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The accurate approximation found by Page for the expectation value of the renormalized thermal
equilibrium stress-energy tensor of a free conformal scalar field in a Schwarzschild black-hole back-
ground is used as the source in the semiclassical Einstein equation. The back-reaction and new
equilibrium metric are found perturbatively in order #. The new metric is not asymptotically flat
unless the system is enclosed by a reflecting wall. Solutions are obtained for systems of finite radius
using microcanonical (fixed energy) and canonical (fixed temperature) boundary conditions. Explicit
effects of the back-reaction on the equilibrium temperature distribution inside the cavity are given.
With microcanonical boundary conditions there is an asymptotically flat region where the tempera-
ture at infinity is defined. It is shown that this temperature does not have the Schwarzschild value
#(8wM )~ for a black hole of mass M. Curvature invariants are computed and the order-#? correc-
tion to the conformal scalar-field trace anomaly originating from the back-reaction that this field
produces is found. The principal qualitative features of the results should be valid for any quantum
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field at one loop in the Schwarzschild geometry.

I. INTRODUCTION

Ever since Hawking’s discovery that a black hole in
empty space radiates energy with a thermal spectrum,! it
has been believed that a black hole can exist in (possibly
unstable) thermal equilibrium with a heat bath possessing
a characteristic temperature distribution. An appropriate
heat bath could be composed, for example, of the quanta
of a massless free field in the black-hole geometry. The
gravitational effect of the heat bath is characterized by its
gravitationally induced renormalized stress-energy tensor.’
In the semiclassical approach to quantized spacetime
geometry, one then asks for the relation of this tensor to
the metric. The expectation value of the renormalized
stress-energy tensor in an appropriate “vacuum” state is
regarded as the source in the Einstein equation and one
solves this equation self-consistently for the metric. This
is the back-reaction problem. It is hoped that this metric
gives a better approximation to the spacetime geometry
associated with thermal equilibrium than one which satis-
fies the source-free Einstein equation.

Semiclassical back-reaction problems of the type out-
lined above are worthy of serious study because of the ab-
sence of a consistent quantum theory of gravity. The
large amount of work? beginning in the middle 1970’s that
was devoted to finding appropriate sources for the semi-
classical Einstein equation was motivated largely by
Hawking’s discovery of the quantum emission of energy
by black holes.! One of the important questions, then,
that one wants to answer concerns the effect of quantized
matter on the geometry of black holes. In view of the
far-reaching implications of the association of a tempera-
ture with black holes, a temperature whose existence is en-
tirely quantum mechanical in origin, one of the most sig-
nificant back-reaction problems concerns a black hole in
thermal equilibrium with quantized matter. People have
been aware of the significance of this problem for a num-
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ber of years, but until now it has not been treated because
of insufficient knowledge of a precise description of quan-
tized matter in thermal equilibrium with a black hole and
the difficulty of solving problems involving the nonlinear
Einstein equation. However, if one regards the problem
as involving sources that are the expectation values of re-
normalized stress-energy tensors computed at one loop on
classical backgrounds and assumes that all the relevant
spacetime scales are somewhat larger than the Planck
scale, approximate solutions can be found without diffi-
culty.

In this paper a back-reaction problem of the above type
is solved to first order. The source is the expectation
value of the renormalized stress-energy tensor of a free
massless conformal scalar field appropriate to the space-
time of a classical Schwarzschild black hole in its equi-
librium or Hartle-Hawking® state. I use Page’s* closed-
form expression for this tensor, which has been shown re-
cently by Howard and Candelas® and by Howard® to be a
highly accurate approximation to the exact result which
they have computed. Such tensors are constructed by us-
ing renormalization techniques® on the real Euclidean sec-
tion of the Schwarzschild geometry with its (Euclidean)
time coordinate identified with period By=8w7M so as to
eliminate conical singularities at » =2M. Thus, in this ap-

‘proach, the background geometry is completely static and

quantum fluctuations of the metric are ignored. One may
wonder whether this procedure is justified because, it has
been argued,7 metric fluctuations are essential in enabling
a black hole to undergo the two-way exchange of energy
with the heat bath that is necessary for the existence of
thermal equilibrium. Moreover, there must always be an
effective stress-energy tensor for the gravitons that is
comparable in order of magnitude and effect to that of
any other field from which the heat bath is constructed.?
However, it is reasonable to ignore the quantum fluctua-
tions of the metric and the associated additional stress-
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energy source when one is computing the semiclassical
metric back-reaction caused by the quantized scalar field
alone to first order. A consequence of this approach is
that the back-reaction Ag,, is only meaningful in a per-
turbative sense. That is, the effect of the scalar field
stress-energy tensor T° is regarded as a perturbation of
the classical Schwarzschild geometry.

