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A new method is given to find the exact solutions of the Heisenberg equations in proper time of
the first-order Dirac Hamiltonian in constant electromagnetic fields. We also give the exact Zitter-

bewegung of spin in a magnetic field.

I. INTRODUCTION

By Zitterbewegung we mean the internal dynamics of
the electron (or neutrino) in which the additional (spin)
degrees of freedom appear as a finite quantum system of
the oscillator type in the Heisenberg picture. This
phenomenon also occurs for a relativistic rotator, for ex-
tended or composite systems, and in general for any rela-
tivistic system with internal degrees of freedom. Its study
is important for an understanding of the foundations of
relativistic quantum mechanics, and of the possible excit-
ed states of the electron.

In a previous paper' we studied in a covariant way how
the position operator of the free electron separates into a
“center of mass” moving in proper time with constant
velocity plus an oscillatory Zitterbewegung. The internal
position and momentum operators of the Zitterbewegung
generate the Lie algebra of SO(3,2). Acting on a particu-
lar Fourier component of the Dirac wave function with
center-of-mass momentum p, the vector and tensor opera-
tors of this algebra lie in the hyperplane orthogonal to p.
The Zitterbewegung has the dynamics of a three-
dimensional harmonic oscillator confined to this hyper-
plane. We also generalized this dynamical system to the
larger system with symmetry group SO(4,2) by including
the pseudoscalar and axial-vector operators y° and y°y*.

The purpose of this work is to investigate, in the
Heisenberg picture, the motion of the Dirac electron in
external electromagnetic fields, and to determine the in-
fluence of external fields on the dynamical system
described in Ref. 1. An external field should affect both
the center of mass of the electron, causing it to accelerate,
and the internal oscillation of the charge around the
center of mass. We investigate this phenomenon by solv-
ing the Heisenberg equations in proper time for the veloci-
ty, position, and spin of the electron in homogeneous,
time-independent electric and magnetic fields. Although
the constant electromagnetic field is a very special case, it
has some interest because the amplitude of the Zitter-
bewegung is small (about 10~!! centimeters) and many
fields in nature are effectively constant over this distance
scale. The exact solutions obtained here show that the
Zitterbewegung and center-of-mass motion of the electron
are inextricably interconnected in the presence of external
fields. Nevertheless, we can obtain a picture of the addi-
tional features of the electron’s motion introduced by the
Zitterbewegung, by comparing with the motion of a rela-
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tivistic spinless charge in the same fields. When the elec-
tric and magnetic fields are weak relative to a critical
field, we are able to separate the Zitterbewegung from the
center of mass motion. The critical fields are so large that
for all practical purposes this separation is valid.

Finally we should emphasize that the algebraic struc-
ture of the internal dynamics of the electron, derived and
studied in Ref. 1 and here, transcend the particular four-
dimensional representation. They are also valid for any

relativistic system (e.g., hadrons) with internal degrees of

freedom or extended structure when described in the
Heisenberg representation.

1I. HEISENBERG’S EQUATIONS OF MOTION
FOR AN ELECTRON IN AN EXTERNAL
ELECTROMAGNETIC FIELD

For an electron in an external electromagnetic field we
use the minimal coupling rule p, —m,=p, —ed, and re-
place the free-particle proper-time Hamiltonian of Ref. 1
by

H=—myt. (1)

The velocity of the electron is then
xk= é[%,x“hy" : )

The Heisenberg -equation for the motion of the velocity
operator yields

ph=l] =—;-mo’” : 3)
Differentiating again we find

e ER
= 2 () + [ m o)
. 2i 2
=Lty = My B pu g 2P

4)
where we have used the commutation relation
| Fi
[77-;1.’77."] = L_chpv (5)
and
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is the Hodge dual of the electromagnetic field tensor F**.
The sum of the four terms on the right-hand side of (4) is
v° Hermitian and therefore any solution of this equation
for y*(s) must be y° Hermitian. This result is to be ex-
pected since the ¥ -unitary proper-time evolution of y#(0)
will preserve its ° Hermiticity.

Using the fact that

'j’ "?f = Zvvﬂaoﬂv'ya

*
:zl—(wufr'y—w-wy”)—ZiF“vy"—i—i ’_{ FH#yY
# c c

we can put (4) into the more tractable form

. 2i . 2ie

by —yb#+—FF y'=

Vi v X+ S TFRyT=0 (6)
or

__7;;&;/=£Fu v+ ﬁ—i"” . 6"

e 7 2i

We note that since —”=mc, when acting on positive-
energy solutions of the Dirac. equation, (6’) appears re-
markably similar in form to the Lorentz-Dirac equation
for a classical radiating point charge

2

2 e° .. ..
v n I a
3 47rc(v vH0gv )

which can be written in the form

mczi“:-ij"vv (7

2

d e 2 e ..
- A __F[l v “ F _ovu 7:
ds(mcv )_c 1,v+3 cv , (7

4
where m’ is the variable mass of the radiating charge
dm’ 2 e? . .,
=— "V,
ds 3 4méc

and v* is the proper-time velocity. A crucial difference
between (6') and (7') is the appearance of i =V —1 in
front of the acceleration. A consequence of this factor of
i is that while the classical Lorentz-Dirac equation has
run-away solutions, the quantum-mechanical equation ex-
hibits instead oscillatory Zitterbewegung solutions. Note
also that when 7 is taken to zero in (6’) this equation
reduces to an operator form of the classical Lorentz equa-
tion.
We shall now take i=c=1. We can eliminate the
first-order term in (6) by using the ansatz
yH(s)=pH(s)e =TS, (8)
where yH(s), like y*(s), is a four-by-four matrix operator.
Substituting (8) into (6) we find that the terms containing
y H(s) cancel and we are left with

VH(s)= —p*[ Hg M —2ie exp( —iHs)

X F *M(x (s))exp(iFs)] . 9)

Now, the Heisenberg-picture operator x*(s) is given for-
mally as

A
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xH(s)=e " x*(0)e ~I7S
and furthermore for any integer power of x#(s)
[xH(s)]"=e T [x#(0)]"%e ~'¥* .

