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We present a qualitative derivation of the chiral model from QCD. This is based on using a
Nambu—Jona-Lasinio—type effective Lagrangian as an intermediate step. A detailed derivation of
the anomalous low-energy Wess-Zumino term is presented. This includes vector, axial-vector, and
pseudoscalar particles. The low-energy scale is set by H ~(P¥). We also present the low-energy
nonlinear chiral model which generalizes the Skyrme model. The possibility of soliton solutions is
indicated. There is a possible application of these ideas to electroweak theory.

I. INTRODUCTION

A well-known fact about strong interactions is that
pions are approximately Nambu-Goldstone bosons associ-
ated with the spontaneous breakdown of SU(3)XxSU(3)
chiral symmetry. This is amply substantiated by the
phenomenological success of current-algebra soft-pion
theorems and chiral models.! In QCD, the microscopic
theory of the strong interactions, numerical calculations
indicate the spontaneous breakdown of chiral symmetry.?
There are also qualitative arguments that in the long-
wavelength and large-N limit QCD can be approximated
by a weakly coupled local field theory of mesons.® The
strength of the coupling in this effective field theory is
proportional to 1/N, N being the number of colors.
Baryons appear as solitons in this effective field theory,
their mass being proportional to N A

More recently there has been a revival of interest in
current-algebra anomalies, the Wess-Zumino® term, and
its topological properties.® These developments are espe-
cially interesting because the anomaly coefficients con-
tained in the Wess-Zumino term are universal: they are
identical for the low-energy theory (written in terms of
composite smooth fields) and the microscopic theory.
These coefficients are solely determined by the fermion
representation of the microscopic theory. The Wess-
Zumino term also fixes the quantum numbers of the topo-
logical solitons.’

At present there is no calculation that derives this field
theory of mesons, the chiral model plus Wess-Zumino
term, from first principles. The issue is similar to a
derivation of hydrodynamics from the principles of atom-
ic physics. The theoretical framework is that of the re-
normalization group,® and there is a possibility that
Monte Carlo renormalization-group calculations can in-
clude the combined gauge-field light-quark systems and
attempt a derivation of the chiral model. In particular,
the numerical coefficients occurring in the chiral model
will have to be predicted from the microscopic theory. Of
these universal anomaly coefficient is perhaps the least
difficult to calculate.

Some time ago we had outlined the proposal that the
Nambu—Jona-Lasinio— (NJL) type Lagrangian®’ con-
sidered as a cutoff field theory may adequately reproduce
the main features of the low-energy chiral model includ-
ing its topological anomalies and higher-order nonlinear
terms which can support soliton solutions.'®~'? 1In this
paper we present a detailed exposition of this proposal.
We have also included vector and axial-vector couplings
in the NJL Lagrangian. Tensor and higher couplings are
omitted since they correspond to higher mass excitations.
The plan of the paper is as follows: in Sec. II we present
the arguments for the NJL Lagrangian in the context of
QCD. Section III reviews the standard discussion of
spontaneous breakdown of chiral symmetry. Section IV
presents a discussion of current-algebra anomalies includ-
ing scalar, pseudoscalar, vector, and axial-vector mesons.
The Wess-Zumino term of current algebra is the phase of
the determinant of the Dirac operator in the presence of
these fields in the long-wavelength limit. The anomaly is
reflected in the noninvariance of this phase under local
chiral (gauge) transformations. The anomaly equation
expresses this fact as a linear equation in the configura-
tion space of the local chiral group. This equation is in-
tegrated along a path in this configuration space to obtain
the Wess-Zumino term. In Sec. V we present the long-
wavelength expansion of the modulus of the determinant
of the Dirac operator. By long wavelength we mean that
the typical space-time variation of the scalar, pseudosca-
lar, vector, and axial-vector fields entering the Dirac
operator is slow compared to the inverse mass of the fer-
mion in the broken-symmetry phase of the NJL theory.
Section VI is devoted to the large-N perturbative spec-
trum of the theory and in Sec. VII we discuss the possibil-
ity of soliton solutions to the nonlinear ¢ model which
contains all nonlinear four-dimensional operators involv-
ing the current l#(x):iayU(x)UT(x). In Sec. VIII we
present arguments to identify these solitons with baryons.
We conclude in Sec. IX with remarks on the possibility of
a topological soliton in the Glashow-Salam-Weinberg
model as a result of the existence of heavy quarks. We
reserve the phenomenological implications of this work
for another publication.
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II. NAMBU—JONA-LASINIO LAGRANGIAN
AND QCD

We have mentioned that the theoretical framework to
discuss phenomenological Lagrangians is provided by the
Kadanoff-Wilson renormalization group. In the absence
of a calculation we present qualitative reasoning to
motivate the Nambu—Jona-Lasinio—type effective La-
grangian. Let us begin with four-dimensional QCD on a
hypercubical lattice. When the lattice spacing is small
(large momentum cutoff) we assume that the theory is
described by Wilson’s lattice action for gauge fields and
fermions. The color group is SU(XN) and the flavor group
is U(n)XU(n). To obtain an effective Lagrangian at a
larger lattice spacing (smaller momentum cutoff) we have
to integrate out high momentum fluctuations of the gauge
and fermion fields. Now suppose that after a few itera-
tions we reach a lattice spacing of the size of the correla-
tion length of the gauge fields, i.e., the momentum cutoff
is approximately equal to the glueball mass. The lattice
action at this length scale will be more complicated than
the original Wilson action. Besides minimal terms of the
Wilson action, depending on the blocking procedure,
higher-order nonminimal terms will be included in the
pure gauge and fermion parts of the action.!»?” A possi-
ble parametrization of the action is