It turns out that in order to regard the effect of T as
a perturbation, there are fwo mass or length scales that are
relevant. It is not difficult to see how these scales come
about. One is clearly the mass of the hole M compared to
the Planck mass Mp=4#'/? (units G=c=kz=1). For
this purpose I define e=#%M ~2 and assume order-€* terms
have effects negligible compared to order-e terms. The
other scale comes about because, although the exact T%
here is of order €, T,; is asymptotically constant. Hence,
the corrected metric cannot be asymptotically flat. Thus,
in order that |Ag,, | be small compared to the back-
ground metric one cannot consider the system to be of un-
bounded extent. One must introduce some radius ry such
that the cumulative effect of T° on Ag,,; is not too large.
One can do this in such a way that the perturbative solu-
tion is uniformly valid over a very wide range of parame-
ters M > M, and r,. A wide range of validity is possible
because, in effect, the Hawking temperature is very low;
the relation between the two scales is therefore mediated
by a large constant that enters T°. It turns out that the
radiant energy can be comparable to or considerably
greater than the mass of the hole in this approach.

There is more to the introduction of the radius 7 as an
effective boundary at a finite distance than is indicated
above because the back-reaction problem does not have
definite solutions unless boundary conditions are specified
at ro. Two physically natural choices present themselves.
One is to think of the spherical cavity as closed (ideal per-
fectly reflecting wall) and to specify the total energy E of
the system at r;, which corresponds to the black hole in a
microcanonical ensemble. The other is to specify the tem-
perature at r,, which corresponds to a black hole in a
canonical ensemble. The advantage of the microcanonical
picture is that the equilibrium can be stable,® whereas the
canonical ensemble for black holes is believed to be generi-
cally unstable.® Both types of solutions will be presented
here and analysis of stability will be presented elsewhere.

There are several consequences that follow from the
back-reaction in finite systems. One is that the spacetime
geometry inside the cavity contains one parameter in addi-
tion to the mass Mgy of the black hole. This is not
surprising because the new parameter can be taken to be
the radius of the cavity containing the thermal radiation.
It also happens that the surface gravity is not given in
general by the Schwarzschild value k=(4Mpy)~'. This
has physical significance in the microcanonical ensemble,
where there is an asymptotically flat region outside the
cavity, because it is shown that T =x#(27)~!, and
therefore 7', suffers a correction because of the back-
reaction in a finite cavity.

In addition, one finds that some of the curvature invari-
ants of dimension (length)™* acquire changes in O(e).
From this I show that one can easily compute through
O(€?) the trace anomaly of the free conformal scalar field,

where the correction arises from the stress-energy tensor
used as the source. That is, (AT?) (TE)~'=0(e) follows
from knowing the metric back-reaction Agg, in order €. I
also show that the often-neglected invariant [(JR is not
negligible in order €.

In this work I shall neglect explicit quantum effects of
the wall of the cavity as well as the fact that a spherical
wall at finite radius would alter somewhat the scalar
mode functions used to construct the stress-energy tensor,
which has been computed at present only in infinite space.
However, the reader will observe that many of the results
do not depend on any features of the stress-energy tensor
other than that it represents inside the chosen cavity any
kind of matter in static thermal equilibrium with an un-
charged spherical hole, in the one-loop approximation on
the Schwarzschild background.

II. BACK-REACTION PROGRAM

Suppose there is an external (nongravitational) free field
1 with a quadratic Lagrangian on a curved background
spacetime with metric g,, and that ¢ is in a vacuum state
(¢) =0 appropriate to the background. Quantum fluc-
tuations of 1 give rise to (4?)£0 and one can obtain the
expectation value of a renormalized symmetric stress-
energy tensor { T°) .., henceforth denoted simply by 7.
For a free field 1, the one-loop T is the complete result?
and is of order # because the quantum fluctuations of ¥
are of order #!/2. (It is well known that loop expansions
can be regarded as expansions in powers of #, as I shall re-
gard them here.®)

In accordance with current methods,” we assume that
the background spacetime is Ricci flat (ﬁab =§ab =0) and
that T satisfies the background “conservation law”

v, 7%=0, 2.1)

where %,, denotes the covariant derivative with respect to
g and its Levi-Civita connection f‘abc. At one loop
there is also an effective stress-energy tensor
7b(¢)=0(4#), comparable to T°(y)), that represents the
effect of quantum fluctuations of the metric:
8ab =8 +ap, Where ¢y is the quantum gravitational
field satisfying (¢)=0 and (¢?)=~0 on the background.
Presumably one has that V,7°=0 or at least
%b(T"b +7)=0. Although no such 7%(¢) is considered
in the present work, in the discussion of this section I
shall include it formally in order to obtain perspective on
the back-reaction program.

The back-reaction problem is to solve the semiclassical
Einstein equation

G (g)=8m[ T()+7%¢)]
for a classical metric ig,,b =g, +Ag. We write
Gab:G\ ab+AGab=AGab=8Gab+Hab )

where 8G? is the linear part of AG®. In view of the fact
that the right-hand side of (2.2) satisfies the Bianchi iden-
tity (2.1) in the background metric, we can only solve (2.2)
for Ag,, in the first approximation:

8G (g, Ag)=8n[T®(¢)+7%(¢)] , (2.3)

(2.2)
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where %bBG“b=O follows from (2.1). If M is the
Schwarzschild mass of the background, the linearization
is carried out with respect to €e=#M ~2 and we seek a
solution Ag,, of the inhomogeneous equation (2.3). I do
not consider solutions of the homogeneous problem
8G =0, as these have been widely studied and are not of
direct interest in the problem of the back-reaction caused
by T°(v).

