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Toward the goal of experimentally determining the p-p elastic-scattering amplitudes at 6 GeV/c,
we have measured a number of triple- and double-spin correlation parameters over the

~

t
~

range
between 0.2 and 1.0 (GeV/c) . These new data permit the first nucleon-nucleon amplitude deter-
mination in the multi-GeV energy range. Polarized beams from the Argonne Zero Gradient Syn-
chrotron and polarized targets were utilized. The polarization of the recoil proton was measured
with a carbon polarimeter. A total of 14 different spin observables were measured (five spin
transfer, four depolarization, and five triple-spin correlation parameters). These have been com-
bined with earlier results, resulting in a data set of typically 30 measurements of 20 different spin
observables for each of six

~

t
~

values between 0.2 and 1.0 (GeV/c) . A solution for the amplitudes
has been found at each

~

t ~, and comparisons are presented with several different models. The
spic-nonflip helicity amplitudes are found to be much larger than the spin-flip amplitudes.

I. INTRODUCTION

A series of experiments were performed several years
ago at 6 GeV/c laboratory momentum to determine ex-
perimentally the p-p elastic scattering amplitudes in the
region of four-momentum transfer squared

~

t
~

up to
about 1.0 (GeV/c) . Most of these earlier measurements
were performed with polarized proton beams from the
Argonne National Laboratory Zero Gradient Synchrotron
(ZGS). They included complicated triple-spin experi-
ments, ' with polarized beam and polarized target and a
determination of the outgoing spin of one particle with a
carbon polarimeter, as well as single- and double-spin
measqrements. ' The difficult triple-spin experiments
measured more than one spin observable simultaneously,
and they used polarized proton targets with spin aligned
perpendicular to the scattering plane. The rapidly falling
p-p differential cross section at 6 GeV/c made high-
precision measurements very difficult for

~

t
~

above
about 1.0 (GeV/c) .

This is a report on the last series of experiments carried
out in the 6-GeV/c amplitude program. Polarized targets
with spin aligned in the scattering plane were used. It has
been shown that such measurements were needed to ob-
tain uniquely the amplitudes in a model-independent
fashion. ' Results are presented for several triple-spin pa-
rameters, such as HLs& ——(L,S;O,N) and ass
=(N, S;O,S), and a number of double-spin parameters,
such as Dss ——(O,S;O,S) and KLs ——(L,O;O, S). In some
cases, mixtures of pure spin observables were obtained,
such as Drs=(aDLs+bDss), where DLs=(O, L;O,S) and
a and b are

~

t
~

-dependent constants. Some results from
these experiments have been published previously. ' Also,
in some cases, the

~

t
~

range was limited by the
polarized-target magnet aperture.

Combining the data from these measurements with pre-
vious results' ' at 6 GeV/c gives up to 35 points and 21
different spin observables at some values of t. Roughly
half of these are presented in this paper. As a conse-
quence of the large number of spin observables, the ampli-
tudes are highly overconstrained. Therefore, many checks
for systematic errors are discussed.

In Sec. II we summarize the notation used for observ-
ables. Section III contains a description of the experimen-
tal apparatus; details of the methods used in data reduc-
tion are described in Sec. IV. We have used these new
measurements to carry out a preliminary analysis of the
p-p elastic-scattering amplitudes; the results are discussed
briefly in Sec. V. The interpretations are given in Sec. VI,
and the conclusions in Sec. VII.

II. FORMALISM

The general formalism has been presented in our previ-
ous paper' and is developed in the references cited therein.
Spin directions for the beam, target, scattered, and recoil
protons are shown in Fig. 1.

Expressions of spin parameters (beam, target; scattered,
recoil) in the laboratory system are as follows:

P= (N, O;0,0)=(0,¹0,0)=(0,0;O,N), polarization,

C~J (i,j;0,0),——spin-correlation parameters,

D J (O,i;0,j)——, depolarization parameters,

Kt~ =(i,O;Oj ), polarization-transfer parameters,

H Jk (ij;O,k), tr——iple-spin parameters,

where i,j, and k denote a direction of measured spin (N,
L, or S).
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asymptotic energy ' these are Np, NI, and Nz for
natural-parity exchange and Uo and Uz for unnatural-
parity exchange. The s-channel helicity amplitudes'
may be expressed as follows:

N: NORMAL TO THE SCATTER I NG PL ANE

L: LONG jTUD INAL DIRECTION

S= N x L IN THE SCATTERlNG PLANE

FIG. 1. Definition of spin directions.

The elastic-scattering amplitudes may be defined in
many different ways; we have chosen two which are wide-
ly used. The t-channel-exchange amplitudes are defined
so that each amplitude has definite quantum numbers at

&++ I++ &=(t I,
&- —I++&=y„
&+ —I+ —&=&,
&+ —

I
-+&=y4,

&++ I+-&=y, .

The amplitudes (t I and p3 are net helicity nonflip, pz and
P4 are helicity double flip, and ({}5is helicity single flip.

The t-channel-exchange amplitudes are then

Observables
(8,T;S,R}

(Single scattering)
tot

tot
C7L,

tot
CTT

o =(0,0;0,0)
P =(0,%;0,0)
=(X,O;0,0)

C~~ ——(X,N;0, 0)
Css ——(S,S;0,0)
C„=(S,L. ;0,0}
CLL ——(L,L;0,0)
Note: (do/dt=o. m/k )

(Double scattering)
1. Ejk measurement
X~~ ——(X,O;O, N)
Sess =(S,O;O, S)
EsL, ——(S,O;O, L)
Its ——(L,O;O, S)
ALL, ——(L,O;O, L)
2 Djk measurement
D~~ ——(O,X;O,X)
D„=(O,S;O,S)
Dsl ——(O,S;O,L)
DLs = (O,L;O,S)
DI I ——(O, L;O,L)
3. Three-spin measurement
H»„—(S,S;O,X)
His+ =(L,S;0
HsL~ =(S~L &Os%)

HIL~ =(I~L &0~%}
. Hs~s =(S~X;OsS)
H», —(S,X;O,L)
HLws=(L E'0 S
HI ~I = (L ~¹~0~L }
H~ss ——(X,S;O,S)
H~sL = (X S ' 0,L )

Hms =(» L;OsS)
H „=(X,L;O,L}

TABLE I. Laboratory observables in terms of exchange amplitudes.

(a)

Exchange amplitudes

4'/k ImNp(0)
Sm/k Im Up(0)
—Sm/k Im Uq(0)

I No
I
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I
NI

I
) /o

2 Re(Xp U2 —X2 Up }/~
2 Re[( Up+ Uz)NI ]/Ir
—2Re(NQUp —&2U2 )/o
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I
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I

—
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Uo
I

—
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)cosOR j /o.

—2 Im[( Uz+ Up)NI ]/0'
2 Im( UpXp —U2%2 }/o
—2 Im(Xp U2 —%2 Up )/0
2Im[(Uz+ Uo)NI ]/o
[2 Im[( U2 Uo}NI ]COSOR +2 Im(NO U2 +N2 Uo )»nOR j /Ir
[2 II11[{Uz —Up )N I* ]sinOR —2 Im(No Uz +Nz Up )cosOR j /o'

[ —2 Im[( Uz —Up)N I ]s1118R+2 Im( UpN0 + U2N2 )cosOR j /0'
{2Im[(Uz —Up)NI ]cosOR+2Im(UoN0 +UIN2 )sinOR j/cr
[2 Im[(No+ Nz)N I* ]cosOR —2 Im( Up Uz NoNz )sinOR j /o. —
[2 Im[{N0+N2)NI* ]s1118R+2 Im( Up Uz —NpN2 )cosOR j /Ir

[ —2Im[{N0+Nz)NI ]sinOR+2Im(U0U2 +N0N2 )cosOR j/o
[2 Im[{No+Nz }NI* ]cosOR +2Im( Uo Uz +NoNz )sinOR j /Ir
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TABLE I. ( Continued).

Observables.
(B,T;S,R)

(Single scattering)
tot

tot

tot
OT

cr =(0,0;0,0)
P =(O,N;0, 0).
C~~ ——(N, N;0, 0)
Css =(S,S;0,0)
CsL, ——(S,L;0,0)
CL,L, ——(L,L;0,0)
Note: do. /dt =am/k .
(Double scattering)
1. Xjk measurement
K~~ ——(N, O;O, N)
ass=(S 0 0 S)
El.s ——(L„o;O,S)
XII.——(L,O;O, L)
2 Dj p measurement
D~~ ——(O,N;O, N)
Dss =(O,S;O,S)
Di.s ——(O,L;O,S)
Dsi, ——(O,S;O,L
3. Three-spin measuremen
Hs~s ——(S,N;O, S)

ass =(N~S &O~S)

Hss~ =(SS'0 N)
HI.sx =(L„S;0
H~L,s ——(N, L;O,S)
HsL,~ =(S,L;O,N)
HL~s =(L N 0 S)
Note: 8~ is the laboratory recoil angle.

