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A new internal position operator g„=—d„and a new internal momentum operator n„are.defined
using an analog of constraint Hamiltonian mechanics. The new position and momentum do not ful-
fill the usual relativistic Heisenberg commutation relations and both have noncommuting corn-

E

ponents, but in the nonrelativistic limit they contract into the usual three-dimensional position and
momentum. The new momentum n.

„

is connected with an infinite-dimensional generalization I „of
the Dirac matrices, which together with the intrinsic angular momentum S„form an SO(3,2) alge-
bra. A representation of this algebra provides the spectrum of hadron resonances, if hadrons are
considered as collective vibrational and rotational excitations. A preliminary comparison between
the predictions of this model and the experimental data leads to encouraging results.

I. INTRODUCTION

The primary objective of the quantum-relativistic-
oscillator (QRO) model is the same as the original objec-
tive of the relativistic string model, to describe the spec-
trum of hadrons. The general framework in which this is
to be achieved for the QRO model is also the same as that
for the relativistic string model; it is a relativistic Hamil-
tonian system with constraint.

Although the primary objective and general theoretical
framework are the same, the detailed quantum-
mechanical relations of our QRO differ from those ob-
tained by the canonical quantization of the relativistic
string, and from the conventional quantum-mechanical
relativistic oscillator. We were led to the new relativis-
tic Heisenberg commutation relations when we attempted
to bring our quantum-relativistic-rotator (QRR) model
into congruence with the relativistic string with the idea
in mind that "rigid" rotations should be a special motion
of the string. To our- surp'rise we found that —in order to
obtain a relativistic theory that describes rotational and
vibrational motions and goes in the nonrelativistic limit
into a picture similar to that of the vibrating rotator of
molecular physics or of the collective nuclear models-
one should not modify the QRR to agree with the string,
but one should modify the conventional relativistic string
to accommodate features (Zitterbewegung) of the QRR.
The intrinsic position, which in the nonrelativistic limit
can be interpreted as the position of the quark relative to
the center of mass, should not be described by a commut-
ting four-vector (0x, ), brut by the intrinsic position ob-
servable

d"=5""P"/M

of our QRR model. This intrinsic position observable,
and its "canonical conjugate" variable ~z-I &, both have
noncommuting components. The use of this new intrinsic
position —d& and our unconventional quantization of the
vibrating extended relativistic object can also be justified
by starting from the usual Poisson-bracket algebra of the

II. CONJECTURING THE ALGEBRA
OF OBSERVABLES

The points of the string in (d —1) space dimensions and
one time dimension are described by the d-vector

x&(o,r) =X"(~)+x"(o,r),
where

(2.1)

x "(tr,r) =i &2a'
nn = —oo

n&0

cosno e (2.2)

X"(r) =X"(0)+2a'P"r . (2.3)

The parameters o.&[O,n.] and r are the spacelike and

relativistic string and then going to the Dirac brackets '

and the primed variables of constrained Hamiltonian
mechanics.

In the nonrelativistic limit, our new algebra of observ-
ables goes into the algebra for the three-dimensional har-
monic oscillator and the new commutation relations of
the intrinsic momentum and position go into the three-
dimensional Heisenberg commutation relations. Thus our
QRO is just a different relativistic generalization of the
nonrelativistic oscillator than the conventional generaliza-
tion.

In Sec. II, we shall conjecture the mathematical struc-
ture for the QRO using .as a starting point formulas and
properties of the relativistic string. As the relativistic
string in its numerous variations is much better known
than the QRR, this will probably provide the most con-
vincing access to our new model.

In Sec. III, we describe the properties of the QRO, in
particular its representation spaces. We also derive some
consequences and compare them with the experimental
data. A more detailed comparison of the predictions, as
well as the derivation of the nonrelativistic limit, will be
given in a subsequent paper.
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timelike coordinates of the string in the orthogonal gauge
and a' is a constant with the dimension of cmz.

The a~ fulfill the Poisson-bracket relation

& ta~m an]=—fa~ an]"= ~g""5m,n-. (2.4)

One can quantize the string by going from the classical
a" to the operators a", fulfilling the relativistic canoni-
cal commutation relation (CR)

(2.5)

To simplify writing we will from now on use (I/i)[, ]
instead of I, J for the Poisson bracket and similarly
(I/i)[, ] for the Dirac bracket of classical quantities.
For the commutator of quantum-mechanical operators we
will use [, ], so that the correspondence between classical
(cl) and quantum mechanics (QM) is

The X" and P& fulfill the (classical) Poisson-bracket or
(quantum) commutation relations

[X",X"]=0, [P",P"]=0, [P",X ]=ig"' . (2.6a)

+ 00

m+0

a" cosmo. e (2.7)

fulfill the canonical CR

[x "(cr,r),x '(o'~)] =0= fp"(o,~),p'(o'~)],.
(2.6b)

[x "(cr,r),p "(o'~)]= ig"" 5—(o' o)+5(cr—'+o).

The a~ commute with X" and P", and the x"(o,r) along
with p"(o,~), defined by

p"(o.,~)=, x "(o,~)
1

2' 7T

The S""defined in terms of the a~ describe only integer-
angular-momentum representations of SO(3)s . To obtain

ij
half-integer angular momentum one has to adjoin Fermi
operators to the cx", which constitutes no essential corn-
plication. On the level of the S&"nothing changes except
that now half-integer representations will also be allowed.
We will therefore restrict ourselves here to the integer-
spin case.

It is not the light-cone gauge but the center-of-mass
gauge which is the departure point from the relativistic
string (we restrict ourselves now to d=3+ 1) to our
QRO. This c.m. gauge is defined by the constraint

P~ =P„a~~= 0, P„=P~(P,P")
C

(2.11)

The orthogonal gauge does not specify the parameters cr, ~
uniquely and (2.11) fixes the parameters further by elim-
inating the timelike center-of-mass oscillations ("ghost
elimination" ).