1 1 1
SA = _ZEU'UM(P) + —ZZtrU61+ ——zztrU(,p
g 81 8p

) _
+ E—Z—ZUU«S:"FKIEV’( 1+, o
t

+K; 3, QT UL, )T, UL ),
(x,y)
r, = { LYV VsV -
spacings.
Now let us focus on Green’s functions of gauge-
invariant local chiral operators at this scale. An example
is

.}, {x,y) extend over a few lattice

Od(x)=SP LT 9% (x) .

If we further restrict our attention to properties of these
Green’s functions for distances much larger than the
correlation length of the gauge fields (which in this case is
one lattice spacing) we are effectively dealing with a
theory of fermions with contact interactions. The main
point in the above reasoning is that the non-Abelian gauge
field develops a finite correlation length and the nonlinear
fermion theory only evaluates correlations of gauge-
invariant fermionic operators. With this understanding of
the model there is no conflict with local gauge invariance
of the underlying theory and also the question of quark
confinement. A similar though far simpler situation,
where a massive gauge field leads to a Fermi theory with
contact interactions, is the familiar Glashow-Salam-
Weinberg model. Here the gauge symmetry is realized in
the Higgs phase which is manifest in the unitary gauge.
For wavelengths much larger than the Compton wave-
length of the W boson the gauge theory is well approxi-
mated by the Fermi theory without violation of gauge in-
variance.
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With these remarks we write down the effective NJL
Lagrangian which evaluates gauge-invariant correlations
of purely fermionic operators for distances larger than the
correlation length of the gauge fields,

— il = P14jidYLaj + VRajiOYPRaj
+81°(VLaj¥Rak) Prpr¥rg;)

2
82 - =
— il DoV ubrad PLoctubrs)

+LoR]+ - . (1)

a=1,...,N are color indices; j,k=1,...,n are flavor
indices and the subscripts L and R refer to the left and
right chiral projections of the quarks. g; and g, are con-
stants of mass dimension —1. We treat them as
phenomenological parameters. We denote the cutoff im-
plicit in (1) by A, which is much less than the glueball
mass.

The effective Lagrangian retains the global U(n) X U(n)
symmetry of the QCD Lagrangian corresponding to in-
dependent U(n) rotations of left and right fermions.
However in QCD the axial U(1) symmetry is broken by an
anomaly.!* To incorporate this, in a manner consistent
with the large- N expansion, we add to (1) the term

| Indet(PrajVrax) | (2)

which manifestly breaks the axial U(1) symmetry. It can
be shown that it leads to a mass for the 77 meson propor-
tional to 1/V'N. In the limit of large N, which is of
present interest to us, (2) is unimportant compared to (1)
and hence we shall ignore it in the following discussion.

The NJL Lagrangian (1) can be recast in terms of color
gauge-invariant collective variables, M, M T, L,, R, M
is a complex scalar and L, and R, are vector fields that
couple left and right fermions, respectively,

— i L= PLidY, +PridYr + P Mg + P MYy

+i(PL LY +PrRYR)+ —g—i—z-trMTM
1

+—5tu(L,2+R, . (3)
82

Evaluating the Gaussian integral over the collective vari-
ables we can regain (1).

Under the chiral group U(n) X U(n), the quarks and the
collective variables transform as

Y—Vi¥L, Yr—Vatr
MV .MV}, @
L,—V\L,V], R,—~V,R,V},
where (V,V,)€U(n) X U(n). Here (V1,V,) is x indepen-
dent.
III. CHIRAL-SYMMETRY BREAKING

In this section we review the single most important fact
about the NJL Lagrangian, that chiral U(n) X U(n) sym-
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metry is spontaneously broken down to diagonal U(n).
The method uses the large- N limit. !>

Integrating over the fermions in the path integral corre-
sponding to (3), we get the path integral entirely over the
collective fields

= 5
Z= [t n, S sxP NSt (5)
Ser= IndetD — Nl - [dixum'™™

81
L fatwr, 2R,

N 2
& (©)

D, ,=(id—LP, —RPg +iMP, +iM"Pg)8%x —y) .
In the limit of large N, (5) can be evaluated at the

minimum of S.s. We look for translation-invariant solu-
tions

M (x)=diag(Ay,A,, ..., A,), A;real
(7

L,=R,=0.

For these the value of the effective action is

k

Seff(}\.l, cee Trln(ia—i-ikk)

1
- dx M2 (8)
Ng,? J )

The minimum is reached at 0S./dA=0, when all the
eigenvalues are equal to H, say. The gap equation is
> 2H
x )= .
Ng,?

