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Does the return flux result in the Aharonov-Bohm scattering amplitude' ?
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Introducing a new Aharonov-Bohm-type scattering model, the ambiguity of the incoming wave function
is avoided and the. single-valued wave function is uniquely determined by proper boundary conditions. In
our model, however, the return flux plays an important role in deriving the Aharonov-Bohm scattering am-

plitude.

In recent years, Aharonov-Bohm (AB) scattering has
again attracted the attention of physicists. ' 7 The AB
scattering is a subtle subject even from the theoretical point
of view. Difficulties result from the model, namely, an in-
finitely long and impenetrable solenoid.

First, the question of the correct choice of the incoming
wave function has been presented by several authors.
In the case of strictly two-dimensional scattering, namely,
the scattering of an electron by an infinitely long penetrable
or impenetrable current-carrying solenoid, the vector po-
tential outside the solenoid can be written as

A= 8 (I)
2mr

where C = a@0 is the total flux through the solenoid,
4e= Itc/e is the quantum unit of flux, and S is a unit vector
in the azimuthal direction. Because this vector potential is
long range, the choice of an incoming plane wave is, strictly
speaking, incorrect. 6 To avoid this difficulty, a switching-
on procedure has been recently considered. Second, the
AB scattering is a manifest result of the single valuedness of
wave functions. In the case of the scattering of an electron
by an impenetrable solenoid (a multiply connected space),
both the single-valued and the multiple-valued wave func-
tions are allowed. '0 '2 However, it has been previously
shown that there is no AB scattering where the multiple-
valued wave functions is used (the AB effect is still ex-
istent" ).

Unlike the authors in Ref. 6, in the present paper we in-
vestigate a stationary scattering of an electron by a vector
potential confined to a finite region by an additional mag-
netic field shell.

Because the magnetic field shell cuts off the tail of the
long-range vector potential, we can, of course, choose a
plane wave as the incident wave. %e also will find out that
the single-valued wave function naturally results, due to the
existence of the magnetic field shell.

'
Let us suppose there is an infinitely long, impenetrable

current-carrying solenoid with radius Ri. Then let us set up
a magnetic field shell (as a thought experiment) around a
cylindrical surface with radius R2 (R2 & Rt). The direction
of the magnetic field shell is opposite to the direction of the
magnetic field which is inside the solenoid. For the sake of
simplicity, let us ignore the thickness of the magnetic field
shell and suppose that the total flux of the magnetic field
shell equals the flux 4 that is inside the solenoid. "

In a nonsingular gauge the vector potential is

A = - 8, R2~r&Ri(i)

A ='0, r) R2
(2)

Because of the existence of the magnetic field shell, the
kinetic angular momentum is not a conserved quantity. '
The canonical angular momentum is, however, still con-
served. Outside the magnetic field shell (r & R2), the wave
function should be a free-particle wave function which is, of
course, single valued. In order to satisfy the conservation
of canonical angular momentum, in the region R2 & r & Rl
the wave function should be also single valued. Therefore,
the electron wave function can be expanded as

y (kr)e' ',

and

(k r Rt, R2, o,') =8 J~(kr)+ C X (kr)

forr&R2 . (6)

Matching the boundary condition at r =R2 (Ref. 14) and
considering the wave-function behavior in the asymptotic
region, we get

~ jkr
W —e '""+f(kR R-~ e) '

I'~ oo Jr
oo elkr

( I) J (kr)e' + f' (kRt R2, n) e'
IN —oo r

The scattering amplitude for the mth partial wave is ob-
tained as

' 1/2

f (k,R, ,R2, a) = ( —I) +'
2mk

,. ]4 2iDi
e

D)+ D2

where @ is the mth partial wave.
According to the expansion (3), the effective potential for

the mth partial wave is

2
U(]) . 2Plo.'

+ A

r2 f2

(4)
Um~2~=0, r & R2

The mth partial wave function can be obtained as

Q
' ( krRtR 2~)

=A [Ji p i(kr)Wi p i(kRt)

+ ((kr) J) + ((kRt)]

for R2~r & Rt, (5)
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where

Dl = Nl m+ nl(kR1)~1 Jlm+nI(kR1)~1

D2 NIm+nI(kR1)~2 Jlm+nI(kR1)~2

(9)

(10)

This result is just the scattering amplitude by the impene-
trable solenoid with radius R j, 7 where

fAB(k ) ( —1),ng4(e m I )
2mk

&1 = JIm+ I(kR2)Nm(kR2) —Nm(kR2) Jl'm4.
I (kR2), (9a) is the AB scattering amplitude by the line flux, and

dt = NI + I(kR2)N'(kR2) —N (kR2)NI' + I
(kR2)

(9b) 8 (n) = —([m~ —~m+o. [)=
'7T A

2
for m ~0

' 1/2

N„(kr )
2

kr m kr
sin[kr —(1 + ~)7r/2] (12)

the scattering amplitude (8) reduces to
1

&/2

fAB(k ~) ( 1)m I
2mk

t

62= J (kR2)JI'm+
I
(kR2) —JI + I(kR2)J'(kR2), (10a)

b, 2
= Jm(kR2) NIm+nl (kR2) —NIm+nI(kR2) Jm(kR2)

(lob)

J and N are the usual Bessel and Neumann functions.
The physical significance of the scattering amplitude (8) is

that both the source of the electrons and the detector
should be located outside the magnetic field shell. In order
to compare our result with the AB scattering amplitude, we
investigate the limit of the scattering amplitude (8) for large
Rg.