Hence for any field F,#(x), which can be expanded as a
power series in x, we have

e ~ISF H(x(5))e! TS =F,M(x(0)) .
Therefore Eq. (9) can be written in the form

yHs)=—y"(sIM F, (10)

where the four-by-four matrix operator with elements

M p=or" F—2ieF *(x(0)) (11)

is constant in proper time.

At first sight (10) may appear strangely nonlocal since
y*, which is related to the velocity operator at proper time
s, depends on the electromagnetic field at the position
x (0) at proper time zero. However, let us recall that in
the proper-time Heisenberg picture developed in Ref. 1
the wave function is laid out for all space and time but is
independent of proper time, while the dynamical vari-
ables, represented by Heisenberg operators, depend on s.
Equations (10) and (11) mean simply that the external
electromagnetic field should not be regarded as a dynami-
cal variable depending on proper time, but like the wave
function it is laid out in space-time.

Equation (10) yields the formal solution

yH(s)=a"[exp(—iM%s)] F + b [exp(iM /%),

where a¥ and b" are operators, constant in proper time,
and M!/? is the square root of the matrix operator M.
Hence

‘—iﬁi”s

YH(s)=yH(s)e
= a*[exp( —iM %5 )exp( —is)]*
+b*exp(iM/%s)exp( —i#s)],/ . (12)

Since (6) is a second-order differential equation we require
two initial conditions to specify its solution. The initial
condition on y#(s) is

y*(0)=a"+b* (13)
while the initial condition on y #(s) gives
2m,(0)o*¥(0)=y*(0)
=—ia"[M'?)}—iat7r
+ibY[M' 2]} —ibtor . (14)

Henceforth all operators shall be taken at s =0 unless
their dependence on s is given explicitly. Solving (13)
simultaneously with (14), we find

1

at=syt 3 m M7V = Sme M T (152)
and
bl‘_—_%yﬂl-_% V[M—I/Z]vu+_;_,n.ao,aV[M—l/Z]Vu ) (15b)
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Thus if M2, M~1/2, and exp(*isM) can be found, the
velocity operator for an electron in an arbitrary external
electromagnetic field is given by (12) with (15).

III. METHOD OF SOLUTION FOR HEISENBERG
EQUATIONS IN A HOMOGENEOUS
EXTERNAL FIELD

When the external electromagnetic field is constant in
space-time, the task of finding the square root of the ma-
trix M becomes much simpler. We first diagonalize M by
a similarity transformation

M'=S"Ms
=diag(#?+A;?), j=0,1,2,3 (16)

where S is a four-by-four unitary matrix, and Ajz is the
Jjth eigenvalue of the off-diagonal part —2ie[F *] of M.
The similarity transformation which diagonalizes [F,*]
leaves the diagonal part [#?g,*] of M unchanged. This
would not be the case if F,* depended on x because then
the matrix S would depend on x so that space-time
derivatives in & would act on it and S'[#%g,*]S would
not in general be diagonal.

Next we find the square root of M’ by taking the
square root of each of its diagonal elements. Using the

5_,,0,,1,2,3 : :
fact that y’=y v vy’ anticommutes with %= —m,y*
we can write

(A2 = (I +ikyd) . 17

Expression (17) shows an ambiguity in overall sign and an
ambiguity in the relative sign between & and (il;y°).
Changing the overall sign in (17) amounts to changing the
sign of M!/? which amounts to simultaneously switching
a* with b* and exp(iM'/%s) with exp(—iM'/%s) in (12),
leaving the solution for y*(s) unchanged. We shall also
find that the remaining sign ambiguity in (17) does not
present a problem.
The square root of M is then given by

MV2=sM") 72T, (18)

Similarly we can exponentiate M !/? by exponentiating the
diagonal matrix M'!/? and using

exp(+iM /%) =S8 exp(+i(M")"/%)ST . (19)

The calculation involved in the steps outlined above can
be considerably simplified by taking the electric and mag-
netic fields in F to be parallel. So long as the field is
non-null, i.e., does not satisfy

E-B=0and |E|?>— |B|?=0,

this does not entail a loss of generality because one can al-
ways find a frame in which E and B lie in the same direc-
tion.?

In order to elucidate the separate effects of electric and
magnetic fields on the motion of the electron, we shall ob-
tain solutions for the velocity and position operators in an
electric field and then in a magnetic field, both fields
pointing in the third direction. Then, since the electric
field affects only the zeroth and third components of the
velocity and position nontrivially, while the magnetic field

affects the one and two components, we can combine the
two sets of solutions to give the motion of the electron in
parallel electric and magnetic fields. The velocity and po-
sition operators for an electron in an otherwise arbitrary
non-null homogeneous electromagnetic field can then be
obtained by Lorentz transforming these solutions. For
null fields another method has already been developed
elsewhere.’

IV. RELATIVISTIC MOTION OF A SPINLESS CHARGE

We shall need, in order to separate out the center-of-
mass motion of the electron, the motion in proper time of
a relativistic spinless charge acted upon by the Lorentz
force in a constant electric and constant magnetic field.
We recall from classical relativistic dynamics that a parti-
cle with charge e has the proper-time velocity

_m _pt—ed”
_m - m

v# (20)

and obeys the equation of motion
mvot=eF* > . (21
When B=(0,0,B) and E=(0,0,E), the solutions of (21)

are

v1(s)=0v'(0)cos +0v%(0)sin

>

¥4
S

m

€

s,

m]

€
S

B
—s
m

B
—S
m

v2(s)=v%(0)cos

ﬁs 1 —v(0)sin
m
(22)

v%s)=0v%0)cosh

£ ] +2v3(0)sinh
m

v3(s)=030)cosh

£ J +v%0)sinh
m

Integrating, we obtain

v%(0)sinh

x0(s)=c0+ <5 | +0%0)cosh
€ m

x(s)=c'+ 2 |p1(0)sin

%

s | —v%(0)cos
m

xz(s)zcz—f—ﬂ v2(0)sin —'Zis +v1(0)cos

%

2]

x3(s)=c3+—:l— v3(0)sinh i—s +v%0)cosh | <=5

The particle moves with angular frequency B/m along a
circle in the first and second directions and accelerates
with hyperbolic frequency €/m in the 0-3 plane along a
hyperboloid:

2
(xl—c‘)z—f-(xz——cz)z:%[(UI(O))Z—HUZ(O))Z], 24)

2
(x0— 02— (x> =P =T (A0~ (0¥ . (25
€
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Results similar to (20), (22), and (23) can be obtained for a
Klein-Gordon particle in the Heisenberg picture in proper
time.

