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It is generally characteristic of a field theory with a zero-mass particle that it does not possess a
nontrivial Galilean limit. Since all the well-known gauge theories require (at least in the free-field
limit) such massless excitations, there are no known examples at this time of Galilean-invariant
gauge field theories. However, by making use of a recently formulated gauge theory in two spatial
dimensions in which there is no elementary photon, it is shown that there does exist a Galilean
theory which incorporates the gauge principle. The general N-particle state for this theory is con-
structed and subsequently used to obtain the corresponding N-particle Schrodinger equation. In the
case of two particles the scattering process is considered explicitly, it is being shown that for all par-

tial waves one obtains the same nonzero phase shift.

I. INTRODUCTION

The Galilean-invariant formulation of wave equations
and field theories has been found in recent years to be a
useful tool for the study of problems which are exceeding-
ly difficult when addressed within the full formalism of
special relativity. In particular, this approach has been
used by Levy-Leblond' to show that the well-known result
for the g factor of an electron is not a consequence of
Lorentz invariance, numerous claims to the contrary not-
withstanding. The extension of the work of Levy-Leblond
from the spin- case to general spin®? led to the proof of
the long-standing conjecture of Belinfante that the g fac-
tor is quite generally the reciprocal of the spin value.
This result, which was first proved® in the Galilean case
for so-called minimal theories, was subsequently shown to
apply in Minkowski space as well.* The latter result was
readily obtained from the Lorentz-invariant wave equa-
tions for arbitrary-spin particles, whose formulation was
first achieved in Ref. 4 following the solution of the more
tractable Galilean problem.

It would therefore seem to be prudent in the light of
these advances to have at one’s disposal a Galilean-
invariant model for the study of the problems one en-
counters in modern quantum field theory. Although
Galilean field theories do exist and have been studied,
their applicability has been limited because they have yet
to be extended beyond the level of the simple Lee model
and its variants. The reason for this limitation is the fact
that there is very little interest currently in any model
which does not possess a local gauge invariance. This cir-
cumstance, together with the Bargmann superselection
rule on the mass, has thus far prevented a successful for-
mulation of a Galilean-invariant theory which could have
any significant impact on modern field theory. To spell
this out in detail one recognizes that a Galilean theory al-
lows a particular vertex only if the sum of the masses
which enter equals the sum of the masses which leave the
interaction point. Since the basic interaction in a gauge
theory is Yukawa-like, one can only expect a model to
have a nontrivial Galilean limit if the massless gauge par-
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ticle of the relativistic theory can be consistently described
in that same limit. One does not at present know how to
do this, nor is it clear from a physical point of view that it
is reasonable to attempt the incorporation of massless par-
ticles into a Galilean (or “nonrelativistic”’) framework.
One recent development® does, however, offer an oppor-
tunity to fill this void by accommodating the Bargmann
superselection rule in a relatively harmless manner. The
model to which reference is being made here is in a world
of two spatial dimensions and is - described in its
Poincaré-invariant version by the Lagrangian

$:%¢ﬂ€u7aaa¢v+g¢”jp+$' s (1

where .Z’ consists of terms not containing the gauge field
¢*. The Lagrangian (1) is invariant (up to a divergence)
under

Pt —F+ O A,

thereby allowing one to select, for example, the radiation
gauge

V-¢=0 (2)
or the axial gauge
n¢=0, (3)

where n'n=1. In the former case one finds that the equa-
tions implied by (1) yield for the ¢* fields the results

$i(x)=—ge;d; [ d2x' D (x —x")j%x") @

and

$°x)=g [d*'j(x")XV'D(x —x") (5)
where & (x) is defined by

— V2P (x)=8(x)

and €;; is the Levi-Civita tensor in two spatial dimensions.
The relevant observation here is that ¢*(x) is merely a
function of the current operator components and conse-
quently does not have an elementary particle associated
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with it. Because of this, each of the terms in the Lagrang-
ian will conform to the Bargmann superselection rule in
the Galilean limit and the goal of constructing a
Galilean-covariant gauge theory can be realized. Al-
though the structure of the ¢* fields is substantially dif-
ferent in the axial gauge, identical conclusions are reached
in that case concerning the existence of a Galilean gauge
theory.

