
PHYSICAL REVIEW D VOLUME 31, NUMBER 12 15 JUNE 1985

Induced-gravity inflation

Frank S. Accetta
Astronomy and Astrophysics Center, The University of Chicago, Chicago, Illinois 60637

David J. Zoller
Department of Physics, Enrico Fermi Institute, The University of Chicago, Chicago, Illinois 60637

Michael S. Turner
Astronomy and Astrophysics Center, The Uniuersity of Chicago, Chicago, Illinois 60637;

Department ofPhysics, Enrico Fermi Institute, The Uniuersity of Chicago, Chicago, Illinois 60637;
and NASA/Fermilab Astrophysics Center, Fermi 1Vational Accelerator Laboratory, Batavia, Illirio&'s 60510

{Received 28 January 1985)

In a Ginzburg-Landau model of induced gravity based on the Lagrangian density
L = eP 8/—2 —8"QB„P/2 —k(P —u2) /8, we investigate the semiclassical evolution of P from
P&u to the spontaneous-symmetry-breaking minimum P=u [u =e '~2(8m. G) '~2]. We show that
for e, A, « 1 the transition is inflationary, both in the case that the initial value of /=0 ( ordinary
new inflation") and in the case that the initial value of P»v (Linde's "chaotic" inflation). The
value of A, required to ensure density inhomogeneities of the proper size is e dependent and typically( ]0—12

I. INTRODUCTION

Spontaneous symmetry breaking (SSB) plays a very im-
portant role in modern theoretical particle physics. It al-
lows some gauge fields in the theory to acquire masses
without destroying the renormalizability of the theory.
As a result, dimensionful coupling constants, which arise
in the low-energy, effective theory, can be expressed in
terms of vacuum expectation values of various scalar
fields in the theory, e.g., G~- (P) . Such considera-
tions have led Adler, ' Smolin, and Zee to suggest that
SSB may also play a role in formulating a quantum
theory of gravity. Their idea is to exclude the Einstein
term from the defining action, and have it induced in the
effective action. Such a theory should behave exactly
like general relativity at low energies, and deviate only as
the Planck scale is approached. Thus, the early universe
is a natural setting in which to study the consequences of
such a theory.

In particular we will use the semiclassical equations of
motion to study the transition of the scalar field respon-
sible for "inducing gravity" to its SSB minimum. We
find that it is quite natural for this transition to be infla-
tionary, and we consider inflationary scenarios based
on this transition. The model we study is based on the de-
fining action given by Zee,

Here e, i, are dimensionless coupling constants, v =e
is the vacuum expectation value of P, and we work in
units where A=c =kz ——1 and all energies are measured in
units of mp&/(8~)'/. The Planck mass mp~ ——G

= 1.22& 10' GeV. We follow Weinberg's conventions
for the metric signature ( —+ + + ) and the definition
of the Ricci tensor.

The inflation these models exhibit is "slow-rollover" (or
new) inflation ' and can be of the "ordinary type" where

P evolves from /=0 to the SSB minimum P=u or of the
Linde chaotic type, where P evolves from P »u to P=u.
The interesting new twist here is that during the transition
the effective value of Newton's constant, G,tt
=(8m.eg ) ', varies and depending upon the initial value
of P is less than or greater than the value we measure to-
day, G& ——(8~) '. In the case of ordinary inflation, the
dynamical nature of G,tt leads to strong power-law
growth, a (t) o: t' /, rather than exponential growth.
[Here and throughout a(t) =cosmic scale factor. ) In the
case of chaotic inflation, the growth of a (t) is exponen-
tial.

The requirement that density perturbations of an ac-
ceptable magnitude result' '" specifies A, in terms of e (see
Table I). The quartic self-coupling A, must be very small,
typically &10 ' . Sufficient inflation to solve the flat-
ness and horizon problems only requires that A, be ( 10
In fact this seems to be a generic feature of new infla-
tion, " and all but necessitates that P be a gauge singlet (if

were a gauge-nonsinglet one-loop corrections due to
gauge particles would spoil the flatness of the potential
which is required). In this regard induced gravity is an at-
tractive means of implementing new inflation since the
scalar field which induces Newton s constant is necessari-
ly a gauge singlet.

The paper is organized as follows. In Sec. II we derive
the semiclassical equations of motion for P and then
present and discuss approximate analytical solutions; in
Sec. III we then derive the constraints on e and X which
are needed to successfully implement new inflation, sum-
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TABLE I. Some prescribed values for successful inAation. The prescribed values of A, are computed
from Eqs. (25), (27), (29) and TRH(max) from Eq. (35).