V. MOTION IN A HOMOGENEOUS ELECTRIC FIELD

For the case that B =0 and E=(0,0,E), the matrix M
is given by

F* 0 0 2ie
0 % 0 0

M=|. o o2 o (26)
2ie 0 0 x*

. MLoM2 o
The square root of the submatrix ( Mi M%) is (7 9%). Us-

ing (12) and (15) we can immediately write solutions for
the one and two components of the velocity

Yi$)= (Y 4w —impo¥or e ~H¥s

+ W= tino¥aTY), j=1,2.
27)

In these solutions the condition that all operators act on

states for which &#?2=m? has not been applied yet.
Let us now consider the submatrix

2 lie

m= die 7*

M® My®
M M3~

By inspection we see that the matrix which diagonalizes
m is

1 1 1

—i(Q2eH+V (I +2e)y ) H* +4eh) 1

s=—=11 _ =st (28)
and
]
i (I +V e —2e)y NI +4€?) !
T | Qe+ VA X1 26)y ) I+ 4e) !

To find exp(iM'/?s) and exp(—iM'/%s) we use (19) and obtain

exp(iM /%)% =

|

(I3 + VeI —2e)y )7 +4€2) !

2079
ot 1 e 2ie| |1 1
M=711 —1]|2ie 22| |1 —1
I+ 2ie 0
= 0 H?—2ie

Equation (17) gives four possibilities for the square root of
each diagonal element in m'. From these possibilities we
choose
x+Ve(l—i)y’ 0

0 w4+ Ve(l+i)y’

(m")'2=

and using (18) we find
FH+Vey? —ivey?

1/2_
—ivey® F+Vey®

m ‘"=

(29)

To find the inverse of m /% we let

A B
—1/2__
mo=1B 4
and write
FH+VeyS —ivey’| |4 B 10
—ivey’ #VeyS||B 4|7 |0 1]

giving two simultaneous equations for 4 and B which
yield the solutions

B=—i(#*+4€") Qe+ V(I +2€)y°)
=—iQeX+Ve(H*+2€)y° N H* +4€>)~!
and
A= 4 Ve(F*—2e)y ) H* +46>) .

We have used the fact that even powers of % commute
with % and y° and therefore every term in the power
series expansion for the exponential in

(P 44eh) 1= fo‘” drexplin(#* +4€2+i8)] ,

where 8 is an infinitesimal, can be commuted to the right.
Thus we have

(30)

. ‘/‘ S . a5 .
(eB I +Vel—iy®) | istr+Ve(1+i)y ) =expliM/2%)3,

. . 3 5 . . 5 .
exp(lMl/Zs)03=%(eu(%-{—‘/;(l D73 _ gisr +(4079)) _ exn(iM 1253,

(31)

. Ly —i —iys —i iyd .
exp( —iM /25)0 =1 (e st +Ve—in®) |, :s(ﬁr’+\/2(1+x)y))=exp(_1M1/zs)33’

. i ) 5 . o 5 .
eXp(~lMl/ZS)O3=-;-(e is(#+ Vel iy )___e 1s(2f+1/;(1+1)y ))=exp(-—zM1/2s)

3
0 -

Combining (31), (30), and (15) in (12) we find the following operator solutions for y%(s) and y3(s):
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yos)= Ty[cos(F+V'e(1—i)y°)s +cos( o+ V'e(14i)y>)s Je 7

X 573 [cos(F+Ve(l—i)y
i 0(%3+\/E(9f2 2e)y°)
27 I +ae?

1 3(26%4-\/4_5(%24-26)7/)
27 H*rae?
1
2

ao(yf +Ve(H?—2e)y°)
I+ 4
+iw w3 e+ Ve +2e)y
2 y/‘+4 2
i s (Ve H?—2e)y
27 9’/“+4e
1 0(269f+1/2(z/2+2e
a7 I+ 4é?
1
T2

a3(9f +Ve(H*—2e)y°)
%-{-4 2
i 026+ Ve(H+26)y°
Ty F*+4é

y3(s)=(same with 0«<3) ,

where the sines, cosines, and exponentials are defined by
their power-series expansions.

In order to interpret the solutions (27) and (32) physi-
cally we need to impose the condition that they act upon
states for which

FKp=m, (33)

-i.e., positive- and negative-frequency solutions of the
Dirac equation. With this restriction we have

cos[Z+V e(1+i)y>]s =cosQys ,

sin{),s
cos[F+Ve(l+i)y ls=[F+Ve(1+i)y7] =

Q,
(34)

cos[#+Ve(1—i)y’]s =cosQs ,

sin{)s
sin[#Z+Ve(l—iy ls=[F+Ve(l—i)y ] ——— =,
Q,

where

Q,=(m?—2ie)l?