In the following section the model is presented and its
invariances discussed. Section III considers formal ques-
tions related to the definition of bilinear operators and
shows that the technique of point splitting is in general
necessary in order to preserve gauge invariance. In Sec.
IV the general N-particle state is constructed and the
Schrodinger equation derived for the corresponding wave
function. Two-body scattering is examined in ¥V with
strikingly simple (yet somewhat bizarre) results being ob-
tained. The relationship between N-body wave functions
in different gauges is examined in Sec. VI and some con-
cluding remarks offered in Sec. VII.

II. GAUGE INVARIANCE IN A GALILEAN
FIELD THEORY

In order to avoid nonessential complications as much as
possible, what will be considered here is a mass-m spinless
particle described by the field ¥(x). The gauge field ¢* of
the Minkowski-space theory becomes in the Galilean limit
the two-vector ¢;(x) and the scalar ¢(x). The proposed
Lagrangian is

. d .
L =iy |- +igd |¥

5 [W Y+ 4V —ig ) — (Y —ig) 9]

1 1 1 )
— SV XP— X Th— X~ ©

which implies the equations of motion

—VX¢=gp,

=gji »

d
€ij [‘é?¢j+vj¢

.9 1 .
15;¢=g¢¢+ E(V—tgsb)"ﬁ,

Yp=—(V—igd)y,
where p and j; are formally defined by
p:]ﬁtzp s (7)
Ji= S fu—vte) . ®
2mi

The forms (7) and (8) are, of course, familiar in wave
mechanics as the usual Schrédinger-equation expressions
for the probability density and current. No assumption
need be made at this time concerning the relative ordering
of matter field and gauge field operators.
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The equations for the operators ¢; and ¢ can be solved
explicitly in terms of p and j;. In the radiation gauge
these are precisely the same as Egs. (4) and (5) provided
that ¢° and j° are replaced by ¢ and p. Since the non-
Abelian version of (6) is not readily quantized in the radi-
ation gauge,6 it is of considerable interest to consider in
parallel with that formulation the corresponding results in
the axial gauge. There one finds® that the expressions for
¢; and ¢ become

bi(x)=—geyn; fd"x’d,,(x —x")p(x"), 9)

¢(x)=g [d*x'd,(x —x'Ixj(x") (10)
where the function d,(x) is defined by
—n-Vd,(x)=56(x)
and clearly has the explicit form
d,(x)=—Fe(x'n)8(nxx) ,
where €(x) is the alternating function
ex)=x/|x| .

Although Poincaré invariance has not been established for
the non-Abelian axial gauge theory,® the less rigid struc-
ture imposed by the Galilean group will be seen to allow a
Galilei-covariant theory for both Abelian and non-Abelian
couplings. It is in fact this particular feature which prin-
cipally motivates the simultaneous consideration of the
axial gauge.

In order to demonstrate that (6) is Galilei covariant as
alleged, one must find a set of seven operators (P;, K;, H,
J, and M) such that the commutation relations

[J,K;1=i€;K;, [K;,H]=iP;,

[J,Pi]=i€iij, [Ki,Kj]=0 ’
1y
[J,H]=[J,M]=0, [KI,PJ]:ISUM >

[PI7P]]=[PI’H]:[H’M]=[KI’M]:[PI’M]=O

corresponding to a one-dimensional extension of the
Galilei group are satisfied. It is possible to consider in the
case of two spatial dimensions a two-dimensional central
extension of the group by replacing the commutator of K;
with itself by

[KiaKj]:iEin ’

where K commutes with all other operators of the set.
However, it is easy to see that the definition

K| =K;+ KM~ '¢;P;

allows one to transform to a set of operators (P;,K;, H, J,
M) which satisfy the commutation relations (11). Thus
the existence of a set which satisfies (11) is essential.

Since the basic equal-time commutator of the model is
simply

[1,b(x),z/1T(x’)]=8(x——x') ,

one readily infers that the mass operator M should have
the form
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M=m [¢'pd*
and that

[M,(x)]=—mi(x),
[M,¢$;]=[M,p]=0,

which incidentally displays the claim made here that the
set ¢;(x) and ¢(x) are in essence massless gauge fields.
The operators P; are also found in the standard manner to
have the form

Pi=m [ jix)d
which satisfy
[P;,h(x)]=iV;9¥(x) .