For the QRO we will not demand the constraints (2.1'1),
but we will still use the p~ to conjecture a new set of ob-
servables. In constraint Hamiltonian mechanics one can
for any variable g introduce a new variable g' by

1g'=g ——, [g,P ]PIC ' Pp summed over a and P,
l

(2.12)

where P is a set of second-class constraints, and the ma-
trix

If one goes to higher dimensions d and uses a noncovari-
ant light-cone gauge, ' one requires (2.9) only for the

d —2 spacelike dimensions so that d must be at least 5
(cf. the Appendix). The S" defined by (2.9) fulfill as a
consequence of (2.5) the CR of SO(3,1):

[Syv SPcr] &(gPPSva+gvaSPP gyaSvP gvPSPcr)

(2.1)

Q"(r):—x"(O,v) =X&(r)+x "(cr=O,&) . (2.8)

As a consequence of the previous relation Q„will fulfill

We want to focus on one particular position on the
string, which may be distinguished by, e.g., localizing the
quark or a charge at that position and identifying the
string itself with the neutral glue. We choose o=0 for
this position and define the position operator Q„(r)as

1C p=——,. f0 Ppl"

is nonsingular with C '~& in (2.12) as its inverse:

C ' ~Cra=5 a

The Dirac brackets are then defined by

(2.13)

(2.14)

[Q„Q,]=0, [Q",P"1=—~g"'.

With the a" one can define

(2.6c) . [g vl] = . [g rl] —. [g P(z] C '~p[gp, v1]

S "=—l
cl

+" 1—a" „a"„
nn =—oo

n+0

where q' is defined analogously to g'. The transition to
quantum mechanics is taken by

—l
QM n=1,2, . . .

P V V P—(a „a+„—a „a+„).
n

(2.9)

[kn] ' [kn] (2.15)

with the quantum-mechanical operators P~ corresponding
to the classical constraints

We will use St'" only for d=4 (p, ,v=0, 1,2,3) when we
make the transition to our quantum relativistic oscillator. taken to be zero on the Hilbert space of physical states.
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We will proceed in a slightly different way: As the
second-class constraints (2.11) are gauge-fixing conditions
we do not have to impose them. We will, however, still
use the P to define the new classical and quantum-
mechanical observables,

PIIJ pp (2.27)

and

(which is in agreement with the Dirac brackets of Q"). It
is easy to see that

Q"=Q"—. [Q" P ]C
I

(2.16) &m =8 Wm =&mgP MP Q P, (2.28)

S P.=SP"——.[SP",y. ]C-'.„y„.1

It is straightforward to calculate

A.

ml ~ [am p&an o] 5m, n—
I

l
mn ~m, —n

yn

. [Q",0—]=a' . [Q",P—,]= a' V,—1 1

(2.17)

(2.18)

(2.19)

(2.20)

x&(cr, r) = Y"(r)+ P(o, r) . (2.29)

P(o, r) then describes the vector from the center-of-mass
position to the position o. on the string. For 0.=0 we now
have

For further properties of these and other observables, see
Appendix.

With the new operator Y~(r) at hand it is suggestive to
use it in place of the ill defined X"(r) and decompose the
vector to the point on the string x"(o,~) as

where

g "p=g"p P "Pp, —Mc =(PpP")' (2.21)

x "(O,r) =QP(r) = Y"(r)+P(0,r),
so that by (2.24)

P(O, r) = d"(r)—=P(r) —.

(2.30)

(2.31)
Thus one obtains

Q'=Q ——'a' g Pa—n p~ cr n

d"=S" P and d"=d"Mc
Mc

one obtains

(2.23)

Q'P —QP+dP = YP (2.24)

d" of (2.23) is the distance operator in the QRR " and
the new Q& is just the center-of-mass position Yp of Ref.
7, which is the reason we also denote it here by Y„.

It is again straightforward to calculate

=Q"+S"g"g. =Q"+S"P. , (2.22)
Mc Mc

where the classical form of the definition (2.9) has been
used.

If one defines

The new internal position operator P(O, r) [and P(o, r)]
fulfills different CR than the old internal position x"(O,r)
given by (2.6c). As a consequence of its definition (2.23)
one has

[d",d "]= i X„—,= [P,P],
(Mc)

(2.32)

which is also consistent with (2.26b). Thus in contrast to
the conventional internal position operator x"(O,r), the
new internal position operator P(r) has noncommuting
components.

To find the canonical conjugate of p(r)= —d~ one
needs to know the Hamiltonian, which in turn may de-
pend upon this canonical conjugate variable. We have to
guess: If we want equal spacing for the mass-squared
spectrum, as may be suggested by the nonrelativistic oscil-
lator, the conventional relativistic string or linearly rising
Regge trajectories, we need an operator whose eigenvalues
are—[SP,P ]=a"P" a'P" . —

l
(2.25)

v=0, 1,2, . . . .

SP (2.26)

This is the spin tensor of Ref. 7, which we have again
denoted by X""to contrast it from S"",which is the in-

trinsic angular momentum in the rest frame of the posi-
tion [cf. Ref. 7(a), p. 3024]. The total angular momentum
(generator of the Lorentz group) is given by

~pv= YI.Pv —YvPI +&I v .
Y~ fulfills the CR

[ Y",Y']=i X"1

(Mc)

(2.26a)

(2.26b)

Inserting this and (2.19) into (2.17) and using the defini-
tions (2.9) and (2.23), one obtains

S'""=S"" d "P +d "P"—

Such an operator existed in the QRR model7" and was

given by P„I",where I" is a Lorentz-vector operator
which, together with the S",form a representation of the
algebra of SO(3,2) (I & is an infinite-dimensional generali-
zation of the Dirac y matrices and thus has something to
do with a current or a velocity). We therefore postulate
the following operator as the Hamiltonian for the QRO:

p pp p pp
CX

(2.33)

where a' is a constant of dimension (mass c) and U is a
Lagrange multiplier to be determined later when we fix
the meaning of the parameter g not by imposing the
gauge-fixing constraint (2.11), which we do not want to
use, but by a different condition.

For the simple representations of SO(3,2) that were
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used in Ref. 7 (Majorana or "remarkable" representa-
tions), I & is completely fixed in terms of the S&, and
therewith by (2.9) also in terms of the a~. The same is
true for the dz defined by (2.23). For the more compli-
cated representations of SO(3,2) it is not clear whether I &
is expressible in terms of the a~~ (or, if half-integer angu-
lar momentum is involved, in terms of a~+~ and the corre-
sponding anticommuting creation and annihilation opera-
tors). With the Hamiltonian (2.33) this is, however, no
longer a practical attitude to take and it is much easier to
work directly with the more accessible observables X""or
S",I ", d". The question of whether there is an underly-
ing structure, e.g., whether these operators can be ex-
pressed in terms of creation and annihilation operators, is
of as little relevance and is perhaps as difficult to solve for
the relativistic rotational and vibrational bands as the
question of whether molecular rotation-vibration proper-
ties can be expressed in terms of the electron coordinates.