[sin(#+Ve(1—i)y®

3)s —cos(H+Ve(l+i)y’)sle %S

[sin(Z°+V'e(1 —i)y°)s +sin(F+Ve(1+i)y )s]e ~%*

)s +sin(F+ Vel +i)y’)sJe ~i7s

[sin(#+Ve(1—i)y)s +sin(F+Ve(1+iy)s Je ~
[51n(9£"+\/2 1—0)y°%)s +sin(F+Ve(1+i)y’)s e~
[sm(ff+\/e(1—z y3)s —sin(F+V'e(1+i)y®)s]e ~is

[ sin( 7 +V'e(1—i)y’)s —sin(F+V'e(1+i)y°)sJe ~7*
[Sin(# +Ve(1—i)y’)s —sin(F+Ve(l +i)yS)s e~

[sm(%+x/é(1—z)y )s ,

(32)

r

as can be seen from the power series of the sines and
cosines. It is possible to set #2=m? in (32) because, as
we have mentioned before, even powers of % commute
with y°. We also use 7~ !=%"/m? in (27).

We also encounter the term 7,0%. Since this term acts

on states for which #?2=m? we can write

i

TV H = — S (myyt—ytmy)my
= 5(17"——1#,,0 )y y+—5m Zyp
= 3o+ é(mzy"—v“fr-y)
and obtain
TP H =i (m* Y —mhry) . (36)

Inserting these relations into (32) we then obtain the fol-
lowing expressions for the components of the velocity of
an electron in the constant electric field E=(0,0,E):

=0—iu,
Qi =(m?42ie) *=w+iu , ) Jr R e
(35) ?’J(S)=ur:2 + [7/’——7—7721/— cosst——fa“jsians
m
w=ReQI=‘—/l_—{[(m4+462)1/2+m2]“2} ,
2 (37a)
,u:Ile=~‘/l§—{[(m4+462)1/2-»m2]’/2} , for j =1,2, and
]
y°%(s)= cos((w +m)s )cosh(us) _7,02%_“1‘_#_21:’_"_9’____ R mmye iy
@ +u? o*+p* m(*+p?)  m(o*+p?)
s . 1 um i 30*4+u’+me 7omyu iTryo
+sin((w+m)s)sinh(us) | ——y° -
# 27 w*+pt 2 o+t m(0*4+p?)  m(e?+u?)
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_L____
+sin((w+m)s )cosh(us) | =7 i —ma _Llm 2‘“ 5 -——‘1Ta ga0 2t +n;(u + “3—7&—2-
m(w®+u? 2 o*4p* 2 m (o®+p?) o“+p
. i u 1 3w2+‘u2——mw 1 w0 M i pPEre —H& +mo
(« )s )sinh(us) | — —n° - — a0 — =0
Feosl(@-m)s)sinhiu 2T i 27 miwd 27 i 27 e 4pd)
1 jo’4+u*—mo i ;3 mu ) immyu
+cos({w—m)s )cosh(us) | =¢° = -
X w4 p? 27 o +p?  m’+p?)  m(e’+pu?)
. . 1 o mu i 3 w2+,u2—ma) 7O yu i1r37'r'yw
sin((w —m)s )sinh(us) | — - - —
+ P o*4p* 2 4 w0 4-u? m(wz—i-,uz) m(co2—+—,u2)
. 2 2 3
. i go°+u“"+mo 1 mu ) H —mo o
sin((w—m)s)cosh(us) | ——m - +—17' + =
Hsinl(e K 27 merud) 2 aot4pt 20 mrpd 20 ot
. i u 1 ;0*+u’+mo 5@ g a3w +l£ —mo
+cos((@w—m)s)sinh(us) | — =—7° 4+ = ——1-r + T
2 27 ot T2 merpd) 27 ot 27 i)
7/3(s)=(same with 0<3) . (37¢)
Integrating the velocity operator over proper time we obtain the position operator
. . i 70 R . ‘
x’(s)=c1+ms+ S cos2ms + | —— y’——m sin2ms, j=1,2 (38a)
2 2 2
m 2m 2m m
. ] — 20
x%(s) =+ sin((w+m)s Jcosh(us) |+ 2a) _ ——;-7/3 2# — (r°my(pu?—o? rzna))+t7r -y - +m)u)
o +pu o +u m(o* +uH)[(w+m)?4u?]
. 1 j — 707 PR S 2_ 2
+cos((w+m)s)s1nh(,us) _2_70 2.”' > _1__,%_,}/3 ZCU . (—m'm 7’(260—;—"1)/.;-‘}'17 o '}/(Z.u' 20) mo))
o +p 0" +u m(o”+p)(w+m)*+u’]

1 [ir%w(@*+p*—m?) —2mu?) + mulw® + 2mo+u>—m?))
m(0® +u?) (0 —m)*+u?)

+cos((w—m)s )cosh(us)

a0 a3
TaO @ . TaO "1

f— +l
2m(0*+u?)  2m(0®+u?)

[—iruw(o® +p*42mo—m?) 47w’ +u>—m?) —2mu?)]
m (o +p?)((0—m)*+u?)

+sin((ew —m)s )cosh(us)

o0 T 0w

+
2m (0’ +p?)  2m(0?+u?)

_ 0 2, 2 2 2 3 2 22
+cos((@+m)s Jeosh(us) 1 [—ir(o(w*+pu’—m 2)+2;nu )+ ,tzt(mz+2mco o”—u’)]
2 , m(o”+u-)(w+m)*+p’)
1 7Te0% i T

2 m@*+p®) 2 m(o +p?)

1 [i7% (0?4 pu*—m?—2mo) — (w0 +u*—m>) +2mu?)]

+sin((w+m)s )sinh(us)
H m(@?+u?)((w+m)?+u?)
o0 im0 w
2m(0®+u?)  2m(w?+pu?)
. 1 o i (PP y(0*—mo—p?)+ir’myulim —20))
— h —0 _t. 3 M
+sin((w —m)s Jcosh(us) x PR 2 Y o2 m (@ +12) (@ —m P +p?)
. 0 . 3 22
. Y(pQRo—m))t+irrylou’—mo)]
(@—m)s)sinh(us) |~yo—he 4 Lyp 0 [rmy ,
+cos((w —m)s )sinh(us Y P + 21’ 2 m (@ +12) (@ —m P+ p2) (38b)

x3(s)=(same with 03) , (38¢)
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where c* is a constant operator determined by the initial
condition. ‘

Expressions (37a) and (38a) agree with the correspond-
ing free particle expressions with p, replaced by
m,=p,—eA,. This result is expected since the electric
field exerts no force in the first or second directions so
that motion in these directions should correspond as
closely as possible to that of the free particle, while at the
same time p must be replaced by 7 in order that gauge in-
variance be preserved.