1
id+iH

)]

i trDirac<-x
Since (1) is a cutoff field theory,

7 (A d% 1
v)=—u [ omf kgm0

trDirac{ X =
Dlrac< la+lH

Evaluating (10) the gap equation takes the form

kll—%i—; A’—H%In 1+%\27 ]:o. (11)
Equation (11) has two mutually exclusive solutions:
A=0 (12)
or
7 2 2 2
1—%111 1+—%; =-Z\T~i12&—7]—2. (13)

The first solution (12) corresponds to the case of unbroken
chiral symmetry. The second solution corresponding to
broken chiral symmetry exists only if the coupling is
greater than a critical value

87?2
A%gP> A% t= N (14)
Further since all the eigenvalues of M are equal, the chiral

symmetry is broken from U(n)XU(n) to diagonal U(n).

By considering Gaussian fluctuations around M =0 and
M =H in (5), it can be shown that for g, >g,., the solu-
tion M =0 is unstable, whereas the solution M =H is
stable.

The above conclusion remains unchanged for a large
class of cutoff procedures, for example, one could use a

smooth cutoff in (10),
_ 4 —k2/A2
) [
m* K2+ H?
The detailed form of the gap equation (9) and the value of

H are now different. However, the value of the critical
coupling remains unchanged.

(15)

trDiracl X =
Dlrac< la+H

IV. CURRENT-ALGEBRA ANOMALIES
AND THE WESS-ZUMINO TERM

We now focus attention on the fermion part of the
functional integral (5) or equivalently on the determinant
of D in (6). Denoting the fermion integral by

Zy= [Tldvdvexp | [d*x §id—LP, —RPg

+ M P, +iMPg )Y |. (16)

We note that Z is formally invariant under local
U(n) X U(n) gauge transformations:

Y- ¥p, L,—QL,0} +i3,0,0}, Mo, M,
amn
Yr—OrYr, R,—QgR,Qk+i8,0,0k, M—MQ} .

It is important to emphasize that local symmetry con-
siderations only apply to the fermion part of (5). The en-
tire integral (5) has only a global U(n)XU(n) symmetry
which as we have seen is spontaneously broken to diago-
nal U(n).

The local invariance of (18) is only formal. It is well
known that the currents corresponding to this symmetry
are not conserved due to the presence of anomalies. More
recently Fujikawa has shown that in general local phase
rotations of left and right chiral fermions do not leave the
fermion measure invariant,'® i.e., detD is multiplied by a
phase on making a local chiral rotation on the collective
fields unless fermion representations conspire to cancel
phases among themselves.

To proceed further we take up the important question
of the definition of the path integral (16), or equivalently
the definition of detD. In Euclidean space the operator D
is elliptic in the space of functions with the scalar product
X, )= fXT(x)tb(x)d“x. The presence of chiral cou-
plings imply that D is not self-adjoint. Hence its eigen-
values are complex. Further if we make the reasonable as-
sumption that Euclidean space is compactified to S, by
identifying points at infinity, the operator D has discrete
eigenvalues,

iA

enzel ”‘

€, .
The determinant is then formally defined by the formula

IndetD=Slne, =i> 4, +5Dln|e, | 2. (18)
n n n
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Since |€, |? are eigenvalues of the non-negative operator
DTD, we have

—21—21nfe,, |2=LTr1D'D . (19)
n

We will denote the phase of detD by
A=A, =Im(IndetD) . (20)
n

The sums in (19) and (20) are over an infinite number of
eigenvalues. In a cutoff field theory, these sums must be
cut off at n ~A. A smooth cutoff procedure which main-
tains certain symmetry principles (depending on theory) is
desirable. Since we are modeling the strong interactions
and our effective Lagrangian evaluates gauge-invariant
fermion correlations of QCD at long distances, we have
no choice but to define detD to ensure the conservation of
vector currents. This is phenomenologically correct, and
recently Witten and Vafa have proved the conservation of
vector currents in QCD-type theories.!” For these reasons
we define (19) and (20) using the proper-time formulas of
Schwinger:

A=Im(IndetD)=— 3Im flez%Tre % 21

%TrlnDTD::—;-Trlnﬁ D=— 5 ﬂTre ~sD'D
1/A% §

(22)

The choice of the operator ﬁ:iy5D is dictated by the
fact that IndetD=(IndetysD) and that IndetD
=( %ln detysDysD) leads to the correct expression for the
free energy of the Dirac particle in the absence of external
fields. The factor i in f), ensures the convergence of (22).
A is related to the Wess-Zumino term.

Our main aim in this section is to extract the gauge
dependence of InZ in (16). Since TrinD 'D in (22) is
chiral gauge invariant this is equivalent to extracting the
gauge dependence of phase A in (21). We begin by
separating the invariant and gauge degrees of freedom
from the fields L,, R,, M by fixing an unitary-type
gauge on the scalar field M (x):

M (x)=A(x)=diag(A(x),Ay(x), ..., A, (x)), A;>0.
(23)

It is always possible to go to this gauge by a local
transformation in U(n)XU(n). Following the Faddeev-
Popov (FP) method!® we introduce the identity

App(R) [ TIdQdQRSQL MO —R)=1 (24)
into the integral in (5) and perform the change of vari-
ables M—Q; M Qg to get

Z= [dL dR dQ;dOrdX App(R)exp(—NSes) ,

1
d*x A;?
glzNgf

(25)

Ser= —IndetD +

1
+ d*x tr(L 2 2
gzsz XLy R,
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D=i3—LP, —RPg+iQgAQL P, +iQ; 205 Py |
(26)
AFP(X)=H[)\',(X)—}\7(}C)]2 .
i<j

The amount of gauge that is fixed depends on the struc-
ture of the matrix A which is a dynamical question. In
the last section we saw that the large-N saddle point cor-
responds to A=H in (13). (The InAgp does not contribute
to the saddle point since it is subleading order in 1/N.)
This means that the gauge condition (23) is left invariant
by gauge transformations [(V.,Vg)EU(n)xXU(n)] for
which V; =Vx. We denote this set by diagU(n). The
gauge is fixed only up to diagU(n) and we have separated
the gauge degree of freedom belonging to the coset
U(n)XU(n)/diagU(n). L, and R, are invariants under
gauge transformations.

