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IC+-proton partial-wave analysis to 3 GeV/c
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Our E+-proton analysis is extended to 3 GeV/c. Both energy-dependent and energy-band solu-

tions are reported. The Pl3 resonance is still strongly present, and we find evidence of resonances in
the D» and Pll states. We describe our scattering analyses interactive dial-in (SAID) computing
system, which allows other investigators to access the current data base and solutions for nucleon-
nucleon, ~-proton, and K+-proton scattering.

I. INTRODUCTION

In our recent energy-dependent partial-wave analysis'
we reported strong evidence for the existence of a P&3 res-
onance pole at (1796—i 101) MeV. We have now extend-
ed the analysis to 3 GeV/c (2547-MeV laboratory kinetic
energy and 2613-MeV center-of-mass total energy), doing
both energy-dependent and energy-band analyses; and we
have found that the P]3 resonance is still strongly present,
and it is accompanied by resonance poles in the D» and
P» states. (We define "resonance poles" to be poles in
the lower half plane on the "unphysical" or second sheet
relative to the elastic-threshold cut, which poles are close
enough to the real energy axis and strong enough to no-
ticeably affect the physical amplitudes. ) We also find
zeros that accompany the poles; in the P» case the zero
determines the behavior along the real energy axis more
than does the pole, and in the other two cases the zeros
are connected with important behavior on the real energy
axis.

Since our last E+p scattering-analyses report, ' we have
been using a dial-in interactive computing facility
[scattering-analyses interactive dial-in (SAID)] to com-
municate our latest results to other investigators. The
usage level of SAID has been high, sometimes involving
more than ten dial-ins per day from off-campus users into
the VPI&,SU computers. Some of these regular users re-
quested that we transfer SAID to their local computers,
which we have now done for many other sites with VAX
computers in North America and Europe.

In the next section we describe the data used in the
analysis, and in Sec. III we describe the energy-dependent
parametrization used for the partial-wave amplitudes.
Section IV describes the procedure used for obtaining the
energy-dependent solution and energy-band solutions.
Then Sec. V gives the results of the analysis, including the
pole positions for the resonances. In Sec. VI we discuss
the analytic structure of the partial-wave amplitudes in
the complex energy plane, and in Sec. VII we consider
possible future work for the E+X system. Our SAID
computing system is described in Sec. VIII.

II. DATA

Most of the data between 2 and 3 GeV/c are data re-
ported in the same references as given in our previous

work' for data below 2 GeV/c; there are three extra refer-
ences for data between 2 and 3 GeV/c. In addition to
the a [Ref(0)/Imf(0)] "data" used in our previous
analysis, we also used Martin's Ref (0) "data, " but it has
very little effect on the results. Data from the same refer-
ences whose data were excluded in our 0—2-GeV/c
analysis' were also excluded in this extended analysis.
After pruning, 3663 data are used in this analysis. A plot
of the angular data s availability is shown in Fig. 1.

III. PARAMETRIZATION

where

T=K (1—CK) ' =reduced T matrix,

E,E=

C,

Ep

E;

0

=reduced E matrix,

p=ImC .

The reduced-E-matrix elements are parametrized as func-
tions of energy as described in our previous work. '

In the above equations we have suppressed the orbital
angular momentum, spin, and isospin indices. Now we

We first did the analysis using the parametrization of
our previous work. ' A large number of weak resonances
occurred with that parametrization; in fact, essentially one
in every partial wave. So another parametrization that
has been proposed was tried, and the resonance behavior
was not as pronounced. As before, the parametrization
allows for inelasticity in each partial wave by means of a
single inelastic channel (K+6) involving an unstable par-
ticle (b, ), and resonance poles are not forced but can
occur. However, now we use E+6 as the inelastic chan-
nel for all partial waves instead of using E*2V for the S&&

state. This new parametrization accounts for threshold
behavior in a different way than did our old parametriza-
tion.

The energy-dependent solution is parametrized through
a coupled-channel K-matrix of the form

T 1/2 T 1/2
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put the orbital angular momentum index on the dispersion
function, C~, which is given by

+CD —— x +' x —z dx, (2)

a complex function, where

z =(W —W, )/(8' —8;),
8' =barycentric energy,

M~+Mx (for the elastic channel C, ),
Ma+Mx (for the inelastic channel C;),
M&+Ms —150 (for the elastic channel C, ),

8', =
Mz+Mx+M (for the inelastic channel C;),

and

Ma ——(1211 i 51—) MeV =b, mass

and the other masses are the usual ones. Thus, we are ac-
counting for inelasticity by a single inelastic channel,
%+A.