The rotation operator J is somewhat more interesting.
It is given according to the canonical formalism by

J=m [rxjd* (12)

and can be decomposed® in the radiation gauge into the
two parts

g2
J=Jo+=>—0%,
47

where J is the g=0 form of J and Q=M /m. This im-
plies the noncanonical form for the commutator of J with

4
[J,¢(x)]=ix><v¢(x)—f—2{Q,¢(x>} (13)
T

exactly as in the Poincaré-invariant version.>’ There is,
however, the distinct difference here that J in the Galilean
version can be redefined to be

2
’ g 2
J'=J—5—
47TQ

without modifying the structure relations and restoring
(13) to its canonical form. This cannot be done in special
relativity since in that case the commutator [K{,K,] must
reproduce J. It will be the view here that this latter point
is compelling and that J consequently should not be rede-
fined so long as its relativistic counterpart necessarily in-
cludes the anomaly. Before leaving this discussion of the
operator J it is appropriate to remark that its form is
quite different in the axial gauge. Since the implications
of this fact are, however, more appropriate to the follow-
ing section of this paper, a more complete elaboration of
this point will be deferred for the moment.

The operators K; are also readily found and have the
form

Ki=m fx,-p(x)dzx—tPi .
The commutator with ¥(x) is thus
[Ki,¥(x)]= —mx;¥(x)—itV;¢(x)

which implies after some calculation the gauge-field com-
mutation relations

[K,,¢j(x)]= —ltV,¢j(x) y
[Ki,¢p(x)]=ip;—itV¢ ,

which are valid in both radiation and axial gauges. This,
together with the form of the Hamiltonian

D S L
H—-szdJ wdx

allows one to verify that the commutator of Galilean
boosts with H has the correct form. Direct calculation
also yields the expected result

[H,¥(x)]= —i—a—gb(x) .
ot

Using the asserted form of the several global Galilei
operators which have been given here, one can now
proceed to determine whether they do indeed satisfy the
structure relations of the group. By using the results
quoted here for the commutators with the canonical fields
it is entirely straightforward to verify that this is the case.
The goal of constructing a Galilean-covariant gauge
theory has thus been achieved and attention can now be
directed to consequences implied by this model.

III. OPERATOR PRODUCTS

It has been recognized for some years that formal
operator products are generally ambiguous and require a
more detailed prescription than is generally provided by
the usual naive definition. Schwinger, in particular, has
pointed out that inconsistencies follow from the assump-
tion that certain components of a conserved current
operator commute with each other at a given time.® Since
a formal calculation of such commutators in conventional
spinor electrodynamics seems to imply commutativity of
those operator components, one is forced to replace the
usual local definition of the current by one in which the
coordinates of the elementary field operators are taken to
be different and then allowed to approach confluence by
some rule to be applied at the end of a given calculation.
This so-called point-splitting method eliminates the for-
mal contradiction and can furthermore be extremely use-
ful in the evaluation of anomalies.’

In the case of scalar electrodynamics it is less certain
that point splitting is essential inasmuch as the noncom-
mutativity of operator components emerges from the
canonical formalism regardless of whether that device is
used. Thus, for example, in the Galilean theory con-
sidered here one avoids the problem of Ref. 8 by noting
that the local operator definitions imply

[p(x),j(x’)]:——’%Vp(x_)S(x —x'). (14)

It will nonetheless be argued here that (14) does not entire-
ly eliminate the necessity for point splitting in this model.
One will conclude from such a demonstration that also in
relativistic theories [e.g., the theory described by (1)]
operator definitions must be of concern even in cases for
which [j%x),j;(x")] is manifestly nonzero.

The argument proceeds most directly from the necessity
that the eigenvalues of gauge-invariant operators must not
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depend on the gauge in which the calculation is per-
formed. If, for example, one considers the single-particle
zero-momentum state

lp=0)= [ d*¢'(x)|0),

it is easy to see that the expression quoted earlier for J im-
‘plies that '

g2
le=0>=glp=0> , (15)

i.e., that this is an eigenstate of J with eigenvalue g2/4r.
Since the operator J which has been used here is the one
appropriate to the radiation gauge, it is of interest to
determine whether identical results are assured for the ax-
ial gauge.