An important consequence of the above is that in the
broken-symmetry phase, we can write (25) in terms of a
single unitary matrix U=Q; Qg ~!, which represents the
pionic collective mode. In particular the differential
operator (26) becomes

D=id—LP, —RPr +iH(U'P, + UPg) . 27

To calculate the phase (21) we consider the rotated opera-
tor
D®=i3_pp, —R®p, +iHQUP, +UQP),
(28)
RI®—qra'+i300", Qx)=em®

and establish a differential equation for the phase of D[?],
Noting that DM =(Py+P, Q)DI?=1(pP, + PO "),
under small variations 3—Q + 8, we have

D=1 [500~ !, DI - L {y800-1, DI}, (29)

the first is a vector variation, the second an axial-vector
variation. Our regularization preserves vector sym-
metries, hence the first variation does not contribute to
the variation of the phase A and we have

8[A(Q)]= —Im Tr(y8QQ e ~DIOI/A%) (30)

The evaluation of the trace in (30) is long and tedious.
The main steps are relegated to Appendix A. Here we
present the result which agrees with Bardeen’s calcula-
tion,2%2!

SLiA)] = [d*x tr (i8QQ~'B),
1 31
B=—2S[3F/ +Fs’
—2i(FyA*+ AFy A+ A’Fy)— 5 4% .
In (31) we have used the notation of differential forms
F=F,dx, Ndx,, F*=FA\F,
Fy=dV+iV?+id? F,=dA+iAV +iVA ,
V=+(L +R9), 4=5(L —RI%),

V and A are vector and axial-vector fields, respectively.
In order to integrate the anomaly equation (31) it is
convenient to write (31) in a form that expresses the
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right-hand side of (31) as the dlvergence of a current.??

This is done using Bardeen’s identity:*°

[ d*x tr (800~ 'B)= —8[iC,(L,R1™)]

+ [d*x tr,[i8007'G(RIM)]

(32)
where
CilL,R)= Jd* tr{i[R,LYdL +dR)
+RL3*+R*L —+LRLR}
and (33)
G(R)= 1.

The differential equation (31) can now be recast in the
form
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We define the differential operator &, =iuy8/87, in the
configuration space of the collective field U(x). Then
(34) reads

D (A+C, )_ str1,d[RIMGRIM 4 S (R19))3]

:trtaG(Rm]) i (36)

Equation (36) says that in the presence of fermions
“Gauss’s law” is modified by the anomaly term in (36).
The crucial point in integrating (36) is that in the
right-hand side of (36) the collective mode Q makes expli-
cit appearance separated from the invariant coordinates
R. This enables us to separate the purely longitudinal
part of (36):
D (A+C)=tr1,[G (RIM) — G(01)] 4 trt, G (01D)) |
(37

G (0%) stands for the anomaly term (33) evaluated when
R, =0:
"

8(iA+iCy)= [d*x tr[i8007'G(RIN)] . (34) Goloh)— _ 1 _(1dQ) . (38)
Using the parametrlzatxon Q=e" we can write i
8001 =e!1+8Me~in  The group law is defined by the The remaining part can be rewritten as
g(;]}uatlon etaelﬁ——e X@.B) Hence we have to first order in trt,[G (R — G0 )= — 7 ,C,(R1idaa") .
3 (39)
: —1__ a b N S .
I8QO™ = —taup()8n° , up= S X(a, —m) Under the  variation Q—e®Q, 8(iQ~'dQ)
' a=n =—0"'d67Q. Using this (39) can easily be integrated
(35)  to get®
|
cz(le;idQQ—1>=—48 2fd4x tr{ (RI)3dQ'+(i1dQQ VR4 1(idQ QYR dQ Q- HRI
T
+i(i dQ Q) RIPIGRIOI L gRICIRIO]) (40)
I
So finally we come to the nontrivial differential equation D, =itr, dQ Q*‘ j _ 43)
s

Do(A+C +Cy)=———trt,(1dQQ™ . @41
48

As was originally pointed out by Witten® (41) cannot be
integrated in four dimensions. Following our method'
we will integrate it along a path in the configuration space
of the collective field ). The Wess-Zumino consistency
condition which is a zero-curvature condition assures us
that the solution is path independent. We parametrize the
path by its length. The line element in configuration
space is given by

(dsP= [d*% tridQ Q1) . (42)

The tangent vector at the point s along the path is given
by

ﬂﬂ—l

T (8)=itrt, 4
s

hence the projection of the derivative &, along the
tangent 7,(s) at s is given by

The differential equation becomes

4 (A+Ci+Cy)=

- Zfd“ [ oot ](dﬂﬂ_l)“.

