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Curvature tensor for Kaluza-Klein theories with homogeneous fibers
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We give explicit formulas for all components of the Riemanni/an connection and curvature tensor
for a class of metrics which describe low-energy deformations in Kaluza-Klein theories with homo-

geneous fibers.

I. INTRODUCTION

Einstein’s theory of gravity is a theory in which the
gravitational potential is interpreted as a manifestation of
the (pseudo-) Riemannian structure of space-time.
Kaluza-Klein theories! ~® are theories in which the gravi-
tational potential together with the gauge potentials of
various interactions are interpreted as manifestations of
(pseudo-) Riemannian structure of the Universe which is
4 + K dimensional. In such theories, it is assumed that
spontaneous compatification takes place around the
Planck scale and a fiber structure with homogeneous fiber
appears on the total manifold. A metric tensor can be
thought of as describing deformations of the “ground
state” which is given by a particular metric with “maxi-
mal symmetry” consistent with the assumed fiber struc-
ture. Without loss of much generality, the ground state is
then taken to be M*X G /H with Minkowskian metric on
M* and a certain invariant metric on G/H. The low-
energy excitations are then described by gravitational and
gauge fields, where the gauge transformations are
equivalent to certain fiber-preserving diffeomorphisms,
and by the Brans-Dicke-Jordan-Thiry® scalar field, or the
generalization of which, when the space of invariant
metrics on G /H is more than one dimensional.

One example is given by -the well-known metric in
4 + 1 dimensions,

ds? =guv(x)dxt®dx”

+o(x)[dy — A, (x)dx*]e[dy — A4, (x)dx*] . (1)
This metric is invariant under the transformation
Y'=y +Ax), A =A,+3,A, )

hence a gauge transformation is equivalent to an x-
dependent y translation. One result of such a unification
of gauge and coordinate transformations is that the gauge
singularity in 4,(x) may become a coordinate singularity.
Thus we may have monopoles or instantons described by
metric tensors possessing only coordinate singularities.!°
Looking for such solutions is one of our motivations for
computing the curvature tensors in various cases.

How do we generalize Eq. (1) to the non-Abelian case
so that the equivalence of a gauge transformation to a
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fiber-preserving diffeomorphism is maintained? Before
answering this question, let us introduce some notation:

s~ lds=6%,, dss—'=—0%,, s€G, 3)
[tarty]1=C s, 6%Y,)=8%, 8%Y,)=8%, @

where ¢, are the generators of the Lie algebra of G, and
Y, and f’a are the left- and right-invariant vector fields,
respectively.

The group action on the fiber will be taken to be right

‘multiplication so that the invariant metrics on the fiber

are
T=0u(x)0°00°, (5)

and the Killing vectors of the metrics are Y,.

To generalize Egs. (1) and (2) we have to add gauge po-
tentials in a suitable way. The proper way can be found
by considering certain fiber-preserving diffeomorphisms.
There are two possibilities.

(i) The first possibility is

d52=g + ¢4 (x)[0%y) + 4%(x) 18 [8°(y) + 4%(x)]

=g +dgp(x) Trt?[dss ' —A(x)]

@Trtb[dss~1—4(x)], (6)
where we have written
8 =guv(x)dx*®dx”, Trtt,=8% . (7)

The total metric is invariant under the transformations

s'=g(x)s, A'=dgg'+gAg~",
(8)
¢;b=¢cd“@ca(g—l)gdb(g—l) s

where the matrix & of the adjoint representation is de-
fined by

stys ~l=t, D0, (s), st =% (s~ )’ . 9
It is easy to see from Eq. (6) that in this case the invariant
fields Y, are Killing vectors of the total metric. The

Riemannian connection and curvature tensor of this case
will be given in Sec. III.
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(ii) The second possibility is
d52=g +dgy(x) TrtHds s ' —sA4s 1)
®TrtYdss ' —sds™") . (10)
The metric is invariant under
A'=g~'dg +g7'4g, bw=0¢n . (11

Note that the scalars ¢,;, are now singlets under group ac-
tion, moreover Y, are the Killing vectors of the metric
only when restricted to the fiber.