Helicity amplitudes

(22r/k )Im[p~(0) +$3{0)]
(42rlk )Im[(t 3{0)—$3(0)]
—(42r/k)Imp2(0)

2 (14 ~ I
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' —
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']/o

I:
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[sin8RRe[(p~ p2 $3 —F54)—*$5)—cos8RR—e(p~ p4+pz $3)]lo
s1n8R [ I bi I

' —
I 6 I

' —
I 6 I

'+
I 6 I

']+c»8RRe[(fl Q2 $3 44)*ps] ] lo
[s1n8R«[{t))3—t))2 —y3 —44)'0 5]+—,

' cos8R {
I 4i I

' —
I (I 2 I

'—
I 6 I

'+
I W4 I

') ] Io

[Re(9 3 43 (I 2 W4)+21451']/o
[ sin8—RRe[(p~ $2+—$3+$4)*$5] cos8RR—e[(p& $3+$2 t))4)]]Io

s&n8R [ 14~ I

' —
I
(j)21'+

I
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I

' —1441'7—cos8R«[{(ti —42+0'3+44)*45]]Io
[cos8RRe[(@& cb2+cb3+p—4) $5]—sin8RRe(p~*&3+p2f4)] lo

[ —sin8RIm(pq*p2+p3 f4)+cos8RIm[(pf (t 2 p3 f4) f5]}/o
{sin8R &m((() i*&2—$3*$4)—cos8R 1m[(4'& —4'2+(('3+$4)*4 5]]Io
1m[(yi+y2 —43 +44)'y ]5/o
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[»n8R 1m[((( i —$2+$3+$4)'$5] —cos8R &m(pi*p4+ p2 y3) ] lo
Im(p (*$4 p2 $3)lo—
[ —sin8R 1m [(p ~ p2 p3 p4) *—$5]——cos—8R Im(p &*$3+p2 p4) ] Icr

&O= —.
' (02+6»

&i =(()s

&2= 2 (04—4'2»

UO
———,

'
(P2 —$3),

U2= 2 (42+44) ~

(2)

In this case, I.-type and S-type beam polarizations were
employed. Figure 2 shows one of the experimental setups,
consisting of a beam line with a set of spin precessors (not
shown), an S-type polarized target, a forward detecting
system, and a recoil polarimeter. The other experimental
setup is shown in Ref. 12.

A. Polarized proton beam

The experimental observables expressed in terms of both
sets of amplitudes are summarized in Tables I(a) (Refs. 16
and 21) and I(b) (Ref. 22).

IEE. EXPERIMENTAL PROCEDURES

The measurements were carried out with the same ex-
perimental apparatus using two different directions of the
beam spin. Together with an S-type polarized target, an
N-polarized beam was used for measurement of H~ss and
an L-polarized beam for Hlq~. The two beam polariza-
tions were alternated during the same running period so
that most systematics are similar for the two measure-
ments. An approximately L-type polarized target was
used for the measurement of Dlz and other parameters.

Polarized protons entered the beam transport system
with spin along the vertical axis. For the Hi&~ measure-
ment it was necessary that the spin direction be along the
beam axis at the center of the polarized proton target
(PPT). The magnetic field of the PPT magnet was per-
pendicular to the N-I. plane; this caused significant
(-20') precession of the polarized beam. Consequently,
the spin direction at the entrance of the PPT was oriented
so that this additional rotation produced the spin direc-
tion required at the center of the target. Analogous situa-
tions existed for the H~ss and L-type target measure-
ments. The proper beam spins were obtained with a ver-
satile beam channel which used both solenoid and dipole
magnets; the details have been given elsewhere.
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and a~ before the PPT and at the center of the PPT were
calculated using the known beam transport parameters
and the measured field of the PPT; they are summarized
in Table II. The additional deflection of the incident
beam in the magnetic field of the PPT was also taken into
account in the experimental setup.

The polarity of the beam spin was reversed each spill
(every few seconds) to reduce systematic errors. The beam
polarization was continuously monitored with a polarime-
ter whose signals were analyzed by a computer in the ZCxS
main control room. The intensity was typically 10
protons/spill with average polarization of 0.73.

B. Polarized proton target

VERTICAL VIEW

50.9 66. 1 73.3 SI,2 96.4 cm FROM PPT

CARBON

XY XY

HORIZONTAL VIEW

XY XY

IO cm

For convenience, we define the polarization of the beam
as follows:

=Pa(&~N+&r, L+&sS), (3)

where Pz is the magnitude of the polarization and the a;
are direction cosines of the positive spin vector to unit
vectors N, L, and S as shown in Fig. 1. The values a&

FIG. 2. (a) Experimental layout. (Note that the upstream
counters S0 and S~ are not shown in the figure. ) (b),Configura-
tion of the polarimeter.

P„,set ——Pr(A N+Pr. L+Pss) i (4)

where the definition of Pz. and the p; are analogous to
those for the beam. For the H~zs and Hrz~ measure-
ments the target was oriented so that ps was equal to 1.0,
while Pz and Pr were equal to zero (see Table III). The
magnetic field was oriented at 18' to the beam for the D~~

The polarized proton target consisted of a target cell, a
cryostat, and a magnet. The target cell had dimensions of
1.9 cm (W) &&2.0 cm (H) && 6.5 cm (L) and was filled with
2-mm-diameter beads of ethylene glycol (HOCH2CH2OH)
doped with K2Cr207. It was cooled by a horizontal He
refrigerator operating near 0.4 K.

The free protons were dynamically polarized by mi-
crowave excitation in the 2.5-T field of the PPT magnet;
this consisted of superconducting coils in a Helmholtz-
type configuration. The magnetic apertures were cones of
48' along the field axis; recoil protons emerged through
one of these. There were equatorial apertures of 21' for
the passage of the beam and scattered protons. For the
L-target measurements, the beam and scattered protons
passed through one of the 48' cones and the recoil protons
through the equatorial aperture. In this case thej:e was a
restriction to the angular coverage at large

~

t
~

caused by
the limited recoil aperture.

For the discussion of Sec. IV it is convenient to express
the target polarization as

TABLE II. Spin direction of the beam. The beam spin components for Eq. (3) are given below, far
from the polarized target, and at the center of the S target. The components for the L target at the tar-
get center are given for two scattering angles.

(S target)

Component Initial
X-spin beam

At PPT
L-spin beam

At PPT

Qg

o's

0.939+0.021
—0.344+0.057

0.0+0.06

000+0.000

—0,020%0.06
0.0+0.06

0.344+0.057
0.939+0.021

0.0+0.06

0.020+0.06
1.000 0 002

0.0~O. 06

Component
S-spin beam

f
r

f

=0.27

(L target)

0.66 0.27
L-spin beam

0.66 CxeV /c

+w
Qg

+s

—0.18+0.06
—0.03+0.06
0.983%0.011

0.05+0.06
—0.03+0.06
0.998+0.002

—0.010+0.06
000+0.002

0.01+0.06

—0.010+0.06
000+0.002

0.01+0.06
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Ps
PI.
PN

0 00+0.01

000+'"

(L target)

f
i

f
=0.27 0.66 GeV /c

TABLE III. Spin direction of the target. The target spin
components for Eq. (4) are given below for the two target con-
figurations of this experiment. The effects of the rotation of the
scattering plane and the detector acceptances have been includ-
ed.

(S target)

D. Trigger and data acquisition

Events were triggered by (So Si S2 R; Ii; BA; FEF),
where FEF was the logic signal from a hard-wired fast-
event filter. Output from the polarimeter chambers was
supplied to this circuit which calculated the difference be-
tween the slope of tracks before and after the carbon
scatterer. If the difference was larger than the preset
value, the FEF would output an oK. signal. Most unscat-
tered events were rejected with this circuit, saving both
tapes and computer time which would otherwise be used
for analysis. The accepted data were read onto tape
through CAMAC using an EMI 6050 computer.

Ps
PL,

Px

0.273+0.008
0.951+0.003

—0.147+0.008

0.300%0.008
0.951%0.003

—0.077+0.008

IV. DATA ANALYSIS

A. Data reduction

measurements in order to be able to detect both the for-
ward and recoil protons. For the l. target, the mean
scattering plane was also rotated by the target magnetic
field. This affects the P's as shown in Table III. For the
S target, the detector placement compensated for the
change in the scattering plane. The target polarization
was Inonitored by a NMR system with a pickup coil
wound around the target cell. The NMR signals were
read in and analyzed continuously by a PDP-11/20 com-
puter. The polarity of the PPT was reversed at approxi-
mately 2-h intervals. The average polarization during the
experiments was about 0.80.

