadrons in one region of space,
as in the early Fermi picture ); Instead, the longitudinal
momentum exchange between the two sides is only -3%%uo.

(Of course, there is bound to be a process in which
thousands of particles are emitted in the c.m. system, all
nearly at rest. Such processes would involve a large longi-
tudinal momentum transfer of -270 GeV, and would re-
quire h=1. But that would clearly have extremely small
cross sections. )

The smallness of the longitudinal momentum transfer,
even for processes involving the production of many par-
ticles, indicates what we may call the persistence of longi
tudinal momentum in very-high-energy hadron-hadron
collisions. This is a dominating characteristic: For the
540-GeV pp Collider, elastic and double-diffraction-
dissociation events [Figs. 1(a) and 1(b)j involve longitudi-
nal momentum transfers of the order of at most a few
dozen MeV's, while the nondiffractive events [Fig. 1(c)]
involve longitudinal momentum transfers of the order of a
few GeV's, not more. Larger longitudinal momentum
transfers are extremely rare.

II. JUSTIFICATION OF MODEL
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FIG. 2. Scatter plot of backward and forward multiplicities
n& and nF for the g intervals 4 & gF & 0 and 0 & g» —4 at 540
GeV. For each value of ( n~, nF ) the area of the circle is propor-
tional to the number of events. (Reproduced from Ref. 11.)

A. Large range of total angular momentum

For pp collision at 540 GeV, the total angular momen-
tum J of the collision ranges from 0 (for b=O) to 200(Hi
(for b= 1.5 fm). It is clear that a collision at J=O cannot
possibly resemble one at J=2000A. For higher incoming
energy, the range of J would further increase. We believe
this is the fundamental reason' for the wide fluctuation
in multiplicity (KNO scaling or approximate KNO scal-
i'ng) in high-energy hadron-hadron collisions.

Accepting this view it is natural to assume that, for a
single b, the fluctuation should not be large. We believe
this is in agreement with experimental data, " a subject
which we shall now discuss.

The UA5 Collaboration has studied" the probability
distribution P(nF, nz ) of events with nF, nz, respectively,
denoting the forward and backward charge multiplicities.
Their result is reproduced here in Fig. 2. In Ref. 2 we
have analyzed this diagram and found that along each
fixed n =nF+n~ line, the probability distribution is well
fitted by a binomial distribution. We call such distribu-
tions "stochastic, " which according to Webster's diction-
ary means "of, pertaining to, or arising from chance. "
Thus along the nF+nz direction, the distribution is non-
stochastic due to fluctuations in b, and along the nF n~-
direction the distribution is stochastic.

Extrapolating these conclusions to very high energies
and very-high-average multiplicities n, we believe ' the
probability distribution P(nF, nz ) plotted against the
scaled variables nz/n, nz/n would shrink from a fat
cigar-shaped region to a thin cigar to essentially a line
along which

nF nZ+O(n ), —— (5)

as illustrated in Fig. 3.
We emphasize here that a collision with forward and

backward multiplicities nF and n~ populating region (5)
will exhibit a dramatic correlation. Take a case where
n =10000, say. Then nF fluctuates widely, say, from
2000 to 15000. But for each nF,

n~ —nF+V10000=nF+ 100

fluctuates very little.

B. Stochastic partition at a single
impact parameter b

The narrow line in Fig. 3 could be considered as a su-
perposition of small circles as shown, each of which
represents a stochastic fluctuation. Thus we arrive at the
suggestion ' that for very-high-energy collisions, for each
impact parameter b, there are only stochastic fluctuations.

FIG. 3. Schematic diagram showing scaled forward-
backward multiplicity distribution P(nF/n, n&/n ). Each con-
tour line represents, say, 25% of the maxi1num value for P at a
given energy. The contour lines shrink to the form of a thin ci-
gar at very high energies.
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the experimental results of UA5 for pp collisions at 540
GeV total energy. The agreement is excellent. Further-
more, there are no adjustable parameters in this compar-
ison, which is reproduced here as Fig. 4.

D. Decrease of single diffraction events

It is obvious from Fig. 3 that for higher and higher en-
ergies, strongly forward-backward asymmetrical events
will become progressively unimportant. In particular, the
fraction of single-diffraction events, events for which
there are only a few diffractive fast particles on one side,
while there are many particles emitted on the other, will
become very rare. This is consistent with the UA5 re-
sult' indicating that the fraction of single-diffraction
events rapidly decreases with increasing energy.

III. EXTRAPOLATION TO HIGHER
AND LOPPER ENERGIES

IO i

FIG. 4. dnjdrI versus rI at Ms=540 GeV. Data points are
taken from UA5 experiments, Ref. 12.

It is the mixing of different b's that result in the observed
larger nonstochastic (approximately KNO) fluctuation of
the multiplicity.

Developing this view we were led to the idea that, since
for a fixed b the particle number distribution on each side
is stochastic, for a fixed b the energy partition on each
side must also be stochastic. This idea results in the con-
cept of partition temperature T~ which governs the sto-
chastic partition of energy on each side. A consequence
of all these is Eq. (4) for the single-particle momentum
distribution.

C. Comparison with experimental
angular distribution

In Ref. 3, the angular distribution for each b (i.e., total
multiplicity) is evaluated from Eq. (4) and compared with

We made extrapolations of the angular distribution to
vs =53 GeV (CERN ISR energy), 2 TeV (Fermilab
Tevatron), and 40 TeV [Superconducting Super Collider
(SSC)]. The assumptions made in these computations are
as follows: (i) The pt cutoff factor g (pt ) is taken to be

g(p»=exp( —ap»
where we take' '

a=5. 8 (GeV/c) ' for Vs =53 GeV,

a=5.0 (CxeV/c) ' for Vs =2 TeV,

a=4.4 (GeV/cI ' for vs =40 TeV .