In the following, I ignore 7 because it is not presently
known. Alternatively, one could imagine a model theory
in which the number of free conformal scalar fields is suf-
ficiently large to dominate the thermal radiation. For
T, 1 will use Page’s* closed-form expression. Because
the background is asymptotically flat, while 7% is asymp-
totically constant, the question of boundary conditions is
of primary physical importance.

III. BACKGROUND GEOMETRY
AND STRESS TENSOR

The background
Schwarzschild metric

spacetime is given by the

dst=—

-1
1—2%4— ldtz-;— [l—m] dr*+ride?,
r

(3.1
do*=d6*+ sin*0d¢? .

The real Euclidean (Riemannian) section is found>!° from
the “Wick rotation” ¢t— —it, which changes the sign of
8. The Euclidean time ¢ is then given a period 3 and the
topology is R2XxS2. There is no conical singularity at the
“axis” r=2M provided that in the R? (fixed 6 and ¢), the
proper circumference of a circle of constant r is related to
its proper radius in the usual ratio 2, in the limit as
r—2M (elementary flatness). This requires that the regu-
larity period 3 be given by

—1

)12 , (3.2)

. d
B= rl_l)glM“‘ﬂ(grrgtt ;gtt

which is identically 27 /k, k= surface gravity of the event
horizon in the Lorentzian geometry. We find the usual
result By=8wM from (3.1). The Hawking temperature' is
Ty =#8mM)~! so Bo=#Ty~'. It should be noted that
the Hawking temperature is the “temperature at infinity”
of the background geometry. The temperature associated
with a static observer at »=r, is well known to be given
by

Tioc(ro) =Ty | gulro) | =1/
—1/2
—T, 1-2M (3.3)
ro

Because the Schwarzschild geometry is asymptotically flat
in spatial directions, as exemplified in (3.3), we see that
T and Ty become identical as rog— oo. There is, of
course, an evident distinction between the period S that
defines regularity at » =2M and the local inverse tempera-
ture at finite radius. This distinction will become impor-
tant later when we must immerse the black hole dressed
by its heat bath into a spherical cavity of finite radius 7.

The thermal stress tensor is computed on the real Eu-
clidean section and is static. Its nonzero components in
either Lorentzian or Euclidean spacetime are, in Page’s
approximation,*

Ti=—3—S_(f—h), T'=—S—(f+h),
! AM? 4 AM? I+
(3.4)
T=Té¢=—S_r,
o=T4 lef
where
1—(4—6M /r)*(2M /r)®
(r)= 5 (3.5)
fir (1—2M/r)?
6
h(r=24 |21 (3.6)
The constants are defined by
2
€ 1 4 T
Y
(3.7)
A=90(8%)7? .
The stress tensor is well behaved at 2M, where

f(2M)=12, h(2M)=24. Note that T/2M)=T!(2M), a
necessary condition for regularity there, as pointed out by

,Page."' The trace anomaly'! is the exact one,

tr1 = de 5
AM

h(r) . (3.8)

At large r, Ty approaches a flat-spacetime thermal stress
tensor. One verifies that V, T2 =0.

Physically, this tensor may be regarded as giving the
stress-energy distribution of the heat bath that equilibrates
the black hole, which would otherwise radiate into empty
space. Thus, it should represent the gravitational effect of
an infinite standing-wave pattern of scalar modes excited
to the equilibrium temperature and therefore describes a
stationary interference pattern of ingoing, outgoing, and
circulating scalar waves. If the hole were radiating in
vacuum, its dominant outgoing frequency'? would be ap-
proximately that of its lowest, least-damped, quasinormal
scalar mode!? with angular index /=0. The real part of
this frequency (measured at large r) is about @ =0.15M ~!
with wavelength about 42M.'* At this frequency the
modes have only a slight thermal excitation. This is illus-
trated by computing the mean quantum number

(ny=("""""_1)"1~0.024 (3.9)
and the thermal fluctuation AU of this mode. One finds
AU
U ~6.29 (3.10)

using standard results. Of course, {(n) is smaller and
AU/U larger for the dominant frequencies at
I1=1,2,..., which are higher than 0.15 M~!. In this
sense, Ty is almost all zero-temperature vacuum energy
(“zero-point energy”).

It is known that T} is not expected to obey the classical
“dominant energy condition” T,,t°%>0,'> where #* and

1% are any two future-directed timelike vectors. This con-
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dition would imply that the local four-momentum seen by
any observer must be future-directed. However, as Page*
has pointed out, the energy density (— 7T}) perceived by a
static observer inside r~2.3437M is negative. One can
construct all radially infalling local orthonormal frames
and further explore properties of Tj. An observer moving
across *=2M at nearly the speed of light perceives a
four-momentum vector P%=(eA"'M~2) [188, 260],
which is spacelike. An observer crossing 2M at v~0.4
perceives a purely spacelike four-momentum, i.e., he sees
P°=0. On the other hand, the classical null cone struc-
ture seen by all these observers is invariant. It is possible
that these properties, which are unusual from a classical
viewpoint, can ultimately be reconciled with local causali-
ty of the stress-energy-momentum by taking into account
metric fluctuations.” In any case, the tensor T} behaves
“normally” at large r.