Further generalization to the case when the fiber is a
coset manifold G /H is possible. We shall consider the
right cosets. Choose f, so that t; lies in the Lie algebra of
H and ¢; lies in the orthogonal complement with respect
to Tr [see Eq. (7)]. Moreover, consider G as a fiber bun-
dle over G/H and choose a local section o: G/H—G.
Then we find the generalization

s'=sg(x),

ds’=g +¢,(x)Trtdoo~'~ocdo™")

Trtdoo~'—ocAdo™") . (12)

Under the group action, o'=hog for some h € H depend-
ing on g €G and the metric is invariant under

~ldg +g7'4g, ¢y=0; . (13)

It is clear that this generalizes case (ii) to the case when
the fiber is a coset manifold. Case (i) cannot be general-
ized unless the normalizer N of H in G is nontrivial and
one gets a gauge theory in N/H.” This case will not be
considered here.

Note that in Eq. (13) we have assumed ¢;j to be AdH
invariant. More generally, we have only to require

¢i(X)=¢u(x)D(h V2", , (14)

o'=hog, A'=g

and assume G/H is reductive with .,t; a proper choice
of basis for the Lie algebra of G. In this case, ¢;;(x) are
scalar fields which form nonlinear realizations of G on
both indices. We shall not consider this case in the
present work.

In the following section, we shall give explicit expres-
sions of the Riemannian connection and curvature tensor
corresponding to the metric (12) in terms of g,,(x),
¢ij(x), and A,(x), where ¢;;(x) satisfies (adjoint invari-
ance)

| $y(x)Cly + i (X)Ciy; =0 . f (15)

II. CONNECTION AND CURVATURE TENSOR

Qur notation on coset manifold will follow the Appen-
dix of Ref. 11. In particular, we shall write

o*(dss~)=( —t+H;)e; ,
ie.,
o*(0)=2i o*(0FH=—He', (16)

and write Y; as the dual vector field of ¢ on G/H. We
shall compute connection and curvature in the basis

(e,‘,?}) where

e,=0,+4,%x)Y, . (17)
The dual forms are then (dx*,©) where
=24 4,%x) D", (p)dx+=2'+ D', 4° (18)

and &', (y) is shorthand for Z*,(o(y)). In this basis, the
metric tensor (12) is simply

di2E§=g”v(x)dx“®dx"+¢ij(x)9i®Sj . (19)
Writing e 4 =(e,u,?,-) we have
lesres]=F"45Y;, (20)
Fly=—~Fo D'
F%,=0,4,"—0,4,°+C% A,%°4.,°, 1)
Fli=h,V;=4,%,"Cly, ykij=ckij +fkij ,
where
wg(0)=H,(0) D, (o), f",,z——H ick, +H;*Cky
(22)
The Riemannian connection satisfies
TCp—T%pa=[ese5]°, (23)
and is given by
L%, =T%,= 783,82y +8:81u — 018y »
ri =5F ' T%=T% =58,
Thi=5(0""18,8)% +(h5 (24)
TH,=7(719,8)%, TH;=—33;,
Tk ij =Tk ij '2_¢ (Clij +Ci +Cilj)—HiECkaj
=T "%, —H,°C%; ,
" where
3¢ =8% Cy=¢yC
The curvature tensor is given by
RPc p=e (T Ppc)—ep(TPyc)+T FpcT Py
—T 54T P —F 45T Pic (25)

and explicitly,
Ry =Ry + i (— 7 F 2 F
+ 1 F T =7 F W) (26)
(VT p— Vi F i)
+ 108y T a— 508y F I — 70y F s 27
ViF a=DyF p—T%F o — TS v

..a#+[Au,-] , (28

Ri}»,.wz

Riij_% [wga + ; sz]
+ '4‘8 B¢jk¢il'7 ay,‘? Bv

— 5V (3,0:)+ (3,00 713,8);; (29)
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Rijuy=CpjF°, D% +T .55,
+%gaﬁ¢jk¢i1(fkay'71 v—ykavylﬁ;t)