C. Trigger counters and chambers

The experimental arrangement for the His& and H&ss
measurements is shown in Fig. 2(a). The beam was de-
fined by scintillation counters So (placed far upstream of
the PPT), Si, and S2. Beam halo was rejected by BA, ;
particles not going through the PPT were rejected by
BAz. Scattered and recoil particles were identified by
hodoscopes I'& through I'8, and R~ through R6, respec-
tively. Unscattered beam particles were vetoed. There
were three pairs of multiwire proportional chambers
(MWPC's) with X and Y planes both upstream of the
PPT and in the forward arm for tracking beam and scat-
tered particles.

The recoil particle was detected by a recoil polarimeter
which consisted of four pairs of MWPC's and a carbon
plate of thickness 5.08 cm that served as scatterer. Each
pair of chambers had both X and. F planes with wire
spacing of 2 mm. The two pairs of chambers before the
carbon had an effective area of 51.2X25.6 cm and the
two pairs behind had an effective area of 51.2 X 51.2 cm .
The polarimeter is shown schematically in Fig, 2(b). The
polarimeter was oriented so that its normal made an angle
of 67.06 and 71.25' (for S and L targets, respectively)
with respect to the beam axis. The alignment of the po-
larimeter chambers was checked and calibrated using
straight-through data with no PPT magnetic field and no
carbon scatterer.

The data (a total of 38X10 events) were analyzed in
three stages: (a) filter, (b) analysis, and (c) polarimeter
analysis. In the "filter" stage, only those events having
enough chamber information for track reconstruction
were transmitted to the next stage; the transmission effi-
ciency was about 50%.

In the "analysis" stage, kinematical values were calcu-
lated for the first scattering, i.e., scattering at the PPT. In
doing this it was necessary that corrections be made for
the effects of the PPT magnetic field. The corrections
were evaluated by generating large numbers of events with
random scattering angle (8,$) and interaction point within
the PPT. For each event the energy losses in the PPT
were calculated and the particles tracked through the
magnetic field to the chamber planes. The simulated
events were fitted to obtain a correlation matrix among
the coordinates of the interaction point, the scattering an-
gles (8,$), and wire numbers in the chambers.

Cuts were made to the data for those events with in-
teraction points outside the target, or too large distance
between forward and recoil tracks, etc. However, no cut
was made here for either the angle-angle correlation or co-
planarity. The distribution of the interaction points at the
target is shown in Fig. 3(a). The distribution in coplanari-
ty angle is shown in Fig. 3(b); the coplanar peak is clearly
resolved above the noncoplanar background. Approxi-
mately 70%%uo of the events survived for stage three
analysis.

The final stage of analysis involved the second scatter-
ing at the recoil polarimeter. The M&PC's provided two
sets of hit points both before and after the carbon scatter-
er so that the corresponding angles 8, and P, could be cal-
culated. The definition of these angles is illustrated in
Fig. 4. The laboratory coordinates X,Y,Z are defined
with Z along the incident beam direction, X in the hor-
izontal plane, and Y upward. The new Z axis (Z') at the
second scattering is along the direction of the recoil pro-
ton incident on the carbon plate. The corresponding Y'

axis (Y') lies in the Y-Z' plane; the new X axis (X') is
given by Y'XZ'. The scattering angles 8, and p, in the
carbon plate are measured with respect to the primed
axes. Those events which did not have full acceptance in
the last chamber, or events with too large distance be-
tween tracks before and after the carbon plate, were reject-
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(a) (b)
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IO 20

COPLANARITY ANGLE (degree)

FIG. 3. (a) Distribution of the interaction point at the PPT calculated from the forward and recoil trajectories. (b) Distribution of
the coplanarity angle between scattered and recoil particles.

ed. The scattering angle 0, was limited to the region 6' to
16 in order to be able to compare to the analyzing power
of the polarimeter, Azc, as measured in our previous ex-
periment. ' Even with the fast event filter, only about 5%

of the events survived these cuts to be identified as good
events. The typical histograms of the scattered-recoil
correlation for both coplanar and noncoplanar events
from the first scattering are shown in Fig. 5. The arrows

QOPLANAR EVENTS

---- NONCOPLANAR EVENTS

XYZ: LABORATORY COORDINATE SYSTEM

X Y Z: PARTICLE COORDINATE SYSTEM

Y

PRO JEC T IO N OF S P I N

FIG. 4. Definition of the coordinate system used in the po-
larimeter analysis. The laboratory coordinates have Z along the
incident beam direction and Y up. The X', Y', Z' coordinates
correspond to the recoil particle as described in the text. The
components of the recoil particle spin in the X' Y' plane (perpen-
dicular to its direction of motion) are given in terms of y and P
as shown.

FIG. 5. Typical distribution of the product tanO„, «tang,
This peaks near 4M~ /s where M~ is the proton mass and s is
the square of the total energy. (a) Both coplanar and noncopla-
nar events. (b) The distribution after the subtraction of nonco-
planar events from coplanar ones. Arrows show the position of
the cuts.
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in the histogram are the positions of the cuts. To estimate
contributions from inelastic and quasifree scattering from
the carbon in the PPT the noncoplanar events were nor-
malized to the number of coplanar events outside the cut
lines. Then at the recoil polarimeter the azimuthal distri-
bution of the normalized noncoplanar events was sub-
tracted from that of the coplanar events.

The superconducting magnet of the PPT, shown in Fig.
2, had a strength of 2.5 T in the target region. It was
designed with no return yoke to provide maximum accep-
tance in the L and S configurations; the consequence,
however, is a large fringe field outside the magnet. The
magnetic field remained strong (0.6—0.2 T) in the region
of the polarimeter whose center was about 70 cm from the
PPT. Since the recoil protons were of low momentum
(0.4—1.2 GeV/c) it was important to correct for preces-
sion of their spins in the fringe field.

In the analysis of the double-scattering events it is
necessary to know the orientation of the spin of the recoil
proton immediately before the second scattering in the po-
larimeter. For the azimuthal asymmetry the relevant part
is the projection y and the azimuthal angle P, in the
X'-F' plane in Fig. 4. We have calculated these values as
a function of ! t ! for recoils initially (i.e., at the PPT) po-
larized along the I., X, and S directions. The results are

shown in Fig. 6(a) for the S-target measurements and Fig.
6(b) for the L-target measurements; angles and energy
losses were calculated in the approximation that all in-
teractions occurred in the center of the PPT.

After scattering by the carbon in the polarimeter the
number of events in the ith azimuthal bin can be written
as

&++(P; ) =r/(P; )I [1+a—+—+ —a+ +—sin({(i;—P )

++—aL-,
—stn(y, —y~ )

++ ~—as——sin(P; —Ps )], (5)

where the superscripts indicate directions of beam and
target polarizations, and the coefficients a/ may be ex-
pressed in terms of P/t, I' T, and the spin parameters. The
distortion function, tl(p;), takes into account the effect of
the magnetic field on recoil protons, binning of events in
the chamber, etc. The subscripts X, I, and S denote the
components of recoil spin at the PPT. The detailed ex-
pressions for a/ and the experimental determination of the
distortion function, r/(P; ), are given in the Appendix.

The data were taken for four combinations of beam and
target polarizations. The azimuthal distributions were ob-
tained for each t bin used in the first scattering. The an-
gular range of 360' was divided into 24 bins, —7.5' to

(a)

I ~ 0 yS

0.5— 0.5—

A y

0
400'—

0500— 500—

200—
200—

0
IOO—

l00—

I

0.5
It! (GeV /c )

I

I.O

0—
!

0.5
( tl (GeV /c

I.0

FIG. 6. Calculated values of y's and P's for various four-momentum-transfer-squared
! t ! . (a) S target, {b}L target.
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7.5', 7.5' to 22.5, etc. The raw azimuthal distributions
were next corrected for beam and target polarizations, and
the distortion functions. The distributions were then nor-
malized and constant terms subtracted; details are again
described in the Appendix. The resulting distributions
can now be expressed in terms of physical parameters of
interest. For example, with a pure X beam and S target
(a~ ——1.00, Ps ——1.00) the distributions are

n ' "(P) =Agcy P sin(P P~ )—,
n (P) =ApcyvKxm sin(f —P~),

n'"(p) =A,c[yt.&sr, »n(W —A. )+ysDss s'n(0 —0's )]
n' '(P) =Apc[yl. HmsL, s'n(0 —0L, )+ysHxss»n(4 —0s)]
where the definition of n "(P) is given in Eq. (A13) of the
Appendix. In the principle there are additional terms due

to imperfect alignment of the initial spin states; however,
with the high degree of spin alignment achieved in the
present experiment (see Tables II and III), their contribu-
tions are usually negligible. It is now possible to fit the
experimental azimuthal distributions, n'"'(P;), for each t
bin to an expression of the above form with given values
of the y and P parameters; further details appear in the
Appendix (see also Table IV). Note that in Eq. (6), Ps and

differ by approximately 90', so that pure Dss and
~ass can be derived.