The constraint,

PpP"—,PpI "= 0,
C

(2.34)

(2.36)

that follows from the Hamiltonian (2.33) looks quite dif-
ferent from the mass constraint for the string, cf. (A16)
[a(0) a constant],

1
, [Lp —a(0)]a

—:PqP"+, g a" ka+kp+, = 0, (2.35)
1 " „a(0)

A k=1 R C

but has similar consequences which become identical in
the nonrelativistic limit at least for the lowest mode. This
we will see when we derive the spectrum of P&I" and
find that it is identical (in certain representations) with the
spectrum of the number operator for the three-
dimensional harmonic oscillator. This was the first indi-
cation that the Hamiltonian (2.33) should have something
to do with the quantum-relativistic oscillator; the justifi-
cation to call the physical system with the Harniltonian
(2.33) a relativistic oscillator came from the non-
relativistic limit c—+ oo, in which (2.33) yields the energy
operator of the three-dimensional nonrelativistic oscilla-
tor.

With the Hamiltonian (2.33) we can now obtain the
canonical conjugate of p= —d". We take the proper-
time derivative of d& defined by

I & perpendicular to the momentum direction Pz.
We will now calculate Q& and Y&. To calculate

(2.38)

we need the commutator of Q& with P„and P as the Q&
commute with I . Equations (2.6c) of this paper and (2.8)
of Ref. 7(a) lead to

V

Qq ——,g qt U2Pq —.
cz Mc

From this and (2.34) we obtain for the derivative of

(2.39)

the following result:

(2.30')

Yp = —U 2' (2.40)

Yq Y"=1 . (2.41)

There are many other equivalent gauge-fixing conditions,
e.g., Yz Y"=a', which makes H dimensionless and gives
r the dimension 1 (or rather i'), which will all lead to the
same result. But if one chooses instead of a' an operator
on the right-hand side of (2.41) the result can change.
Therefore we must consider (2.41) as a separate assump-
tion, though it is a natural choice. From the gauge-fixing
condition (2.41) with (2.40), we find that the unknown
velocity U in the Hamiltonian (2.33) is fixed to be

1

2Mc
(2.42)

Now we calculate the commutator of d& with d . Us-
ing (2.37) and the commutator of d& and I z given in
(2.54) of Ref. 7(a}, one can easily find

[dp, d„]=i gp (Ppl ~)
a'(Mc)

This relation is identical to (3.21} of Ref. 7(a) for the
QRR, for which the Hamiltonia'n was different. It means
that Y& follows a straight line parallel to P& as
proceeds, as one would expect of the center of mass. This
justifies the name we gave to it in (2.24). Although the
components of Y& do not commute, their proper-time
derivatives do commute among each other.

We now fix the gauge in the same way as we did for the
rotator. " We choose r as the proper time of the center-
of-mass position Y& by demanding

Using the definition (2.23) and the CR of I ~ with S&„
[Eq. (2.39) of Ref. 7(a}], we obtain by a straightforward
calculation

PpI ~
i8 v 2Mc ~'p PI'

1
SPv 2~ (2.43)

r
a'(Mc)

(2.37)
The last equality, indicated by C, has been obtained using
the constraint (2.34). This suggests the definition of the
"canonical-conjugate" variable of P= —d" by

g & was defined by (2.21) and it projects into the plane
perpendicular to P&. Equation (2.37) shows that the "in-
trinsic velocity" dz is proportional to the component of (2.44)
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because then one obtains

[gq, rr ]= —igp, PpI i' = ig—q, .
~'p p~ c

P
(2.45)

By a straightforward calculation using (2.44), (2.37),
and the CR of I [Eq. (2.40) of Ref. 7(a)], one obtains

dp =d@Mc 1s

e i—v/2a'Mc+ A 1'ei v/2a'Mc
P . P

where the integration constants are

d„(0)=A„+Ap,

(2.50)

1[rr„,rr, ]= i —
~ X„„.a' (Mc)

(2.46) d„(0)=, (Ap —Ap) .
2a'Mc

(2.51)

Equations (2.32), (2.46), and (2.45) are the CR's of the new
internal momentum and position that correspond to the
CR (2.6b) for the conventional relativistic canonical vari-
ables. Though they look quite different we will show in a
forthcoming article that in the nonrelativistic limit,
C~ oo,

where g,
'"' and rr;'"' are the observables fulfilling the

three-dimensional Heisenberg CR. Thus (2.32), (2.46),
and (2.45) are relativistic generalizations of the Heisenberg
algebra.

Therewith we have completed the conjecturing process
of the algebra of observables for the QRO. The basic ob-
servables are very much the same as those of the QRR.
They consist of the momenta P&, total angular momenta
J&, center-of-mass position Y&, spin tensor Xz, intrinsic
coordinate g&, intrinsic momentum m&, and SO(3,2)s

pv p
as the relativistic spectrum generating group. The princi-
pal differences are the Hamiltonians and the representa-
tions of the relativistic spectrum-generating group. For
the QRR the operator (d„d"),representing the (negative
square of the) distance between the center of mass I'" and
the position Q, i.e., the extension of the object, was a
constant of the motion. For the vibrating object this can-
not be the case. Calculating (d&d")' using (2.37), (2.21),
(2.23), and d&P"=0, we obtain

This, together with (2.30') and (2.40) shows that the posi-
tion g& performs a Zitterbewegung about the center of
mass which proceeds in the direction of the momentum.
Equation (2.50) looks similar to (A43) for the lowest mode
of the relativistic string, but is much more complicated
since A& and A& have noncommuting components, which
may be complicated functions of the a" „and a~+„,if
they can even be explicitly given in terms of them. With
the Virasoro constraint (A23) imposed, Eq. (A43) de-
scribes rotation, whereas (2.50) contains vibrations. Note
also that the meaning of ~ and of the time development is
different in (2.50) and (A43).