It is remarkable that although y° appeared in the solu-
tion (32), we had to introduce it in order to find the
square root (29), all terms containing > have disappeared
from (37) and (38). The only Dirac matrices appearing in
(37) and (38) are y* and o*¥, with u and v ranging from
zero to three. These are the same Dirac matrices which
appear in the free particle solutions of Ref. 1. This means
that the SO(3,2) dynamical system described in Ref. 1 has
not been enlarged to the SO(4,2) dynamical system as a re-
sult of the interaction with an electric field.

Equations (37) and (38) also reveal that there is no sim-
ple separation between Zitterbewegung and center-of-mass
motion since all of the terms in these solutions are oscilla-
tory. We see from these solutions that the position and
velocity operators oscillate with frequencies w =m while at
the same time accelerating hyperbolically with hyperbolic
frequency u.

A. O. BARUT AND W. D. THACKER
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where % =eB. Again we can immediately write down
solutions for two components of the velocity, in this case
the zero and three components

YH(s)= (PP hr —im oo e — 2
+ 3 (=TT i), p=0,3.
(40)

To solve for the remaining two components we consider
the submatrix

Mll M, T 2R
m= 2%HB X

M, M, “n

This submatrix is diagonalized via a similarity transfor-
mation by

1 1 1 N 1 1 —i
S=7£ P —il =72 1 (42)
giving
.| +2is 0
me= 0 2B

Taking the square root of m' and inverting the similarity
transformation that diagonalized m, we obtain

VI. MOTION IN A HOMOGENEOUS 14i 14i
MAGNETIC FIELD iy PEive” 5V
rriva | va |7
Now let E=0 and B=(0,0,B). In this case M is given mi2=
) 2 V2
x 0 0 0
0 x* 2% O
M=10o 22 2 o | (39) (43)
0 o 0 This matrix has the following inverse:
i
in (v VIB(IH-2B)NHF*—ARB)™  QIBH+VVIB(H+2B)NH—4R8%) !

M= 2 BH—y VTR IO+ 2UBNF— 4B (P VIB(H—2 BN H— 4B~ “4)
Exponentiating m /2 we find

explim 1/2s)11=%(ei(ﬁ"+i\/2.@ys)s+ei(:l/‘+V2.%’y5)S):exp(im 1/2¢ )22 ,

explim /25)l, = L(ei(yru\/zfey%s_ei(,zf+\/25375)s): —explim /%5 )2,

2i ’

and (45)

exp(_im1/25)11=_;_(e-i(,W‘+iV2.%75)s+e—i(W‘+V2.9?y5)S): —exp(—im %), ,

exp(—im /%), = L i V2B s _ i+ V2B sy —exp(—im /% 2,

2i ’

Finally, combining terms, we obtain the solutions

yi(s)= Ty [cos(# +iy V2R )s +cos(H +v V2H )s]e ~'**

+ —;—yz[cos(%-!-iyﬁfzﬂ )s —cos(F +y V2R )sle ~ITS
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— %vl Eaks ‘/j( 4%221'@ [s1n(2’/+17/51/ﬁ )s +sin( o+ V2R )sle ~ S
+ ’;‘ w’ Ql%ergf;zHl By’ [sin(%+i7/5\/7@—)s +Sin( 4y V2R )sle TS

% 0! (;«*/.;_\/Zgi 4@221% [Sin(#+iy> V2R )s +sin(H +y V2 A )sle ~'7*

+% o (2z%9/+;/;_49;22+21.@) [Sin(F+iy> V2R )s +sin(H+ 7 V2H )sle ¥
+% 1 (21#%—#?(4?22—1—21% [Sin(#+ iy V2R )s —sin(H+yV2H )s]e ~'¥*
+% 2+ \/;Z?(_%:;;fi@ 7°) [Sin(Z+ iy V2R )s —sin( I+ V2R )sle 7"
-3 Teo®™ (2i1@%+;;§i(4§22+2i.@ el [Sin(F+iy V2R )s —sin(H +y V2R )s]e ~' S
— —;—ﬂ"aaaz (%3"-\/;—‘?2(_9?;221.@ ) [sin(F+iy>V2H )s —sin(H+y V2R )sle ~i 7S,

2 2 1 )

y*(s)=(same with 7! >, 72— —7! etc.

We again use the condition that, acting to the right, #?=m? and find

sin(w;s)
coS(F +iy V2R )s =cos(ws), SN +iy V2B )s =(H+iy>V 2.@)—;—1—— ,
1
5 s 5. = sin(wys)
cos(F+ YV 2H )s =cos(w,s), sin(F+y° V2R )s =(F+y \/2.@)—6‘)— R
2
with
o=(m?*4+2%#)"? and w,=(m?—2%)""?
leading to the following results for the velocity operator:
1, 02y .
yl(s)=Fcos(w,+m)s | +(y' +iy?) @itm | (rtirt)my
(0F] maw;
0 —m
+ 5sin(w;+m)s L (! 4im?) | — —lﬂ(a"”—f—ia"‘z)m
2 maw, 2 m W)
w—m Uy i 2)ere
+costor—mls | 1!yt | 2| | iy
@ maw;
i (' im) o +m) T 0 —m
+ 3sin(w; —m)s -+ ! +—1———ﬁ(a‘“+ia"‘2)——l——
2 mao, 2 m W
w+m Ui m2)ore
+3cos(wy+m)s [%(yl—iyz) 2 _m —im)my
(0)) maw;
j wy—m
+ +sin(w,+m)s Lirl—in?) | = —-lfi(a"l—iaaz)w
2 maw, 2 m 45)
wy—m | v Y
+ Lcos(w,—m)s | (y!—iy?) | = (m_—im7)my
(0)) ma,
. ] wy+m —
+%sm(coz—m)s(—i(1rl—i7rz)l 2 +lwa(a“‘—iaal)—‘32——m]
2 mao, 2 mao;
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(46)