The results obtained are shown in Fig. 7 and listed in
Table V.

B. Discussion of systematic errors

The distortion function g(P) was introduced to take
into account the effects of the magnetic field on recoil
protons. However, there are other effects which could in-

TABLE IV. Coefficients of spin parameters. The asterisk denotes the large components. The polarization P was used with exist-
ing data to determine the distortions due to the target magnetic field (see the text).

—t [GeV/c) ]

(i) L beam, S target

0.27 0.38 0.51 0.66 0.83 Error

ELS
KLL

Dss
Dsl,
HLSN

HNss

KLL
KNN

0.98
0.998
0.24
0.02
0.998
0.24
0.98
0.02

0.98
0.999
0.23
0.02
0.999
0.23
0.97
0.02

0.97
0.999
0.24
0.02
0.999
0.24
0.97
0.02

0.97
1.000
0.24
0.02
1.000
0.24
0.97
0.02

0.97
1.000
0.25
0.02
1.000
0.25
0.97
0.02

0.97
1.000
0.26
0.02
1.000
0.26
0.97
0.02

0.02
0.004
0.08
0.06
0.004
0.08
0.02
0.06

(ii) N beam, S target
p+
KNN

KLs
Dss
DSL

HNSS

HNSL HNsL

HLSN

0.98
0.98
0.02
0.998
0.24
0.998
0.24

—0.02

0.98
0.97
0.02
0.999
0.23
0.999
0.23

—0.02

0.97
0.97
0.02
0.999
0.24
0.999
0.24

—0.02

0.97
0.97
0.02
1.000
0.24
1.000
0.24

—0.02

0.97
0.97
0.02
1.000
0.25
1.000
0.25

—0.02

0.97
0.97
0.02
1.000
0.26
1.000
0.26

—0.02

0.02
0.02
0.06
0.004
0.08
0.004
0.08
0.06

(iii) L beam, L target
pg

KLs

KLL

DLL

HLNS

KLS
Kss
KLL

DLs
Dss
DLI
DsL
DNN

HLNS

HNLS

HLLN

HLSN

HLNL

HNLL

HSLN

0.63
0.996

—0.01
0.78
0.01
0.947
0.272
0.74
0.21

—0.09
0.15

—0.01
0.60
0.17

—0.12
0.01
0.00

0.77
0.999

—0.01
0.64
0.01
0.950
0.289
0.60
0.18

—0.09
0.11

—0.01
0.74
0.22

—0.07
0.01
0.00

0.83
1.000

—0.01
0.56
0.01
0.951
0.296
0.53
0.17

—0.08
0.09

—0.01
0.79
0.24

—0.05
0.01

—0.01

0.86
1.000

—0.01
0.51
0.01
0.951
0.300
0.49
0.15

—0.07
0.08

—0.01
0.82
0.26

—0.04
0.01

—0.01

0.05
0.002
0.06
0.06
0.08
0.004
0.008
0.06
0.06
0.08
0.01
0.06
0.05
0.05
0.06
0.08
0.08
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TABLE IV. {Continued).

—t [GeV/c)~]

(iv) S beam, L target

0.27 0.38 0.51 0.66 0.83 1.00 Error

pQ

&ss

XSL

DLS

DLL

HsNs

HSLW

ass
+LS
KSL
+NN

ALL

DLS
Dss
DLL
DsL

HsNs
HNLS

HNSS

HSLN

HssN
HSNL

HNLL

HLLN

HLSN

HNSL

0.63
0.979

—0.03
0.77

—0.11
—0.02

0.947
0.272
0.74
0.2.1

—0.09
0.14
0.17
0.05
0.59
0.17

—0.11
—0.14
—0.02
—0.01
—0.04

0.77
0.997

—0.03
0.64

—0.05
—0.02

0.950
0.289
0.60
0.18

—0.09
0.11
0.06
0.02
0.73
0.22

—0.07
—0.04
—0.02
—0.01
—0.01

0.83
1.000

—0.03
0.56
0.01

—0.02
0.951
0.296
0.53
0.17

—0.08
0.09

—0.01
0.00
0.79
0.24

—0.05
0.00

—0.02
—0.01

0.00

0.86
0.998

—0.03
0.51
0.04

—0.01
0.951
0.300
0.49
0.15

—0.07
0.08

—0.05
—0.02

0.81
0.26

—0.04
0.03

—0.02
—0.01

0.01

0.05
0.004
0.06
0.06
0.08
0.08
0.004
0.008
0.06
0.06
0.08
0.02
0.06
0.06
0.06
0.06
0.06
0.08
0.08
0.08
0.08

0.4—

z 0
~ S-TARGET

v L-TARGET

o OLD DATA
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FIG. 7. Measured spin observables. Closed circles and triangles are the present data, and open ones (Refs. 2 and 5) are existing
data referred to in Sec. IVC.
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fluence the empirical evaluation of this function through
Xo($) as described in the Appendix. For example, some
structure is introduced if the relative normalization of the
beam and target polarizations is not correct. The magni-
tude of such an effect depends upon some spin parameter
such as Kzz, etc.

To check for such effects two methods of normaliza-
tion were tried. The first normalization used the number
of protons in the beam and the second used the number of
unpolarized background events from the carbon. The
latter was used only for the L beam because an Ã. beam
can produce an asymmetry on an unpolarized target. No
significant difference was observed. The difference be-
tween the results obtained with these two normalizations
was about an order of magnitude smaller than the statisti-
cal error quoted in Table V.

As another test of the stability of our results we varied
the value of the analyzing power (P) for p-p scattering in
obtaining g(P) and spin parameters from the azimuthal
distributions. Differences due to variations in P of 0.01 to
0.02 were comparable with those described above. An
internal check on the consistency of our normalizations is
provided by comparing the values of Dss and Dsl ob-
tained with the L and N beams and of DLs and DLL with
I. and S beams. The values are listed in Table V and are
consistent within errors.

A Monte Carlo simulation provided a final check of the
effect of the magnetic field. The effects of multiple
scattering in the PPT and deflection in the fringe field
over the region of the polarimeter were introduced. The
events generated were analyzed by the same program used
for the experimental data. The azimuthal distributions of
these simulated events were compared with the observed
distributions; the result is shown in Fig. 8. The fair agree-
ment provides support for the assumption that the struc-
ture in the P, distribution is largely due to the magnetic
field More . refined treatment of multiple scattering, ener-
gy loss, etc., would presumably provide even better agree-
ment.

The normalization constants for double- and triple-spin
parameters are given by

0.4—
0.2 —

I,

I I I

I

—t =0.268

0.4—
o. -I,

0 —t =0.382

0.8—
0.6—
0.4—
0.2 —:

0 ~(-
-0.2—

—t =0.5 I 4

—0 2—
—t =0.662

I I I I I I

0' 60 ' I20' I 80' 240' 300' 360'
9

TABLE VI. Estimated systematic uncertainties (excluding
carbon analyzing power). Fractional errors on the experimental
measurements are estimated below. Contributions are from un-
certainties in the beam, target, and recoil spin projections,
a,P, y, from Table IV and from the beam and target polariza-
tion, P&PT. Note especially the large systematic uncertainties
for the S-target parameters ALL, DsL, and HNSL.

Fig. 8. Comparison of the quantity g(P) —1, where g(P) is
the distortion function for the experimental data and the crude
Monte Carlo calculation described in the text. The experimental
results have been omitted at —t =0.66 (GeV/c) because of the
large statistical errors. Open circles, experimental data; closed
circles, Monte Carlo.

frc=ApcPaay «r (+ o'o +»
fD =ApcPT py for (0, e;0, e ),

fH =ApcPiiPraPy for (e, e;0, e ),
where Apc is the analyzing power for the P-C scattering,
taken from Ref. 24. The normalization errors for abso-
lute beam and target polarizations are estimated to be
about +5%. The direction of beam and target spins were
known to accuracies of +3.5 and +0.5, respectively.
These errors are listed in Tables II and III; they are negli-
gible for the coefficients of the large components in Table
IV (also see Appendix). The sources of the error in y and
P, result from accuracy of knowledge of the magnetic
field and approximation in the calculation itself. A sum-
mary of the systematic errors due to a, p and y is present-
ed in Table VI. The values of A&c and their estimated
systematic uncertainties are given in Table VII.