(44)

Let the point s =0 correspond to the configuration
Q(x,0)=1 and the end point s correspond to
Q(x,s)=U(x). Now (44) can be integrated between these
two points:

I'(s)—1(0)

L P (bt |92 -
=182 fods fd xtrlds,ﬂ

1J(dsm-‘)“. (45)
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A simple rescaling of s enables us to write (45) as

Pxs=D—T(xs=0)=_— f dxs [ d'xtr !—Qn—* @daa-hH (46)
where Q(x,x5 :0)—_- 1 and Q(x,x5=1)=U(x). A more symmetrical form of (46) is

(x5 :1)—F(x5=0)=ﬁ D5dz,.jk,,,,tr(a,.(m—lanQ—‘akQQ—la,QQ—la,,,sm—l) , (47)

where d 2, is the volume element of a five-dimensional
disk with space-time S* as its boundary.

Now I'=A+C,; +C,. Hence using the definitions (28),
(32), and (38) and noting that C,(U =1)=0 we get the re-
sult

(Im In detD!®=11_Im In detD[?=V1)

= i[Cl(L ;RN —C(L;R)]+iCy(RWLiqu U

+ Jpdz@ana="y. (48)

240 2
Equation (48) gives a formula for the difference between
the phase of two determinants, one corresponding to
Q(x)=1 and the other Q(x)="U (x).

We now note that the vector field R!Y) is invariant
under the local right transformation R—R!®] and
U—a~'U. Hence we  would expect that
ImIndetD[Q=U]=ImIndet(id—ELP, —RW+iH) is
also invariant under local right transformations and hence
cannot contribute to all but the first term on the right-

hand side since these vary under R—R[®! and
U—a~'U. In Appendix B we sketch the proof that in
the long-wavelength approximation in factI

iA(L,R,U)=+(ImIndetD!?=11{ Im In detD [2=11)

= é[Cl(L[”"];RHCl(L R _2c,(L

+—— [dsdaa"’.

24077'

We note that if L =R =0, (50) agrees with our previous
result.

V. LONG-WAVELENGTH EXPANSION
OF THE MODULUS OF THE DETERMINANT

Now that we have extracted the phase of the deter-
minant we proceed to evaluate In |detD | which was de-
fined in Eq. (22),

® ds

In|detD | =+TrinD'D=—% [~ = Tre

-—sDTD (51)
1/A2 § ’

In (51)D—za LP;, —RPg +iH(U'P, +UPg). However
since DD is anomaly free, we work with the gauge-
rotated operator:

DW= (Pr + P, UD (P, +PrU")
=ig—LP, —RWIPg +iH ,

(52)
RUWI=yRU-'+idUU!.

r
ImIndetD[Q=U]=0. By the long-wavelength limit we

_ mean for wavelengths much larger than 1/H, a calcula-

tion which assumes that we are in the broken phase where
H ~ (). Hence in the long-wavelength approx1matlon
the phase of Indet[id —EP; —RPgr+iH (U TP, + UPR)]is
given by

ImIndetD!®="1= i[C,(L;RY)—C,(L;R)]
+iC(RWLidU U

+ Jpdzaoa=y . @9

i
24072
Equation (49) can be written symmetrically in L and R by
noting that the entire calculation could have been repeated

for the left rotated operator D=i3—L[®IPy —RPg
+iH(U'W'P, + VUPg). Then the analog of (49) is
ImIndetD [2=1= ;[C,(LIY "' R)—C|(L;R)]
+iC, (LW kiquUu—)
i
+—— [ d2Q-da)y.
2407? J Ds
Hence
iR)]+ é[cz(LW“l;i dU U~ +C,(RWVLi qU U 1))
(50)
-
Introducing the vector and axial-vector fields
y_ L+RY L —RY
- 2 > - 2 ’
(53)
DW—=ig—¥V—Ays+iH .
Then with definition 6=(D[U]f)D[U], (51) becomes
Indet|D |=—L+ [* DS qre—s0 (54)
1/A2 §

The operator O can be treated as a quantum-mechanical
operator O=0(P,,X,) with P,=id, and X,=x,. In
the plane-wave basis the trace in (54) can be written as

4 e A~
d k4 (x Ie_SO(P_’_k’X)D’) . (55)

Tre—sa(ﬁ,f)zfd4x d4y(2 )
a

Equation (54) can now be expanded as
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® ds _m% (g4 sk —s[OB+k,F)—k2—F 2]
L[ & d*x s SOG+k, . (56)
In | detD | A s * [d*x d* f o )4 x|e |y)

This formula gives a systematic expansion in powers of 1/H. Details are given in Appendix C. The final expression in-
volving operators up to dimension four is

Nin | detD | ——Nfd x try{ di[5(Fp,)+ 5 (F,) +4H 24,>+(3,H )+ (H*—H?7]
+d,yi[ Ay, A, 1F ), +d3 A, (H?—H?)+d (3,4, +i[V,,4,])
+ds(A, +de[A,,4,1%) . (57)

The fields are defined as

Fl,=3,V,—3,V,+ilV,,V,1+i[A,,4,], Fi,=08,4,—08,4,+i[V,,A,1+i[4,,V,]. (58)
The coefficients are given by

d\=F_,, dy=—4F,, d;=4F_,—8F,, dy=—%F,, ds=—%(2F,—F,), d¢=— +(Fy+F;),

where

L wéﬁi —s — 1 —Xx _4_1.._. ® s _
1672 Jooem Fo= 67 T e [odsse™ =05

As expected (58) is invariant under vector gauge transformations: V—QVQ~'4i3QQ~!, 4 >QA4Q~!. Axial-vector
transformations are not a symmetry of (58). This is because the long-wavelength expansion is performed in the broken-
symmetry phase with respect to the mass H ~ ({1)).