1

30

10
10
1O-4

Ordinary (Po & u)
A, /5

3~10—"
4~10-"
4X 1O-"
4~ 10-"

TRH(max)

3&10 GeV
5 & 10' GeV
9&10"GeV
5&10" GeV

1

30

10
10
1O-4

Linde ($0& u)
A, /5~

10-"
3 X10"
4&& 1O-"
4~10-"

TRH(max)

7~ 10 GeV

4/ 10 GeV
9&10"GeV
5&10" GeV

marizing our results in Table I; we end with some con-
cluding remarks in Sec. IV.

II. EQUATIONS OF MOTION
AND APPROXIMATE ANALYTICAL SOLUTIONS

For simplicity we restrict our analysis to the
Robertson-Walker line element

dr
dr =dt a(t) — +r d8 +r sin 8dg

1 —kr
(2)

where a(t) is the cosmic scale factor. This choice means
that (t is necessarily spatially homogeneous. Ignoring for
the moment other fields in the theory, the action given in
Eq. (1) reduces to

S= f dna(t) [—eP R/2+/ /2

—V((t)]r sin8(1 kr )—
l(t /P I

«H
P'«V((t),
P«3HQ .

(5a)

(5b)

(5c)

In the slow-rolling (or "friction-dominated" ) regime Eqs.
(4a) and (4b) become

Second, we have not included all the other fields which
must exist in the complete theory (quarks, leptons, gauge
fields, etc.). The coupling of other fields in the theory to
P is what will eventually allow the vacuum energy (of the
P field) to decay and reheat the Universe. Such couplings
will lead to a damping term in Eq. (4a) of the form I P,
where I is the decay width of the P particle. We will dis-
cuss reheating in more detail later.

We are interested in inflationary solutions to Eqs. (4a)
and (4b), i.e., solutions where the evolution of P is slow
compared to the evolution of the cosmic scale factor a (t).
To be quantitative, this condition (slow rollover) means

= f d xI3eg (a'a +a a+ka)

+a [—,'(t —V(P)]Ir sin8(1 kr )—
(3)

3HQ =[4V(P)/P V(P)]/(1+—6e),
V(P) k

3' a (t)

(6a)

(6b)

where the Ricci scalar R = 6[a(t)la (t)+—a(t) la (t)
+ k/a (t) ], k is the curvature signature, v' —g
=a(t) r sin8/(1 kr )',—V(P)=A(P —u )/8, and the
overdots indicate a time derivative. By varying the action
we obtain the equations of motion for P and a (t):

P+3HP+P'//+[V'(P) 4V(P)/P]/—(I+6m)=0, (4a)

H' 1+2&/& =+ H , [—,'P'+ V(P)]—k/a(t)'=0,
3eg

(4b)

where as usual H =a(t)la(t) is the expansion rate and
the prime denotes a derivative with respect to P. With the
exception of the P /P and —4 V(P)/P terms and the fac-
tor of (1+6') ', the equation of motion for P is the usual
one. ' Likewise, when one recognizes that
(3' ) '=(8mG, tt/3), the equation for the expansion rate
is, up to the factor of 1+2(P/P)/H, the usual one.

Two comments are in order at this point. First we shall
assume that while P is evolving toward its SSB minimum
its stress energy [= —,

'
P + V(P)] dominates the stress en-

ergy of the Universe. This is the usual assumption made
when discussing inflation, and is a reasonable one since
once a (t) starts to grow rapidly other forms of stress en-
ergy will be quickly red-shifted away [e.g., p„d~ a (t) ].

(t'(t)=(to+( 3
Xe)'"v't (yo&v),

P(t) =go —( ', ke)'~'u't —(Po& v),

(7a)

(7b)

where Po is the initial value of (t (i.e., at t =0) and we
have neglected the curvature term [k/a (t) ] in Eq. (6b),
as it will quickly become negligible relative to V(P)/3',
and the factor of (1+6@) ' since e«1. During the
slow-rolling phase P increases (or decreases) linearly with
time. It is interesting to note that the 4V(P)/P part of
the driving term [i.e., the right-hand side of Eq. (6a)] is
more important than the V'(P) term, so that P "rolls off"
4 V(P)/P rather than V'(P) (as is usually the case). '

Given the evolution of P(t) it is straightforward to
compute the evolution of the cosmic scale factor a (t):

v'—k/e
24

(8a)H=a(t)la (t) =

A. Slow-rolling:
~ P —u

~

&e'~2u

It is straightforward to show (and we have numerically
verified) that conditions (Sa), (Sb), and (Sc) are satisfied
when