Spin
parameter

ELS
+LL
Dss
DSL

~LSN
+NN

HNSS

HNSL

+LS
ELL
DLs
D
HLLN
'&ss
I SL

I SLN

a, P, y

0.004
0.33
0.004
0.33
0.021
0.021
0.004
0.33
0.002
0.10
0.004
0.10
0.07
0.004
0.10
0.08

pg, pg

0.050
0.050
0.050
0.050
0.071
0.050
0.071
0.071
0.050
0.050
0.050
0.050
0.071
0.050
0.050
0.071

Total

0.050
0.33
0.050
0.33
0.074
0.054
0.071
0.34
0.050
0.11
0.050
0.11
0.10
0.050
0.11
0.11
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TABLE VII. Estimated values of Apc and systematic uncer-
tainties. The estimated values of the carbon analyzing power,
A~z, were taken from Fig. 12 and Ref. 24. Previously measured
values (Ref. 1) with a thinner carbon scatterer at small t are also
included. The quoted uncertainties are estimated systematic er-
rors for this experiment and statistical errors for the data from
Ref. 1.

—t [(GeV/c) t

0.27
0.38
0.51
0.66
0.83
1.00

Apc (this expt)

0. 15+0.08
0.49+0.05
0.51+0.05
0.43+0.04
0.33+0.03
0.27+0.03

Apg (Ref. 1)

0.31+0.04
0.59+0.06
0.51+0.07
0.43+0.07
0.37+0.10
0.29+0. 12

C. Consistency checks with existing data

There are a number of internal consistency checks
which can be applied to the present data to search for pos-
sible systematic errors. The first three deal with data
whose carbon analyzing powers Azc are all related. Then,
there are checks for systematic errors for observables
which should vanish. Additional tests which permit com-

The errors in normalization may be estimated by corn-
bining those errors for the large component in quadrature.
We obtain

~frc ~fa ~fa
fsc fD

'
fH

No error has been included for the analyzing power of the
polarimeter.

There is no observable in the present experiment which
provides a useful internal calibration of the polarimeter.
In principle, the polarization (0,0;O, X) could provide
such a calibration; however, the small azimuthal asym-
metry in the second scattering is completely masked by
other effects. As an approximation we have used the
values of Azc polarization measured in previous experi-
ments. Further discussion on A&c is given in Sec. IV D.

parisons of Azz to other experiments are given in Sec.
IV D.

Time-reversal invariance leads to some simple relations
in the c.m. frame. Converting the spin directions to the
laboratory system leads to the equation '

(Dss D—LL ) =cotOR(DLs+DsL ) i (9)

where Oz is the laboratory recoil angle. This relation can
also be derived from the formulas in Table I. Note that
the carbon analyzing power A~c cancels in this equation,
so this is a test for other types of systematic errors. From
Table V, the 5-target measurements provide pure values
of Dz~ and D&L. The L-target data give mixtures of D~z
and Dss (DLs) and of DLL, DsL, and DNN (DLL). It was
assumed that D~~ ——0.95 over the angular range of this
experiment; this is the same assumption made in Ref. 1 to
obtain Azc. Derived values of the pure DJ spin parame-
ters and of the two sides of Eq. (9) are given in Table
VIII. The results of this test are also plotted as a function
of —t in Fig. 9(a). It can be seen that the data are con-
sistent with Eq. (9).

Arguments similar to those above lead to the equation '

(Kss KLL)=cot8—z(KLs+KsL) .

From Table V, the S-target measurements provide pure
values of KNN and KLs, and a mixture of KNN and KLL.
The I.-target data provide two mixtures of K~~ and LL~
and two mixtures of K~&, EqL, and EI.L. Finally, Ref. 1

provides another mixture of Kss, KLs, KsL, and K'LL.
From this information, pure E;J spin parameters were de-
rived as well as the quantities (Kss —KLL) and cot8+
(KLs+KsL). The numerical values are given in Table IX,
and the last two quantities are also plotted in Fig. 9(b).
Again, the results are consistent with Eq. (10). Other
checks of this type, for example,

(HLNL +sNs) t n( R(HLNs+HsNL )

(HNLL ass ) t n( R (+NLs + NsL )

could not be made for lack of sufficient data.
Another check of the KNN results can be made by com-

parison to previous measurements of Fernow et al.
Near —t=0.5 (GeV/e), the earlier data gave KNN

TABLE VIII. Derived values of Dss, Dl.s, DsL, and Dl.l. from measured spin parameters.

—t {CxeV /e )

Dss
DI.s
DSL
DLL

DsL+DI.s
(cotR )(DsL, +DI.s)

Dss —D
DSR
Ds.
DI.R
DL,,

—0.203+0.029
+0.621+0.125
—0.765+0. 145

0.224+0. 162
—0.144+0.191
—0.047 %0.062
+0.021+0.164
—0.790+0.138
—0.045+0.053
—0.020+0. 159
—0.660+0. 129

0.38

—0.226+0.017
+0.656+0.076
—0.987+0.072
—0.269%0. 113
—0.331+0.105
—0. 130+0.041
+0.043+0. 114
—l.002+0.067
—0. 151+0.031
—0.010+0.109
—0.709+0.082

—0.296+0.024
+0.645 +0.107
—1.10+0.10

+0.129+0.188
—0.455+0. 147
—0.209+0.067
—0.425+0. 189
—I. 123+0.092
—0. 190+0.047
+0.386+0.177
—0.532+0.124

0.66

—0.389+0.038
+ 1.098+0.198
—1.00+0. 16

—0.367+0.356
+0.098+0.255
+0.051+0.134
—0.022+0.358
—l.066+0. 143
—0. 121+0.081
+0.185+0.328
—1.143+0.241
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0.8 - a)

0-

-0.8-

oss —
DLL

cot BR (DLs+ DsL)

formed during these experiments, spin parameters which
should nearly vanish were obtained. These include
"Hl.&s" with an I- beam and L, target, and Hsws with
an S beam and I. target, for which the coefficients in
Table IV are quite small. These results are plotted in Fig.
10 and they are all consistent with zero within statistics,
as expected. This test demonstrates that sizable instru-
mental asymmetries are not present in the data.

D. The carbon analyzing power

0.8-

b)

Kss

R ~ LS SL)

0- ,a

I I I I I I I

0 0.4 0.6 0.8
—t [(Gev/c) ]

FIG. 9. Tests for consistency of the D;» and K;» data obtained
in this experiment. At each t, the two points should be equal.

0.2

=0.14+0.08, whereas Table V gives K&~ ——0. 114
+0.037; see also Fig. 7. This check does not provide a
strong test of the value of Azc because the same polarime-
ter and carbon analyzing power was used to obtain E&~
and Dz& in Ref. 2. In turn, these values of D~& were
used to obtain Azc for the polarimeter in Ref. 1, which
are similar to the A&c used in this paper. In summary,
there are no indications of sizable systematic errors in the
data on the basis of the last three checks.

Another test for systematic errors involves a compar-
ison between Dss data of the Saclay group and the
present results; both are shown in Fig. 7. Although the
earlier measurements have sizable statistical uncertainty,
there is some indication that the present data may be too
small in the region t =0.3 to 0.4 (GeV—/c) . Otherwise
there is satisfactory agreement.

Finally, parity conservation requires that only spin ob-
servables with an even number of I. and S subscripts may
be different from zero. In a number of measurements per-

Apc(i. ) /A, c(S)=
0 82+0.40 [t = —0.27 (GeV/c) ],
0.63+0.18 [t= —0.38 (GeV/c)2] .

(12)
13oth of these values are consistent with the value 1.00 as-
surned I thss paper.

A different type of test is permitted if it is assumed that
the Xo amplitude is dominant and purely positive imagi-
nary. Then the parameters Cz& and K~~ can be ex-
pressed as follows:

Im&
C&~=2Re( —XoX2 )/~= —2

l&o I

ImiV2
@tv' = 2Re(Xo—Nz )/o. = —2

l~o I

(13)

Thus, C~& should be approximately the same as K~&.
Another way to show this is to use the expressions in
Table I(a):

It was not possible to obtain an internal calibration of
the carbon analyzing power Azc from these data. As a
consequence, values from Ref. 24 were used. Some tests
are possible to verify that A~c was the same for the S-
target and L,-target data reported in this paper. Other
tests allow cross checks with earlier data. Finally, the
value of Azc can be compared to results of our previous
measurements. '

A test of the consistency of A~c between the S- and l.-
target data can be performed using the D~g, Dsr, , DI.~,
and DLL results. In order to satisfy Eq. (9), the ratio of
analyzing powers for I; to S-target data must be

TABLE IX. Derived values of K~~, Kss, K~s, Ksl. and K~L from measured spin parameters.