In comparison, the equation of motion for the QRR "
is more complicated and the solution that follows from
the QRR Hamiltonian is'

. x2
d = —t exp —lP 2Mc

+ exp —i Ppr~~
Mc

(2.52)

where the constants of integration are given by

d„(0)=i (A („—A+ i„),
(2.53)

d~(0) = [(—, PpI i')A (q
——( —,

' + PpI i')A+ip] .

(dqd")' = I dq, d" I=,I l,d
2(Mc)

1 1 p Suv p~ 1

2(Mc)2 cr' Mc
(2.47)

III. REPRESENTATION SPACES OF THE QRO
AND THE VIBRATION-ROTATION

SPECTRA OF HADRONS

(2.48)

Inserting this into the derivative of (2.37), one obtains
2

1

a'2Mc dp ——Q. (2.49)

The solution of this differential equation for the operator

This is zero in the Majorana representation of the QRR
by (2.44) of Ref. 7(a). For the oscillator we need, there-
fore, a different, more complicated representation.

Before we study such a representation and derive the
consequences for the QRO, we derive the equation of
motion for d&. It can easily be derived, using the CR of
two I 's, that

We will now construct the space of physical states of
our QRO which is the representation space of its algebra
of observables. Since the basic observables are the same as
for the QRR, " and only acquire additional properties
due to the fact that the extended object now performs vi-
brations, and not exclusively rigid rotations ( —dzd" be-
ing a constant for the QRR), we have to go to a larger
representation space of SO(3,2)s r than the Majorana

PV

representation. This is the only new aspect, otherwise the
representation is coristructed in the same way as described
in detail in Ref. 7(b). We will report here only the result.

The Wigner basis system of the irreducible representa-
tion space of this algebra of observables is

(3.1)

with P„„=(1,0,0,0) and L '(p) being the boost They.
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are generalized eigenvectors of the following complete
system of commuting observables (CSCO):"

Pp ——Pp/M, M =PpP",
(3.2)

PpI ", —,X„X",X)p'

1/2 j=0

3/2 j= 1

5/2 j= 2

FIG. I. Multiplicity pattern of the integer-spin Majorana
representation of SO(3,2). The eigenvalues of 10 and S&z in-
crease in integer steps, as they do along the diagonals of the rep-
resentation in Fig. 4.

(units are now chosen so that c= 1), with the eigenvalues'

m'
V j(J+I» j3. (3.3)

p =eigenvalue of (P„I"= I o),
R

(3.4)

j(j+1)=eigenvalue of ( —,
'

X&,X"'= —,
' S'JS'J), (3.5)

R

j&
——eigenvalue of (Xpq' ——S~q)

R
(3.6)

Here, the R under the equals sign means that this equality
holds on the subspace of rest-frame states, i.e., on the sub-
space which is spanned by the Wigner basis vectors

~ p„„mpjj3.). The spectra of the quantum numbers

p,j,j3 are, therefore, determined by the choice of the ir-
reducible representation of SO(3,2).

Before we discuss the representations for the QRO, we
would like to illustrate our method by considering again
the simple, "remarkable, " Majorana representation of
SO(3,2), which has been used in Ref. 7(a) and for which
the representation space has been derived in full detail in
Ref. 7(b). However, instead of the rotator constraint (4.6)
of Ref. 7(a), we shall use the constraint (2.34).

The reduction of one of the four Majorana representa-
tions of SO(3,2) with respect to SO(3)s XSO(2)r, , i.e., its

multiplicity pattern, is depicted in Fig. 1. p'denotes the
eigenvalue of I o which becomes the eigenvalue of P„I"
when the SO(3,2) representation is induced to a represen-
tation of the whole algebra. j characterizes the irreducible
representation of SO(3)s. and becomes the spin after in-

1J

duction. To each box in the multiplicity pattern there
corresponds after induction an irreducible representation
space ~'=1+'~ (m,j) of the physical Poincare group,

, representing an "elementary particle" of spin j,
p pv

mass m, and a new "principle" quantum number p. For
the Majorana representation this new principle quantum
number is redundant because p =j + —,.

We use again the four-velocity of the center of mass P&
(eigenvalues of Y&), rather than the momenta P&, as the
set of continuous quantum numbers. If the constraint
were trivial (P&P&=mo ——constant) or if no constraint
were used, these two choices would be equivalent. If a
constraint like (2.34) is used, the j- and p-changing opera-
tors will also change the value of P& but need not change
the value of p&. Constraint compatibility thus determines
the choice to use pz eigenvectors.

The Wigner basis vectors at rest, and only those at
rest, ' are the direct product of the basis vectors

~ pjj3)
of our SO(3,2)s r representation in which

P~ P
SO(3)s, XSO(2)r is diagonal and the basis vectors at rest
of the "orbital" Poincare group H - . There-

@' pv pv pv
fore

This construction can be done for any value of mass m
(m ~0), so the representation space will be the continu-
ous direct sum over all m )0. Then one imposes the
constraint

P r~=oa' " c (2.34)

in order to obtain the subspace of physical states [on
which (2.34) holds]

j=0, 1,2,

eA'"='+'~ (m (j),j), (3.7)

where, as a consequence of (2.34),

m (j)=,p= —,+,j, j =0, 1,2, . . . .
1 1 1 1

2 cx A'
(3.8)

j =0,2,4, . . . , v if v=even,

j =1,3,5, . . . , v if v=odd,

(3.10)

This result is identical to the results (A39) and (A42) for
the lowest mode of the relativistic string, though the
mathematical structure used appears to be totally dif-
ferent. Unfortunately, (3.8) is phenomenologically wrong,
because in a fit of

-'=-.'+ ', j (3.9)
CX

to the resonances associated with the usual Regge trajecto-
ry one obtains phenomenologically 1/a' = 1 GeV,
mo = —0.5 GeV [and not mo ———,/a'= +0.5 GeV~ as
predicted by (3.8)]. A negative value for mo is, in partic-
ular, excluded by the construction of the representation.
This is a problem which the QRR "did not have and the
hope is that a combination of rotations with oscillations
will bring mo up towards zero.

After this illustration by an unphysical example we
turn to a more complicated representation of SO(3,2),
which has a chance to describe a realistic particle spec-
trum.