Upon using the same starting point (12) for J, but now
using axial-gauge expressions for ¢;(x), one obtains in
place of (15)

Jip:0)=——g2fx-np(x)p(x’)
Xdy(x —x")d% d’x’ | p=0)

2
g ’ ’
= f [(x—x')n|8[(x—x')xXn]

Xp(x)p(x')d*x d’x' |p=0) .

If one insists upon a strictly local form of p(x), this leads
to the conclusion that the eigenvalue of J is the indeter-
minate form

2
g
£-10]8(0) .

This ambiguity can be circumvented by the redefinition of
p(x) as

x+<

> ¥

X — ’

.t €

x)=1im —
p(x) E_,Otb 5
where the two-dimensional vector € is to be symmetrically
averaged before taking the limit. The J eigenvalue now
becomes

2
. g° 1
zlsl_lg 4 (76%)?

2 2 .
f|e],}e’]<8d ed’' | (e—€')n|

xX8((e—€')xn) (16)

which indicates that the averaging is to be done over a cir-
cle of radius § which is then allowed to go to zero. It is
straightforward to show that upon completion of the cal-
culation prescribed in (16) the equality of the angular
momentum eigenvalues in the two different gauges is veri-
fied.

This particular application of the point splitting
method is probably the most interesting argument for its
incorporation in the Galilean model considered here since
it requires the performance of a specific calculation.
There are, however, other places in which the necessity of
point splitting is made abundantly clear. Since they gen-
erally involve somewhat lengthy manipulations, only a
relatively short summary is presented here. Specifically,

one finds that in the absence of a point-splitting approach
(a) the axial-gauge current is generally not conserved and
(b) there is an anomaly in the [H,(x)] commutator in
the axial-gauge formulation for a non-Abelian gauge
group (i.e., the Lagrangian and Hamiltonian equations of
motion are inconsistent with each other).

IV. THE N-PARTICLE STATES

One of the areas of particular interest in this model is
the construction of the complete set of states. This task is
rendered much more tractable in the Galilean case than in
special relativity because of the Bargmann superselection
rule on the mass. In a single-mass theory such as that be-
ing considered here this means that the N-particle state
does not couple to any other state and consequently has
the form

| NY=[d?; - dxyd'xp) - gl

Xf(xq,...,xy)|0), (17)

where, because of the Bose statistics, the function
S(x1,. . .,xy) is a symmetrical function of its arguments.
Evidently the state (17) is an eigenstate of the mass opera-
tor M with eigenvalue Nm.

One desires, by means of the eigenvalue equation

H|N)=E|N),

(where H has the form given in Sec. II) to derive a dif-
ferential equation for f(x,...,xy) which will in essence
be the Schrodinger equation for the N-particle sector. In
carrying out this reduction use is made of the fact that

[6:(x),3(x)]=0

which eliminates the only ordering ambiguity in the struc-
ture of the Hamiltonian. In the case of the single-particle
state the calculation is particularly simple with the result
that

Ef(x)=——Lv2f(x),
2m

or, in other words, the single-particle state is a free state
of momentum p with E=p?/2m. While there is nothing
in principle to exclude a constant term from appearing in
the energy-momentum relation (i.e., an internal energy),
its absence must be welcome since dimensional arguments
would require any nonvanishing result to be divergent.

In the evaluation of f(x,...,xy) for N >2 one needs
only the structure of H and ¢;(x) together with the condi-
tion

$(x)|0) =0

to obtain the differential equation which determines that
function. Straightforward but tedious calculation leads to
the result

N 2
Eftx;,  xy)=— = 3 Vi+ig8 3 dy(x;—x;)
2m = Ji
Xf(x,,-"xN), (18)
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where
ﬁ,-Ee,-jnj
and the axial-gauge formulation has clearly been em-

ployed. The corresponding Coulomb-gauge result is ob-
tained by the replacement

lldn (xi —xj)-»Vi.,@(xi -—xj) .
Since (18) as written contains terms of the form
[dn(x;—x)]?,

it is essential to remark that the point-splitting device al-
ready discussed implies that such terms are more carefully
evaluated as

lirr(l)d,,(xi —Xj )dn (x,' —Xj +6)

€—>
which vanish by virtue of the structure of the function
d,(x).