(47)

(49a)
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. wi+m (m2—imt)ymy
y2(s)= 5cos(w;+m)s |5 (y2—iyh) o — o, ,
j Wy —m T, wi+m
+ Tsin(w,+m)s L —inh) | ]——i——g(a"‘z—ia‘“) ! ]
2 (O3] 2 m (O]
w1—m 2 1 .
+5cos(w;—m)s | +(y>—iy!) ! + (m”—im )y
(o] maw;
1 W +m T w;—m
+—;—sin(w1—m)s[—i(77'2——iﬂ'l) 0 l—Ol-(a"‘z—icr"”) !
2 mao, 2 m N
w,+m 2 L im Y-
+dcos(wy+ms | T2 +ip!) | = _ Amdrim )y
[0F) mawj
. j . w,—m 17 . w,+m
+ Lsin(w,+m)s | (72 +ia) | — — 2o ig?) 2
2 maw; 2 m W,
n B A a1y | @2 (2 +immy
+ 5cos(wy—m)s | 5 (y*+iy") o + mao,
j wy+m T, wy—m
+ 3sin(w, —m)s —Lwryiah) |2 l—a-(a“2+ia"]) 2
2 @, 2 m W)
Integrating, we find the position operator
sin(w;+m)s o +m (' +imt)my
1 RS BT SR B RS | .2 _
x(s)=c + 2w +m) >y +iy9) ) mo,
cos(lw;+m)s | | w;—m w;+m
erm) 1+m) é(ﬂl-l-l"ﬂz) riza) —%ﬂa(aal—kia"z)——:nw
1 1 1
sin(w;—m)s —m Yy iV
2oy —m) | T D +7 ZZ )Wy
1— 1
cos(w;—m)s ] wi+m w;—m
o | T Sy [T O
wy—m 1 1
sin(w,+m)s Ll 1p?) wtm | (7 —im)my
2w, +m) |2 W, maw,
cos(w,+m)s Wy—m w,+m
et 2+ ) Lirl —in?) | = }—777'“(0‘“ io*?) rizco
wWr+m (o)) 2
sin(w, —m)s Ly iy wy—m (7' —im?)rey
Z(wz—m) 2 (o)) maw;
cos(w,—m)s wy+m Wy—m
o) 2 ) — (7' —i7?) rfw) + 30 —io®?) rizw
wr—m 2 2
oy 2 Simletmls |, eotm | (P —im )y
xHs)=e'+ 2(a)1+m) 2(7/ v ) [oF} maw;
0s( m)s | i w|—m w+m
%_T é(ﬂ'z—iﬂl) 10) ] %ﬂa(aaz—l aly ’;160
wi+m 1 1
sin(w;—m)s Ly —iph) wy—m (m?—imHmy
2(601-”1) 2 1 maw;i
cos(w;—m)s i, . |@tm . ) |, @1—m
—_— = (7 — ST 0% —ic®")
2(0)1-7’7‘1) 2 (7r m ) w1 + 2 Ma'd mawm

(49b)

(50a)



31 ZITTERBEWEGUNG OF THE ELECTRON IN EXTERNAL FIELDS 2085

sin(w,+m)s —;‘(Vz-(-l"}/l) wy+m _ (772+i171)7r.y
2Awy+m) (oF) maw;
cos(wy+m)s | Wy—m w,+m
SOSptmis L tint) | = — Lm0 tige) =2
2(w,+m) 2 ®; ma;
sinlfwy—m)s |, , | |wy—m (r*4im)my
2(wy—m) 2 (7 iy mw,
cos(wy,—m)s i wy+m L wy—m
RO TR | L qint) |22 i (0 yioah) 22— (50b)
2(wy—m) 2 @3 mao;

The motion in the zeroth and third directions corresponds to the free particle solution (37a) and (38a), since no force acts

in the 0-3 plane.

We see again that all terms containing 7> have canceled out of the results (49) and (50). The SO(3,2) dynamical system
is not enlarged to the SO(4,2) system as a result of interaction with a magnetic field. These solutions also reveal that the
motion of the electron in a constant magnetic field is oscillatory with four distinct frequencies, w;+m and w,+m. It is
interesting to note that the combination y!(s)+iy?(s) oscillates only with frequencies @+ m, respectively,

+ w1—
ylUs)+iyis)= é—(y‘—H’yZ) wlw = cos((w;+m)s)+ ! cos((wy—m)s)
1 1
(r!+imH)my
+ —————[cos((w;—m)s) —cos((w;+m)s)]
maw;
+L(wl+iﬂz) om sin((w,+m)s)— oitm sin((co,——m)s)]
2 w1 mao,
1 al | a2 w—m . .
+ =7 (0* +io%*) sin((w;—m)s) — sin((w;+m)s) |, (51a)
2 maw, w1
while y!(s)—iy?(s) oscillates with frequencies w,+m
wy+m wy—
YUs)—iy¥s)= Ty —iy?) [ 2 cos((w,+m)s)+ l 2 cos((w,—m)s)
[o%) (2]
(7rl——i172)7r'z
+ [cos((wy—m)s)—cos((wy+m)s)]
mawy
i 1 .2 wy—m . wy+m .
+ (7' —i7*) sin((w,+m)s)— sin((w, —m)s)
2 maw; maw,
1 1 2 wr—m . .
+ =7 (0% —io®) sin((w,—m)s) — sin((w,+m)s) | . (51b)
2 maw; Wy

When # >m /2, w, becomes imaginary. This means
that sines and cosines of (w,s) become hyperbolic sines
and cosines of ( | w, |s), and the motion acquires a hyper-
bolic acceleration in addition to the oscillation. We ex-
pect, on physical grounds, such a threshold (or phase tran-
sition) to occur when the cyclotron frequency (% /m ) be-
comes equal to the Zitterbewegung frequency. However,
for fields of this strength pair creation effects become im-
portant and the single-particle theory must be extended or
interpreted differently.

