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Various interacting field theories in de Sitter spacetime which contain a massless, minimally cou-
pled scalar field are investigated. It is shown that the vacuum expectation value of the energy-
momentum tensor can contain a term which is proportional to the metric tensor but with a coeffi-
cient which, to first order in the coupling constant, is a linear function of time. This term can act in
such a way as to tend to cancel the cosmological constant and to cause the curvature of de Sitter
space to decrease. The possibility that pure quantum gravity without matter fields may lead to an

instability of de Sitter space is also discussed.

I. INTRODUCTION

The discussion of field theories with spontaneous sym-
metry breaking in the context of cosmology leads natural-
ly to the idea that there may have been a nonzero
cosmological-constant term in the Einstein equations dur-
ing some epoch in the early universe. Guth! and indepen-
dently Kazanas® have shown that the resulting period of
exponential expansion where the metric becomes that of
de Sitter space could solve such puzzles as the horizon
problem. Guth’s inflationary model, as modified by
Linde® and by Albrecht and Steinhardt,* has achieved
considerable success in resolving several cosmological
problems. However, some difficulties remain. First, most
field theories lead to excessive density fluctuations at the
end of the inflationary era, although it is possible to con-
struct models which avoid this difficulty.” Second,
Mazenko, Unruh, and Wald® have recently argued that
large thermal fluctuations in the preinflationary period
could prevent the cooling into a metastable phase which is
required in present versions of the inflationary model, al-
though more detailed investigations are needed to deter-
mine the conditions under which this will be the case. Fi-
nally, there is a problem of why the cosmological constant
is so small today. In the case of grand unified theories,
the cosmological constant must change from a value of
about 10%° g/cm? to a value not greater than about 10~3°
g/cm® today. This factor of 10~ !'* is not explained by
the theory in any natural way and can only be achieved by
an incredible fine tuning of parameters.

This problem is probably the most serious deficiency of
the inflationary model and indicates that our understand-
ing of spontaneous symmetry breaking in cosmology is at
best incomplete. There have been several attempts in re-
cent years to find a resolution of this problem, which can
be roughly divided into two categories. The first consists
of proposals involving the fundamental equations of grav-
itation itself; here arguments are provided as to why no
cosmological term should arise.” This approach does not
provide a clear understanding of how a cosmological term
can change from a large value to a very small value, as is
required in the inflationary model. The second approach
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utilizes the specific properties of de Sitter space (or at
least of spaces with nonzero scalar curvature) and seeks to
find a mechanism by which a space with a large cosmo-
logical constant can evolve dynamically toward one with a
much smaller cosmological term.2~!° This seems to be
the more promising approach and will be the one pursued
in this paper. If de Sitter space is unstable in some way,
this could lead to the type of dynamical evolution which
one is seeking. Abbott and Deser!! have shown that de
Sitter space is stable under a restricted class of classical
gravitational perturbations, so any instability is likely to
have a quantum origin. Starobinsky!? has shown that de
Sitter space does become unstable if one includes the
higher-derivative terms in the Einstein equations which
arise from the conformal anomaly for a free quantum
field. Dolgov® has considered some models in which a
classically unstable scalar field acts in the direction of
canceling the cosmological terms. Myhrvold® has recently
suggested that there will be runaway particle creation in
an interacting field theory such as A¢* theory in de Sitter
space which could lead to a back reaction on the de Sitter
metric; however, the detailed behavior of the energy-
momentum tensor in this model is not yet well under-
stood.

In this paper, a somewhat different model in which de
Sitter space becomes unstable will be considered. The ex-
pectation value of the energy-momentum tensor will be
calculated to lowest order in various interacting field
theories containing a massless, minimally coupled scalar
field. It will be found to contain a term proportional to
the metric tensor which grows linearly in time and can act
in the direction of cancelling the original cosmological-
constant term. In the following section, the de Sitter
noninvariance of the massless, minimally coupled scalar
field is discussed. In Sec. III, the expectation value of the
energy-momentum tensor is calculated to first order in the
coupling constant in a theory containing a pair of in-
teracting scalar fields. Similar calculations are performed
for scalar electrodynamics and for a non-Abelian gauge
theory in Secs. IV and V, respectively. In Sec. VI, the loss
of de Sitter invariance for gravitons on the de Sitter back-
ground and its possible implications for the
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cosmological-constant problem are discussed. The results
are summarized and discussed in Sec. VIII.