Before going on to display some of the physical conse-
quences of the result (18) it may be well to carry out the
extension of the model to the non-Abelian case. One
starts from the Lagrangian

— ”pT

+th”¢a Y

+§[¢*-¢+¢*-(V—igra¢a 1
—¢*<V—igT“¢a>-¢]—%¢[V—%igt"¢a]x¢

1

— 3 X(V—Tigt’,)p— 5 X

at _;—igta¢a ]¢ ’

—1 X
m >

Ef(xy,...,xy)= V. +igm > T;-T;d, (x,—xj

i
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where the matrices t° and T refer, respectively, to the
regular and any other representation of the group under
consideration. In direct analogy to the situation which
one encounters in Minkowski space,’ the fields ¢, and ¢,
can be explicitly evaluated only in the axial gauge with the
results

bia(x)=—geyn; [[d2x'd,(x —x")p,(x")

t/)a(x):gfdzx’dn(x—x’)nxj,,(x’)
and the formal definitions
.t
Pa=v'To¢,
SR P
jo= 5, W Ty—4'T) .

The Galilei covariance of the system can be determined
with only minor changes in the earlier discussion of the
Abelian model. In contrast to the case of special relativity
the much less restrictive structure of the Galilei group al-
lows such a demonstration without difficulty.

Finally, the N-particle state can be defined in much the
same way as in the Abelian case. The wave function now
depends on the coordinates xi,...,Xy, and in addition
carries N-group indices ai,...,ay. The latter can be
suppressed in general with no loss in clarity so that the
Schrodinger equation now reads

2

f(xl,...

7xN) ’

it being understood that the matrix 7; acts upon the index g; of the wave function f.
These results complete the demonstration that a c-number Schrédinger equation can indeed be obtained in both Abeli-
an and non-Abelian cases. What is not yet clear is whether there exist any nontrivial observable effects in the model. It

is to this question effort will now be directed.

V. THE N=2 SECTOR

As is usual in dealing with the N-body problem, it is only the case N =2 which combines tractability with nontriviali-

ty and it is consequently that sector which merits additional study.

equation takes the form

Working in the Coulomb gauge the Schrodinger

4 2 :
g g 1
Ef(x;,x )— p et + 2= (X = X)X (p1—P2), —— (x1,%3) ,
f(x1, %, P11 TP2 27T2|X1—X212 277_[ 1—X2 P1—P2 le_lez} S(x1,%;
f
where p= —iV. This equation is more transparent in the = for which one has
center-of-mass coordinates ‘ ‘

1 E_Z_ g* g’ 1
pi=7P+p, Ef(R,r)= T+ m mr_ 2Tm IXP’F
Pp=3P-p,

R,r). 19)
R= ‘%(Xl—l—Xz) s Xf( v (

r=X;—Xp

Thus, in addition to the kinetic energy terms correspond-
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ing to center-of-mass motion with mass 2m and relative
motion with reduced mass m/2, there appear g>-
dependent interaction terms.

Equation (19) can be separated in the standard way by
taking ‘

Sf(R,r)=exp(iK-R)g(r)

to yield
2 4 2
_|p2,_& | & 1
eg(r) + a2 + Zy— [r><p, e ] g(r),
where
KZ
e=E— am

A subsequent separation of the angular dependence by
means of the substitution

gr)=e™%h; (r), L=0,+1,+2,...

yields the one-dimensional differential equation

——r+me— hp(r)=0. (20)

1 d (L +g2/2m)*
r dr r?

Equation (20) clearly displays the fact that the basic in-
teraction in this Galilean model is the modification of the
centrifugal barrier by means of the replacement

L—L+g?/2r.

It is worth noting that such a result could almost be ar-
rived at by dimensional considerations since, except for
possible 8-function contributions to the effective potential,
only 2 terms can be induced by the dimensionless cou-
pling constant g.

Since the modified centrifugal term has the form of a
repulsive potential, there can clearly be no bound states,
and one consequently must deal with the scattering effects
of the coupling. To accomplish this it is necessary to
adapt the usual three-dimensional scattering formalism to
two dimensions, a task the principal points of which will
be summarized here.