VI. THE PERTURBATIVE SPECTRUM

Now that we have completed our calculations let us collect our results. The effective action at long wavelengths
(k << 1/H) turns out to be

NS g=iNA(L,R,U)+NIn | detD | — NN .
81

w2 (59)

where A is the Wess-Zumino term given by (50) and In | detD | is given by (58).

The spectrum of this effective action can be analyzed in the large-N limit. Let us first consider the perturbative spec-
trum_which consists of small oscillations around the classical broken symmetric configuration: U =1, L, p=0,
H=H. The Wess-Zumino term is irrelevant for this problem since it only provides the anomalous vertices. We analyze
the quadratic part of the real part of the action:

d d _
=St = [dixtr | SH@V, =8V, P+ S (3,4,—8,4,)"+d1 (3,0 +4H %d, 07

+4H%d (A, + 38,7+ —5 (4,2 +V,2) | . (60)

82

In (60) we have used the definitions 4 =(L —R)/2, V=(L +R)/2, o=H (x)—H, and U=e'"~1+in. In (60) there is
a mixing between the axial-vector field 4, and d,7. To diagonalize the quadratic form we define the linear combination

. 2 142H %d,Ng,?
A, = A —9,T, a=—"""""""7—"+, (61)
122 #+ a [ad leg22

Then (60) becomes

—SH=[d*xtr 3,V —3,V, )2+

+d;

_ T2
(3,0)*+4H *0* + +(aﬂ)2 . (62)
1+42H %d | Ng,*
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The fields V, and A4 p are to be identified with the vector
and axial-vector mesons, with masses

2 3 2 3

myl=—-—— m;’=—"——-46H?, (63)
" d\Ng,? 4 diNgy?
leading to the relation
m-2—my*=6H? . (64)

A

The field o is that of a neutral meson with mass
m,*=4H?. 1 is the pion and the coefficient of (3,7)” is

to be identified with the pion-decay constant
) NH %,
Fpil=—————. (65)
1+42H %d,Ng,?

VII. SOLITONS

We now comment on the possibility of soliton solutions
of the effective Lagrangian (57). A simple possibility is to
set the vector and axial-vector f;i_elds to zero: V,=4,=0,
and the density field H(x)=H. The resulting effective
Lagrangian is that of the nonlinear o model with higher-
order terms:

ds

—Sar=[d*x tr |4 21,4+ 3d4@,L, 02+ T (1,7
dy—dg
e Uwhilnlu | (66)
where
I,=id,UU~".

The second term with the coefficient d; contributes to the
inverse pion propagator: 4H 2d k*—3d;k* However,
since we are restricted to slowly varying functions for
which k?<<H?, the second term proportional to k* is
neglected. This elementary perturbative argument could
be carried over to the soliton sector by minimizing (66) in
the class of slowly varying functions where we can neglect
the term d3(3,/, )2 and the relevant effective action is

dy

—Ser= [ d*x tr | 4Hd,(1,)+

—dg
s LR

. (67)

ds 2)2
+ 16(1“)

The signs of the coefficients in (67) are important. First,
the energy density should be positive, second, if a stable,
time-independent soliton solution is to exist, the contribu-
tions to the energy from the four-derivative terms (G,
say) should also be positive. The coefficients occurring in
(67) are functions of x=HZ2/A%. We find that
(d4—dg)/16 is positive for all x, ds is negative for the
range x =0—1.1 and positive for x >1.1. We have nu-
merically checked that for a wide range of slowly varying
configurations the energy density is positive for all x. Gy,
however, can be negative when ds is negative. Thus there
is a range of x where ds>0 and hence G, is positive

where stable time-independent soliton solutions can exist.
The details will be presented elsewhere.

VIII. BARYONS ARE SOLITONS

In this section we would like to identify the large- N sol-
itons of the effective action (66) with baryons. Consider
the two-point function

B(x)=(J(x)J0)), (68)

where
1
J(x)=7v—!—6il e '}.l/}il(x) e '/}i,,(X)

is a color-singlet baryon number operator. We have
suppressed the flavor and Dirac indices. Since baryon
number, being a vector symmetry, is conserved the state
J(x)|0) has a nonzero overlap with a baryon state. Also,
because 1); are anticommuting

J(X)=!/l1(.7€) ct IIJN(X) 5
and
B(x)={(th;(x) - -+ Yn(x)Pn(0) - - - $1(0)) . (69)

The QCD considerations which led us to the NJL-type ef-
fective Lagrangian apply as well for (69). Introducing
auxiliary variables and integrating over the fermions, we
get

_1 . N
Bx)=— [, [Gx:MLRexp(NSeir), (70

where G (x,0;£) is the Green’s function corresponding to
the operator D, in (6). [G(x,0;§ )]V is color gauge invari-
ant and a symbolic notation for the product of quark
propagators in presence of the fields £ with appropriate
Dirac and flavor indices. For large x the In of the
Green’s functions will go like e ~™I&11* | Let us now as-
sume that in the limit of large N, B(x;0) is evaluated by
the saddle-point equation,

SSeff——Sm lx I =0. (71)

Since for large | x | we expect S and m to be bounded,
the variational equation (71) implies 6S =0 and 6m =0.
Hence baryons are solitons of the mesonic effective action
S.