The trace anomaly!! is also a feature of T that affects
the solution of the back-reaction problem in an important
way. Its physical origins were discussed heuristically by
Christensen and Fulling!® in terms of the unstable circular
photon orbit at » =3M.

IV. SOLUTION OF BACK-REACTION EQUATION

The solution of the back-reaction equation (2.3) can be
reduced to two elementary quadratures as follows.

Working in Lorentzian signature, we transform the
Schwarzschild metric and Page’s stress tensor into
advanced-time Eddington-Finkelstein coordinates:!’

r
=1 _
v +r+2M In M 1],
4.1)
F=r.
This yields
ds?—— '1—@1 }dv2+2dv dF+rde? 4.2)
—3e
—1
v 2e 2M
’:A > |1—— (2f—h), (4.4)
Ti—7r=—% h) . 4.5)
" kMz(f+

Of course, T§ and T$ are unchanged. Note that T} has
the limit 224(eA ™M ~2) at r=2M.

The perturbed metric is taken to have the form!®!°
(putting 7=r)

2 _ L2 2m 2 ¥ 27 2
ds“=—e 1— p dv+2e¥dvdr+rido”, (4.6)

where ¥=1(r) and m =m(r) because the corrected metric
should still be static and spherically symmetric. The field
equations are

v anl v 2 ¥ a%
2 om == 4.7
G,= 2 ar’ G, B e A 4.7)
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_2m
r

M_a_m] _ @)

ar ar

All other components are zero except Gg =G$, which fol-
low from the Bianchi identity V,G;=0.
Linearization is achieved by setting

eV=14ep(r), m=M[1+eur)]. (4.9)
This yields the linear back-reaction equations
eM ou _ 3e »
= —h)=T, 4.10
4mr? Or )»Mz(f =1 @10
—1
e 3p_ 2 |,_2M Cm—Tv. @1
2mr or — M 1 2f—h)=T,, (4.11)
€ |r—2m) 28 a0 | € _(pip=T7.
47r? or or AM? g
(4.12)

We need solve only (4.10) and (4.11), as (4.12) then fol-
lows. Moreover the 7§ and Tﬁ equations hold automati-
cally as a result of the linearized Bianchi identities (2.1).
We find

3
3 3
Ku(r)= 1——-2ﬂ %—
r 24M
2
SRRV
2M?
|_2M || 3r+2M
r M
3
s 4w 2™ 5,
r
or
Ku(r)=Kuo(r)+Cy , (4.13)
where Kuo(2M)=0, and
3 2
14 2M 2M r*—228M?
=— |1—=— 1—==| | —=—=—
Kpr) 3 r }+ r [ 12M?
1 2M | | 4r +92M 2M
— [1—==||—="—|—4In |— | +k
RN i M n t%o
EKPQ(V)+kO , (4.14)

where po(2M)=0. The quantities Cy and k, are integra-
tion constants to be determined and K =38407.

By writing  gg, =8, +Aga, 8ap = Schwarzschild
metric, we find

_ M (4.15)
r

1

Ag,,=— 2ep(r)+ ﬂer(Lr) ,

Ag,,=ep(r), (4.16)

which are seen to be regular at r=2M. Note that the
trace of this perturbation is
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trAg =8 %°Ag,, =2ep(r)=£0 . 4.17)

Hence, the constant kg in (4.14) has to do with a scale as-
sociated with the corrected geometry, as we shall see
directly later. Clearly, the trace-free part of Ag,, is not
zero. Thus, the back-reaction changes the conformal
structure of the spacetime, e.g., the Weyl tensor. This
point is illustrated in Sec. X.

V. EVENT HORIZON AND ENERGY

The generator of the event horizon (EH) is an outgoing

future-directed geodesic null vector field [/ which I take
19,20
as”

1

I’Ee 2m

1°= 1———1,0,0] . (5.1)

The radially ingoing geodesic null vector field is
Baz[o?_e—‘w’O,O] s (5.2)

where the normalization B,/°= —1 is observed. The ap-
parent horizon'® is determined by the vanishing of the ex-
pansion © of /%

e?. (5.3)

In a static geometry, the apparent and event horizons
coincide. Therefore © =0 yields in O(e)

rEH=2m=2M[1+6H(2M)]EZMBH ’ (5.4)

which also defines the mass of the black hole Mgy in the
corrected geometry. For future reference, we also exhibit
the surface gravity

k=—pB1%V,1,
1 40 2m 2m | 8¢
= — - 1 —_—— 'I} ien— .
2¢ ar[ r +e” |l r |or’ (5.3)
which yields at the event horizon in the first order
1 o
Kgg=—— (14+€ [p—pu—2M ] , (5.6)
4M or | |, oum
where
p2M)=koK ™!, u(2M)=CoK~!, (5.7)
and ‘
a2 =—12K~'. (5.8)
or |, _om