VII. CENTER OF MASS AND INTERNAL
MOTIONS IN WEAK ELECTROMAGNETIC FIELDS

We have found that the exact solutions (37), (38), (49),
and (50) for the velocity and position in constant electric

and magnetic fields do not allow a straightforward
separation into center-of-mass motion plus Zitter-
bewegung; they are intertwined in a complex way. How-
ever, we do know that when no external fields are present,
this separation is possible. Therefore we expect that when
the external fields are sufficiently weak, we can separate
the internal and center-of-mass motions. In this section
we investigate the solutions (37b), (37¢), (38b), (38c), (49),
and (50) which together give the velocity and position of
an electron in constant electric and magnetic fields both
pointing in the third direction.

In the limit that € <<m? and # <<m?, we can approxi-

mate 5
£ €
w~m + T=m, u= m
(52)
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B where the components of the center-of-mass velocity are
wy=m +‘—, Wy=Mm———
m m

0. 3
L O(q) T TV € T €
These limits correspond to Vem. (s)= m? cosh m S]+Tn—smh l;s} ’
Ecﬁt=1-3><1016 V/cm N 3 o
o)=Y £ L £
Boi=4.4X10% G . Ve, (8)= 2 cosh msl—f— = sinh ms] ,
For comparison, at the Compton wavelength, the fields (54)
produced by an electron are E=102 V/cm, I(s) iy B Ez_ B
B~2.5%10" G. Dropping terms of order ¢/m? and Ve.m, \§)="""5"C0S S|+ sm | s s
% /m?, unless they appear in the arguments of the (circu-
lar or hyperbolic) sines and cosines, we find that the velo- b s)= Ty B x| B
city operator has the form em 8= oS S T T S TS |
YH(s)=vem (5)+7%(s) (53)  and the components of internal velocity are
J
o_. T
n%s)= cosh < ] l [7’0-—#—7722- cos(2ms) — —o®sin(2ms)
m m m
.. € To a3 3 737T')/ .
+isinh | —s | | ——0%cos(2ms)— |y~ — 5 |sin(Zms) |,
m m m
3. T
17%(s)= cosh —e-s} { [7/3—3—17—21/— cos(2ms)-—£0“3sin(2ms)J
m m m
T O+
+isinh -e-sJ [——aa"‘ocos(st)— lyo—— A 7r27/ sin(2ms) | ,
m m m
(55)
3_. T,
1'(s)= cosh —@sl [ [7/1——1-7—7—51 cos(2ms)——io‘“sin(2ms)]
m m m
T 2.
+isinh —@s] [-—-—g—a‘ﬁcos(st)— 1,2__”7_121’_ sin(ZmS)] ,
m m m
2. s
n%(s)= cosh ﬁs ] l)’z— Ir—ﬂz—t cos(2ms) — —o*sin(2ms )
m m m

Keeping only the terms of lowest order in €/m? and % /m?* we find that the position operator x*(s) of the charge also
separates into a center of mass X*(s) plus an oscillatory internal coordinate Q*(s) where

0. 3 3_. 0
Xo(s)=ﬂlr—usinh is +-r£1—cosh £ +c9 X3(s)=£l—msinh £ +Ln—lr—cosh £ +c3,
€ m? m €Em m € m? m e m
(56)
1. 3 2. B 1 B
gmary . |\B | mma B 1oy m Ty B | omm B 2
X(s)—% 2 sin ms] ‘@mcos ms]+c,X(s) B e sin ms +'@mcos ms +c°,
and
. 3_. T
Q%)= ;}——sinh £ 7/3——1]—22‘ cos(2ms)——7aa“3sin(2ms)l
m m m
1 € Ta a0 0o mmy |
+ ——cosh | —s | | — 0% cos(2ms)+ |y’ — sin(2ms) |,
2m m m m?
T, 3.
Q3(s)= 2-1r;cosh _:TS} fa"3cos(2ms)+ 173—7—7—21 sin(2ms)]
m
. o_. T
+ =t —sinh | <5 yo—il%t cos(2ms) — —=o%in(2ms) | ,
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r
Qls)= ?lr;l—cos —f—s Tng—o‘“cos(st)+

__i_ H _,?5_ 2 1T27T'Z
+2msm ms][[y — 3
2.
QZ(S)=—21;cos —f—sl %a"zcos(st)-k [yZ_"TT'”'ZK

It is'interesting to compare (54) and (56) with the corre-
sponding expressions (22) and (23) for the velocity and po-
sition of a relativistic spinless charge in the same electric
and magnetic fields: on positive-energy solutions of the
Dirac equation 7y =m and Egs. (54) and (56) reduce to
(22) and (23). The center of mass of the electron behaves
like a relativistic spinless charge. In fact (54) is a solution
of the equation

f/‘c‘.m.ﬂ'"}/:eF”vV:.m. » (58)
with the initial condition

Vi, (0)="0mY (59)
m

Equation (58) can be thought of as a semiclassical approx-
I

yl_m

m2

Ta o7 .
cos(2ms) — —”Ta"‘ sin(2ms)
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sin(2ms) }

)

sin(2ms) ] .

imation to (6) in which the term explicitly containing #
has been dropped. The initial velocity (59) corresponds,
with minimal coupling replacement p—, to the center-
of-mass velocity of a free electron.