II. THE BREAKDOWN
OF DE SITTER INVARIANCE

It has been shown'*~!° that a massless, minimally cou-

pled scalar field, which satisfies
O¢=0, (2.1)

has the peculiar property that the vacuum expectation
value of ¢? is necessarily time dependent in de Sitter
space. If we express the de Sitter metric in the form

ds*=dt*—a’(t)dx* (2.2)
with a(t)=e™, then
H3
2y=""1t. (2.3)
(4% a7

This result is perhaps rather puzzling because de Sitter in-
variance of the vacuum state requires that (¢$>)=con-
stant. The resolution of this apparent paradox lies in the
fact that no de Sitter-invariant vacuum state exists for
this field.

The two-point function in such a state does not exist
because of an infrared divergence.!® There are, however,
physically acceptable states which are free of infrared
divergences. There is no unique choice for the vacuum
state, but all allowable states yield an expectation value of
the form of Eq. (2.3), with the possible addition of a con-
stant term which simply shifts the origin of the time coor-
dinate and of terms which decrease exponentially in time.

For a free scalar field, this loss of de Sitter invariance is
not reflected by the energy-momentum tensor; one may
still have (T, ) =(constant) Xg,,. The reason for this is
that T, contains only derivatives of ¢ and is hence not
sensitive to the long-wavelength modes which yield the
dominant contributions to (¢*). If one were to calculate
(T,,) in a de Sitter-invariant state, no infrared diver-
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that (T,,) is time dependent. Let us assume that the
time dependence of any component of (7T, ) is a linear
function of ¢. This will be the case in lowest-order pertur-
bation theory where the time dependence of (T, ) comes
from terms proportional to {¢?) if the quantum state
respects the spatial homogeneity of the metric [Eq. (2.2)],
then

(TY)=diag(p, —p,—p,—p) . (2.4)
The conservation law, { T*,),,=0, implies that

p=—3H(p+p) . (2.5)
Because p and p are of the form

p=at+b,,

(2.6)

p=qajst +b2 ’
we find that

a)=—a;= —3H(b1 +b2) .
Consequently,

( T* ) =(constant )&%t +a constant tensor . 2.7)

The time-dependent part of (T%) is of the form of a
linearly growing cosmological constant term and is
uniquely determined by the time dependent part of the
trace (T ). This observation will greatly simplify the
calculations in the following sections.

III. AN INTERACTING SCALAR FIELD MODEL

Let us consider a pair of scalar fields, ¢ and ¢, with the
Lagrangian!’

L =5 "+ P* —ERY? —ad™y?) 3.1)

with £> 0. In the absence of the interaction, ¢ is a mass-
less, minimally coupled field and ¥ is a massless, non-
minimally coupled field. The equations of motion are

gence would appear and one would necessarily obtain the O¢ +ady?=0 (3.2a)
above form for (T, ).
One might guess that in an interacting field theory this and
will no longer be true and that { T,w) must reflect the loss 2 3
. =0. 2
of de Sitter invariance. This is confirmed in the following DY +ERY+aid™=0 (3.26)
sections for some particular interactions, and it is shown The energy-momentum tensor is
|

T,uv=¢,;t¢,v'— %gpv¢,p¢’p+¢,u1/},v“‘ %g,uvd},ptp’P_F %gngv¢2—'§R;w¢2+€guvlj(¢2)_é( ¢2);[1V+ %aguv¢2¢2 . (3.3)
All of these relations hold in an arbitrary, n-dimensional spacetime. The trace of T, is!'8

Th=7 |1-7 0@+ |3 ‘142'— +En—1) |0 +a [2—7 |47, : (3.4)

