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The rates of thermal emission of photons and lepton pairs from quark matter formed in ultrarela-
tivistic nuclear collisions are related to the conserved total entropy of the quark matter. The tran-
sient existence of quark matter can be diagnosed by measuring the entropy separately from particle
multiplicities and comparing the predicted and observed rates. The thermal soft-multiple-scattering
rates are compared with the direct hard-single-scattering rates. Transverse-momentum effects, the
background due to DD ~ppX decays, and fluctuations are discussed.

I. INTRODUCTION

Considerable new insight to the problem of dilepton
emission' from quark matter has recently been given
by McLerran and Toimela. In particular, these authors
have pointed out that for those values of
MT ——(M +qz )

' of the pair for which the thermal rate
is dominant, the dependence on Mz is powerlike, not an
exponential. The purpose of this paper is to consider the
thermal rate of dileptons and also of real photons in some
more detail and to show that its magnitude can be used to
diagnose quark matter in the central region of a collision
of two ultrarelativistic nuclei, A and B. The thermal rate
can, namely, be expressed in terms of the conserved total
entropy squared of the expanding quark matter. When
the entropy is independently determined by measuring
dN /dy~ we have a realistic quantitative method for
diagnosing quark matter: if the calculated and observed
rates for 1 (MT (3 GeV of dileptons agree one has possi-
bly observed quark matter; otherwise some of the assump-
tions are wrong (e.g., thermalization is not attained or ex-
pansion is not adiabatic).

Thermal rates are usually very sensitively dependent on
temperature. The point here is that, for sufficiently large-
temperatures, the rate becomes independent of it. By
measuring the pair production rate at fixed MT or M, or
the (qT ) of the pair as a function of dN" /dy„, 3, B,
and v s, one can check whether sufficient temperatures
have been reached to render our theoretical calculations
sensible.

While the calculation of the thermal rate involves the
physics of very soft QCD processes and is beset with
many difficulties, the calculation of direct hard large-
mass pair production in pp collisions is one of the
successes of perturbative QCD. Qf course, there will also
be new effects in AB~pp. Where the thermal rate is
large (small-M region) the Drell-Yan calculation is not
valid any more, but it is still quite interesting to extrapo-
late the Drell- Yan rate to the small-M region and to com-
pare with the thermal rate. The results will be shown to

be very similar; only the sea-quark density at x =0 is re-
placed by a numerical constant times the pion rapidity
density at y =0. The similarity is due to the fact that we
do not directly "see" quark matter itself; only the asymp-
totic remnants coming from its decay in both cases.

A background to the small-M region comes from the
processes' '" A +B~DD+X~pp+X'. This will have
to be eliminated to get hold of the pure QCD process dis-
cussed here.

Real-photon production ' can be discussed similarly.
We shall in the following relate also the thermal rate of
producing real photons [at =90' in the center-of-mass sys-
tem (c.m.s.) and with 0.6 (qT & 2 CxeV] to the total entro-
py squared and compare with the corresponding extrapo-
lated. direct rate. The situation, however, is in this case
more complicated both theoretically (quark-mass singular-
ities have to be shielded, higher-order terms may be large)
and experimentally (large m background).

II. THE DRELL-YAW RATE

Let us start from the end of the problem, i.e., the
Drell-Yan pair production [Fig 1(a)], w. hich is theoreti-
cally under reasonable control: for M and v's large and
0&M/vs &1 fixed, the rate of A +B~pg +X can be
written in the form

do 4m'
2

—— gee [x&q "(x&,M )x2q (x2,M )

+(q q)l,

x& ——Me~/Vs, x2 ——Me /Vs. More complicated ex-
pressions can be written down for do. /dM dy d qT. The
difference to the pp case is that structure functions of the
nuclei now appear. It is evident that, independent of
any interest in quark matter, measurements of
A +B~pp, +X at large M will give important new infor-
mation on the nuclear structure functions and, e.g., shed
new light on the European Muon Collaboration (EMC) ef-
fect. Here we shall only need the small-M/Ms limit of
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FICx. 1. (a) Drell- Yan pair production. (b} Thermal pair pro-
duction.