There exists a class of representations of SO(3,2) which
have the multiplicity pattern depicted in Fig. 2. Like the
Majorana representation this is also a class of singleton
representations, i.e., irreducible representations in which
an irreducible representation of the maximal compact sub-
group SO(3)s.. X SO(2)r appears at most once. The basis

EJ 0

vectors are therefore again the
~ pjj3 ), only that now p of

(3.4) and j of (3.5) are independent and have the spec-
trum~6

1

p pmin+v~ v 0~ li2~3 ~ . . ~ pmin)
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u=p . , j=O m (v j)=m() +,v+A, j(j+1) .
0!

(3.15)

v=v„, +3, j=l

p=)L( +2, (=2

)Lt=)L(n, „.,+3, ~=3

FIG. 2. Multiplicity pattern (Ref. 15) of a class of representa-
tions of SO(3,2) with the eigenvalue of I 0 given as in (3.10j.

which is the scheme of Fig. 2. As in the Majorana case,
to each box in Fig. 2 there corresponds an irreducible rep-
resentation space of SO(3)XSO(2) labeled by (p,j) and
also an irreducible representation space A'+(m, j) of the
Poincare group when induced to the whole algebra. Tak-
ing a continuous direct sum for all m (m &0) and then
imposing the constraint (2.34) leads to the physical sub-
space

with

v=0, 1,2, 3, . . .
j=0,2, . . . , v(eveI1)

or j=1,3,5, . . . , v(odd)

eA'~( m (v),j)) (3.1 1)

m (v)=,p;„+,v, v=0, 1,2, . . . .1 1
(3.12)

(d„d")=0, (3.13)

and a different Hamiltonian. Therefore it is straightfor-
ward to suggest a combination of the relativistic rotator
with the relativistic oscillator to obtain a relativistic vi-
brating rotator, in very much the same spirit as is done
for molecules. One relaxes (3.13) and takes as the Hamil-
tonian the combination of the oscillator Hamiltonian
(2.33) of this paper and the rotator Hamiltonian (2.55) of
Ref. 7(a) to obtain

PpP" + —,A, —A, a —A, W—,P„I"

(3.14)

is the rotator parameter with dimension of mass and
a is a constant. The constraint connected with this
Hamiltonian leads to the mass spectrum

The representation theory of our relativistic spectrum
generating group, together with the Hamiltonian (2.33)
has, therefore, led to the same spectrum as the three-
dimensional oscillator at rest, Eqs. (A38) and (A23) (or
the lowest mode of the relativistic string in the center-of-
mass gauge before the Virasoro constraint is imposed).
What we have gained —in addition to an unambiguous
representation theory —is a simpler algebra of operators
with essentially only one new basic observable, the I @, ad-
joined to the observables Pz and J&, Q&hP, +S&——„of
the Poincare group. Furthermore, these basic observables
are the same as for the quantum relativistic rotator, "
only that for the rotator one has the additional "rigidity"
condition

Thus to each box in Fig. 2 there corresponds a resonance
with a different mass which is now determined by its spin
j and by the new principal or vibrational quantum number
v. In this way resonances are considered as vibrational
and rotational excitations.

We want to emphasize that we have a relativistic quan-
tum mechanics for the rotator which leads to the mass
formula (2.57) of Ref. 7(a), and now also relativistic quan-
tum mechanics for the oscillator which leads to the mass
formula (3.12) of this paper. These are two consistent
theoretical models and the mass formulas are conse-
quences derived within them. Unlike the usual theories
with "mass formulas, " in which an operator with certain
transformation properties is called the mass operator
without showing that it is the observable P&P" connected
with the Poincare group, our I and j really are the quan-
tities that characterize the representations of the Poincare
group and therewith (according to Wigner) the elementary
particle. Thus not only have we derived such simple mass
formulas as (2.57) of Ref. 7(a) and (3.12) of this paper, but
we have also derived that m is the mass.

The mass formula (3.15) has not (yet) been derived be-
cause we do not yet have a theory for a quantum-
mechanical combination of a relativistic rotator and oscil-
lator. At the present time (3.15) is only a plausible result
of such a combination. Here we shall empirically test
(3.15) and if it shows promise we will try to develop a rel-
ativistic quantum mechanics for the Hamiltonian (3.14) in
a subsequent paper.

There are other representations of SO(2,2) which may
give more appropriate descriptions of meson (and baryon)
resonances. The representations with the multiplicity pat-
tern of Fig. 2 contract in the nonrelativistic limit into the
algebra of an oscillator for which the intrinsic angular
momentum is entirely orbital

g( oo ) / ~( oo ) (3.16)

(3.17)

where S;& is the total spin of the two quarks.
Such representations of SO(3,2)—with integer as well as

with half-integer s [s(s+ 1)=eigenvalue of —,'S;JS,J]—
exist. Their multiplicity pattern differs from Fig. 2 main-
ly by starting with j=s in the top left corner instead of
with j=O. %"e will discuss these representations, their
nonrelativistic contractions, and their detailed comparison
with the experimental data in a forthcoming paper.

Here we have fitted' formula (3.15) with the spectrum
(3.10) for v,j to the meson resonances which have only
nonstrange quarks, the p and co towers, to determine the j
mass unit A, (jun) and the v mass unit 1/a' (vun) empiri-
cally. (We have also included the nucleon resonances as-
signed to analogous patterns starting with j = —,

' and j = —,
'

i.e., is caused by the intrinsic orbital motion of the constit-
uents. If one wants to obtain the picture of a vibrating
and rotating diquark dumbbell as the nonrelativistic limit
of our relativistic model one needs a representation of
SO(3,2) that gives an angular momentum
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0 97+0 03 GeV2
CX

A, =0.021+0.008 GeV

with X InD ——19/31,

(3.18)

, =0.53+0.02 GeV2,
a

A, =0.10+0.01 GeV

with X InD ——15/31 .

(3.19)

Equation (3.18) is just a refinement of linearly rising
Regge trajectories with universal slope and varying inter-
cept, where the linear trajectory is formed by the particles
on the diagonal of Fig. 2 with v=j. It leads to large nega-
tive values of Bio as one would expect:

in the empirical determination of jun and vun. ) The
empirical values of jun and vun will depend upon the as-
signment of the new vibrational quantum number v to the
resonances. Also, if other representations are used, then
other empirical values may be obtained. We found that
the empirical values of jun and vun for different towers
did not differ by much. We therefore performed a single
fit with I/a' and A, the same for all the towers and with
only mo allowed to vary from tower to tower, except that
we chose mo (co) =mo (p) as required by exchange degen-
eracy which is experimentally rather accurately fulfilled.