The total effective mass energy inside a radius » for a stat-
ic observer is given by

m(r)=M+eMu(r) . (5.9)

The energy of the radiation is given in O(e) by the fami-
liar result for static spherical systems

r
Eralr)=— [ 4mr®Tidr=eMu,(r) . (5.10)
(See, for example, Ref. 21.) Using (4.13) and (5.10), we

write (5.9) as
m(r)=M +eMuo(r)+eMCyK ~!
=M(14+€CoK V) +E .q(r)

=Mpy+E.4(r), (5.11)

where (5.4) and (5.7) were used in the last line. We see
that the integration constant C, plays the physical role of
locating the event horizon and thus defining the mass of
the black hole by use of the well-known “irreducible
mass” formula!” Agy =4mrgy’=16rMgy? (as in 5.4).

We now note that E,,4(r) is determined by the behavior
of po(r), which is zero at r=2M, becomes negative, and
reaches its minimum po=—0.8896 K~! at r=2.3437M
(where T;{=0). It then increases as r grows larger, cross-
ing through zero at r=2.8018M. For large r, we have
3

L, (5.12)

1
Holr) ~ M

r—w 24K

which gives the expected flat-space result

E.q(r) ~ aTy*Vv,
r .

~> 0

(5.13)

where V is the flat-space volume.

The unstable circular photon orbit 7=3M of the
Schwarzschild solution is of decisive importance in many
problems of black-hole physics,!” for example, in pertur-
bation theory, wave scattering and absorption, and estima-
tion of resonant frequencies.?> To find this orbit in the
corrected geometry, one solves the appropriate null geo-
desic equations by standard methods. This yields in O(e€)

r=3M

1+e M-M%%+M§B

or |,_sm

Erad(3M)
1+ ———

=3Mpy : Mop

+36mMp?TH(3M) }

=3Mpy[1+€(3.1xX1074)] . (5.14)

The main point is that 7> 3Mpy: the effective radiant en-
ergy inside the circular photon orbit is positive. This sug-
gests, for example, that the back-reaction would slightly
lower the resonant frequencies of the hole.??> This could
be significant for small holes, if the result holds at least
qualitatively as e—1, because then at fixed temperature
the thermal excitation of the modes will increase and the
hole would be relatively hotter than when the back-
reaction is ignored.

VI. SURFACE GRAVITY AND PERIOD
OF THE REAL EUCLIDEAN SECTION

The surface gravity kgy is given by (5.6). We can ex-
press this result using (5.8) as

ko+12
= - ||, 6.1
K= A o 38407 ©.D
which  depends on the integration constant
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p(2M)=ko,K ~!. The function p(r) serves geometrically 5 5 'm N
essentially to measure the departure of the coordinate 7, ds*=—e? 1—T +2e¥dvdF+ridw? . (6.3)
which defines circumference and area in the usual way, )
from being an affine parameter for the ingoing radial null  We define the transformation to (¢,r,6,¢) by
geodesics. Alternatively, it gives the normalization of 1
8/dv=23/3t. Physically, it is related to the temperature v _, dv ¥ |1— 2m 6.4)
and will be determined later. For the present, we note ot or r )
that its asymptotic behavior is )

s and 7=r. This yields the Lorentzian metric

1 7
~ == | 6.2
P S Tk | M (62 ds?= —e |1 27 g2
: r

so that k cannot be fixed by asymptotic flatness. "

To further interpret the new metric, we transform back ] 2m dr? o rde? 6.5
to Schwarzschild-type coordinates by a transformation + T, retriaon. (6.5)
very similar to the Eddington-Finkelstein transformation
(4.1). We have (restoring 7=r) In order €, this metric can be written as

|
m(r) |7
ds?=— ll— 2m(r) ](1+2€p)dt2+ 1__"lrL) dr’+r’do? (6.6)
v
-1
2M 2M '
—_ === 1+2ep_2e“°MBH 1——E= ]dtz
F r
- —1
2M 2M '
b1 2y oM |y 2 ]dr2+r2dw2 , 6.7)
r ¥

which is regular at the event horizon. Note that ko ap-
pears explicitly in p but that C, has been absorbed into
Mpgy. Hence, C, plays no further role and without loss
of generality, we henceforth replace Mgy by M, with the
understanding that M denotes the mass of the “dressed”
black hole through O(e).

The real Euclidean section of this geometry is given by
the Wick rotation ¢t— —it, and we find a metric of Eu-
clidean signature for r >2M, which is just (6.6) or (6.7)
with the sign of g, changed. This geometry is regular
(“nonconical”) at the axis »=2M provided that ¢ is identi-
fied with the period B given by (3.2). We find

ko+12
38407

B=2T _gaMm

KEH

1—e (6.8)

Note that 8 and gy are related as in the Schwarzschild
metric but that 8 has the Schwarzschild value 87M if and
only if we choose ko= —12. However, k, has many oth-
er allowed values that are determined by the boundary
conditions.