FIG. 2. Longitudinal space-time domain of existence of QCD
matter in a nucleus-nucleus collision, Q =quark matter,
M =mixed phase, 8 =hadronic matter, ~;, 'Tg, 7H and ~f are
proper times separating these phases, r„(magnitude relative to
the other times is uncertain) is the proper time when the trans-
verse rarefaction wave starts disturbing the longitudinal motion',

r~ is the lifetime of the produced pair, and
~

x
~

/t &tanhY is
the range of

~

x
~

/'t considered.

(1). Concretely, take M as small as possible but still com-
patible with the factorized form (1) (say, M & 5 GeV) and
s so large that in the structure functions we can effective-
ly take x~ =0, xF ——xi —xp ——xi for y &0 (say, i/s & 100
CxeV). Let us perform a valence-sea decomposition
(xu~=2V+S, xdi'= V+S, etc.), consider y & 0 and divide
by o;„=ir(R~ +Rid) to obtain the rapidity density. Then,
including u, d, s quarks, we have

dEDv(y &0)
dM dy

4 2 —S"(0)S (0)
9M rr(R~ +R~ )

S"(xF) 3 V (xF)
X —

~ +-
s"(o) 4 s'(o) (2)

where the quantity inside the large parentheses =1 for
xF ——0. For values of M smaller than =5 GeV other con-
tributions, for instance, pairs from thermalized quark
matter, will appear.

To compare with quark matter, which exists in an ex-
tended region of space-time [Figs. 1(b) and 2], one may
also ask what Drell-Yan pair production looks like in
space-time. Building in the uncertainty principle to the
parton model (small-momentum partons are less well lo-
calized) one finds that Drell-Yan pairs are on the average
produced at x =t =0 but with an average fluctuation of
1/M (Fig. 2) in x and t For M &3 C.xeV this fluctuation
is &0.06 fm.

III. THE SIMILARITY HYDRODYNAMICAL PLOW

Consider then what happens if quark matter is formed.
We shall make the standard assumptions' about thermal-
ization, isentropic expansion and similarity flow in the
central region. ' " The longitudinal space-time region in
which quark matter exists is then as shown in Fig. 2.
Transversally the region is assumed to be a cylinder of ra-
dius Rz (for zero impact parameter, Rz &Rri); further-
more, under the assumption that the coupling between the
longitudinal and transverse flows is weak, transversal
variation of all quantities is neglected. The velocity and
temperature of the matter then are, for ~; & ~ & ~& in the
quark phase,

X
u(x, t) =——= tanhri,

t

T (r)r= -=C,1 1 S
4a mB~2 2Y

where the equation of state

pq ——aT —8, 8 =bag constant,

s =(e+p)/T=dp/dT =4aT

a = + — iVF ——5.25 (rV~ ——3),8n 7 2~
45 8 15

(3)

has been assumed for quark matter, —Y & q & Y is the in-
terval of q we are considering, and S is the total entropy
of the flow in this interval. To appreciate the fundamen-
tal relation (4) note thatfor u, =x /t,
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S=fd xz fdo"sz n——R„ f s(~)(t dx —x dt)/~

=WRg2 dqs z z=nRg24aT3 z z2P .

To relate S to observables one has to assume that the ex-
pansion is adiabatic also through the mixed and hadron
phases (Fig. 2), i.e., S is constant. Using the equation of
state

(7)

for the hadron phase, the critical temperature is

T, =[8/(a —a )]'~" . (8)

The remaining flow parameters then are such that the sys-
tem is in a mixed phase with

aT=T~ for 7Q (7 (v~= 'TQ
a (9)

and in the hadron phase with

a 1 1 ST (~)v= C= for 7 )v~a 4a ~R~2 2F (10)

Assuming further that the decoupling of pions is adia-
batic, S can be measured by

S ds =c (b =0),2l dy dy

or

T
100 MeV

3
1 fm 0.5 dX "~

(b =0) .
dy„

(12)

The numerical value of T;, on which some quantitative
predictions depend sensitively (see later), is thus only
determined in terms of the initial thermalization time ~;.
However, it is to be emphasized that the main quantita-
tive quark-rnatter diagnostic test is independent of the nu-
merical value of T;, provided that it is large enough.