T
where we have used which follow from Egs. (3.2a) and (3.2b), respectively.
The equations of motion may be replaced by a pair of
¢p¢,p=%|:](¢2)+a¢2¢2 (3.52) integral equations. Let Gg(x,x’) and Ag(x,x’) be retard-

and

¥ P =50 +ERY? +ad™y? (3.5b)

ed Green’s functions for the ¢ and ¥ fields, respectively,
which satisfy

O,Gr(x,x")=6(x,x")/V —g’ (3.6a)
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and
[0, +ER(X)]Ag(x,x")=8(x,x")/V —g" . (3.6b)
The integral equations are
$(x)=gi(x)—a [ d™x'V =g Grlx,x"1d(x WAx")
(3.7a)
and
P(xX)=1j(x)—a fd"x'\/jg—’AR(x,x’)tp(x’)cﬁz(x’) ,
(3.7b)

where ¢y, and v, are free in fields which satisfy Egs.
(3.2a) and (3.2b), respectively, with a=0. Perturbation
theory is generated by successive iteration of these equa-
tions. We are interested only in calculating {T% ) to first
order in a. _

From Eq. (3.7) we find that

(62x)) =($i,2(x)) —a [ d"x"V =g Grl(x,x")
X G1(x,x ) (¥ "(x") +0(a?)
(3.8a)
and
(¢2(x)>=(l//in2(x)>—afd"x’\/—_g’AR(x,x’)
X Ay(x,x ) $i(x")) +0(a?) ,
(3.8b)
where
G1(x,x") = ({$in(x),bin(x")} )
and
A1(x,x") = ({in(X), Pinlx )} )

We now specialize to the case of n-dimensional de
Sitter space. The metric is of the form of Eq. (2.2), where
now dx? is the metric on (n —1)-dimensional Euclidean
space. The scalar curvature is R=n(n—1)H?% The ul-

traviolet divergences are removed by dimensional regulari-
zation. The in fields may be represented as expansions in
terms of creation and annihilation operators:

¢in:(277)“_—n)/2 f d"_lk[aktﬁk(n)eik"‘+a;¢i(q7)e_“‘"‘] ’
(3.9a)
where [ay,a)]=8(k—k’) and
() =(w/4H)? | Hn | "~V ¢ (kK)HV(k |7])
+er(HP (k |7 ])]

(3.9v)
with
n=—Hle (3.10)
and
v==(n—1). (3.11)
The coefficients ¢, and ¢, must satisfy
lea|?=er|?=1. (3.12)

Different choices of these coefficients yield different
choices of the vacuum state, for which a; |0)=0. The de
Sitter-invariant vacuum (the Bunch-Davies state!?) corre-
sponds to ¢;=0 and c¢,=1; however, as was discussed
above and in Ref. 15, this state is unacceptable for the ¢
field because of the presence of infrared divergences in
four-dimensional spacetime. Rather one must choose a
state for which |¢;—c; | —0 as k—0. For the ¢ field
this problem does not arise, and we may take its vacuum
state to be de Sitter invariant. The expansion of ¥, is of
the form of Eq. (3.9b) except that we set

c1=0, ¢,=1

(3.13)
and replace v by v":
V=[3(n—12—E&n(n—1)]"%. (3.14)

The A; and A functions may be written as

Ayx,x)=5a(2m) T H =2 gy | D72 [ an k[T, (k| | Wk [0 ) +Ny(k |7 )Ny (kg )] (3.15)

and

Ag(x,x")=160(n—1")[Phin(x),Yin(x")] -

= Lr2m) = H =2 |y’ | 0200 ) [ dm KNk | | )y Gk | =Tk [ DN (K '] )]e™ 5=

(3.16)

where 6(x)=1 if x >0 and otherWise vanishes. The expression for Gg(x,x’) is just Eq. (3.16) with v in place of v/; it is
state independent. However, G(x,x’) is state dependent and its expression, which we need not write down explicitly,

does contain ¢;(k) and c,(k).