Depending upon the particle assignments to the boxes
of Fig. 2 (i.e., the assignment of a value for the quantum
number v to the resonances in the Particle Data Group
Table), we found two sets of values for I/a' and A, with
acceptable 7 :

than (3.21) for the p and co towers.
The best fit, with mo (p) =me (co) as a free parameter

and y2 ——0, is reproduced in Fig. 3. It has been obtained
as a fit to 19 baryon and 18 meson resonances; only the
meson masses are displayed in Fig. 3. The values of the
parameters obtained in this fit are (in GeV )

, =0.55+0.02, X =0.134+0.019,a'

mo ———0.19+0.04,

yz
——0.007+0.003, with X InD ——11/30 .

(3.22)

(Excluding the baryons from the fit leads to essentially the
same values for the parameters. )

Except for the predictions of a 0+ around 2.05 GeV
and a 3 around 1.93 GeV there is—ignoring the I=O
and I=1 degeneracy —a one-to-one correspondence be-
tween the experimental data for normal-j and positive-
C„Pmeson resonances and the lower excitation states of
the vibrating rotator.

The agreement between the fit and the experimental
data is very good. However, since the experimental errors
(widths) are large and since other assignments leading to
the parameters (3.18) are possible, we should not mistake
the goodness of this fit as an empirical proof. The main
drawback of the fit (3.18) was that

mo ——m (v=O, j=O)&0.
In representations that start with j;„=s=1,this problem
does not arise, and as these representations can be con-
nected in the nonrelativistic limit to the quark model, the
vun and jun of (3.18) may even be the preferred values.

mo (p) =rno (co)= —0.40+0.02 GeV

Equation (3.19) is slightly better and also has the great ad-
vantage of less negative empirical values for mo ..

mo (p) =mo (co) = —0.11+0.02 GeV

For the assignment corresponding to (3.19) we could
therefore attempt to reduce mo to zero by using correc-
tion terms:

9=0 1 2 3

I
.

I Io.» I.
I0.78I j1.29

(1.67

I
1.41

I

I
1.62

I2.02

5 6 7 8 9 10

I I1.75 I I2. 05I I2.30I

I1.65
I I1.95 I I2.20 I

I2.»j
l1.93 I I2. 15 I l2. 351

I I2.21
I )2.38

I I2.54
I

['&4
1

I"7I" 12 6o I"

I'"I I2»I
(2.87 I I2.91 I

(3.20)

, 0.37+0.05, A, =0.12+0.02,
CX

y~ ———0.020+0.06, y„=—0.004+0.004 .
(3.21)

After numerous attempts with many different assign-
ments for the new quantum number v, but using only the
representation space (3.11), we have concluded that the
present particle data do not allow a better fit with mo )0

which describe anharmonicity and correction to the mo-
ment of inertia. If we now force mo to be non-negative,
mo (p) =me (ro) =0, we obtain a fit which is worse, but
still has an acceptable value of X: X In~ ——23/30. It
gives the following values for the empirical parameters (in
GeV ):

10

I3.09
I I3.10I

)3.281

I3.45I

FIG. 3. Predicted masses for the vibrating rotator. The
values are the masses in GeV as computed from (3.15) modified
by (3.20) and using the parameters (3.22). Underlining the boxes
means that the corresponding experimental value has been used
in the fit, underlining twice means that the corresponding exper-
imental value for I=O and I=1 has been used in the fit. The
other masses are predictions of I=O and I= 1 resonances with
normal j and positive C„P.A superscript )& (or subscript 0)
means that a resonance with these quantum numbers and with
I=O (or I=1) has been observed around the predicted mass
value [Particle Data Group, Rev. Mod. Phys. 56, Sl (1984)].
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APPENDIX: COMPARISON WITH THE LOWEST
MODE OF THE RELATIVISTIC STRING

In this appendix we collect a few more facts and formu-
las on the relativistic string and derive the representation
spaces for the conventional four-dimensional relativistic
oscillator and for the lowest mode of the string. This will
provide an easier transition to the representations for the
QRR ' ' and the QRO, whose nonrelativistic limits have
certain similarities with the modes of the string.

The algebraic relations of the new observables ag and
X"" follow immediately from their definitions. From
(2.28) and (2.4) it follows that the ag obey the CR

(Al)

An= ——,

k =+1,+2, .
k~n

:&n kakp: (A10)

which, using (A9), one can express in terms of the a~:

An =Ln+
k=1,2, . . .

k&n

:P a~ kPpak:+v a l2Ppaq ~
r

(A 1 1)

The A„fulfill relations similar to (A9):

[&,&„]=(m n)—A

+ m(m' —1)5 „(d=4) . (A12)

The L„andA„areLorentz invariants. In the rest frame
p„st=(m,0,0,0) (units are now chosen so that c= 1) one
has

[L~,L„]=(m—n)L +„+ m(m' —1)5~ „(d=4) .
12

(A9)

With the a„"one defines

As a consequence of the definition (2.28) the aP+ fulfill
the relation

a =0,
R

(A13)

P„g~~ ——0 .

The X" can be expressed in terms of the a" by

(A2) am = m~ =1~2~3 or 1 ~ ~ ~ d
R

In the rest frame, and only there, one also has

Xp = i g —(a" a+ —a" ap+ )
m 1 m

(A3)

(A4)

yij gij Jij
R R

J ' = —Y'M .
R

yOE gOi gOi
R

(A14)

and as a consequence of (2.26) and (2.4) they fulfill the
CR

Because of (A13) one can write the Lorentz invariant A„
also as

[ypv ypcr] &(g ppyvo+g vrrypp g poyvp g vpyprr)

(A5)

k=1,2, . . .
k~n, O

l i
+n —k+k

and the relation
One can impose various kinds of constraints. For in-

stance one can demand

PpX" =P X" =0. (A6) L„=0 for n~0, LD —a(0) = 0 (d =3+1),c C
(A15)

Note that (A2) and (A6) are not constraints.
In order to establish the connections we have used here

the same notation as for the quantum relativistic rotator.
The following relations are identical: (2.10) of this paper
and (2.2) of Ref. 7(a), (AS) of this paper and (2.16) of Ref.
7(a), (A6) of this paper, and (2.18) of Ref. 7(a), (2.26) of
this paper and (2.13) of Ref. 7(a).