—t (GeV /e )

KN1V

ss
KLS
Ksr
KLL

Ksi +KI.S
{cot8R)(KL,S+KSI )

Kss KLL
KSR
Ks.
KLR
KL,,

0.27

0.136+0.043
—0.085+0.227
—0.058+0.041

0.335+0.283
0.234+0.134
0.277 +0.285
0.091+0.093

—0.318+0.260
0.293+0.256
0.186+0.258
0.203 +0.128
0.128+0.058

0.38

0.126+0.024
—0.042+0.125
—0.008+0.023

0.094+0.196
—0.008+0.082

0.085+0.197
0.034+0.077

—0.034+0.142
0.072+0.173
0.073+0.157

—0.011+0.076
0.005+0.036

0.51

0.118%0.038
0.264%0.152

—0.098+0.030
—0.231+0.306

0.128+0.135
—0.328+0.310
—0.151+0.142

0.136+0.194
—0,100+0.252
—0.336+0.231
+0.076+0.124

0.142%0.061

0.66

0.079+0.062
0.514+0.233

—0.061+0.054
0.303+0.446

—0.152+0.206
0.243+0.449
0.128+0.236
0.667+0.304
0.508+0.342

—0.315+0.369
—0.163+0.184
—0.017+0.108
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FIG. 10. Spin observables which should vanish or be close to
zero from this experiment. Deviations would indicate systemat-
ic errors in the data.

0.8- I
—DNN

I DSR
—D,

+ I
U2

I
')~a

Crvrv &rvrv =4—R«0 U2 r'a .

I

0.2
I

0.4
I I I I

0.6 0.8
-t [(GeV/c) ]

I

[.0

So,

1 Drvrv &
I
C» &—rvrv I

. —
(14)

(a,p;O, R ) =(a,p;O, S)c s8oz+(a, p;O, L )sin8z,

(a,P;O, r ) = (a,P;O, L, )cos8~ —(a,P;O, S)sin8+,
(15)

At —t 0 27 a-nd . 0.38 (GeV/c), the data of Miller
et al. ' give C~~ ——0.066+0.011 and 0.069+0.014, and
from Table V, Krv& ——0.134+0.045 and 0.126+0.025,
respectively. The relation in Eq. (14) is also shown in Fig.
ll using data from Refs. 2, 9, 10, and 14. Note that 1 and
C&z do not depend on Apc, but that Ez~ and Dzz are
inversely proportional to the carbon analyzing power.

Defining the rotated spin parameters

FIG. 11. Several tests for consistency of the data. The quan-
tities in absolute value should be smaller than the corresponding
quantities 1+D,J. Data are from Refs. 2, 9—12, 14, and this ex-
periment.

In general, there are insufficient H;rk data to test these ex-
pressions. Since Dsz and Dz„are both negative, the most
stringent tests involve (I+Dsz) and (1+Dr, ) in Eqs. (16)
above. The values of Ds~, Dr„, Arrl, etc. , are given in
Tables VIII and IX and data for the inequalities are
shown in Fig. 11 using data from Refs. 11 and 12. [Note
that the relations DL,~ ———Dsr &L,z =—&sr ~r.xr
=Hsrvz, Hrvr „Hrvsz lead to E——qs. (9)—(11), respectively ].

A number of other inequalities can also be derived from
the expressions in Table I. For example,

1 DsR &
I Hsrvr+Hssrv I— .

I+Dr, r &
f Cr.z, +&r.r I

I +DLr &
I Harv' Hr. srvI—

Der &
I &cr. &r.r I

1 —Dt.i &
I Harv' +Hcsrv I

(16)

then additional inequalities similar to Eq. (14) can be de-
rived. For example,

I+Drvrv &
I Crvrv+&rvrv I

I+Dsrr &
f
Css+Itsz

I

I +DE &
I Hsrvr Hsrcv I— .

1 —Ds~ &
I Css —Jsz

I

I+Cm &
I Css Cr.r.I—

I+Cue & IHrsrv+Hscrv
I

1 Crvrv &
I
Css+Cr—.r. I

1 Crvrv &
I Hs.srv Hsz, rv I

—~—
1+&rvrv &

I

I srr +&a.r I

I +&rvrv &
I Hsrvr Hrivz I—

1 &rvrv &
I
&srr &r.r I

~— —
1 —&uzi &

I Hsrvr+Hr. rvz I

I+Drvrv &
f Ds~+Dr. r I

1+Dave &
I Have Her. rrI—

(17)



32 MEASUREMENTS OF TRIPLE- AND DOUBLE-SPIN. . . 1623

1 D—xx &
I
Ds~ D—s.r I,

1 D—xx &
I IIxsr +Hei. It I

.

Again, there are insufficient Ht/k data to perform these
tests. The fact that C~~ and K&& are small means that
the corresponding expressions above are not very
stringent. Therefore, the only strong test is provided by
the (1 D~—~) equation. This is''also shown in Fig. 11 us-
ing data from Refs. 2, 9, and 14.

The conclusion from the tests shown in Fig. 11 is that
there is little evidence for problems with the carbon
analyzing power /I~c except for the last inequality at
t= —0.51. For this point, the discrepancy is 2—3 stan-
dard deviations, which may not be statistically significant.
In addition to Fig. 11, it should be noted that D+L, is sig-
nificantly below —1.0 at the largest angles. On the other
hand, the systematic error on Dsl from Table VI is
+33%, since (0.24+0.08) DsL is measured (see Table IV).

Figure 12 shows a plot of A~c from a variety of other
polarimeters, as well as from this polarimeter measured
in Ref. 1. There is a good agreement within the rather
sizable errors of Ref. 1. On the other hand, the data sum-
marized in Ref. 24 are not weighted by the differential
cross section or acceptance, and they are integrated over
scattering angles in the carbon, 8„from 6' to 20, whereas
the range was 8,-6' to 16' for the polarimeter in this pa-
per.

There are a number of reasons that the recoil-particle
energies could be different in Ref. 1 and in these experi-
ments for a given scattering angle in the polarized target.
Small alignment errors of the chamber positions could
have caused slightly different r ranges in the two cases.
There also could have been differences in the location of
the beam-spot center within the target Aask, since the
beam and target could only be aligned within +(1—2)
mm. This could have affected the recoil-particle energy
losses. Finally, the carbon analyzer thickness in Ref. 1

was 1.90 cm at small
I

t
I

and 7.62 cm at large
I

t I,
whereas it was 5.08 cm at all t in these experiments.

As a consequence of these differences, the values of A~c
used in this experiment have been estimated from Fig. 12
and from the calculated energy losses in the polarized tar-
get, carbon, etc. The results are given in Table VII. Com-
pared to Ref. 1, the values are unchanged at —t=0.51
and 0.66 (GeV/c), and somewhat lower at —t=0.38,
0.83, and 1.00 (GeV/c) . A significant difference occurs
at —t=0.27 (GeV/c) from the thicker carbon used in
these experiments. Generous uncertainties on A~z have
been assigned to allow for the differences noted above, as
well as the effects of the differential cross section and ac-
ceptance.

V. AMPLITUDE ANALYSIS

An amplitude analysis was performed using the data in
Table V together with existing results. ' ' ' The ampli-
tudes are normalized so that cr=dcr/d0=1. The pro-
cedure to obtain the amplitudes is described. in Ref. 15; it
is similar to the method of Ghahramany, Goldstein, and
Moravcsik. In the fits, statistical and systematic errors
were combined for all data with the exception of the re-

—2
ReN)

CNN —2
ImN2

CLL
Im Up

2
Im U2

I&o
I

TABLE X. Expressions of some spin observables in terms of
exchange amplitudes assuming Np dominance. The amplitude
No is taken to be much larger in magnitude than all other am-
plitudes. It is also assumed to be purely positive imaginary.
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FIG. 12. A comparison of A~c used in Ref. 1 with values

from other polarimeters from Ref. 24. The scattering angle in

the carbon 8,=8~,b is 5' to 20 from Ref. 24 and is 6' to 16' from
Ref. 1.
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suits in this paper. Even though extensive random
searches were performed at all angles, it is not certain that
the amplitude solutions found are either unique or corre-
spond to the minimum X-squared per degree of freedom
N /DF). This is especially true at larger

l
t l, where

there are fewer data and the statistical errors are larger.
The results of the amplitude analysis indicate that the

amplitude No, which is taken to be purely positive imagi-
nary, is dominant. Under these circumstances, the ampli-
tudes can be readily evaluated because the observables can
be expressed in the simple forms shown in Table X; the
inverse expressions (amplitudes in terms of observables)
are shown in Table XI. The derived exchange amplitudes
are found in Table XII.