T; will depend on the four experimentally controllable
and detectable quantities v s, 3, B, and d&/dy . Equa-
tion (12) is useful only if ~; depends on these only relative-

2m'

45/(3)

where b =0 indicates zero impact parameter. The geome-
trical complication of the b&0 case will be discussed in
the following. If 2 Y is the total rapidity range, S is effec-
tive1y estimated by the total multip1icity. However, one
could use the local fluctuations in dX/dy and let 2 Y be
the width of the enhanced region. How these local fluc-
tuations leak to adjacent regions is a hydrodynamic prob-
lem deserving further study. Anyway one knows that
these fluctuations are damped. '

. By virtue of (11) the initial temperature and time can be
related to the hadron distribution in the final phase by
(for T; ~ T, )

T3 c 1 dX
4a ~R~~, dy„

IV. DILEPTONS FROM THERMAL EMISSION
AS QUARK-MATTER DIAGNOSTICS

To calculate the thermal rate one should fold the rest-
frame rate over the space-time history (Fig. 2) of the sys-
tem. In the quark phase the rest-frame rate is (with
Maxwell-Boltzmann statistics, for simplicity)

2

e 2 + —E/T
q e (13)

The rate from the hadron phase is more complicated to
calculate, due to unknown form-factor effects. However,
in the mixed phase T stays constant at T =T, and the
change in T during the hadron phase is likely to be very
small. Also the longitudinal similarity flow will be dis-
rupted by the transverse Aow for all but the largest nuclei.
We can thus parametrize the rate from the mixed and—F. /T
hadron phases by constant &(e '. the interesting new
physics will reside in nonexponential terms.

The detailed inclusion of transverse-coordinate effects
in the: calculation would be a very complex affair. In the
spirit of the central-region similarity solution we shall as-
sume that no quantities depend on x~. Since the average
rate per collision (averaged over all impact parameters)
(X(b) ) has a geometrical factor

(~Rg )(mRg )/~(Rg+Rs)

while the rate at b =0 is proportion31 to ~Rz for A &8,
the ratio (X(b))/%(0) is 1/(1+R~/Rz) . On the other
hand, the same geometrical consideration also gives the
result that the height of the rapidity plateau dX/dy at
zero impact parameter is (I+Rz /Rz ) times the observed
dX/dy, averaged over all b.

The space-time integration is now carried out by using
Eqs. (4) and (11) to derive

ly weakly. In Ref. 7 it is argued that ~; =rz /A ~,

0&6& —, , where ~z ——0.5 fm is the formation time deter
mined, e.g., from pA collisions.

Numbers are quite uncertain, but, for illustration, a
possible set of them is as follows. Specify first the equa-
tion of state by T, = 160 MeV, a' and a' as in (5) and (10).
Consider a ' 0 + heavier target collision with
dN /dy„= 42. Then the initial parameters could be
r;=0. 1 fm, T; =320 MeV, e;=17 CxeV/fm . The quark
phase would end and the mixed phase start at ~g ——0.8 fm,
T, = 160 MeV, e~ ——1.4 CxeV/fm, the mixed phase would
last until ~H ——9.8 fm, T, = 160 MeV, eH ——0. 1 GeV/fm,
and the hadron phase until ~~ ——14 fm, T~ ——m„=140
MeV, e/=12m . The spectacularly long lifetime of the
mixed phase (for XF——2 it would be from 0.8 to 9.8 fm) is
conceivable, since U„„„d——0 in the mixed phase and the
transverse rarefaction wave does not propagate; only the
longitudinal expansion reduces the energy density from eQ
to eH. In the hadron phase the transverse rarefaction
wave again propagates with U,p d 3 and soon spoils
the longitudina1-similarity-flow pattern.
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f d'x, drdx=~R, 'f 'fd«f
2

4a ~P, 2 dy Tp T7

This is the key point at which the square of the entropy [related to (dN/dy ) j enters. Note also how one nRz cancels
to give I/mRq . For Rz &Rz one does not automatically get 1/o;„, o.;„=m(Rq+R~) . Hydrodynamics only knows
about the larger R via T;.