%'ith the an one usually defines

where a(0) is a number. The latter can be written

P PI'+ a(0)
a' c

P.Q n Q+np. . (A16)
n=1, 2, . . .

This constraint follows from the orthogonal gauge condi-
tion. On the other hand, one can demand

(A17)+ ooL„=——, g:a"„kak„&a'/2P&. a"„, —
k= —cc

k~n, O

(A7)
The latter part of (A17) can be written

P P"+ a(0)
cz' c

Pa —ma+mywhere
m =1,2,

A„=0 for n&0, A0 a(0) a'P„P"= 0 . — —
c c

aP0 v'2a'PP . ——
The I.n fulfill

(A8)

CR a' =1,2, . . .

l&—m&+m . (A18)
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If one also uses the constraint

=Pl, a+m ——0
C

(A19)

of the physical Poincare group Hz z and of the three-

dimensional oscillator algebra at rest. As basis vectors of
the representation space we use the Wigner basis vectors

(which we do not use), then one sees immediately from
(Al 1) that the constraints (A17) and (A15) are identical.
Otherwise they are two different theories.

The spectrum of the mass squared that follows from
(A17) is the same as the energy spectrum of a three-
dimensional [or (d —1)-dimensional] oscillator at rest for
every mode m. In contrast, Eq. (A 15) [(A16) for
d =3+ 1] still has ghosts and other problems. For
d =4 + 1, 5 + 1, or 25 + 1 and the case that one demands
(A15), one fixes the remaining freedom of conformal
transformations by the choice of light-cone variables
(light-cone gauge). The constraints (A15) can then be
used to eliminate the nontransverse components

v'2 (A20)

so that one remains with d —2 independent transverse
components a'„,i =1,2, . . . ,d —2. The S'J are again de-
fined in terms of these independent components by a for-
mula like (2.9) for p, v=i,j only and the J'J by something
like (2.26a), but the S' and J' are problematic. The
constraint (A15) leads then to

a(0) 1P„P"+, =, g a' „a'+„,a c a n=

i summed over 1,2, . . . ,d —2 (A21)

I PIJJ3v & ~

which are generalized eigenvectors of the CSCO

(A25)

[P„,a "]=0 or [P„,a"]=0. (A28)

Under this assumption the a'+ do not transform away
from rest, though they can change the value of I, which
by the constraint (A18) is connected with the value of v:

2 2 1 2m =mo +, v m() ———a' a (A29)

The basis vectors (A25) at rest,

(A30)

Pp P~——/M, M =PpP", W= , X~ —X", Xi2
(A26)

Ao ———Q ~&Q+~
P

with eigenvalues

pp~ ni ~ J(J +1)~ J3~ (A27)

respectively. (R) indicates that it is the operator at rest"
and the choice of P& rather than Pz for relativistic sys-
tems with constraints, such as (A18), has been explained
before's and is based on the assumption that

so that the mass spectrum is again that of a (d —2)-
dimensional oscillator for every mode n

A representation theory for the quantum relativistic
string is very complicated and has been developed only in
a very rudimentary form by applying the creation opera-
tors a" „successively to a vacuum state and projecting
out a physical subspace with the use of the constraint.
We will describe it here only for the lowest mode:

~
n, n, n, & (A31)

with

[with I. (P) being the inverse boost] therefore span the
representation space of the three-dimensional oscillator.
For the three-dimensional oscillator the familiar basis vec-
tors are

~~+ —0 (or ai+~ =0) except for I = 1 . (A22)

Then the string spectrum in the form (A21) for d=5 or
the form (A18) becomes the spectrum of a three-
dimensional oscillator with the additional constraints

n j
——0, 1,2, . . . , n2 ——0, 1,2, . . . ,

n3 ——0, 1,2, . . . ,
(A32)

A 2=Q Q p
= 0, A+2=Q+Q+p = 0 .P
C C

For all the other A„wehave identically

(A23) which are eigenvectors of

=a a+, X =a a+, N =a a+ .(1) 1 1 (2) 2 2 (3) 3 3 (A33)

A„=O for n&0, +2 (A24)

due to (A22). The representation theory for the lowest
mode of the relativistic string is given completely by the
three-dimensional oscillator and therefore it is fully
developed. For the sake of definiteness we use the version
(A18) rather than (A21). Then we have the relativistic
quantum system which at rest is a three-dimensional os-
cillator with constraints (A23). We review this briefly
here because it will make the representation spaces for the
QRR and the QRO—which use SO(3,2) representa-
tions ' '—more easily acceptable.

The representation space must be a representation space

It is well known' how to transform from the familiar
basis into the angular momentum basis

(A34)

which consists of eigenvectors of

(A35)

where

(A36)

in accordance with (2.9). The spectrum of vjj3 is also well
known and is given by'
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v=0, 1,2, 3, . . . , j=0,2,4, . . . , v for v=even

j=1,3, 5, . . . , v for v=odd,
—J &J3 &+J . (A37)

We depict this spectrum by the scheme shown in Fig. 4.
Each box represents the space spanned by

(irreducible representation spaces of the Poincare group)
on the lower diagonal. The constraint (A23) therefore es-
tablishes a connection between v and j similar to the one
for the Majorana representation of SO(3,2). The space
of physical states is thus the following direct sum of ir-
reducible representation spaces of the Poincare group:

I
v= fixed j=fixed j3 )

~one mode)

j=0,1,2, . . .

63%'"=~(m (j),j) . (A39)

with —j&j3 & +j. If these vectors are used as the factor
in the Wigner basis vectors at rest,

I prestmJJ3v) = prestm )
I
&JJ3 ) r

which are then boosted to any arbitrary momentum [in-
verse of Eq. (A30)] to give

IumJJ3v)

To see this more clearly one can express the operator
—,'Xz„X" in terms of a",a~+ using (A3) for m=1. The
result is

—,
'

Xz X" =(a &a~+ ) —(a &a "+ ) —(a" a &)(a~+a+,),
(A40)

then each box in Fig. 4 represents the space spanned by
I
Pm j= fixed j3v =fixed ) . This is an irreducible repre-

sentation space of the Poincare group A (m, j), which is
in addition labeled by the number v. The whole space de-
picted by the scheme in Fig. 4 is thus the direct sum

or when applied to the basis vectors

j(j+1)=v +v—A 2A+z.