The amplitudes in Table XII are shown with two er-
rors. The first is a "statistical error" corresponding to an

Amplitude

Ni

l&ol

Real

HNSS+P cosOg

2 sin8~

Imaginary

Dss +cosOg

2 sin8g

+NN CNN

2
'

2

Up

l
/Ito

l

HL,SN

2
CLL +LS

2 2 sin8&

HSLN HSNs

2 2 sin&&

Css
2

TABLE XI. Expressions of exchange amplitudes in terms of
some spin observables assuming Np dominance.
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FIG. 13. (a) Scattering amplitudes in exchange channels at
l
t

l

=0.27 to 1.00 (GeV/c) . (b) s-channel helicity amplitudes at

l
t

l
=0.27 to 1.00 (GeV/c) . The amplitudes at t =0.83 and 1—.00 (GeV/c) are especially uncertain because of the smaller num-

ber of different spin observables measured.
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TABLE XII. Exchange amplitudes derived from the world s data for p-p elastic scattering at 6 GeV/c and small —t. The ampli-
tude No is assumed to be positive imaginary. The uncertainties on the amplitudes correspond to an increase in P by a value of 1.0
(statistical only) and to combined statistical and systematic errors. The number of experimental data, the P per degree of freedom,
and the number of different spin observables used in the amplitude determination (excluding do /d 0) are also tabulated.

—t [(GeV/c) ]
ReNo
InDVo

ReN(

ImN)

ReN2

ImN2

ReUo

Imvo

Re U2

Im U2

No. of data
g /degree of
freedom
No. of different
spin observables

—t [(CxeV/c)~]

ReNo
ImNo

ReN)

ImN)

ReNq

ImNq

ReUo

Im Uo

ReU2

Im Uq

No. of data
g /degree of
freedom
No. of different
spin observables

0.27

0.0
0.988

+0.004+0.015
—0.068

+0.003+0.007
—0.051

+0.01S+0.076
—0.073

+0.032+0.059
—0.029

+0.006+0.008
—0.012

+0.038+0.047
+0.009

+0.006+0.011
—0.007

+0.060+0.091
—0.044

+0.006+0.007
32

1.40

21

0.66

0.0
0.987

+0.005+0.006
—0.044

+0.003+0.004
—0.052

+0.021+0.027
—0.039

+0.039+0.039
—0.054

+0.007+0.008
—0.071

+0.035+0.036
+0.014

+0.005+0.006
+0.066

+0.077+0.079
—0.059

+0.006+0.007
35

1.30

21

0.38

0.0
0.983

+0.003+0.005
—0.064

+0.002+0.003
—0.071

+0.009+0.014
—0.021

+0.012+0.012
—0.035

+0.006+0.007
—0.030

+0.014+0.014
+0.008

+0.002+0.003
+0.103

+0.029+0.038
—0.043

+0.005+0.006
32

1.22

0.83

0.0
0.953

+0.016+0.017
—0.044

+0.010+0.011
—0.007

+0.042 +0.048
—0.235

+0.063+0.064
—0.046

+0.005+0.005
—0.159

+0.055+0.057
+0.041

+0.005+0.OOS

—0.043
+0.069+0.069

—0.044
+0.18+0.019

25
1.80

16

0.51

0.0
0.964

+0.007+0.009
—0.047

+0.002+0.002
—0.067

+0.012+0.021
+0.031

+0.011+0.012
—0.058

+0.004+0.005
—0.071

+0.013+0.015
+0.018

+0.003+0.004
+0.213

+0.031+0.035
—0.047

+0.005+0.005
32

1.43

21

1.00

0.0
0.919

+0 022+0 022
—0.071

+0.019+0.020
+0.048

+0 064+0 068
+0.220

+0.092+0.092
—0.023

+0.013+0.013
—0.009

+0.029+0.029
—0.031

+0.030+0.030
—0.278

+0.048 +0.048
—0.117

+0.013+0.013
23

1.04

16

increase in 7 by 1.0 from the minimum value. The corre-
sponding minimum 7 /DF is also shown in Table XII,
and its value is typically 1.4. The second error corre-
sponds to the inclusion of the systematic uncertainties
shown in Table VI. In some cases, this second error is

substantially larger than the first error.
If it proves necessary to modify the values in Table V

for a different value of carbon analyzing power, they can
be scaled as A&c '. In particular, it can be shown that
the distortion function q((j)) defined in the Appendix is
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very insensitive to Azc. For example, the error in the spin
parameters in Table V caused by ignoring g(P) is far less
than the statistical uncertainties for changes in Azc by a
factor of 2.

The results of the amplitude determination are shown
in Fig. 13(a) for the exchange amplitudes and in Fig. 13(b)
for the s-channel helicity amplitudes. Note that the mag-
nitudes of No, Pi, and P3 are scaled down a factor of 5 in
Fig. 13.

VI. INTERPRETATION

Although there have been extensive measurements, p-p
elastic scattering at high energies remains one of the least
understood processes. Even with its large cross section at
small angles and its symmetry properties, the complexities
associated with five scattering amplitudes, and the experi-
mental difficulties of performing many different spin
measurements to determine these amplitudes, have limited
the detailed knowledge on this reaction.

For example, it was generally expected that No is the
dominant amplitude at small angles. However, in
spite of all the experiments at 6 GeV/c prior to these mea-
surements, ' ' the dominance of the No amplitude was
not well established. ' VA'th the new data in this pa-
per, No dominance at small angles now appears to be ex-
perimentally verified, as shown in Fig. 13 (assuming our
search found the correct amplitude solution).

Several approaches have been used in the past to study
the spin structure of the amplitudes from the 6-GeV/c
data in Refs. 1—14. The most standard approach has
been the use of the Regge-pole-exchange model. Berger,
Irving, and Sorensen have used such a model with pa-
rameters determined from other reactions, as well as p-p
elastic scattering at various energies, to predict the p-p
amplitudes at 6 and 12 GeV/c. Their work is generally
considered the standard model in this field. Kroil,
Leader, and von Schlippe have used dispersion-theoretic
calculations, information from other reactions, and some
"physically reasonable assumptions" about some of the
helicity-flip amplitudes to compute the p-p amplitudes at
6 GeV/c. Wakaizumi and Sawamoto have investigated
the p-p interaction at 6 and 12 GeV/c at all angles using
the impact parameter representation and the eikonal
model. Fits to previous data allowed conclusions on the
magnitudes of the short-, medium-, and long-range com-
ponents of the spin-dependent eikonals. Finally, semi-
phenomenological phase-shift analyses have been per-
formed at 6 GeV/c using data from Refs. 1—14 as well as
total and differential cross sections.

- In general, there is fair agreement between the ampli-
tude analyses in Refs. 27—30 and the amplitudes given in
Fig. 13. The absolute phase of No is slightly different in
these models. Since this phase cannot be determined with
the present data, No will be taken to be purely positive
imaginary in the discussion below. At

~

t
~

=0.38
(GeV/c, ) the largest disagreements between predictions
and the observed amplitudes occur for Im(N&), where
Berger et a/. have positive values and Wakaizumi and
Sawamoto have more negative values than Fig. 13; for
Re(Nq), where Kroll, Leader, and von Schlippe have

positive values while Fig. 13 shows slightly negative re-
sults; and for Im(N2), where Matsuda et al. predict pos-
itive values and Fig. 13 has negative values. There is
rough agreement on the magnitude and phase for Uo and
U2 between these models and the amplitudes in Fig. 13;
however, the magnitude of No is observed to be somewhat
smaller than the model predictions.

Moravcsik, Goldstein, and co-workers have commented
on p-p elastic scattering at 6 GeV/c in many arti-
cles. ' Several papers deal with the problem of how
best to determine the amplitudes. ' An extensive ampli-
tude analysis from —t=0.05 to 1.0 (GeV/c) has also
been performed. ' Four different solutions with ap-
proximately the same X /DF were found; set 3 seems
closest to the results in Fig. 13. A comparison of these
solutions to the Regge-pole-exchange model of Berger
et al. is given in Ref. 33. Polarization tests of one-
particle-exchange mechanisms have been applied to the
6-GeV/c amplitudes and have been shown to be satisfied,
whereas they fail at lower energies. Finally, these au-
thors also interpret the results for the 6- GeV/ cin the
framework of QCD. In particular, the data show that
the spin-nonflip helicity amplitudes Pi and P3 are much
larger than the spin-flip amplitudes. This indicates that
helicity conserving exchange terms are dominant, as
would be the case if exchanged gluons couple to current
quarks in the nucleons.