The thermal rate, averaged over all b, then gets a factor (I+R~/R~) from the average over b and a factor
(1+R~/Rz) from relating (dNldy ) at b =0 to the average over b. The result, including u, d, s quarks, is

dN" "" ~2 (1+RE /Ra )

dM dyd qT 12m mE~

3 1 1
X f dg f 'dT exp — Marco—sh(y —g) + 6 exp — -Mr cosh(y —g)—y T. T7 T

(14)

where the first term represents the quark phase and the second the mixed and hadron phases and A, is a constant. Note
that dN/dy in Eq. (14) is now the observed height, not that at b =0. Assuming that the rest-frame rate from the had-

ron fluid is also given by Eq. (13), we have

1 a —1
Q~

=125 . (15)

Remember also that T; depends on dN/dy„according to Eq. (12).
The q range contributing to (14) is y —(T/Mr)' &q &y+(T/Mz. )' . In all relevant cases T/Mz-« I and for cen-

trally produced pairs (y « 7) the g integral can be carried out using a quadratic approximation of cosh(y —q) (Ref. 7)
[more precisely, the result is E'p(Mz /T)]:

4~~' 9v'Z~r(S. S) (I+R~/Ra)' c dN"-
dM'dy d'qT 9 16m' ~R~' 4a

where (Fig. 3)

MTI' 5.5,
Tc

MT—I' 5.5,

1/2
C+ 3r(s.5)T, '

—M~/TT c

P(z, a, ) I'(z, a; )=- 'dt t' e
r(z) a;

From this one calculates

(q, )= 32
35 2

(q, ') = —', M'

p 4'T, p
Tl

p
Tc

-P 35, +'T;P 3.5,
C

p 4.5,
C

—M/T

4.5 —M/T
e

—M/T
e

M,
18 T,

16K, M+ 315'~ T,

8A. M"
e

45~~

16k M
"

31SV ~

(19)

94S (I+R~/R~)'
dM'dy 9 128~' ~R~ ' 4a dy

I' 4.5,
1 M p 'T;

1/2
16k, 1 M+ 315~m T, T,

e (20)
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For M »4.5T; this behaves like

Ch"-»
th

dM dy

4~a' 9 (1+&~/Ra)'
9M4 8 g 2 4a dy„mT;

—M/T;
e (21)

The previous results hold in the central region y ~~ Y and
are independent of y. If we arbitrarily cut off the flow for

~
y ~

& I", the dependence of the quark-matter rate on
Y —y becomes

—, ++, [3tanh ( Y —y) —10tanh ( Y —y)

MT »5.5T;. The crucial parameter is thus T;: it should
be large enough so that the quark-matter term separates
from the exp( Mz.—/T, ) term before being buried under
the Drell-Yan term at large MT (Sec. IV). T; will in-
crease monotonically with dX/dy~, 2, B, and v s. Note
how the rate at fixed MT in Fig. 4 becomes independent
of T; when T; is large enough.

(3) To separate the quark-matter term one may also use
the zeroth [Eq. (20)], first [Eq. (18) and Figs. 5(a) and
5(b)] and second [Eq. (19)] moments over qT. The ex-
ponential and quark-matter terms give

+15tanh(I' —y)] . (22)

1/2

MT, —, T, «M, exponential

0.645M, 4T, &M &4T;, quark matter; (23)

the exact expression interpolates between these. In prac-
tice, one plots (qT ) as a function of the associated
dX/dy for various M (1 & M & 3 GeV) and checks that
the increase of (qT ) as a function of dX/dy is faster the
larger M is, in a way which is compatible with the expres-
sions above.

Note that this mechanism of increasing (qT )„„is dif-
ferent from that proposed' ' for increasing (qz ) as a
function of dX/dy: the former is a thermometer while
the latter is a barometer, sensitive to the hydrodynami-
cal flow caused by the pressure difference between quark
matter and outside vacuum.

(4) After the quark-matter term has been identified
with normalization-independent tests, the existence of adi-
abatically expanding quark matter is diagnosed by verify-
ing that the magnitude of the rate agrees with the predic-
tion (16). Note that this prediction does not depend on

This factor is normalized to 1 at y =0, Y»1 and, if Y is
taken to be the beam c.m.s. rapidity F~, Yz —y in it can
be related to the Feynman xF by x~ ——e (normalizingy —Y~

y =I'~ to xF ——1). Of course, the similarity flow is not
valid near

~ q ~

= I'z and the result (22) is only a qualita-
tive illustration of how thermal processes can send pairs
to xF &1.

The diagnosis of quark matter on the basis of the above
formulas now proceeds as follows. The experimental
quantity being analyzed is the dilepton rate measured in
A +B collisions as a function of M( & 1 GeV), y ( =0),
qT, A, B, vs, and the associated dX/dy .