The baryon current is defined in terms of the left and
right variations of InZ,. Z, was defined in (16):

Bu=-tlIE+78),

- 8
=AUy Py =— s 02y > (72)
I
IR =Yy Pri)=— sr_InZy -
I
Therefore the baryon current can be written as
1 5 5
B, =——t 1 .
u N 5L, + 5R,, nZ, (73)
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Now an¢=1ndetD=N(%Tr1nD*D+iA), and the real
part defined by (22) is invariant under vector gauge
transformations, hence (73) becomes

5
5L, ' oR,

B,=—itr (74)

The baryon current depends only on the variations of
the phase of the determinant and in general is a compli-
cated function of the fields L,, R,, and U. However in
the limit of very long wavelengths when the massive vec-
tor and axial-vector particles decouple from the effective
Lagrangian, we can consider the fields L, and R, in (16)
as infinitesimal sources and the formula for the baryon
current becomes?*

+-2 |a (75)

B _
8L, ' 8R,

tr

=—1

©

L=R=0
In this long-wavelength limit the only contribution to (75)
is from the five-dimensional term in (50),

1 —1 -1 -1
B# =— meﬂvpotr(avUU apUU o, UU), (76)

B,, as is well known, is a topological current and its
charge, the integral baryon number
1
24172

n=

[ dxetrd,UU 1, UU 13, UU )

is a topological invariant.

IX. CONCLUSION

In this paper we have presented a qualitative picture of
the emergence of the chiral model from QCD using the
Nambu—Jona-Lasinio—type effective Lagrangian as an
intermediate step. Our calculations involved a detailed
derivation of the anomalous Wess-Zumino term of current
algebra, including vector, axial-vector, and pseudoscalar
mesons. We have also calculated the effective Lagrangian
for these particles at low energies. The coefficients d;
(58), of the effective Lagrangians (57) and (66), unlike the
anomaly coefficients, are not universal. However it is
likely that the Lagrangian of the form (57) and (66) would
emerge from a more detailed renormalization-group treat-
ment of the underlying gauge theory.

We emphasize that (66) is a more realistic description
of chiral dynamics than the Skyrme model.?*> Also the ex-
istence of soliton solutions in the chiral model (66) is by

no means obvious (since all coefficients are not positive)
1
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and does depend upon the details of the coefficients (66).
A soliton solution to (66) in an appropriate range of pa-
rameters has been borne out by numerical calculations.

There is another theory to which the type of analysis
we have presented can be applied.!"!? In the electroweak
theory of Glashow, Salam, and Weinberg, if we integrate
out the heavy top and bottom generation, then in the
very-long-wavelength limit, when only the longitudinal
modes of the vector bosons are dominant we can expect a
nonlinear chiral model which may be able to support soli-
ton solutions. We mention that these considerations are
quite different from those of Gipson?® who has considered
such solitons in the electroweak theory resulting from a
strongly coupled Higgs sector.

Note added. While this work was in progress, we re-
ceived the following papers which have also discussed the
non-Abelian anomaly with vector mesons: (a) O. Kay-
makcalan, S. Rajeev, and J. Schechter, Phys. Rev. D 30,
594 (1984); H. Gomm, O. Kaymakcalan, and J. Schechter,
ibid. 30, 2345 (1984). (b) N. K. Pak and P. Rossi, CERN
Report No. Th. 3831 (unpublished). (c) H. Kawai and S.
H. H. Tye, Cornell report (unpublished).

References (a) and (b) use the trial and error method of
Witten. They have also emphasized the importance of the
conservation of vector currents to obtain the correct form
of the Wess-Zumino term. Reference (c) integrates the
anomaly equation along a path in configuration space.
We mention that this procedure was previously employed
in Ref. 10.
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APPENDIX A

Here we outline the main steps in the calculation of the
variation of the phase of the fermionic determinant:

8(A)= —Im Trys8QQ~le—(D'"2/A%

where

DB R)=ys[P—LP, —RPy +iH(QU'P, + UQ'PR)]

=ys(P—V —Ays+iM P, +iMPg) ,
V=+4(L +R®), 4=1L —RI®) p=va'.