We need to calculate the terms which appear in Eq. (3.4) to first order in a to determine whether (7',, ) is time depen-
dent. Let us begin with O(y?). If we substitute Egs. (3.15) and (3.16) into Eq. (3.8b) and use the fact that (¢;,2) is

given by Eq. (2.3), we find that

@)~y =aC | |"~1 [7 dy’ || | /mo

X [y dk k" 2{INy (K |0 | Wy | =Ttk [ DNy (K [ )]

X[k | q Wy || )+Ny(k | g INy (k|7 )]} .

(3.17)
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If we change the variables of integration by letting
k=y/|n| and n'=nx, we find that

() — (¢’ ) =C'In| /70| +C"

where C, C’, and C" are constants independent of 7. Be-
cause {9;,2) is constant, (¢?) to order « is a linear func-
tion of ¢ and

(3.18)

O¢y?) =

d

=constant . (3.19)

Thus O{?) does not contribute a time-dependent term to
(T3).
Tet us now consider D(¢2) Act with the wave opera-
tor on both sides of Eq. (3.8a). The result is
D<¢2>= D<¢in2> —za(¢in2)<¢in2>
—2a f d"x'Vv —g'(zpi,,z(x'))a,,

X Gr(x,x")8°G(x,x’') , (3.20)

where we have used Eq. (3.6a), the fact that G, satisfies
the homogeneous equation, [0,G;=0, and G(x,x)

=2{i,X(x)). The above integral contains 9,G;. Because

of the derivative acting upon G, this quantity would be
well defined even if we were to take the limit c¢;—0,
¢,—1 in which G, is replaced by a de Sitter-invariant
function. However, in this limit, this integral must be a
constant because {1;,2) and Gg(x,x’) are de Sitter invari-
ant. Even when G is not de Sitter invariant, the integral
will be a constant (aside from possible exponentially de-
creasing terms). The contribution of the long-wavelength
modes which niight otherwise cause G; and hence the in-
tegral to grow is suppressed by the derivative. Because
0( ¢;n>) =constant, we have that to order «

O(¢?) = —2a{ ¢, ) {2 ) +constant .

This result may also be obtained by a lengthy, explicit cal-
culation.

The only remaining term in (T ) is that proportional
to {#>y?), which to order a is

(3.21)

a 2—% l(¢in2><1/’in2>
=—4L7Tz(g—%m<¢m2>+o<n —4). (.22
Here we have used the result that?°
+)R
(¢?) = —é:—(—6—+0((n—4)°) . (3.23)
Thus we have that as n—4,
( T,f:>_>a(¢m2><¢i,,2>—f—z(g—%)meZ) . (3.24)
T

Initially (¢;,”>) and (¢;,2) are regularized quantities
which have a pole term at n =4 of the form of Eq. (3.23).
We have already seen that the pole term in Eq. (3.22) is

multiplied by a factor proportional to (n—4). The
remaining pole terms are to be removed by renormaliza-
tion. The pole term in {;,2) in Eq. (3.24) is removed by
introducing a counter term of the form 8£R¢$? in Eq.
(3.1).” We understand that this has been done without ex-
plicitly carrying the counter term through the intermedi-
ate calculations; its effect is to replace {1;,2) by {¥in>) ren
in Eq. (3.8a) and (3.24), where we may take?!

I

= RIn|R/A2|, (3.25)

( ¢|ﬂ2 >rcn
where p is an arbitrary mass. The pole term of {¢;,2) in
Eq: (3.24) is to be removed by renormalization in the Ein-
stein equations of the cosmological constant and Newton’s
constant.