(1) One starts from the large-M ( & 5 GeV) end and ver-
ifies as in pp collisions the validity of the Drell-Yan pic-
ture using the functions q (x,M ) measured in deep in-
elastic scattering. %'hen approaching the smaller-M
range a component not described by the direct Drell-Yan
mechanism is identified. The background from
A +8—+DD+X~pp+X to this component has to be el-
iminated.

(2) In the M &3 GeV range one checks that the rate
[Eq. (16)] as a function of M and qT only depends on MT
and identifies the values of MT for which the
exp( Mr/T, ) —term is negligible. The general structure
of the two terms in (16) is apparent from Figs. 3 and 4.
The quark-matter term is powerlike for T, & MT/5. 5 & T~

(Ref. 7 and Fig. 3) and vanishes like exp( MT/T~) for—
30 40

0.75—

0.5—

-4
10-

dM'dyd q,

d)(g 1P

(.—")
10'-

0.25—
3 4

M (GeV)

I I

I I

1 2 3

Tc 3O 4
I

4 M ((jeV) 6

FIG. 3. A plot of the integral appearing in Eq. (16},M and

T; are in units of T,. Whenever magnitude in CyeV units is

given, T, = 160 MeV is used here and in later figures.

FIG. 4. A plot of the cross section for thermal pair produc-
tion in A +A [Eq. {16) multiplied by o;„=4mR& ], divided by
the associated pion rapidity density squared as a function of MT
for various T;. The very uncertain magnitude of the
exp( —MT/T, } term is fixed by using Eq. (15}; this term is
given by T; =T, . Note how the prediction saturates when T; is
increased at fixed MT.
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(Gev)

1-

(q,)
(Gev)

2 4 6 8 lO t /T,

05 ) T, (Gev)

l.5 4
M (GeV)

FIG. 5. Plot of (qr) [Eq. (18) with A, =O] as a function of (a) T; for various M, {h) M for various T;. The values of (qr) for
T; =T, correspond to the exp( —M/T, ) term.

T;, provided that it is large enough. Also the numerical
values of a and c given in Eqs. (5) and (11) are expected to
be more reliable for T~~T„ large T; also helps to reduce
the uncertainty of the result due to the uncertainty con-
cerning these parameters. If agreement is found over a
wide range of the variables considered, the case for quark
matter is strong. If not, there are many possible reasons
for the disagreement: (i) The expansion is not adiabatic.
(ii) The simple equation of state (5), (10) is incorrect. (iii)
The effects if transverse variation are important. (iv) The
background from AB~DDX~ppX is large. ' ' (v)
Quark matter does not exist.

The use of a similarity solution implies a neglect of
fluctuations in dX/dy . Existing cosmic-ray data indi-
cate that there are sizable fluctuations even in A +8 col-
lisions. Dilepton measurements will help to find out at
what stage these fluctuations arise. If the fluctuations are
formed by the initial quantum processes, they exist at w;

and one expects a positive correlation between the lepton
and pion rates (although the fluctuations are damped by
hydrodynamics). If the fluctuations are fortned by later
macroscopic processes, e.g., by bubbles nucleated in the
course of the phase transition, one expects little correla-
tion.

V. RELATION BETWEEN THE DRELL-YAN
AND THERMAL RATES

Physically we expect that the Drell-Yan and thermal
rates dominate in different parts of the phase space: the
former is a single-collision momentum-space leading-twist
mechanism, the latter a multiple-collision coordinate-
space higher-twist mechanism. However, we can still gain
some interesting insight to the problem by comparing
them in various parts of the phase space.

Note first the scaling rules

dM'dy M'

„6,ln
dM dy M" vs go

S (0)S (0) in DY

(R„+R~ ) dX0.10 in th .
Az Rz dy„

The number 0.10 is actually (2835/512~')'~ (c/4a). The
R-dependent factors arise from two sources: the
geoinetric correction transforming b =0 to an average
over b and the fact that the entropy relation (6) only con-
tains R„(R~ is hidden in T;). This correction factor is
16 for Rz ——Rz and goes like R~ /R~ for small Rz,
provided that A is large enough to justify (14) for
thermalized quark matter.