P
X

R

~ d4
—ImTr8QQ " lye P /A — _1m
Vs f 2m)*

(AD)

and X are operators in the space of spinors with the inner product (¢,X)= f d*x ¢T ()X (x), 1?’#=ia/8X", and
u=x,. Following Fujikawa we evaluate the trace in the plane-wave basis:

(k | tr8QQ "1y e —D2/A | k)
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(tr is over Dirac and flavor indices)

dk ~1yik-£, —D —ik%
:——Imj‘(z’n-)4 fd4xd4y(x|try58()ﬂ lgik-x, D2/A2e k |y>

d*k 1 —DAP+K.£)/A2
=—Imf 2 fd4xd4y(x|tr7/5509 le—D (P+'k’ AT y)

T, T,

VAT

:—Imfd4x d“y<x try 600! y> , (A2)

where
4 A A
To= [ e D Pk 2k
T

Dropping terms O(1/A?) implies that we drop operators of dimension >4. Thus we can get contributions only from
T, Ty, Ty, and T,. After performing the trace operation and taking only the purely imaginary part, we are left with
only the “minimal” terms proportional to €,,,5. It is convenient to work with the operators d, =P, —V, and A4, since
these transform covariantly under vector gauge transformations. In terms of these

D P+k,%)—k*=d,d, +2k,d, +[A,,d,lys— A, A, +ild — Ays+k,M P, +MPy]

. — Vs
+M TM TPL +MMPR + %[’y,w?/\/]dydv'i'_i.[yy)yv]{A;udv} +75[7/#’7/V]Aykv

—%[’V‘u’y‘v]AﬂAV . (A3)

Computing the T;’s is tedious but straightforward algebra. The k integrals reduce to Gaussians and can be easily done.
Finally we obtain
Tl = T4 =0 ’

1

SIAT Ty=2trp(d,d,dodg++[A,d, +d, A [ Audg+daAgl—+A4,d,dyAg—5d,d A, Ag

T2= A0

—5A,A,dodg— 5 A, A, A AR)Eyyp - (A4)
From this we can easily get our final answer

—Im Try 500~ le DA = [ adx tr/[i800~'B(x)] . (A5)

B (x) is Bardeen’s anomaly.

It is important to note that at the level of phenomenological Lagrangians, where the ultraviolet cutoff is finite, it is
justified to drop O(1/A?) terms in the anomaly Eq. (A2), because we are assuming that the background fields are slowly
varying over this scale.

APPENDIX B

We will now proceed to carry out the long-wavelength expansion of the phase of the determinant of D 19=U1 and show
that it is indeed zero. The long-wavelength expansion was explained in the text. We have

Im In detD [“=U1:_l1mf°° ds , —s(B1vIz/p2
2 1/A2 s
1 © ds —H?2s 4 4 S = s? = . B
:‘_"Z_Imfl/l\z—s_e fd xdy X I—FT1+—2'[\—4T2__.. y), ( 1)

—~ 4 A —
T, = fe—kzsé’%w Whp 4 k,2)—k2—H2]" .
T

The operator D 2(p +k,£)—k? has been written down in Appendix A. After a lot of algebra on similar lines to the cal-
culation in Appendix A, we get
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j:1 =0 ’
-2'77:2 =2tr;(ddAd —dddA — Addd —dAdd +-dAAA —~ AdAA + AAdA —AAAd) ,
‘ 3 (B2)
3'A6 T3 =— %trf(ddAd —2dddA +2Addd —dAdd +4dAAA —5AddA +5AAdA —4AAAd) ,
4
4'A8 T4-—4trf(dAAA —AdAA +AAdA—AAAd) ,
where
X1 X X3X 4= €uyapX 15X 2, X 30 X4p -
It can now be easily verified that
s? = 53
At 127 3 T+ 4‘A8 Ty=tr;{[[d,d],[4,d]]+[[d,4],[4,4]1]} =0 . (B3)

APPENDIX C

The long-wavelength expansion of the real part of the In of the fermionic determinant has already been described in
the text. We now describe the salient features of the calculation. We have

~ta © ds _.5tp
IndetD D= —L71r L2 e—sD'D
2 fl/Azs

e [ G ,m Ak g s?
__2Trf1/A2 . e s We St x 1——sT1+3?T2— y), (CD)
where
T,=DD(p+k,8)—k*~H?.
After the algebra we will be left with integrals of the following type:
_ 1 e ds gy dk o a2
T fl/A2 s¢ (277)4k e (C2)

All the integrals we need (n < 5,/ < 3) can be written up to a constant as one of the following three integrals:

© ds 1 1 ® =
F_,= —e”5, Fo=——e " Fi=—— [ se™ds, x=H?/A*. (C3)
' 1672 I, s °" 1672 " 16n? I
Here we digress to remark that if we had regularized the determinant in the following way,
indeth H=—1Tr [* B o(sHD), (c4)
1/A s

where g(y) is any smooth function which vanishes at y = « along with its derivatives, the only difference in the calcula-
tion is that F_,, Fy, and F; are modified to

°°a's
Fo= 1677-2f Fo=1c- zf dsg'(s), Fi= [ Tdssgnis) . (C5)

162

A EA

The operator D DB +k,%)is given by

A

D'D(P+k,2)=k*+H>+2d,k, —24,k,ys+(d,d,+A,A,)—(A,d, +d,A,)ys—iV,0,H

i
—7/”7/1’7/51;‘;1’ . (C6)

. = i
+21HA/.L7/1.L7’5+(H2‘“H2)—EY}LVVF;.V_ )

We have taken H (x) to be a multiple of the unit matrix, d, =13“ — V. After a tedious calculation we finally get the re-

sult quoted in Sec. V. Also (C5) indicates that the coefficients d; are not universal.
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