(ii) The parameter h is taken to be a function only of the
KNO variable z =n/n (iii) The. value of n, h for these
energies are taken to be 13, 41, and 78, respectively. '" The
results are presented in Fig. 5 and Table II. For previous
extrapolation, see Ref. 13.

Is this method of extrapolation reasonable'? In particu-
lar, with this method, for fixed central energy 2Eoh, but
for increasing Eo, the multiplicity n will decrease. (For

TABLE II. Parameters for single-particle distribution at ISR, Tevatrou, aud SSC energies. The relation between a and (pz ) is
given by a=2(pz ) . n is the total charge multiplicity. The normalization constant K is in GeV and partition temperature T~ in
GeV.

3.4
2.5
1.9
1.5
1.2
0.73
0.37

h (z)

0.45
0.42
0.33
0.32
0.31
0.26
0.20

44
33
25
20
15
10
5

Vs =53 GeV
(a=5.8 GeV ')

E
350
140
91
53
27
13
3.9

Tp

0.25
0.43
0.49
0.70
1.2
2.0

32

140
100
78
62
47
30
15

Vs =2 TeV
(a=5.0 GeV ')

K

71
48
36
27
19
11
5.1

Tp

17
23
25
31
43
61

130

270
200
150
120
89
57
29

V s =40 TeV
(a=4.4 Gev ')

K

62
44
33
26
18
11
5.3

Tp

300
400
420
520
700
950

1700
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FIG. 5. Calculated dn/d versusn g versus g at (a) ~s =53 CreV, (b) V s =e, s =2 TeV, and (c) V s =40 TeV.
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0
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f (z,Ep ) =fp(z) +f & (z) ln(Ep /1 G'eV )

where

z=n/n .
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Data with the Fermilab Collider in the next few years will
allow us to determine h o, h &, fo, and f, in the
Eo ——270—1000 GeV range.

( 2+ 2+ 2)1/2 g(y), (1O)

bounded on the sides by the planes x=0 and y=O. Con-
sider a gas of noninteracting particles of mass M = oo

moving in this region with a potential energy for each
particle of

V=(m +x +y )'/

A microcanonical ensemble for such a gas of N atoms at
total energy 8' has a probability distribution of

N N
5 $ V; —5' gdx;dy;dz; .

1 1

Integrating over all z; gives

IV. REMARKS ON Tp

A. A thermodynamical model

In Ref. 3 the concept of partition temperature Tz was
introduced by using the method of steepest descent. We
shall shortcut this mathematical approach here and con-
struct a thermodynamical model which will exhibit clear-
ly the physical meaning of the parameter Tz and Eq. (4).

Consider a three-dimensional region in (x,y, z) space
above the quarter plane (x & O,y &O,z=O) and below the
surface

B. Existence of T~ does not imply equilibrium

Although for the gas model the temperature T~ is an
equilibrium concept, for the high-energy collision problem
Tz is just a mathematical parameter that governs the par-
tition of energy in the stochastic process at impact param-
eter b and neither requires nor implies equilibrium. This
point is particularly clear if we concentrate on the factor
d p/E in Eq. (1) of Ref. 3. We want to make the follow-
ing observations. (a) Replacing d p/E with d p leads to
a single-particle distribution that totally disagrees with the
angular distribution given by the UA5 group. (b) In any
system in thermal equilibrium, such as for the black-body
radiation, it is always the factor d p, not d p/E, that ap-
pears as the density of modes. Does the factor d p/E
never occur for the problem of black-body radiation? The
answer is yes, it does occur when we discuss certain non-
equilibrium phenomena. For example, consider in a block
of matter at a finite temperature a cavity which at t=O is
free of atoms and of all radiation. Immediately after-
ward, short- and long-wave radiation would begin to fill
the cavity. Since the coupling of radiation with matter
contains the factor d p/E, the long wavelength modes
generally couple more strongly with matter and are filled
faster. Thus im such a nonequilibrium situation, the fac-
tor d p/E does play a role. But in the long run, when
equilibrium is established, the strength of coupling is im
material, and only the mode density d p would play a
role. (c) In a high-energy collision, there is not sufficient
time to reach thermodynamical equilibrium in any part of
the diagram of Fig. 1(c) (ii). The Bloch-Nordsieck factor
then plays a role and gives rise to the factor d3p/E.

V. ADDITIONAL REMARKS

5 g(m +x; +y; )'/ —8'

3'~'

(m +x;+y; )

Replacing x; by (p~~);, y; by (p~ ); this reduces to

g (~2+p 2+p 2)1/2 g

pidpidp~~x+. . . , ,g(p )~ +p~~ +pj. )

Thus this microcanonical ensemble gives exactly the same
distribution as Eq. (1) of Ref. 3. Similarly the canonical
ensemble for this gas at temperature Tz gives exactly the
same distribution as Eq. (2) of Ref. 3. The mathematical
step that leads from Eq. (1) to Eq. (2) in Ref. 3 is then ex-
actly the step familiar in physics that leads from the mi-
crocanonical to the canonical ensemble for the gas model.

(a) It is tempting to speculate that the observed vr/K ra-
tio in outgoing particles in the pp collider could be just the
result of the effect of the masses m and mlc in Eq. (4),
when the incoming energy is high enough. We are study-
ing this question both qualitatively and quantitatively.
Also studied is the question of two-particle correlation
which was not taken into consideration in Ref. 3.

(b) Many of the concepts of the present paper have been
discussed in various forms in the past by cosmic-ray and
elementary-particle physicists. Some of these earlier dis-
cussions can be found in Ref. 15.

(c) We have extended the ideas of this paper to e+e
annihilations. See Ref. 16.
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