Numerically, neglecting nuclear effects, one expects
that S"(0)=AS~(0) =0.2A. Taking A =8, for
d%" /dy„ the model in Ref. 21 gives =0.4Apo and in
Ref. 22 =Apo (po ——3 is the pp rapidity density at Vs =30
GeV). For average events in these models the observed
thermal rate is an order of magnitude higher than the ex-
trapolated Drell-Yan rate. A consideration of the esti-
mate (12) for the initial temperature (with r; =0.5 fm/A,
5=0, —,') shows that the average events in these models
may perhaps not produce T; & 2T, required for fully
developed quark matter. When one considers only events
with large dN/dy„, the thermal pair production rate
should dominate.

The enhancement of small-mass lepton pairs has been
considered earlier for pp collisions. The difference
now is that there is a well-defined framework for calculat-
ing the low-mass (M ) 1 GeV) rate and correlating it with
other measured quantities. In addition, there is an impor-
tant source of background contributing at small M, that
from A +8~DD+X—+pp+X' (Ref. 10). This back-

(24)

where F and 6 have been given explicitly. Both demand
M ~~ T, -m&., in the Drell-Yan case one has a direct con-
trol over the variable v s while this is not so for T;.

Consider then M&3 GeV, M/v's «1, A, 8, and
d&/dy so large that T; &M/5. 5 and such that the
exp( —M/T, ) term in (20) is negligible. Then both the
Drell-Yan (DY) [Eq. (2)) and thermal (th) [Eq. (20)] rates
are (for

~
y

~

&& 7) dN/dM dy =constant/M, where the
constants are related by
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do
dMdyy 0

AA~R

al

0.5
y-Y

x&=e

1.5

I ——~ M
2 3 4 5 6 {GeV)

FIG. 6. Comparison of thermal and extrapolated Drell-Yan
pair production rates.

3 do(y =0)
die dy T;

' 7/2 —MJT,.
e ', th,

M M
Ms vs

—25M/~s8

DY (Ref. 26) . (25)

Both decrease exponentially (this form of the Drell-Yan
scaling function is, of course, only approximate) but the
decrease of the thermal rate is much faster for energies
considered here (&s & 20 GeV). Although some increase
of T; with vs may be expected, the dominance of the
Drell-Yan contribution is clearer with increasing Ms.
The general situation is illustrated in Fig. 6, for the class

ground decreases rapidly with M (-e ' '
) and the ex-

perimentally observed small-M enhancement in pp data
arises possibly entirely from this background. " For
quark-matter diagnostics it is thus important either to
know this background, or to avoid it by going to as large a
value of M as possible (M & 2 GeV).

Second, consider what happens if we increase M beyond
4T;. Then

FIG. 7. The xF dependences of the Drell-Yan and thermal
{qualitatively) rates.

of events containing quark matter. In the transition re-
gion one expects pre-equilibrium emission. To understand
this one has to understand the thermalization process.

Finally, one may also qualitatively consider the xF dis-
tribution. If Y in Eq. (14) is taken to be 1n(vs /M)
(=c.m. s. beam rapidity), then xF ——2qL /vs =e~ . The
x~ distribution (22) of thermal dilepton pairs following
from (14) is compared with that of Drell-Yan pairs [Eq.
(2)] in Fig. 7. The qualitatively interesting feature with
the thermal pairs is that they will also appear beyond the
kinematic limit xF ——1. Quantitatively, however, the
computation has to be modified: the similarly solution (3)
and (4) is not valid in the fragmentation regions and it
cannot arbitrarily be cut at q= Y. Nuclear effects will
also lead to an x & 1 component in q "(x,M ). To identi-
fy quark-matter effects at xF & 1 one thus has to check
that they cannot be reproduced by the factorized form (1),
with the structure functions taken from deep-inelastic-
scattering measurements on nuclei.

VI. REAL PHOTGNS

Consider then real-photon emission at around 90' in
c.m.s. in an 2+8 collision. At very large qz (qz &10
GeV) the production is dominated by the QCD diagrams
in Fig. 8. The Compton graph gives the rate

der'(y =0)
8g cE qz"

2am, lgx i

x~ /(2 —x~ )S —,XZ-

xp +(-,'xz ) x) +(-,'xz. )
F2 (x))G (xq) 2 3 +G (x))F2(x2)

X) X2 Xj X2
(26)

where

XZ.X iX2=
2 —xi

2q~
xy =

F2(x) =x g ez [q(x)+q(x)], G(x) =xg(x) .