Once this is done, we may replace {¢;,2) by {Pin>)ren>
which is given by Eq. (2.3). Thus we have
+)R(In | R /u?|

<Tﬁ>ren:—1é“;;2—(§'_ _4)<¢in2>ren s

(3.26)
and ( »» does have a time-dependent, cosmological-type
term glven by

(Tuvdren=78v{ Thi Dren
— 643#4 QH*E—L)(In| R /u?| —4)
X(Ht)gy, - (3.27)
If
(E—+)[In| R /u? |—4]<0 (3.28)

then the effect of this term is to tend to cancel the original
cosmological constant term and to cause the curvature of
the de Sitter space to decrease. The constant &, a renor-
malized parameter of the i field, may be set to any posi-
tive value. Similarly, u may take on any value. In gen-
eral, there is a renormalized coupling parameter for the ¢
field £4, which we have here set equal to zero. The quan-
tities £4 and u are not individually physically meaningful,
but can be altered by a renormalization-group transforma-
tion.!>2! However, once we have imposed the renormali-
zation condition £3=0, then p becomes a physically
meamngful quantity whose value can be taken to deter-
mine one of the couplings of the theory.

It is of interest to consider the result of a different regu-
larization procedure. The final term in Eq. (3.4) does not
appear if one works entirely in four-dimensional space-
time. If we regularize (¢;,2) and (4;,2) by a method
such as point separation with averaging over the direc-
tions of separation, the singular parts are terms propor-
tional to €~2, where € is the geodesic distance between
separated points. These singular parts are absorbed by the
same renormalization procedure as before; {$in?) ren is still
given by Eq. (2.3) and (¥;,2) by Eq. (3.25) with u re-
placed by u’, a different renormalization mass. Now
(Tyy dren is given by Eq. (3.27) with (In|R/pu*| —4) re--
placed by In|R/u?|. These results are obviously
equivalent if In | u'2/u?| =4."
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IV. SCALAR ELECTRODYNAMICS

Scalar electrodynamics in curved spacetime was dis-
cussed in a previous paper,?? which will be referred to as
I. In this section we wish to consider the case of a mass-
less, minimally coupled scalar field coupled to photons in
de Sitter space. The Lagrangian and equations of motion
are given by Egs. (2.1)—(2.3) of I with m =£=0. The
energy-momentum tensor is

W=T§ +Teu +TT1" , 4.1
where

TY =g he vy 'k —grvgl gr 4.22)

TH1=—F"F,+g"(FF°F,,) , (4.2b)

and
T = ie[(¢T34$) A" +(73"p) A¥]
+2e24 474 6 —iegh"($T3P$) A, — 8" AP 4,674 .
(4.2¢)
Its trace in four dimensions is
TE=—_0O(¢") , 4.3)

where we have used the equation of motion and imposed
the Lorentz gauge condition

V,A*=0. _ @.4)

We wish to calculate {(T% ) to order e®. To do this we
need to substitute into Eq. (4.4) the expressions for ¢ and
A, obtained by iterating the integral equations which
these operators solve [Egs. (2.6) and (2.7) of I]. The ex-
pression for A, is needed to order e and is given by Eq.
(2.11) of I; that for ¢ is needed to order e? and is given by

¢=din+ed1+e’d; , 4.5)
where
$1(x)=2i [ d%'V —g'Grlx,x'N AL bin)y  (4.6)
and
$ax)= [ d*x'V =g’ Grlx,x") 2i(AL3, )+ A%}, ;,)
+ A, ALl . (47)
Here AY is the order e part of A*. To order e2, -
(670) =(Bhdin) +e*({Blbin)+ (d]01) + (B2 .
(4.8)

Because we are seeking a time-dependent term in (Tuv)’
we are only interested in terms which have no derivatives
acting upon ¢;,. [See the discussion following Eq. (3.20).]
The only such term is

($hba) = ($igin)*
= [ d%"V =g (Aip,(x")144(x"))
X ($h(xX)in(x") Y GR (x,x")
+ (terms containing pPin) - 4.9)

Thus, to order e?,

O(¢Tp) =2e% Ainy A ($} #in) +constant
and

(Th)=—2e% AL A, <¢1Tn¢in> +constant .