~ P —u
~

&e' u, for A., @&&1. In that regime the
appropriate equations for the evolution of a(t) and P(t)
are Eqs. (6a) and (6b). The solution to Eq. (6a) is
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a (t)lap (P——/Pp)' exp[a '(Pp —P )l(8v )], (8b)

a (t)lap —[(—'A, )' ulg ]' t' (10)

i.e., not exponentially, but as a very high power of t (as-
suming that e«1). The total time required for P to
evolve from P =Pp to P =v is just

(1 la)

where ap ——a(t =0). The total growth of the scale factor
during the time it takes p to go from p =pp to p = u is just

~
—1 ~

—1

ln(a, /ap) = ln(v/Pp)+ (Pp /u —1),
4 8

where a, =a(t„) and P(t„)=u; i.e., the scalar field P
reaches its SSB minimum at t =t, .

Consider the case of Pp & u. During the time that
u »P»Pp the scale factor a(t) grows as

If Pp&u, then for P «u, P increases linearly with time
p
—1 /4and a (t) cc t' ~ . On the other hand, if Pp& u, then for

P »u, a (t) grows exponentially with t.

B. Damped oscillations —
~ P —v

~
& e'~2v

When
~ P —u

~

=0(e' u), P begins to oscillate about u

with frequency A,
'~ u(=m~). The initial energy density in

these oscillations is

(pp), = V(P)
~

~

1 4
2 AEU

When
~ P —v

~

& e' u, the equations for the evolution of
P(t) and a (t) reduce to

P+3HP+P'/P+ V'(P) =0, (16a)

and during this time a (t) grows by a factor

~
—1

in[a (t, )/ap] = [ln(v/Pp) ——,
'

] .
4

(1 lb)

H'=
3 [V(4)+ 20'] (16b)

where we assumed that e « 1 and have kept only the lead-
ing terms in e (i.e., e ). Note that for

~ P —u
~

& e' u,

For e« I this can easily be enough growth to solve the
horizon and flatness problems. (We will be more specific
about this in the next section. )

Now consider the case of Pp& u. During the time that
P=Pp»u, the cosmic scale factor a(t) grows exponen-
tially:

a (t)/ap =exp[(A, /24)' e '(Pp/v)t] . (12)

The time required for P to evolve from P=Pp to P=u is

t„=(Pplu —1)( —,
'

A, )

and during this time interval a (t) grows by
—1

ln(a, /ap) = [(Pp lu 1)—2 in(gp/—u)],
8

(13a)

(13b)

2A, E'

3

which again for e «1 can easily be large enough to solve
the horizon and flatness problems.

Finally, consider the time interval during which P=v,
but

~ P —v
~

& e' u (so that the slow-rolling approxima-
tion is still valid). Write

1/2

(t —t, );

2g1/2~ —1/2 (17)

In order that the one-loop corrections due to these fer-
mions not spoil the flatness of V we must have g « A, .

From t =t, until t = I ', P will oscillate with frequen-
cy co=A, '

u, and p~ will decay cca (t) —i.e., just due to
the expansion of the Universe. ' At t=1 ', the P oscil-
lations will decay and reheat the Universe to a tempera-
ture'

[ V'(P) 4V(P)/P—]= V'(P)+0 (e),
which justifies replacing V'(p) —4V(p)/p with V'(p).
With the exception of the additional friction term P /P
these are exactly the same equations as one would have
for a homogeneous scalar field in a Robertson-Walker
cosmology (see, e.g. , Ref. 12).

Due to the coupling of P to other fields in "the com-
plete theory, " one would expect a term of the form I P,
which accounts for the decay of the coherent oscillations
(which are equivalent to a condensate of very nonrelativis-
tic P particles) into some of the lighter states to which it
couples. For example, if P couples with strength g to two
light fermion states (i.e., mass « m~ ——A,

' u), then

I =g mp
2

then it follows that

a (t)/a, =exp — (t„—t)
6

(14)

To summarize the evolution of a (t) and P(t) for
]qS —u

/

&e'"u:

TRH (mPl~)

=g (A, /e)'~ 3 X 10' GeV . (18)

Note that the maximum possible reheat temperature T,„
is (p~),

' since this is the initial energy density in coherent
P oscillations,

T,„=(A,/e)'~ 3 X 10' GeV, (18')

a (t)lap (P/Pp)' exp[(e ——'/8)(gp —P )lu ] .

which corresponds to g =1.
(Finally, we mention that it is straightforward to show

that the damping effect of the P /P is always smaller
than that due to either the 3HP or I P terms and so it can
be ignored —as we have done in this discussion. )
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III. SUCCESSFULLY IMPLEMENTING
INDUCED-GRAVITY INFLATION:

CONSTRAINTS ON A, AND 6

In order to successfully implement inflation, we must
ensure that (i) there is sufficient growth to solve the flat-
ness and horizon problems, (ii) the density perturbations
that result' are of an acceptable magnitude; (iii) the grav-
itational wave mode perturbations that result are suffi-
ciently small, ' and (iv) the reheat temperature is suffi-
cient to generate the observed baryon asymmetry,
nz/s=10 ' . (All of the necessary conditions for suc-
cessful inflation have been discussed and codified in a
prescription; see Ref. 11.)