+ 53,4418, —3,067'3,0); , (30)
Rije= 53T "ji —3,04T " +3,04C')

+ (910" — 10 s ) F L (31
Ry =R g+ 5 (#by;0ubu — 0" 1;0,bu) - (32)

R;ji1 is the curvature tensor of the internal space and will
be given below in terms of ¢.
The Ricci tensor is given by

RHV =R/4v - ‘;’gaﬁ‘ﬁijyiﬂaﬁﬁw_ —;- v, Tr(¢™ lal‘¢)

—+Tr(¢~ 19,66 '0,8) , (33)
|

R, =§ij ++8"8%Ppu 7 kpa‘? Le— —;—V,u( a“d;;)
+ 5 (349710, — 506, Tr('9,4) ,  (34)
Riy=—38"V($yF ) — 5 Tr(¢~'0"9)y T
+3CRH (BT bY+ T8, . (35)
and the scalar curvature is given by
R=R +R —18"8P4,; 5 ,aF,5— V,(Trp~'34¢)
— 3 Tr(¢ 719,96~ '#¢) — 5 (Tr ~'3,4)(Tré ~'3¢) .
(36)

The curvature tensor of the internal space with the
metric ¢;;'®2" is given by

Rijig =56""(Citm + Ciim X Chjn + Cjkn) — (Citm + Citim X Crjr +Cjn)]
— 7 Gmn(C™pCy 4+ C™yC™ +2C™;,C") + 5 [(Cijm — Cim )C™ 4 -+ (Chitm — Crto )C™ 314+ 5(C, 2 C%y 4+ C1s €

and the Ricci tensor is given by
| Ry=—+(C*, €%+ Chy CTy 4+ CHy Cly)
+ 5 X™ Citom Citn — 3 9119™C* i Cyj
— 56" C i (Cijp + Cjin) - (38)
The scalar curvature is given by
R=—¢U(Ck,C%;+5CH,CY))
— 1M Clyn Cy
—¢™rCl, ij,, . (39)

Note that we have not made assumptions about the nature
of G or G/H. Besides the definition of the structure con-
stants given in (4), the only assumption is the AdH invari-
ance of ¢ as expressed in Eq. (15).

III. CONNECTION AND CURVATURE TENSOR
FOR CASE (i)

We shall compute the Riemannian connection and cur-
vature tensor in the frame

ea=(e,,¥,), e,=8,+4,°%, . (40)
The dual forms are

(dx*,©%), ©°=8°—4,°%dx" , 41)
and the metric can be written as

Z =8, (X)dxF@dx "+ day(x)0°8 " . “2)
Define

CYRTIE IS A (43)
then

ija

(37)

Fy=F,=0,4,°—03,4,°+C%A,°4,°, (44)

yb/m = _'?bap = Cbca A[tc . (45)

“Let us also define the covariant derivative V, to be the
“total” covariant derivative with respect to the four-
dimensional Riemannian connection and the gauge con-
nection of the adjoint representation. For example, we
have

V,uF avA= a,uF av}»_ Fa,qu aak"' rapAF ava +F a,ucF vvk ’

(46)

Vubas =8ubab —bvcF “ua — PacF ub » )

Vub’a =0u8% +F *uct’s 6T ua - (48)
The connection is given by

T, =T%,= 520,81y +0:81u —8puv) » (49)

Tou=5F % Tle=Tt,=38"F by , (50)

THy=—3Vn, T =F+35(7 V4%, (51

-I—‘abuz %(¢~1Vy¢)ab s
. (52)
r cab = —2'¢Cd( ¢be Ceda + e Ceab +dae Cedb ).