Let us employ point-separation ' regularization, with
averaging over separation directions, and replace the for-
mal expectation values in the above equation by their re-
normalized values. The regularization of (A%44;,,) is
discussed in detail in I, where it is shown that

(4.10)

(4.11)

(4.12)

'= (All‘;Amy >ren:Bg'ungpv ’
where
B~9.682x1073 (4.13)

and g is a unit vector normal to the ¢ =constant hyper-
surfaces. As was discussed in I, it is essential to consider
spacetimes more general than de Sitter space in order to
obtain an unambiguous result for I'. In de Sitter space,

I'=3BH?. 4.14)
Consequently, the time-dependent part of (7, ) is
3
(Tyy)=— ﬁeng#vHst . (4.15)

In this case, the sign of (7,,) is necessarily such as to
cause the curvature of de Sitter space to decrease.

V. SCALARS COUPLED
TO NON-ABELIAN GAUGE FIELDS

The results of the previous section for scalar electro-
dynamics may be easily generalized to theories in which
the gauge group is non-Abelian. As an example, let us
consider an SU(N) Yang-Mills field 4¥ coupled to N2—1
real scalar fields ¢’ in the adjoint representation of SU(N).
We will use the group notation given in Appendix A of
Parker and Toms.?> The Lagrangian is

Qf:g@—FJYM, (5.1)

where .£yy=—¢F,,,F*" is the usual Yang-Mills La-

grangian and

L o=tr[(D,®)(D*®)] (5.2)
with ®=F'¢’ and
(D, ®)Y=0,¢'+gf* 4] % (5.3)

where the F' are the SU(N) generators in the fundamental
representation and f“¥ are the structure constants. If we
follow the same procedure as in Sec. IV, we find that
there is a linearly growing part of (7', ) given by

3g?

¢ T'W) - 16

This is just the electromagnetic result multiplied by

%N (N2—1). This factor can be regarded as the product

of +, which arises because we are dealing with real rather
than complex scalar fields, and of

BN(N*—1)g,,H’t . (5.4)
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sfUkfik=IN(N*—1),

which counts the contribution of the various degrees of
freedom of the gauge field. To order g2, the self-coupling
of the Yang-Mills field does not contribute, so the only
change from the Abelian case is this factor associated
with the change in the number of degrees of freedom.

Another model which we can consider is an SU(N)
Yang-Mills field coupled to N complex scalar fields ¢ in
the fundamental representation. The scalar Lagrangian
becomes

Z4=(D,p)'(DH$), (5.5)
where
(D, ¢)*=0,0"—igA,,(F)*¢’ . (5.6)

In this case we find that (T, ) is now $(N*—1) times
the Abelian result, Eq. (4.15), with e replaced by g.

VI. GRAVITONS IN DE SITTER SPACE

Gravitons propagating on a fixed classical background
spacetime may be treated by quantization of the classical,
linearized gravitational wave perturbation of the space-
time. In the case of a spatially flat Robertson-Walker
metric, one may impose the following gauge conditions
upon the metric perturbation 8g,, =5,

h=hi=0, (6.1a)

ht.,=0, (6.1b)
and

h*u,=0, (6.1c)

where u* is the four-velocity of the source fluid and the
covariant derivative in Eq. (6.1c) is taken with respect to
the unperturbed background. These conditions remove all
of the available degrees of gauge freedom. In the coordi-
nates of Eq. (2.2),

ut =58

(this is the same as the vector g# in Sec. IV). The metric
perturbations in this gauge satisfy the massless, minimally
coupled scalar wave equation in that a particular com-
ponent of 4, satisfies

Ok} =0,

(6.2)

(6.3)

where O is here the scalar d’Alembertian operator.’*?>

Thus the quantized graviton field in such a metric is
equivalent to a pair of minimally coupled scalar fields
(one for each polarization degree of freedom).

The graviton vacuum cannot be de Sitter invariant for
the same reason as in the case of a scalar field. If one at-
tempted to construct a de Sitter-invariant vacuum, then
the graviton two-point function (%, (x)h pa(x’)) would be
undefined due to an infrared divergence. In this section
we wish to explore the consequences of the loss of de
Sitter invariance for gravitons and its relation to the
cosmological constant.