Next, we establish the domain of validity implicit in re-
garding the effect of Tj as a perturbation of the
Schwarzschild geometry. As there are two relevant physi-
cal scales in the problem, defined by e=#M —2 and by
roM ~!, ro=radius of cavity, it is helpful to introduce
another small dimensionless parameter €, (a pure number)
such that over the domain r=rgg=2M to r=r ., We
have uniformly

‘ Agab |
| 8ab |

<e<<l1l, O<e<e. (6.9)

The metric corrections Ag, and Ag,, both grow as r? at
large distances and have, asymptotically, equal magni-
tudes for all finite values of k,. Examination of the func-
tions ug and p shows that (6.9) holds if

2
€0
€

<< (12K)
or, in terms of areas, with 4 =4ar2,

4< (6.10)

€o

1<AAgy ' <<3K . (6.11)

If we choose as a reasonable upper limit in (6.9) €,=0.1,
then choosing also €=0.1 (M =v"10X Planck mass), we
find from (6.10) that r.,,, <380M; if €=0.01, we find
Pmax < 1200M, etc. Thus, the cavity can always be chosen
to be relatively large. For instance, if €g=€=0.1 and
r=350 M, we have E,4(r)M ~! =15, so that most of the
energy is in the radiation. Though the fractional metric
perturbations resulting from the choice r =r,, can be of
order €,> ¢, it is reasonable to assume that higher-order
corrections (in €) would yield fractional metric changes of
order €€y << € so that linearization of the Einstein operator
in terms of € is justified even for a relatively large amount
of radiant energy.

VII. MICROCANONICAL BOUNDARY CONDITIONS

We consider here as boundary an ideal massless perfect-
ly reflecting spherical wall of area 4mry2, which corre-
sponds to a closed cavity as envisioned in defining a mi-
crocanonical ensemble. We specify as boundary condi-



tions the total effective energy at rg:
m(rg)=M +E_4(rg) . (7.1

To stay within the domain of validity of the perturbation
theory previously defined, m(rq) is chosen to be close to
ithe value (Schwarzschild mass) plus E 4(7(), the latter
being given by (5.10). Then we may regard the M in the
formulas for E 4, u, and p as being the physical black-
hole mass. Hence, (7.1) is to be regarded as giving the re-
lation between the physical black-hole mass and the total
energy.

The constant kg is determined by noting that outside
the reflecting wall, we have an asymptotically flat
Schwarzschild geometry of mass-energy m(r,) if we ig-
nore the mass of the wall. In this case

2m(r0)

_._g”(r>ro):]_. (7.2)

r
For a very thin wall we determine k, by requiring g, to
be continuous across *=ry. From (4.14) and (7.2) it fol-
lows that :

koK—‘=—po(?‘o) . (7.3)

Observe that g,, is also continuous across r=r,. There
are finite discontinuities in the radial derivatives of the
metric that yield the surface stresses of the massless wall.
Following, for example, Ref. 17, p. 552, we find the prop-
er surface pressure (units: cm~!) in O(e):

-3/2
gt _€ . 2M 2M§Ii_2 1_2M ap
AT r r or r ar
1 wm |7
=——r|l—="— T/ . (7.4)
2 r

Hence, if T7>0, as holds for the scalar field, there is in
the reflecting wall surface tension that maintains the
mechanical equilibrium of the wall as it is bombarded by
radiation from inside. If we consider a small, slow, spher-
ical expansion of the system, for ry large in accordance
with (6.10), we find that the work associated with the res-
training surface tension is’

| % | dAo— +eodry - ‘ (1.5)

In the case of large r(, the volume pressure of the radia-
tion is p—3~!aTy* so that

pdVo—seodro=| S} |dA, , (7.6)

which indicates the mechanical equilibrium of the reflect-
ing wall.

The spacetime geometry is now uniquely determined.
‘For 2M <r <ry, we have

e |

ds?=— ll 142€py(r) —2epo(ro) |dt?

1
+ |1 dr’+ride? . (7.7)

_2m(r)
r

For r >rg,
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dst—— |1 2mire) o
—1
2m(ro)
1— mrr‘) ] drt+rido? . (7.8)

VIII. EQUILIBRIUM TEMPERATURE
DISTRIBUTION

The equilibrium temperature of a static, self-gravitating
system is not constant but rather is given by the “red-
shifted” temperature distribution

Tioe(7) | 84(7) | V/*= constant=T, , (8.1)
ox g (8.2)
o ’

(See, for example, Ref. 17, p. 568.) In the Schwarzschild
geometry, T, =Ty =#87M)~'. We know g,(r) through
O(e); the question is whether or not T, =#(8wM)™!
when the back-reaction is included. In other words, are
all O(e) corrections incorporated in g,,? The answer can-
not be affirmative with this choice of T, as I shall now
show.