To solve the horizon and flatness problems, we must
make sure that sufficient growth in the scale factor occurs
to create a smooth, flat region whose present size is large
enough to encompass all of the observable Universe
(d & 10 cm). If we assume that initially smooth regions
of size Hp '=(3egp )'~ V(gp) ' existed, then it is
straightforward to show that sufficient inflation to solve
the flatness and horizon problems requires that

A, =35 X10 e sinh [1n(v/$6p)] .

We can use Eqs. (8) and (9) to relate N and P~ ..
—1

N= '4 [ln(u/yN)+-'(0N/u)' —-']

(22)

(23)

This equation is easy to solve in two limiting regimes:
e»(4N) '=,~ and e&&(4N)

(a) e«(4N) '= „', . In this limit, the scales of interest
cross outside the horizon when P=u (i.e., $6p-u), and by
expanding

ln(vlf~~)+

, (P—~/u) —,
'—it follows that

~

1 —Pz/u
~

=2N'~ e'~

ln(P&/u)
~

=2N'~ e'

Substituting into Eq. (22), we find that

A, =4X10 ' 5 e (e&,~ ) .

(24a)

(24b)

(25)

(b) e»(4N) '=
24p . In this limit, the scales of interest

cross outside the horizon either when P »u {for Pp& u) or
P « u (for Pp & u). First consider the case of P~ && u; from
Eq. (23) it follows that

ln(a /ap) &60+in
~

v/Pp
~

+in(A. '~ e ~
)

+ —, ln(TRH/10' GeV) .

That also means that all the astrophysically interesting
scales (i.e., galaxies, clusters of galaxies, on up to the
present horizon size) crossed outside the horizon (during
inflation) of order 60 e-folds or so before t = t, . Compar-
ing Eq. (19) to Eq. (9), the equation which relates the total
growth in the scale factor a (t), we see that this is
achieved so long as e is sufficiently small:

(P~ /u) = (8N'e) '

Substituting into Eq. (22), we find that

X=3X10 "5 e (e)& „', , pp»u) .

Now consider P~ &&u; from Eq. (23) we have

1n(P~/u) = 4Ne—
Substituting into Eq. (22), we find that

A, =35 X10 Vsmh {240e+—, ) (e)) 24p, fp((v) .

(26)

(27)

(28)

e & 2- [»(u/4p)+ —,(0p'/u' —1)] . (20) (29)

Quantum fluctuations in P will result in density pertur-
bations which have amplitude

(5p/p)H = (H'/P)

when they cross inside the horizon during the post-
inflation radiation-dominated epoch. ' Here, H /P is to
be evaluated when the scale in question crossed outside
the horizon during the inflationary epoch —for the scales
of interest, this is about 60 e-folds before t =t, . An ac-
ceptable amplitude (i.e., large enough for galaxy forma-
tion and small enough to be consistent with the measured
isotropy of the microwave background) is =5X10
where 5=1.

Denote by P~, the value of P N e-folds before t =t„
(when P=u). Then, the amplitude of the density pertur-
bation on the scale which crossed outside the horizon X
e-folds before t =t, is'

-(1.2) +—' (e& 2~0 ), (30)

" =(N/M)'"

For e= 30 10, 10, and 10, the "prescribed values"
for A, are tabulated in Table I (for Pp & u and Pp & v).

Before going on we briefly note that although P in-
creases (decreases) linearly with time during the inflation-
ary epoch, the change in P during the time interval that
the scales of astrophysical interest cross outside the hor-
izon is not very significant. Using Eqs. (24), (26), and
(28), we compute the change in P going from, say, M =40
to N =60 e folds befor-e t =t, :

4'N =exp[+ 2e' (N ' M' )]-
0M

(5p/p)II =(H'/P)
~ p„

=0.2A, ' e sinh [In(v/P~)] . (21)

=1.2 (e& „O,gp&u), (31)

Requiring that (5p/p)H =5X 10 for scales which
crossed outside the horizon -60 e-folds before the end of
inflation, constrains A, to be

=exp[4(N —M)e]

=exp(80e) (e& 24, , gp& v) . (32)
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hGw=0. 1A,
' e 'sinh[ln(vox)] . (33)

In order to be consistent with the measured upper limit to
the present quadrupole anisotropy of the microwave back-
ground ((3&&10 ), hGw on the present horizon scale
(i.e., %=60) must be &3)&10 . It is straightforward to
show that the A. constraints derived above ensure that this
constraint is also satisfied.