The back reaction of gravitons upon the dynamics of

the classical background metric may be studied through
the quadratic perturbation of the Einstein equations

R

R v = — 878y = — 87Ty — 38,1, TH) (6.4)

to second order in A,,. The first-order perturbation yields
the equation of motion for the gravitons, and the second-
order perturbation yields a modified equation for the
background metric. If we put all terms quadratic in A,
on the right-hand side of Eq. (6.4), we can define an effec-
tive graviton energy-momentum tensor as

1
Ti =3 (Ry = 37u¥Rap) , (6.5)

where Rﬁfv) is the quadratic term in the expansion of the
Ricci tensor around the background metric y,,. Note
that in general there will also be a quadratic term arising
from S,,. However, for a perfect fluid of energy density
p and pressure p,

S,uv‘=(p+p)upuv"'%g;w(p—p) . (6.6)

The gravitational wave perturbations which satisfy Eq.
(6.3) are defined by the condition §p=08p =0u#=0. Be-
cause OSu,=h,,u"+g,,0u"=0, 8S,, contains only a
linear term in h,,. The quantity Rifv) is, in the gauge

given by Eq. (6.1),%
R:sz) = %[ %hap;vhap;,u _hg;phﬁ;a +hg;pha/.4;p
—h ap(hup;va +hvp;ua —h/.w;pa —hap;yv)] .

(6.7

~We now regard h,, as a quantum operator. It was
shown in Ref. 27 that one may replace 4,, by a pair of
quantized scalar fields, A, and hy, which satisfy
0Ok, =0hy =0. These fields are defined by a mode ex-
pansion of the independent components of h%. It was
shown that one has relations such as

ChuwphP) = 2Ch o oh P 4-ho hoP)
2

(h 2+hy?) (6.82)

+4 |2
a

in the metric Eq. (2.2). One may use such relations to ex-
press (T;ff,) ) in terms of A, and h,. The additional re-
lations which are required may be derived using the
method described in Ref. 27; they are

(s phtPy = —4da =" by +hyhy )
+2d% X h, P +hy?), (6.8b)
(hghB Py =—4d%a =X h *+h,?), (6.8¢)
(h%.ohapo) =2(h 2 +hy?) , (6.8d)
(hGphao®) =(hGphbq)
=2d%a "X h *+hy?), (6.8¢)
(h%hoo,pe ) =4d *a=*(h > +hy ), (6.8D)
(h%hgpo0)=2Ch  hy +hyhy ), (6.82)

and
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(h%hoyoq)=—2da =" h hy +hyhy)
+2d%a X h 2 hy?) . (6.8h)

From these we find that

(R Y=—1(h, 2+h 2y —2da U h hy+hyhy)
—(hy by +hyhy) (6.9)
and
('V'IWR )y =— %<h+,ph’£+hx,ph§>
—2da~"h h, +hyhy), (6.10)
and that??
1 d? -
(T = (35 3 2 Th
~da—1h+li+>+(h+—>hx) (6.11a)
and

a*/ 1 d? .
<T}Jg)>=—g<gw(h+2)+%h+2+%h+,khi(
—aa—1h+}i+>+(h+—>hx). (6.11b)

Because
(h D) =(hy*)=

in de Sitter space, quantities such as (A pvipht*? ) grow
hnearly in time. However the gauge-invariant quantities
(R )Y and (T ') do not. Nevertheless, the long wave-
length modes whrch cause this linear growth do give a
nonzero contribution to (7.3 ) through the last terms in
each of Egs. (6.11a) and (6.11b) because

(47t~ 'H3t

(h+li+)=%g?(h+2)=H3/8vrz )

Thus we may write

(G)
(T8

H4
=<r,,v>-ﬁy,w (6.12)
in de Sitter space. Here (7,,) is a state-dependent contri-
bution consisting of the terms in Eqgs. (5.11a) and (5.11b)
with two derivatives. The other term in (T.3) is a
cosmological constant term. This term is produced by the
one-loop graviton quantum corrections, and its sign is
such that it tends to cancel the source term in the Einstein
equations. In this case it is time independent. Note that
this term is a cosmological constant term only in de Sitter
space and not in the wider class of Robertson-Walker
models. It is characterized by Planck dimensions, as ex-
pected of an effect in quantum gravity, so if
H ~O0(I5ek), then the graviton back-reaction effect is
large.