One seeks a solution of (20) such that an appropriate
summation over L will yield a wave function

Pr)=e X"y (1), (1)
where

Yolr) ~ r7 12 f(g)

r— o0

The general solution of (20) has the form

P(r)= L_z e A H " o, (kr)

+APH? oy (K0 (22)

where A"? are coefficients to be determined and

k*=me. Upon taking the vector k to be along the y axis
(with ¢ measured as usual from the x axis) and using the
Fourier-Bessel expansion '

eizsing i ein¢Jn(z) ,

— 0
one finds that regularity at the origin requires

AV=aP=4; .

In addition, a comparison of the coefficients of e % in
(21) and (22) yields
A, =1e —ig?/4
whereupon ¥(r) takes the form
Yr)=e~#A3 eLOy o (Kr) (23)
— 0

Evaluating (23) for large values of r, the scattered wave
can be separated and the amplitude f(¢) evaluated giving

f($)=(2i /mk)? > eiL‘¢””/2’ei8’“sin8L R
where the phase shift §; has the L-independent value of
2
—g°/4. _
To this point no recognition of the underlying Bose
statistics has been made. This requires in circular coordi-
nates that

Wr,¢)=19(r,¢+m)

or equivalently that only the even values of L should ap-
pear in the summation. Using this fact and doing the L
summation there results

Yo(r) = (4imr /kr) e *Te —i8"/4sin(g2 /4)
X[8(¢p—m/2)+8(+m/2)] .

This clearly displays the highly singular form of the
scattering as the amplitude vanishes for all but the exact
forward and backward directions.

The effective width Q (the analog of the cross section o
in two spatial dimensions) is obtained by integrating the
squared modulus of the scattering amplitude over all an-
gles. The formal result is

. > sin’s, (24)

k L even
which for the computed L-independent value of the phase
shift is either zero or infinite. The particular values at
which vanishing effective width is obtained correspond to

g’=4mm, m=0,+1,%2, -

and are readily recognized upon reference to (20) as the
special cases for which one has a radial equation with in-
tegral angular momentum, but which correspond to the
radial and angular parts being 2m units displaced relative
to each other.

It is of some interest to make a comparison with the
corresponding classical result. By formally taking #—0
in (24) it can be argued that Q must be zero in that limit.
A more convincing argument is based on the observation
that in direct analogy to the electromagnetic case the
force on a particle is proportional to the antisymmetrical
derivative d,¢,—0d, ¢, which by the equations of motion
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is zero everywhere except at the locations of the various
charged particles. Thus the classical force is a §-function
contact interaction which leads to no scattering except for
the extraordinary case of a direct collision. Since the cal-
culation of scattering presupposes a uniformly distributed
beam of incident particles, it follows that direct collisions
never occur and that the effective width must be zero.

Finally, mention should be made of the possible impli-
cations with respect to quark binding mechanisms in this
model. For the special case of N=2 one can, because of
the fact that only 7T;-T, appears in the non-Abelian gen-
eralization of (18), transform the Schrdédinger equation to
the Coulomb gauge by means of methods to be discussed
in Sec. VI. Upon doing that one is effectively replacing
g2 in the N=2 Abelian case by g? times the eigenvalue of
T,-T,. Potential support for quark binding mechanisms
would arise for the SU(2) group if bound states could be
found in the N=2 sector. Since that has been seen to be
not possible one is forced to consider, for example, the
possibility of N-particle bound states in an SU(N) model.
This considerably more complex problem is beyond the
scope of the present work.

VI. GAUGE TRANSFORMATIONS

In Sec. IV the Schrodinger equation for the N-body
wave function f(xi,...,xy) has been derived. Since the
Abelian model allows quantization in both Coulomb and
axial gauges, it is, of course, possible to carry out the
derivation by brute force in either gauge. More satisfying
perhaps would be an approach in which the transition to
other gauges is made merely by performing the appropri-
ate gauge transformation on the N-particle wave function.

To accomplish this goal it is convenient to assume that
one has begun with an axial gauge characterized by the
vector n. Since the Schrodinger equation (18) contains
the combination

V,+lg2ﬁ2d,,(x, ~x])
i%j
it is clear that a transformation to the Coulomb gauge is
effected by the relation

fCoulomb(xl, cee ,xN)

=exp

igzz A(xl'—‘xj) }faxia](xlx ceesXN)

i>j
provided that
V,A(x)=6,J[V1(x)—n]d,,(x)] . (25)

Standard manipulation allows one to solve (25) for the
Fourier transform of A(x), i.e.,

dk  nXk gx
Alx)= | ——5——¢"
f 2m)? kk-n
which is evaluated by elementary methods to yield

A(x)=~—1—tan_1n—><x .