Finally, the Universe must be reheated to a high enough
temperature so that both nucleosynthesis and baryogenesis
can take place. Nucleosynthesis requires a reheat tem-
perature of at least an MeV or so—not a very stringent
constraint. The more stringent constraint is baryogenesis.
If the baryon asymmetry of the Universe is to be pro-
duced in the usual way —the out-of-equilibrium decay of a
superheavy boson whose decay violates B, C, and CP (see
Ref. 16 for further discussion), then a reheat temperature
of & —,o the mass of this boson is necessary. If this boson
couples to the usual quarks and leptons, then its mass
must be greater than —10' GeV to guarantee the ob-
served longevity of the proton.

It is also possible to produce the baryon asymmetry
directly by the decays of the P particles themselves. "'7'8
In this case, the asymmetry produced is

&a ~RH&
(34)

where e is the net baryon number produced per P decay.
In this scenario, a very low reheat temperature can be
tolerated since nz Is depends on the ratio TRH Im~ and
not on TRH by itself.

In the absence of a complete theory, we cannot compute
the reheat temperature or analyze baryogenesis in detail.
For fixed A, and e, we can, however, compute the max-
imum plausible reheat temperature. Recall that unless we
involve special cancellations, the coupling strength g of
the P field to fermions must be & A, ', otherwise one-loop
corrections would spoil the flatness of our potential (by
giving rise to a renormalized A, larger than the bare A, in
the theory). This limits the reheat temperature to be less
than

TRH & ~' e 3 X 10' CxeV

&(A, /10 ' )'~ (e/10 )'~ 10' GeV, (35)

Only in the final case is the change in P possibly signifi-
cant.

The gravitational wave perturbations which are pro-
duced during inflation cross back into the horizon during
the post-inflation, radiation-dominated epoch with a di-
mensionless amplitude, '

hrw =HImp&,

where H is evaluated when the scale in question crossed
outside the horizon during the inflationary epoch. From
Eqs. (8) and (9), it follows that

which, for typical prescribed values of k and e, could be
sufficient for baryogenesis. The maximum plausible
reheat temperature, as well as the prescribed value of k
for e= 30, 10, 10, and 10 are compiled in Table I
(both for Po & v and Po & v).

IV. CONCLUDING REMARKS

Zee's toy model of induced gravity which we have
analyzed here undergoes "new inflation" so long as both A,

and e are « l. A successful inflationary scenario can be
constructed either beginning with P & v or P & v (i.e., ordi-
nary or Linde's chaotic inflation). The interesting new
feature involves the fact that the effective gravitational
constant G,fr =(eP )

' evolves during inflation. Starting
with P « v, G,fr is »Gz. The expansion rate
H (6 ff V(P))'; for P «v, V=kv, so that
H =e ~

P '. The scalar field P=a '~ t, so that
H =(et) ' and a (t) increases as a very high power of
t( -e '). On the other hand, starting with P »v,
6 ff « GQ Again the expansion rate H = (G,ff V(P ) )'
for P»v, V(P)=A/, so that H=constant, and a(t)
grows exponentially (as is usually the case in an inflation-
ary transition).

Unfortunately, just as in the more conventional
scenarios for inflation, successful implementation of the
inflationary paradigm requires a very small coupling con-
stant in the theory (here the quartic self-coupling of P),
and as in the more conventional models this is directly
traceable to the density perturbation constraint. Because
of the small coupling constant required, reheating is also
likely to be problematic —as it is in the more conventional
scenarios.

We have also examined other potentials, including a
Coleman-Weinberg potential for P. The scenario proceeds
in a very similar way, and once again a very small cou-
pling constant is needed. Since Spokoiny' has also
analyzed the Coleman-Weinberg model we will not dis-
cuss it here.

Finally, we should mention that there are a number of
issues which we have glossed over, including the use of
semiclassical equations of motion for P in a regime where
quantum corrections may be very important, the use of
the usual formulas for (5pIp)H (supplemented by using
G,rf in place of 6~), ' and initial conditions. At the very
least we have demonstrated that inflation is a rather gen-
eric feature associated with SSB transitions.
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