We recall that in the Schwarzschild geometry, we can
write T, in an equivalent but more general form as

T, =(kggh)(2m) ! . (8.3)

This form is also valid for all other time-independent
black-hole geometries. I therefore adopt it here and show
it implies the essential physical property that T’ () is in-
dependent of ky. Thus, recall from (6.5) that

2 —1/2
1__MI

| u(r) | 2=
-

—1/2
=[1—epp(r) —ekoK ~] [1_2—’"] .

,
(8.4)
From (6.1) and (8.3) we find that T, depends on kg,

__* —1 —1
T, = 87TM(1+.skOK +12¢eK ), (8.5)
but then T',.(r) is independent of k:
‘ #i
Tioe(r)= o [1—€po(r)
) —1/2
+12eK 1] 1——”—’;@ (8.6)

It is vital that 7T,.(7) be independent of kg, because, as is
easily shown, the motion of test particles and photons at
r < rg is independent of k( and the locally measured tem-
perature should be as well. For example, if 7y is very
large, the nature of the boundary at r, should be unim-
portant for the mode functions and for measurements of
local thermal properties at r <<ry. If we did not choose
T, using (8.3), we would find local thermal properties at
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r <<ro would be, for example, significantly different in
O(e) for a black hole of a given mass if we used canonical
(next section) rather than microcanonical boundary condi-
tions. This would not be physically reasonable.

Another argument concerning the important ‘question
of the local temperature distribution can be applied: In
the Euclidean description, the local temperature is deter-
mined by the proper length of the periodically identified
“time” axis for fixed r, 6, and ¢:2>

B
H TN~ = [ 18u(r)| 2t ,

which gives precisely the previous result (8.6).

We can apply these results to a black hole in a closed
cavity. Imagine attaching a small tube from r{ to infinity
or opening a small shutter on the surface of the reflecting
wall. For r>rg, we have

(8.7

|gtt(r>r0)’_1/2: (8.8)

am(ro) —1/2
- 14

so that from (8.1), we find that an observer at asymptoti-
cally flat infinity perceives thermal radiation character-
ized by a temperature

T, =T,=(kpu#)(2m) ! (8.9)

in accord with Hawking’s results for all other time-
independent asymptotically flat black-hole geometries.
We see that both T, and the ‘“‘gravitational potential”
| g+ | acquire corrections in O(e), but that these correc-
tions compensate each other to the extent that T, inside
the cavity does not depend explicitly on the constant k,
determined by the boundary conditions.

IX. CANONICAL BOUNDARY CONDITIONS

With canonical boundary conditions, the system is
thermally coupled to a large heat reservoir and we fix
temperature rather than energy. Do we fix Ti.(r) or
T,? (Note that here T, cannot be identified with T, be-
cause space outside ry is no longer asymptotically flat.)
The natural choice is to fix T,.(rg) and then to solve (8.6)
for the “irreducible” black-hole mass M =M[T,.(7g),ro].
By examining the Schwarzschild formula for 7', (rg), one
can see that if T)..(ry) and ry, admit a positive solution
M, then there is also always another positive solution
M,. One finds M #M, if ro£3M;; ro=3M, implies
M,=M,. Thus, in general there will be two possibilities
for the value of M if a black hole is present. [This is
analogous to fixing m(rg) and ry in the microcanonical
ensemble, where these quantities allow two possibilities
for M. See, for example, Hawking (Ref. 20).] This pro-
cedure does not determine ky. However, in the canonical
ensemble spacetime is not asymptotically flat and neither
t nor kg has an invariant meaning. One can use a con-
stant rescaling of the coordinate ¢ without changing the
geometry or the physics. Formula (3.2) shows that such a
scaling alters 8 (and therefore k and T, ) and can be used
to arrange that B=87M[ T ..(7¢),7¢] so that the period of
the Euclidean time coordinate is determined by the mass
of the black hole just as in the unperturbed Schwarzschild
geometry. (This is analogous to fixing the period of all

azimuthal angles in geometry as 27.) The metric inside
the cavity is then given by (7.7) with M replaced by
M[Ty.(ro),70], polro) replaced by 12K ~!, and ¢ under-
stood as the rescaled time.

There is an alternative procedure that allows a direct
comparison of the metrics inside the cavity in the two en-
sembles. We regard M as fixed and specify T,, which
will determine k. Here also there is a natural choice of
T,. Let ry and M take the same values in the canonical
ensemble as in the microcanonical ensemble, where the
meaning of ¢ is unambiguous in the latter. Then choose
T, such that the time is normalized at ry in the same way
in both cases. This means we choose

T, =87TLM[1—6p0(r0)+126K“] . ©.1)
In this case, the microcanonical and canonical metrics in-
side 7o have identically the same form (7.7). Any physical
differences could only result from explicit effects of finite
size on the mode functions and from explicit quantum ef-
fects at the wall, just as in any thermal system. Of course,
this is not to say that global stability properties of the two
ensembles are equivalent.®

X. CURVATURE INVARIANTS

Curvature invariants of dimension (length)™* are well
known to be of fundamental importance for quantum
field theory in curved spacetime and in quantum gravity.?
It is therefore of some interest to investigate the changes
brought about in these quantities by the back-reaction.
For present purposes, I list these invariants as
(WeyD?=C g C%,  (Ricc)*=R,,R*, R? and OR
=gV _V,R.