Now we drop the / index again. To ensure unitarity
below the pion-production threshold, we require that

ImC;=0 for W' &Mx+M~+M

The elastic component ( r, = T&~) of the T matrix can
be written in the form

T, =p,K/( I iC,K)—,

where

K =K, +C;K, /(1 —C;K;) .

The parametrization described above contains the dom-
inant two-body unitarity cuts (KK,Kb, ), but does not con-
tain the, generally weak, three-body cut (Kerr). Since the
integrals (C„C~) can be calculated analytically for com-
plex energy ( W) (see the Appendix), the analytic con-
tinuation and interpretation of dominant singularities is
simplified.

real and imaginary center-of-mass total energy (see Sec.
VI).

V. RESULTS

The X for our fit to 3663 data is 4769. The angular
observables are allowed to renormalize, weighted by the
reported or estimated normalization errors.

The energy-dependent'values for the partial-wave am-
plitudes are listed in Table I. The Argand plots for the
energy-deperident solution are shown in Fig. 2. The par-
tial waves for the energy-dependeiit solution and the
energy-band solutions are shown together in Fig. 3.

The energy-band results agree reasonably well with the
energy-dependent analysis. Our 0—3-GeV/c energy-
dependent solution does not fit the inelastic cross section
(Fig. 4) as well as does our previous 0—2-GeV/c solution'
in the 700—1100-MeV energy range. Our parametrization
does not appear to be flexible enough to allow for this ra-
pid variation in the inelastic cut region that the data seem
to demand, when we try to fit data over such a large ener-

gy range. Thus, the resonance pole positions given below
for the P ~ ~ and P

~ 3 states are probably not highly accu-
rate; the P»'s position determined by our previous 0—2-
GeV/c fit' may be more accurate.

The fits to the cross sections of our solution are shown
in Fig. 4. We believe that the poorness of fit to the
higher-energy inelastic cross sections are due to incon-
sistencies among that data, the total cross sections, and
the differential cross sections. Our fitted curves are com-
pared to some representative differential-cross-section
data in Fig. 5 and to some representative polarization data
in Fig. 6. It is easily seen that there are great inconsisten-
cies among the different experiments and that there is
perhaps a need for improvement of our fits.

VI. ANALYTIC STRUCTURE OF PARTIAL WAVES

The parametrization used in this analysis (see Sec. III
and the Appendix) can be extrapolated into the complex
plane to exhibit the analytic structure of the partial wave

IV. FITTING PROCEDURE

We began with our 0—2-GeV/c solution' and moved
toward 3 GeV/c by adding data in incremental 50-MeV
laboratory-kinetic-energy ranges, adding extra parameters
as needed to get a "good" fit at each step.

At the end we did energy-band analyses, starting from
the energy-dependent solution, spaced 100 MeV apart
with'band widths of 200 MeV for energies above 800 MeV
and spaced 50 MeV apart with band widths of 100 MeV
for energies below 800 MeV. In these analyses we fixed
the reduced-K-matrix [T in Eq. (1)] parameters that give
energy dependence to have the energy-dependent values
and varied the constant terms only.

Finally, we looked for resonance poles in each partial
wave amplitude by making contour and three-dimensional
plots of the square of the scattering amplitude versus the

—0.5

I

-0.5 0.0
ReT

0.5

FICx. 2. Argand diagrams for our partial-wave amplitudes:
The j= l+ ~ partial waves are solid curves and the j = t' —

~

partial waves are dashed curves.
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FIG. 3. Partial-wave scattering amplitudes. Solid curves are the energy-dependent solution and points with error bars are energy-
band solutions.

amplitudes. Qf particular interest is the possible existence
of poles in the lower half plane on the second sheet rela-
tive to the elastic threshold cut, which are close enough to
the real axis and strong enough to noticeably affect the
physical amplitudes. We now discuss the results of such
an extrapolation.

We again' find a resonance pole in the Pi3 state and we
also find poles in the Di5 and Pii states. The Argand di-
agrams for these three states are shown in Figs. 2, 7(a),
8(a), and 9(a). The resonance poles we find are at the fol-
lowing positions:

Pi3, (1780—i 140) MeV;

Pi i, (1725—i 61) MeV;

Di5, (2161 i 160) MeV —.

As explained above, our previous result' for the P&3
pole, (1796—i 101) MeV, may be more accurate than this
result. We regard the evidence as strong for the P&3 reso-
nance and the existence of the other two resonance poles
reported here to be highly probable. However, we expect
further analyses with better data and/or parametrizations
will considerably change the positions of all of these reso-
nance poles. Therefore, we have made no attempt to as-
sign errors to the pole-position values.