Scale breaking in the structure function (not explicitly shown) depends on qz. /Qo . The formula for the the annihilation
graph (small for pp, important for Pp) is very similar. These two graphs are the only ones of order a, . They contain that
part of the 0 (a, ) bremsstrahlung graph in which the gluon is near-mass shell. The part corresponding to the quark-
mass singularity is calculated by summing over the QCD subprocesses producing a quark and letting the quark fragment
into a photon. The summation is accurately carried out by using an effective structure function - and the result is
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do '(y =0) «
2

= 21n 2dyd qT 2~s A
r

1 1xf dy, , 1+ 1—
( 2yT)

2

1 dx» ~, x» +(—,yT)2 ] 2

+2 X1 X2 + 9 X2 4yT/(2 —y&)
1 X1

+(x»~x2, A~8), (27)

where

3'TX1x2=, Q(x)=x g [q(x)+q(x)] .
2 —3'T

do '(y =0)
dyd qr XT

2 2s O'T 2
ln 1n

~q 4 A2
7
4

c+ann( 0)
dyd qT qT 27

[G"(0)S (0)+S (0)G (0)

+ —,", S"(O)S'(0)],
(28)

A complete calculation of the finite 0(a, ) corrections
has been presented in Ref. 30. Note that, counting loga-
rithms, Eq. (27) is also of order a, .

The rates (26) and (27) can be evaluated to the extent
the structure functions are known; their magnitudes also
depend on the scale factors used. We are interested in (26)
and (27) for as small values of qT as possible (say, down
to 3 GeV) and even want to extrapolate beyond that to
compare with the thermal rate. Let us choose»/s so large
(Vs & 100 CxeV) that the structure functions in (26) and
(27) are probed at x =0 (x»,x2 (xz. ) so that their varia-
tion can be neglected. Then the integrals can be easily
carried out; the leading terms at small xT are (including

qq ) g &~=»

x —,[G (0)S (0)+S (0)G (0)

+ —,S"(0)S (0)] . (29)

The bremsstrahlung contribution dominates approximate-
ly by a factor 1.6[in(1/xT ) —l. 1] over the sum
Compton + annihilation. At larger xz ( & 0. 1) brems-
strahlung is smaller.

Consider then thermal emission of real photons with

qz & I GeV at y =0 in an 3 +B collision. The calcula-
tion can again be divided in two parts: (1) calculation of
the rate of emission from a stationary plasma, (2) folding
over the similarity flow in Sec. III.

The diagrams contributing to the spectral emissivity of
photons of energy co are the same as in Fig. 8. Their cal-
culation, even for QED plasmas, is a difficult task. ' At
high temperatures the processes have sharp forward and
backward peaks, corresponding to gluon- and quark-mass
singularities. These are screened by finite-temperature
matter effects.

Consider first the Compton and annihilation graphs.
Assuming Maxwell-Boltzmann statistics, using an ap-
proximate result for the differential rate derived for
e+e ~yy (Ref. 31) and normalizing to the integrated
rate, we have

d~e +ann

co = T ln
d'q d4x

6 67 —co/T—1 —yE e
mns

FIG. 8. Diagrams contributing to photon production {a)
Compton, {b) annihilation, {c)bremsstrahlung (with quark frag-
menting into the photon).

(30)

where yE ——0.577 and the quark mass has been replaced
by an effective quark mass ' m~ = —,

'
g, T .

The logarithm in (30) is accurate near co=T, where
dN/dao is maximal. . It requires that co & 0 (g, T). Actu-
ally kinematically co & —,m~ =0 (g, T). Note that, due to
electromagnetic damping, anyway only photons with
co & —, g e~ e T or co&0.14T propagate. The dispersion
relation for transverse oscillations is, namely,

The bremsstrahlung rate ' dN/dm has a 1/co peak.
Apart from a constant 0 (1), it is thus obtained from (30)
by multiplying by T /co and replacing the logarithm by
1n(1/a, ). Keeping co=gT fixed, T will span a range of
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values from TI to T, on both sides of co. Thus initially
bremsstrahlung will dominate and finally Compton and
annihilation. For qz- & 1.5 T, the system will effectively
stay longer at lower T and Compton+ annihilation will
dominate (see below).