The amplitude picture seems easier to understand in
terms of the s-channel helicity amplitudes, where little
variation is observed in Pi, P3, and P5 over most of the t
range of this experiment. As noted above, the dominant
amplitudes are Pi —P3. In addition, the $2 amplitude
remains almost (relatively) real up to

~

t
~

=1.0 (GeV/c),
though there is a change in its magnitude and direction.
There is, however, a large variation in both the magnitude
and direction of P4. As has been noted by Kroll et al. ,
"surprisingly, the most interesting structure is in $2 and

P4 themselves rather than in the combinations" Nz and
U2. It is hoped that these measurements will stimulate
further work to understand this structure in the helicity
double-flip amplitudes.

VII. CONCLUSIONS

New experimental results on double- and triple-
scattering spin parameters in p-p elastic scattering at 6
GeV/c are presented. These allow the first nucleon-
nucleon amplitude determination in the multi-GeV range,
where a model-independent analysis is the only reliable
method to obtain the amplitudes at present. These results
are consistent with dominance of the spin-nonflip helicity
amplitudes (P&,$3,No) at all

~

t
~

from 0.27 to 1.0
GeV /c . A search for amplitudes that correspond to all
6-GeV/c spin data yielded the results shown in Fig. 13.
Even though many searches were performed, it is not cer-
tain that the amplitudes in Fig. 13 are either unique or
correspond to the minimum P /DF. This is especially
true at —t=0 83 and 1.0.0 (GeV/c), where there are
fewer data and larger statistical errors.

Many tests for systematic errors were performed, as
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well as a number of consistency checks. In general, the
data are internally consistent, although there are a few
cases where 2—3 standard deviation discrepancies occur.
Various tests indicate agreement with previous data, ex-
cept that the new D~~ values may be slightly smaller in
magnitude than the data in Ref. 5. Various differences
from Ref. 1 led to the adoption of carbon-analyzing
power (Apc) values from measurement with other polar-
imeters. Particularly uncertain is A&c at t = —0.27
(GeV/c) . We encourage a remeasurement of some spin
parameters at this angle to reduce the uncertainty on Azc
and consequently on the amplitudes.
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APPENDIX

Recoil protons from elastic scatterings on the PPT were
binned into intervals in I (four-momentum transfer
squared). The azimuthal distribution for recoil protons
elastically scattered by the carbon in the polarimeter can
then be written

N (p. ) ='f/(p )Ip[ 1 +IX p
—aN

—sin(p; —pN ) —aL
——sin(p; —QL ) —aS——sin(p; —QS )]

++ ++ ++ ++ ++
(A 1)

where superscripts indicate the polarities of the beam and the target polarizations. The coefficients Ix; may be ex-
pressed in terms of observables according to

IXp =( N B +PN T ) + B T[QNI3NCNN +QLPL CLL +QSI3SCSS + (QLPS +QSPL )CLS ]
QN —ApCYN[P+QNPBKNN+PNPTDNN+PBPT(QNPNP+QLPSHLSN +QLPLHLLN+ SI3LHSLN+QSPSHSSN)]

(A2)
&L =ApcYL[PB(QLKrr, +QsKsr. )+PT(PLDLr, +PsDsz)+PBPT(QNPLHNrr. +QNPSHNsL+Qr AHLNL+Qs13NHSNL)]

IXS ApCYS[PB(QLKLS +QSKSS ) +PT(13LDZS +13SDSS ) +PBPT(QNPLHNLS +QNPSHNSS +QLPNHLNS +QSPNHSNS ) l

where Apc is the analyzing power of the carbon polarimeter; the other parameters are defined in the text. Spin parame-
ters such as H~~& disappear because of the symmetry properties of elastic p-p scattering.

Terms in Eq. (Al) involving PB, PT, and PBPT can be combined so that

N ++(p;)=g(p; —)I—[Xp(pp;)+PB ~XB(p; )+PT ~XT(p;)+(PBPT) XBT(QI)], —

with

(A3)

Xp ——1 ApcYNP sin(—p; —pN ),
XB QNP Apc[ YNQNKNN sin( p ' pN ) +YL ( Qr KLL +QsKsL )sill( p '

ILL ) +Ys (QL KLS +QsKs$ )sin( p ' ps )]

XT 13NP Apc[YNPNDNN»n(OI 4N )+YL(Pr D—rr, +PsDsL )»n(4i NL )+Ys(PLDzs+Ps+ss)»n( tIi Ps)]
XBT QNPN CNN +QL PL CLL +QSPS CSS+ (QL PS +QS13L )CLS

ApC [YN (QN pNP +QL pSHLSN +QL pL HLLN +QSpL HSLN +QSps HSSN )sin( p 0'N)—
+ YL(QNPLHNLL +QNPsHNsL +QLPNHLNL +QsPNHsNL )s (4' 4L )

+ Ys(QNPLHNLs+QNPsHNss+QL13NHLNs+QsPNHsNs )sin(fj —ps )] ~

Equation (A3) may be expressed in matrix form

~++ Xo

Xg
=gIoMp ]

T
(AS)

p ++ p ++ (p p )++

1 PB + PT + (PBPT )
+—

1 P + P + (P P )+

1 PB PT (PBPT )

(A6)

with
where explicit dependence on the angle P, has been
suppressed. Inverting Eq. (A6) we obtain
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Xo I1(QI ) =Xo"p'(p;)/Xo" (p;) . (A10)

Xg
qIp (A7)

For the present analysis, II(p;) was fitted by a polyno-
mial function

XgT

where the right-hand side of the equation depends only on
the experimental data.

The first component of the vector X in Eq. (A5) is

Xo (p ))=1 Apc—yNP sin(p; —pN), (A8)

Xexpt
0

Xexpt8
Xexpt

T

Xexgt

+
—1" pol ~+— Ip. (A9)

The distortion function is then obtained directly,

which can be independently calculated for each P; bin us-

ing existing polarization data and calculated values for the
parameters yN and pN.

A new vector, X'" ', may also be defined using only the
experimental data

3 - 3

I)(p) =g C„cos"p+g S„sin"p .
0 1

(A 1 1)

With this function, the corrected distribution becomes

Xexpt(yXk(P;)=; k=B, T, and BT .
I)(P; )

(A12)

n")(y, ) =1—X,(y, ),
n' '(p;) =aNP —XB(p;),

n' )(p;)=IBNP XT(p;)—,

+NPNCNN ++LI3L LL +IzsPsCss(4)

+(~LI S++SI3L)CLS XBT(0)'(A13)

These expressions can be expressed explicitly through the
single-, double-, and triple-spin parameters as

Using available data for P, Cxx, CLL Css and CLs we
can generate another set of azimuthal distributions
without constant terms:

n")(Q) =ApcyNP sin(P —PN),

~pC[yN&N+NNs)n(4 4N)+ YL(&L+LL+&S+SL)»n(p 4L )+ys(I—IL+Ls+Izs+Ss)s n(4 NS)]

- n"'(4) =~pc[yNIBNDNN»«0 4N )+yL(P—LDLL+PSDSL )sin(0 —0L )+ys(13LDLS+PSDSS)sin(4 Ns)]-
+pc[3 N( NPN + LPs+LsN + LPLHLLN + sPL+sLN + s~sHssN )s n(4' O' N )

+1 L( NPL+NLL + NPs+NsL++LPNHLNL ++sl N+sNL ) In(4 0L )

+ YS(+NPL+NLS++NPS+Nss++LPN+LNS++SPN+SNS) I (0 '6)]

(A14)

The first combination, n"', has already been used in the
evaluation of the distortion function I)(p). The other
three combinations can be fitted with

n'J'(P) =A'J'sinIt) Bcos(jk—
=C'J)sin(tt) —Poj') . (A15)

In principle, the spin parameters of interest may now be
obtained from the fitted values of the A'J' and B'~I How-
ever, with limited data this procedure is impractical if the
expressions for n'J' in Eq. (A13) contain more than two
parameters significantly different from zero. In the
present experiment, beam and target polarizations were
usually aligned so that only one a and one P were signifi-
cantly different from zero (see Tables 11 and III); the y
and P parameters depend on the momentum of the recoil
proton as shown in Fig. 6. Coefficients of spin parame-
ters which contribute to the azimuthal distributions are
listed in Table IV. In each case there are only two large
terms which contribute to the expressions for ' )(nP)Jin
Eq. (A14).

With this simplification, the equation

A sing —B cosP =C) sin(P —P) ) + C2sin(P —$2) (A16)

A sin/2 —B cosp2
C1 ——

sin(&2 —P, )

—A sing, + B cosg)
C2 ——

sin($2 —P) )

[(sing2b, A) +(cosg2~) ]'~

sin(QI —pI)

[(sing)EA) +(cosP)~) ]'~

sin($2 —P, )

(A17)

The final result is obtained by dividing these expressions
by the analyzing power and the appropriate coefficient
listed in Table IV.

gives the spin parameters of interest; here pI and p2 are
the projected angles in the X'- Y' plane for the respective
spin directions. Then
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