Let us now consider briefly the possible form of the
higher-order graviton corrections. One could define an ef-
fective energy-momentum tensor for gravitons which in-
cludes contributions to any order in h,,. We note that
the terms which arise will always involve only two deriva-

tives. For example, in fourth order one will have terms
such as 7 phPoh e h % A1t will become increasingly dif-
ficult for the time dependence of (T )} to cancel, as oc-
curred above. Thus, it is likely that at the two-loop and
higher orders, (T:f,) > will contain cosmological-constant
terms of the type found in Secs. III and IV. If this is the
case, then de Sitter space is unstable as a result of pure
quantum-gravity effects which do not involve matter
fields. Of course, in higher orders one must contend with
the nonrenormalizability of quantum gravity. We did not
need to discuss renormalization exp11c1t1y m deriving Eq.
(6.12); however, the singular parts of (T ') were impli-
citly absorbed by renormalization of the cosmological
constant and of Newton’s constant. In higher orders,
counterterms of increasing complexity are required.
However, these counterterms are always geometrical
quantities formed from the curvature and are hence con-
stant in de Sitter space. Thus it may be possible to unam-
biguously calculate the time-dependent part of (T,(f,))
despite the nonrenormalizability of the theory.

VII. DISCUSSION

We have seen in the previous sections that various field
theories in which a massless, minimally coupled scalar
field is coupled to other fields can result in a back reac-
tion which tends to decrease the curvature of de Sitter
space. -If the energy-momentum tensor were given by an
expression such as Eq. (4.15) for all time, then the metric
would slowly evolve toward that of flat spacetime. Note
that the net cosmological term will not change sign,
which would result in a transition to an anti-de Sitter
space. As the curvature of the spacetime begins to de-
crease, the coefficient of the time-dependent part of
(T,,), the factor of H’ in Eq. (4.15), also decreases.
Hence this process does act as a damping mechanism for
the cosmological constant.

The first-order results which were obtained in the previ-
ous sections give the correct behavior (7),,) for some fi-
nite period of time, but eventually higher-order contribu-
tions become significant. In general, we expect the next
order contribution to be a quadratic function of time and
be of order (coupling constant) X (Ht) X (first-order contri-
bution). Thus, in the case of scalar electrodynamics, Eq.
(4.15) is valid if ¢t <H ~'e~2 The original cosmological
term is Ag,, where

A=387) "' H 520 -

Thus if the curvature of de Sitter space is of Planck di-
mensions (H~Iplu), ( ») grows to a magnitude of
about 10~ 3Ag,w before hlgher orders become important.
It is possible to construct models in which first-order ef-
fects cancel a much larger fraction of the original cosmo-
logical term. For example, consider n pairs of scalar
fields with each pair having the Lagrangian Eq. (3.1), but
with no coupling between the different pairs. First-order
results are valid for a time of order H ~la—}, independent
of n, and (T, ) to first order is given by the right-hand
side of Eq. (3.27) multiplied by n. Thus for sufficiently
large n, it can cancel an arbitrarily large fraction of A. In
the case of this scalar model, the effect of the second-
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order correction to (T, ) depends upon the sign of {?*)
to first order. If {(4?)>0, then from Eq. (3.2a) we see
that this will tend to stabilize the theory and cause the
growth of (T,,) to cease; however, if (¢?) <0 the
growth of (T,,) will accelerate.”® This sign depends
upon the coefficient C’ in Eq. (3.18), which has not been
calculated explicitly.

The details of how the mechanism discussed in this pa-
per will fit into an inflationary-universe model are still
somewhat unclear. However, it may provide an alterna-
tive way to end the inflationary era without the rollover
from a local maximum of an effective potential. Whether

this can be done satisfactorily depends upon the behavior

of T,“,) in realistic field theories in higher orders. Vilen-

kin®*® and Hawking and Moss®! have discussed the

higher-order behavior of {$2) in certain approximations,

zznd it is possible that similar techniques can be applied to
Ty
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