Each of the above poles is accompanied by a nearby
zero. The minima are at
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FIG. 6. Some representative polarization data along with our energy-dependent solution s predictions. The different plots are for
different center-of-mass scattering angles; the data are those within +1' of the selected angle.

P~3, (1680 i 139) M—eV;

P~~, (1735—i50) MeV;

D)g, (2054 i 58) Me—V .

The very rapid variation of the D~z partial wave [Fig.
8(a)] is due to two zeros flanking the pole; the higher zero

' is at (2552 —i 100) MeV.
This occurrence of zeros near poles appears to be a

common phenomenon for scattering systems; one can
show that, in Schrodinger theory, a square well's poles are
always accompanied by zeros, and our analyses of
nucleon-nucleon and ~-nucleon scattering also yield poles
accompanied by nearby zeros (unpublished). Sometimes
the zero lies behind or to the side of the pole relative to
the real (physical) energy axis, and thus the pole is a dom-
inant feature of the analytic structure (e.g. , P~3 and the
D&5), but sometimes the zero lies in front of the pole, and
thus the zero is the dominant feature (e.g., P»). The P~3,
D&5, and P&~ resonances and related zeros are probably
closely associated with the onset of inelastic cuts.

The poles and zeros accompanying them for the three
resonances reported here are shown in contour and three-
dimensional plots of the complex energy plane in Figs.

7—9 for our energy-dependent solution. In the three-
dimensional plots the poles are cut off at different values
for each partial wave in order that the surrounding struc-
ture can be seen.

VII. FUTURE WORK

To help those experimentalists who may be planning to
measure spiv-rotation parameters in the future, we include
plots of

P=arctan[2Re(f'g)l(
~ f ~

—
~ g ~

)]In.(5)

in Fig. 10.
It appears that precise measurements of observables in

the energy region near the P
~ ~ and P &3 resonances

(400—1100-MeV laboratory kinetic energy) would be use-
ful in better defining the partial-wave amplitudes.

We are currently doing an I=0 and I =1 X+%
analysis up to 1100-MeV laboratory kinetic energy.
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is the best established of the three resonances claimed in
this paper, followed by the D&5 resonance, and the P~~
resonance is the least mell established.

We do not regard our results as precise determinations
of parameters of the K+p resonances, but do regard them
as strong indicators of the existence of several resonances
in the IC+p system. A more precise determination of the
parameters awaits a better parametrization for energy-
dependent analyses and/or more complete sets of data at
strategic energies and angles. Our SAID computing sys-
tem should be very helpful to experimentalists in deter-
mining which measurements would be most helpful and
to theorists who are trying to understand the K+-nucleon
interaction or are using it to calculate E -nucleus in-
teractions.

Our solution's S» state indicates a possible resonance
beyond the upper limit of our energy range. Angular data
above our energy range would be desirable to investigate
this possibility.

There has been considerable discussion in the literature
recently about resonances in exotic systems, such as the
K+p system, being "pseudoresonances" or "doorway"
states. The contention is that such "resonances" are really
due to logarithmic singularities caused by box diagrams
rather than by simple poles. In this crude calculation a
counterclockwise Argand loop occurs in every partial
wave, thus masquerading as a "real" resonance. However,
it is not clear that resonance poles do not occur when the
"theory" is unitarized, which it must be in order to fit
scattering data. We plan to allow such logarithmic singu-
larities in the parametrizations of our future analyses of
exotic systems.

In our future work on the K+p system, we plan to try
to devise other parametrizations for our energy-dependent
fits and to apply tests to distinguish whether these K+p
resonances are real resonances or pseudoresonances. We
are also equipped to aid experimentalists in determining
the best observables, angles, and energies for future IC+p
scattering experiments; either by their dialing into our
SAID computing system at VPI&SU, or by our sending

them the SAID system to use on their own VAX11-
780/VMS computing system.

Because of the two resonances (P&3 and P») we ob-
serve in the 400—1100-MeV laboratory-kinetic-energy re-
gion, it appears that precise measurement of observables
in this region would be helpful.

Detailed tables of our solution are available through
SAID or from the authors. A manual about how to use
SAID by dialing into the VPIKSU computers is available
from the authors.
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APPENDIX: ANALYTIC CALCULATION
OF DISPERSION FUNCTION

m Cg nzCi i+ 1/(I +———,
'

) (A 1)

and that the lowest one is

Cp ——f [x.'+'~ /(x —z)]dx

=2+hz ln[(1 —vz)/(1+hz)]+imvz . (A2)

The disperson function of Eq. (2) can be calculated
analytically, as follows:

m CI ——f [x +' /(x —z)]dx, (2)

a complex function, where

z =(W —8', )/( JP —W, ),
and the W's are defined in Eq. (2). One can show that CI
satisfies the recursion relation
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