Let us now turn our attention to the influence of
“weak” electric and magnetic fields on the Zitter-
bewegung. We recall from Ref. 1 that the free electron
Zitterbewegung is a harmonic oscillator which can be
represented as a

QH(s) cos(2ms)  sin(2ms) Q*0)
1o, —sin(2ms) cos(2ms) | | _1
! (s) 5 (0)

Motivated by the free particle case, we rewrite (55) and
(57), together in terms of a phase space rotation as fol-
lows:

Q%s) %0)
1 5o R(2ms)cosh | <=5 iR |2ms +-Z |sinh —e—s} R S
2 (s) 2 m om " (0)
3 = 3 ’
(s) Q°(0)
lQ iR |2ms + g— sinh |5 ] R(2ms)cosh | —s ] 1
—n(s) m m ——n*(0)
2m 2m 60)
0
Q'(s) 00
—l——n’(s) R(2ms)cos %s} iR 2ms+% sinh %s} _1_771(0)
2m 2m
) |7 QX0 |’
IQ —iR |2ms + % sinh —Zis R (2ms )cosh %s ] 1,
— 2 ——n%0
2m m(s) 2m 7(0)
T
where (with 7/2 phase shift and multiplication by i =v'—1 in
. the off-diagonal elements) between a circular (or hyperbol-
R(a)= co.sa sia 61) ic) rotation, induced by the magnetic (or electric) field, on
—Ssina cosa the one hand, and a rotation in the position-velocity phase

and the initial internal position and velocity operators are

1 7Tq
B(0) = —— —% g
0%(0) m m°
(62)
74(0)= |y#(0)—

m(0)7-y
m2

We see in the result (60) a “tensor product” structure

space, coming from Zitterbewegung, on the other hand.
An expression similar to (60) can be derived, by differen-
tiation, for motion in the velocity-acceleration phase
space.

VIII. HEISENBERG EQUATIONS FOR THE SPIN
TENSOR

For the sake of completeness we also record the Heisen-
berg equation of motion for the spin tensor

S,.w:(i/4)[7/;u7/v]:



2088

7
2i
Using the fact that S%=(i/2)a’ and S*=€*S!, we can
write down separately the vector and axial-vector com-
ponents of (62):

_Smgp= TSy —i—(S"“Fa"—S““Fa") . (62)

i - i~ e |1
—|talwr=1 L €L
2a 2 2a +c 2oz><B~|~S><E , (63a)
. ﬁ .. e l'
—sw=2l51 ¢ |sxB-LaxE]|. (63b)
2i c 2
1
wi1—m .
S*H(s)= Leosl(@+m)s) |SH0) T 1§ +(0)—2-
1 mao;i
w+m .
+ Leos((@1—m)s) |SH(O) X s +(0)-F—
w1 maw;
wy—m . >
S=(5)= +cos((w,+m)s) |S~(0)——— +i§ ~(0)—"—
)y maw,
wy+m .
+ Leos((@3—m)s) |5 (02 s ~(0)-2%
[2))] mawy

s%):s%m-és 3(0)%—14%5‘ 30) 7 exp(—2i9)

with similar expressions for i (at,a”,a’) where again
w,=(m*+22)"* and 0, =(m?>—28)"".

For weak fields one can write Egs. (64) in the form of
Eqgs. (53), (54), and (55) for the velocities.

IX. CONCLUSION

In this work we have obtained exact solutions of the
Heisenberg equations in proper time for the motion of an
electron in constant electric and magnetic fields. Barut
and Bracken* have previously solved the Heisenberg equa-
tions in ordinary time in a constant magnetic field. The
equations for an electron in a constant electric field are,
however, quite intractable in ordinary time, since the elec-
tric potential appears as an extra term in the Hamiltonian,
in contrast to the magnetic vector potential which is
minimally coupled to the momentum. In the covariant
proper time formalism used in this paper both potentials
couple minimally to the four-momentum, and the equa-
tions for both the electric and magnetic fields can be
solved in a unified manner.

Our solutions reveal that in an electric field the velocity
and position operator of the electron accelerate hyperboli-
cally, like the relativistic spinless charge, while at the
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We note that when E=0, S and ia decouple and Egs.
(63a) and (63b) are each equivalent to (6') for the velocity
operator. In this case we can repeat the procedure in Sec.
V and obtain solutions for the proper time evolution of
the operators S and ia in the constant magnetic field
B=(0,0,B). In terms of the ‘“raising and lowering”
operators

S+=S14is? §—=8'—is?
we obtain
w|—m

$+(0)L —is+0)#
[2F] mawj

+5sin((@,+m)s)

. w+m
]—i——é—sin((co,—m)s) S +(0) L +is+0)r 2t :
@1 maw;
1 . LI 1 ey — Wy—m
+ 5sin((@y,+m)s) |S 7(0)— —iST(0)#
[0)) maw;
. w,+m
]—;—%sin((wz—m)s) $ =0 4is— (02 ,
(OF) maw,

(64)

r

same time oscillating at two frequencies depending on the
strength of the field and the mass. In a magnetic field the
velocity and position, as well as spin, of the electron oscil-
late at four distinct frequencies. When the electric and
magnetic fields are much weaker than the critical values
(10'® V/cm, 10" G), the oscillatory Zitterbewegung and
the center-of-mass motion can be separated. The center of
mass of the electron then behaves like a relativistic spin-
less charge, while the internal motion exhibits a structure
similar to a tensor product between a hyperbolic (or circu-
lar) motion, induced by the electric (or magnetic) field, on
the one hand, and the much faster oscillation at frequency
2m characteristic of the Zitterbewegung on the other
hand.

Besides providing insight into the influence of the elec-
tromagnetic fields on the internal and center-of-mass
motions of the electron, and more generally on relativistic
extended particles, the results of this work may be used to
calculate the Green’s function of the Dirac field using the
proper time method of Schwinger.” The solutions of the
Heisenberg equations are also important in radiation prob-
lems. For example,.the form of the acceleration, x 2 leads
immediately to a derivation of the spontaneous emission
formula.®
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