The invariants (Ricc)® and R? can be computed directly
from the stress-energy tensor Tf¢. They are of O(e?) and
in this order the correction Ag,;, to the metric is unimpor-
tant. However, the invariants (Weyl)> and OR
=[IR +O(€?) do acquire changes in O(e). Such changes
would also be caused by a one-loop graviton stress-energy
tensor were it present in the calculations. In O(e), we
have (Riem)?=Rgp.qR**=(Weyl)?, where, for a static
metric of the form (4.6),

2 2 2
(Riem)2=4e—2¢ a_K +8r—"2 1_2_m M
ar or
+8r—2 1_2&”%]_&_ 1__2_@
r ar ar 14
2
+4r—2 .a._ 1__2_m l +16m2r‘6. (101)
ar 4

For the Schwarzschild metric, we have the familiar result
(Riem)>=48M?*r —%, which yields 3(4M*)~! at the event
horizon. It is straightforward to evaluate (10.1) in the
corrected geometry. I shall exhibit the result in O(€) only
at the event horizon:

40€
14+ 3K

3
4M*

(Riem)X(2M)=(Weyl)?(2M )= . (10.2)
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In the Schwarzschild geometry, we have of course

OR=0R=0. In the corrected geometry, we have in

" O(e) that OR =ﬁR, which gives at the event horizon

12
K

BREM)=- . (10.3)
M

Thus the corrections to COR and (Weyl)? are comparable
near the event horizon.

The invariant OR is often neglected in considering the
one-loop effective action for quantum gravity, on the
grounds that it is a pure divergence and therefore has a
vanishing functional derivative with respect to the
metric.2* However, as is now well known in the case of
self-gravitating systems,?® pure divergences in the action
cannot be in general ignored; they can produce nontrivial
variations of the action, even when the field equations
hold. The result will depend on the boundary conditions.
Another way of saying this is that such terms can affect
the value of the action, and, hence, the results of a sum-
over-histories. In the semiclassical solutions, we have seen
the necessity of introducing a boundary at a finite radius.
Thus, it is of some interest to see that in O(¢€)

M

5
[1__2M
ro

J OrRVg a* ~el1287
Q 5 l o

, (10.4)

where the integral has been evaluated in Euclidean space.
The value of this integral need not be negligible.

I shall now consider corrections to the conformal
scalar-field trace anomaly originating in the back-reaction
caused by this same scalar field. For a massless free con-
formal scalar field, it is well known that the trace anoma-
ly is given by'! (in Page’s* notation)

trT =a+BY =yOR , (10.5)
where a=2#(38407%)" !, B=— %a, Y= %a, and

X =(Weyl)? , (10.6)

% =(*Riem)?=(Riem)*—4(Ricc)*+R? . (10.7)

The correction to trT will be of O(e?). This will come
about because the scalar-field calculation will still be only
a one-loop calculation,? but it would now presumably be
carried out on the corrected real Euclidean black-hole
thermal geometry 8ab =8qp(Schwarzschild) + Agp,
Aga =O0(€). (Page’s techniques* can still be used in this
case.) It is then easy to see that to obtain tr7 in O(e?), we
need only know g, in O(e). Denoting the altered value
by trT’, we have from (10.5) and the previous results

4%

trT'=—————[(Riem)*+ R (10.8)
= S 3aaon) [ Riem) +0R]
—teT+—2 [A(Riem)2+CIR]
3(384072)
=trT+A(trT) , (10.9)

where trT is given by (3.8). It follows that the fractional

correction to tr7T is of O(e). Evaluated at the event hor-

izon, the fractional correction is
A(trT) 88

—2M)=

T 3(3840m) € (10.10)

XI. CONCLUSION

The semiclassical back-reaction program as far as it has
been carried out here seems to make sense. It was neces-
sary to solve the problem using linearization in a finite re-
gion. On the mathematical side, there is no reason to
worry about linearization because uniform approxima-
tions can be made and ‘“linearization instability” in the
sense defined by Fischer and Marsden?® is not an issue
here. Physically, the finiteness and boundary conditions
seem natural from either the point of view of statistical
mechanics or of regarding them as a device that would ul-
timately allow embedding the equilibrium system into the
“universe” using matching conditions.?’” This “matching”
was carried out in an asymptotically flat universe in the
microcanonical case.

The most important limitation of the results is that a
one-loop graviton tensor 7%® has not been included. Once
we have this quantity, especially if an excellent closed-
form approximation is found, it will be possible to repeat
easily the calculations of this work. We would then know
more about the role of metric fluctuations near »=2M,
where they appear to play a decisive role in the dynamical
origin of the temperature of black holes.” This direction
appears to be the most fruitful. The way will then be
open for obtaining more precise statistical-mechanical
understanding of black holes in and near equilibrium.
This might also illuminate the behavior of other multi-
phase systems in which one phase involves the presence of
a horizon.
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