When the constraint (A23) holds, one obtains

J =V,

(A40')

(A41)

~3-dim osc)

v=0, 1,2, . . .
j=0,2, 4, . . . , v

or j=1,3,5, . . . , v

eA (m(v), j) . (A38)

fPz =Alp +,J, J =0, 1,2, . . .2= 2 1

tX
(A42)

so that the degeneracy in j is removed and the mass for-
mula (A29) becomes

Due to the constraint (A18), the mass m is related to v by
(A29). Each box, therefore, represents an elementary par-
ticle as an oscillator excitation with v=0, j=O being the
vacuum state of the oscillator. ' The particle spectrum
predicted by (A38) shows therefore that each spin j is in-
finitely degenerate with the mass depending only upon the
vibrational quantum number v, which is—in general—
also degenerate. However, this is the spectrum of the
three-dimensional spacelike oscillator (or three-
dimensional oscillator at rest). In order to obtain the
spectrum for the lowest mode of the string one has to ap-
ply the constraint (A23). We have indicated by the
dashed line the actions of A2 and A 2 in the scheme of
Fig. 4. They transform along the horizontal changing the
eigenvalue v by two units without changing the spin.
Thus if (A23) is imposed the diagram breaks up and,
starting out with v=O, j=0, one can only reach the states

The lowest mode of the string, i.e., the three-
dimensional spacelike oscillator with the constraint (A23)
imposed, is a rotator rather than a vibrator because it is
rigid in the sense that the length of the intrinsic coordi-
nate perpendicular to the momentum, namely,

—x =x ~t(r)xt (r)
P

with

x",(r)=g"~ (r),
is a constant of the motion. x t(r) for the string is the
analog of —d"(r) for the rotator and x ~) =x" if the con-
straint (A19) is imposed. d&di' is a constant of the
motion for the QRR, but not for the QRO. To show that
x is a constant of the motion, we use (2.2) for the lowest
mode n =+1 and (2.28) to obtain

g=O, j=O
A A-2 2 ~ 2, 0

3rl

4, 0

5, 1

6, 0

x, = V2a'i(a" e" —a~~e ") . —
P

Then one obtains

(A43)

2I2

3 ' 3

4, 2

5, 3

6, 2
x &x ~t ———2a'(a" a „e"+a"+a+„e "—Ia",a+„I),

(A44)

4, 4 6, 4

5, 5

6, 6

FIG. 4. Spectrum of the three-dimensional oscillator at rest.
The numbers in the boxes are values of v, j.

which does not depend upon r when the constraint (A23)
is used.

If one has n (or an infinite number of) modes instead of
a single mode one can repeat the construction of the oscil-
lator spaces as long as one does not impose the constraints
(A17) or (A15). One thus arrives at the n-fold direct
product of representation space like (A38) for all masses
and then has to apply the constraints (A17) to project
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away the space of "unphysical states, " i.e., the subspace
on which (A17) is not fulfilled. Only for a single mode is
(A17) as simple as (A23); in general the creation and an-
nihilation operators of different modes intermingle and it
is probably impossible to find a new set of independent os-
cillator variables in terms of which the constraints (A17)

become simple identities. For the QRO we have, there-
fore, followed a different path using new variables d„and
d&-I z in terms of which the representation theory can
be solved using results from group theory.
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called ~ in Ref. 7(b), and the spinor basis itself, we shall not

use here.
~3D. J. Almond, Z. Phys. C 15, 71 (1982); H. van Dam and L.

C. Biedenharn, Phys. Rev. D 14, 405 (1976); A. Bohm, Phys.
Rev. 175, 1767 (1968). (See also Ref. 18.)

~4The spinor basis is the direct-product basis of an SO(3,2)&

representation in which SO(3,1)s is diagonal and the basis
pv

vectors of the representation of H- for any

value of p„.The transformation between the spinor basis and
the Wigner basis is given by a generalized Foldy-Wouthuysen
transformation which is p dependent.

~5J. B. Ehrman, thesis, Princeton University, 1954, Sec. VII.i.3;
L. Jaffe, J. Math. Phys. 12, 882 (1971); E. Angelopoulos, in
Quantum Theory, Groups, Fields and Particles, edited by A.
O. Barut (Reidel, Dordrecht, 1983), p. 101.
p;„)0characterizes, together with the eigenvalues of the
second- and fourth-order Casimir operators, the irreducible
representations of SO(3,2). For every irreducible representa-
tion characterized by a p;„)0 there exists also an irreducible
representation characterized by p „=—p;„in which the
spectrum of p is given by p =p,„—v, v=0, 1,2, . . . .

~7The values of the parameters have been obtained by minimiz-
ing the values of g, with m fitted and with the error taken
as Am =mI, where m is the mass of a resonance and I is
its width.
Reference 7(b) and references therein. The reason is that o,"+~
cannot commute with P„after the constraint (A18) has been

imposed, whereas it can still be assumed that [P„,ct'p~]=0
(Ref. 13).

~9See, e.g. , V. Bargmann and M. Moshinsky, Nucl. Phys. 18,
697 (1960); 23, 127 (1961);E. Chacon and M. de Llano, Rev.
Mex. Fis. XII, 2 (1963); James D. Louck, J. Math. Phys. 6,
1786 (1965}. The latter reference contains a generalization
which may be used. when higher modes are included.

2oAt rest, and only at rest, the Wigner basis vectors ~pmjj3V)
split into a direct product lp~~~mjj3v&= lp.~~m &I81

l
vjj3~

with X'j:S'j acting only on the second factor.
2~ If, instead of (A18), one would impose the constraint

P"P„=mo, then each box in (A38) will represent an
C

A (mo, j), where mo is independent of v and j; the boxes
describe oscillator excitation but their mass does not depend
upon the oscillator quantum numbers.
v=j + 2, where v is the eigenvalue of I 0, see, e.g., A. Bohm,
in Lectures in Theoretical Physics, edited by A. O. Barut and
W. E. Brittin (Gordon and Breach, New York, 1968), Vol. X-
B.