2T
In other words, one has the elegantly simple result that
the two wave functions differ by a phase which is (up to a

(26)

factor of g2/2) simply the sum of the angles made by all
vectors X; —X; with respect to n.

In view of the fact that the vector n is not restricted in
any way, it must be possible to transform between axial
gauges which are specified by two different choices (e.g.,
n and n’). Although this could be accomplished by
transforming first to the Coulomb gauge as an intermedi-
ate gauge choice and subsequently to a different axial
gauge using in each case the result (26), it is more instruc-
tive to proceed directly. In this instance the gauge func-
tion A'(x) must be found to satisfy

ViAN =¢€;ln;d,(x)—n;d,(x)]
from which one derives
A'(x)=—(nX1) [ d,(x —x")dp(x")d?x" .
This integral can be evaluated explicitly with the result
A'(x)=—+E(n,n’,x) ,
where E(n,n’,x) is defined by
E(a,b,c)=€e(aXble(bXc)elcXa) .

The function E makes the symmetry properties of the
gauge function A’(x) manifest since it is odd (even) under
odd (even) permutations of its arguments and invariant
under all sign changes of these arguments. The fact that
E(n,n’,x) can only take on the values *1 is also evident
and has remarkable implications for the special values of
g? which correspond to zero effective width. This is evi-
dent from the relation

.2
SulX1, ..., xy)=¢xp B > E(n,n’,x; —Xx;)
i>j

Xfu(X1500.%N)

which for the case of g>=4mr becomes
Su(xi, oo xy)=(£1)f(xq, - - xn) . 27)

The result (27) is a statement that the N-particle wave
function in the axial gauge is independent of the particu-
lar quantization direction chosen. This would be easily
understandable if one could show generally that for these
special values of g2 the model becomes a free-field theory.
At this point, however, it has only been shown that such
values of g2 lead to zero effective width for two-body
scattering.

A final observation concerning gauge transformations
arises from noting that although quantization of the non-
Abelian theory has not been carried out in the Coulomb
gauge, one can at least inquire as to the result of formally
attempting the transformation of the N-body wave func-
tion from the axial gauge to the Coulomb gauge. It is
clear that this cannot be trivially effected in general mere-
ly by inserting a factor of T;-T; into A(x;—x;) since the
relevant matrices do not commute. There is the special
case of N=2, however, which does allow this since only a
single matrix form is involved. Thus one has in that very
special instance the possibility of a Coulomb gauge propa-
gator despite the absence of a consistent quantization in
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that gauge. It is not clear whether the limited success in
the N =2 sector could be useful in the effort to effect a
Coulomb gauge quantization for non-Abelian couplings.

VII. CONCLUDING REMARKS

The study presented here of a Galilean-invariant model
field theory has shown that the concept of local gauge in-
variance can be reconciled in certain special circumstances
to the Bargmann superselection rule on the mass. It was
also found that the model contains many of the features
of its Poincaré-invariant version including, for example,
fractional spin and the nonlinearities which prevented a
Coulomb-gauge quantization of the non-Abelian model.
On the other hand, the axial gauge totally circumvented
covariance problems as a consequence of the less rigid
structure of Galilean relativity.

Aside from the matter of the existence of a Galilean
gauge theory there is reason to believe that the aspects of
the model touched upon here can shed light on a number

of features of field theory. For example, the fact that a
generally divergent effective width was found which then
had the property of vanishing for favored values of the
coupling is intriguing. Does the same phenomenon occur
in the Minkowski space version? Also, is it an isolated
oddity or can similar phenomena be found in more realis-
tic theories?

Finally, note should be made of the fact that thus far
only spinless particles have been coupled to the gauge
field. It is to be expected that at least some qualitative
changes must occur for other spin values. One can only
conjecture at this point whether aspects such as possible
quark-binding mechanisms are more profitably explored
with particles which possess an intrinsic spin.
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