The curvature tensor is given by
Ry =Riuy +Gap (£ F%,FY,
— 5 F%, Fb— T F°Fb) (53)
Ropuv="1%as(V,Fb 0 —V,Ft5) + 4 Vubar oo
— 3 Vb Flun—1VabasFouy » (54)
Ropbv="58"PucbpaF uF g+ 5 aal % Foyp
— 3V Vubas)+ 5 (Vb ™'V, h)0s (55)
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E,uvabz%gaﬁ‘rbad‘pbc(Fcade v'_'FcadeBu)
- %Ccab(ﬁchduv'*‘ % ( V‘l¢¢ B 1V}L¢
- p¢¢—lvv¢)ab ’
(56)
Rube=7(VybeaT %pa— T4+ 9,024C%)
pabe 2 p¢cd ba yd’bd cat p¢ad be
+ %((ﬁcd Vv¢ba _¢bd Vv¢ca )dev ’ (57)
Ropea =Rapea + 5 (VP Vibag — Vbap Vudar) - (58)

R peq is the Riemannian curvature tensor of the internal
space as given in Eq. (37) with obvious notation change.
The Ricci tensor is given by

Ruy=Ryuy— 58 Pap FuaF’p— 5V, Tr($™'V,0)
+3C%F°,— 5 Tr(¢7'V 997 'V,9) , (59)

Rap =Ry +18""8%PbacpaFuaF p— 5V (VFebop)

+ 3 (V007 ' VEG) gy — 5 VHay Tr(d ™1V, 8) ,  (60)
wa=—58""VbapFu1) — ¥ bap Fuy Tr($~'V$)

+3C (7 'V,u )+ TCle($7V,8), (61)

Finally, the scalar curvature is given by

R=R+R—48"g%F*,oF®5—V,(Trd ~'VFp)

— 5 Tr(¢ ™'V ,0p ' VEP)

— 5 Tr(¢™'V,0) Tr(¢~'VFe) . (62)

il

This agrees with Ref. 7 except for a factor of 2 in the last
two terms (however, see Ref. 12). Again, R was given in
Eq. (39). ‘

IV. DISCUSSIONS

In this paper, we have presented the expressions for the
components of the Riemannian connection and curvature
tensor in chosen coordinate systems for a class of metrics
usually occurring in Kaluza-Klein theories. The metrics
are often expressed in terms of the Killing vectors of the
total metric or the submetric obtained by restriction to the
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fiber. Here we rewrite the metrics in terms of the invari-
ant forms of the structure group G and show that one of
the main properties of such metrics, namely, the
equivalence of the gauge transformations to fiber-
preserving diffeomorphisms, is obvious in this formalism.

In the existing literature, usually only the Ricci tensor
or part of the components of the curvature tensor related
to the Ricci tensor are given. However, in some applica-
tions the complete curvature tensor may be needed. For
example, it is known that in Kaluza-Klein theories with
no matter fields the spontaneous compactification cannot
occur. It may occur, however, if one considers theories
with RR terms.!* In such theories one will need all the
components of the curvature tensor. Another example is
when one wants to check whether a singularity in the
solution of the field equations is a physical singularity.
This usually requires computation of R 4pcpR 5P,

Although we have assumed the space-time to be four
dimensional, the formulas can certainly be used in any
space-time dimensions. One may find that the expres-
sions we gave are useful even outside the context of the
Kaluza-Klein theories. For example, we found them use-
ful when computing the Riemannian connection and cur-
vature tensor for four-dimensional gravitational theory
with axial symmetry.

Finally, we comment on a few references which contain
similar computations. In Ref. 5, the connection, the Ricci
tensor, and the curvature scalar were given in a different
basis. The curvature tensor for the internal space was not
given. It appears that it may be possible to simplify their
expressions. We find it difficult to compare with our re-
sult without doing some computations. In Ref. 6, a simi-
lar result was given in the same basis as in Ref. 5, but dif-
ferent scalar fields were used. Reference 7 considered the
case when the normalizer of H is nontrivial. The (Ricci)
scalar curvature was given. In particular, the Ricci scalar
for the internal manifold as given in Eq. (39) agrees with
their result.
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