The integration over the similarity flow can be carried
out exactly as before. The result for
Compton + annihilation is

dy d qz-

(R~ +R~)
X

RzRz 4a dy

2

&ln P 3.5, — —P 3.5,
o.s Te T

(31)

For bremsstrahlung the 3.5 is changed to 1.5 (since the T
dependence is T ) and the numerical factor may be slight-
ly different.

The behavior of the difference P P in Eq. (31—) is simi-
lar to that shown in Fig. 3: this difference is between 0.4
and 1 for 3.5 T, & jz. &3.5T; (taking T; )2T, ) and de-
creases exponentially for qr »3.5T;. Similar statements
hold for the bremsstrahlung contribution with 3.5 re-
placed by 1.5. For q~ ) 1.5T; we thus expect
Compton + annihilation to dominate. Also large-xz
direct production was dominated by these same diagrams.

We have now two nonoverlapping predictions for the
90 real-photon production cross section: the direct pro-.
duction predictions (26) and (27) hold for qz ) 5 GeV
[and the simplified forms (28) and (29) further demand
vs &100 GeV]; the thermal prediction (31) holds for
q& & 3.5 T, and gives an exponentially damped rate
beyond qz ——3.5T;, which quite probably is less than 5
GeV. One observes that again (28), (29), and (31) are very
similar in form: the product of structure functions in the
direct, production is replaced by the entropy squared [or
(dX/dy ) ] of the expanding quark matter. As with vir-
tual photons the thermal rate will dominate over the ex-
trapolated direct rate only for fairly large values of
dX/dy .

The diagnosis of quark rnatter with real-photon mea-
surements could now proceed as follows. First agreement
with the direct production QCD prediction is verified at
q& & 5 GeV. For this one needs independently measured
nuclear structure functions. The measurements are then
extended to lower qz and a component not reproducible
with nuclear structure functions is identified. In this re-
gion the rate should be in agreement with the prediction
(31), improved with a more accurate treatment of the
bremsstrahlung contribution. For this one needs an in-
dependent measurement of d%/dy and a control of the
fact that T; is large enough. The procedure is thus very
similar to what was done with virtua1 photons.

VII. CONCLUSIONS

We have discussed a concrete quantitative method for
diagnosing quark matter by measuring the total entropy
and the real- or virtual-photon (dilepton) emission rate.
The method is based on the following assumptions.

(1) Quark matter is formed in local thermal equilibrium
at temperature T; at proper time ~;.

(2) The quark-matter equation of state is that of an
ideal gas of massless quarks and gluons plus a bag con-
stant term representing the effect of interactions.

(3) The expansion is adiabatic through all stages and
follows the central region similarity flow.

(4) Transverse variation up to a radius R„ is neglected.
Experimentally one measures the constant of motion of

'the expansion, the entropy, by measuring the associated
pion multiplicity. The real-photon or -dilepton rate is
then predicted as a function of T;. For sufficiently large
T; and for the range T, «Mr/5. 5«T; of dilepton
transverse masses the prediction becomes independent of
T;, similarly for real photons. Quark matter is then diag-
nosed by comparing the measured with the predicted
real-photon or -dilepton rates. To apply this test one
must eliminate all the backgrounds, for instance, that
from A +B~DD+X~pp+X'.

The essential assumption in the above is the one con-
cerning thermalization with T=T; at ~;. %',ithout this
one cannot ev'en talk about quark matter. At present the
theoretical understanding of thermalization is very prelim-
inary ' and the understanding of T; and w; is entirely
phenomenological. The main goal of the first experiments
is to verify assumption (1); the others only give correc-
tions.

A related question is that of connecting thermal and
Drell- Yan pair emission. Large-mass Drell- Yan pair pro-
duction takes place via a single-pair annihilation in a
space-time region of magnitude 1/M and is theoretically
under good control. If there is thermalization, the
thermal rate is also simply calculable. In fact, we have
shown that both the thermal and Drell-Yan rates are for-
mally very similar and are related to each other by a sim-
ple substitution of renormalization factors; the same holds
for the direct and thermal real-photon rates. In between
lies the so far unknown pre-equilibrium region. A study
of this region, together with the study of fluctuations, is
an important topic of further research.
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