In the limit kR2 ~ (large R2 and high energy) and us-

ing the asymptotic behavior- of the Bessel function
1/2

J„(kr ) 2 cos[kr —(v+ —, )n/2)1

k- mkr

for m &0

H ' is the Hankel function.
The Aharonov-Bohm scattering amplitude (14), which is

interpreted as a scattering of an electron by the vector po-
tential, is, however, an extreme case of our scattering am-
plitude in the limit R~ 0. Using our model, the AB
scattering amplitude is derived without any ambiguity. The
price of doing so, however, is that an additional magnetic
field accessible to the electron is introduced. The role of
the magnetic field shell is clear. %hen the incident electron
passes through the shell it applies a torque to the electron.
Therefore, the kinetic angular momentum of the electron is
shifted from mt to (m —o. )h'. Correspondingly, the radial
wave function for the m th partial wave changes from
J ( kr) to JI + I

( kr) .'5 This change results in the phase
shift 5 in the asymptotic region. It has been pointed out
that the AB scattering as well as the bound-state AB effect
is due to the shift of kinetic angular momentum. ' In our
model the shift of kinetic angular momentum is from the
magnetic field shell. If we consider the shell as the return
flux of a finite but long solenoid as a simplification, the AB
scattering amplitude can be understood as a result of return
flux, at least in our model.

2N (a)
JIm+ I(kRl)

HIt'1+
I
(kR1)

(13) I am grateful to Professor Y. Aharonov for his suggestion
of this model and many helpful discussions.

'On leave from Shanxi University, People's Republic of China.
1E. Corinaldesi and F. Rafeli, Am. J. Phys. 46, 1185 (1978).
Kay M. Purcell and %'. C. Henneberger, Am. J. Phys. 46, 1255

(197S).
2W. C. Henneberger, Phys. Rev. A 22, 1383 (1980).
4W. C. Henneberger, J. Math. Phys. 22, 116 (1981).
5S. N. M. Ruijsenaars, Ann. Phys. (N.Y.) 146, 1 (1983).
P. Frolov and V. D. Skarzhinsky, Nuovo Cimento 76B, 35 (1983).

7Y. Aharonov, C. K. Au, E. C. Lerner, and J. Q. Liang, Phys. Rev.
D 29, 2396 (1984).

aThe scattering cross section is the same (Ref. 7) whether the AB
incoming wave function [Y. Aharonov and D. Bohm, Phys. Rev.
115, 495 (1959)] or the incoming plane wave is used.

Aharonov and Bohm, Ref. 8.
R. Jackiw and A. N. Redlich, Phys. Rev. Lett. 50, 555 (1983).

"J.Q. Liang, Phys. Rev. Lett. 53, 859 (1984).
'2J. Q. Liang, Lett. Nuovo Clmento 41, 489 (1984).

The infinite intensity of the magnetic field at r = R2, which is due
to the discontinuity of the vector potential A, should not puzzle
readers who are familiar with the scattering by a rectangular po-
tential. Let us, for example, consider the scattering of an elec-
tron by a thin magnetic field layer which is perpendicular to the
incoming velocity of the electron. For a sufficiently high incom-
ing velocity of the electron, it is easy to find out in classical

4"'(r)I,=R =4'2'(r)I, =R

(2) (r)
dr

d@ ~'~{r)

dr r=R 2 r=R
2

which guarantee that the density p = Q ItJ and

4 9 9
2m& Qr Br

1

are continuous. However,
1

~1 9 1

1

'
W, (r)q q

' A, (r)y q

mechanics

sin8 = e4
in

where p. is the mass of electron, 4 is flux per unit length of the
layer, and V;„ is the incoming velocity of the electron. The
scattering angle 8 between the incoming and outgoing velocities
of the electron is dependent on the flux only. The thickness of
the magnetic, field layer can be zero.

~4The boundary conditions are
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is discontinuous at the boundary r=A2, correspondingly, the
kinetic angular momentum is not conserved. It is easy to under-
stand that because of the magnetic field layer which would apply a
torque to a particle passing through the boundary, the kinetic an-
gular momentum of the particle will be changed.

' In the limit that R~ 0 and 82 is large, the wave function for the

mth partial wave in the scattering region ~ J~m+ ~(kr) (see Ref.
7).
See, for example, Lindsay J. Tassie and Murray Peshkin, Ann.
Phys, (N.Y.) 16, 177 (1961): "The direct effect of the inaccessi-
ble field is to shift the allowed values of (r x mv)~. "


