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This paper studies the constraints on the mixing of a possible fourth family of quarks. A
mixing-angle convention is introduced in which s; =sin6,; represents to a good approximation the ij
element of the quark mixing matrix (i <j). A range of parameters is found, 514 <0.06, 5,4 <0.1;
514524 ~1074—1073 and/or s;4534 > 1072, for which the contribution of the fourth family to the K, -
K mass difference is negligible yet may lead to dominant effects in the K%K ® CP-impurity param-
eter €. This may be realized in a scheme in which the four quark generations are mixed mostly in
pairs. A possible signature of such a scheme may be an abundant rate of same-sign dileptons at
Y(4S) if the fourth up-type quark is sufficiently heavy.

I. INTRODUCTION

The standard SU(3) X SU(2) X U(1) six-quark model of
the strong, weak, and electromagnetic interactions de-
scribes all charged-current weak-interaction phenomena in
terms of a 3X 3 unitary matrix which represents the mix-
ing between the quark-mass eigenstates and the weak-
interaction  eigenstates. = The mixing matrix is
parametrized in terms of three angles and a phase, con-
ventionally known as the Kobayashi-Maskawa' (KM) an-
gles 6; (i =1,2,3) and phase 8. While accurate measure-
ments of one of the mixing angles 0, (the Cabibbo angle)
have existed for quite a few years, the other two angles
were first measured about a year ago.>® These angles 6,
and 63, while not very accurately known at present, are
considerably smaller than 6, thereby giving rise to a rela-
tively large B-meson lifetime and to quite a small
semileptonic-decay branching ratio of B into uncharmed
hadrons. The phase & is supposed to be responsible for
the CP violation observed in the K%K ° system. In the
standard calculation* of the CP-impurity parameter e,
based on the short-distance-dominated box diagram, it is
found to be proportional to sin6, sinf; sind and to a grow-
ing function of the t-quark mass. It was pointed out some
time ago’® that to account for the measured value of € suf-
ficiently small values of 6, and 6; would require large
values of m,. Very recently, a few events were reported®
by the UA1 group at CERN, which may be the first indi-
cation for the existence of a ¢ quark in the mass range
30<m, <50 GeV. The present uncertainty in the experi-
mental determination of 6,, 63, and m, and the theoretical
ambiguity in the absolute-magnitude estimate of the box-
diagram matrix element (Bg) leave sufficient freedom to
account for the measured value of €. In general this re-
quires the parameters 6, and 65 to lie in the upper parts of
their allowed ranges and some preference is given to the
upper range of possible values of m,. Future improve-
ments in the measurements of these three parameters, and
in the theoretical estimate of By, may, however, indicate a
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different situation and may potentially lead to a problem
with the standard six-quark model.

Since with merely two generations CP is conserved in
the single-Higgs-doublet SU(2) X U(1) model, it is tradi-
tionally believed that the observed CP-violation phenome-
na are intimately related to the existence of the third gen-
eration of quarks.1 It is, however, obvious that these phe-
nomena exist whenever the number of generations is
larger than two. The number of generations N, just as the
quark masses, mixing angles, and phases, is among the
questions for which the SU(2)XU(1) model has no
answer. Some cosmological arguments indicate that N
may not be larger than four.” If there exist altogether
four generations it is not inconceivable that the dominant
source of CP violation in the K%K © system is the fourth
generation. Off hand, this seems an unlikely possibility if
one assumes that the mixing between the first two lowest
generations and the hypothetical fourth family is consid-
erably smaller than their measured mixing with the third
generation. However, with our modest understanding of
quark masses and mixing, one should keep an open mind
to other possibilities.

The purpose of this paper is to study the implications
of the existence of a fourth generation on the quark mix-
ing matrix and on the related phenomena.®~1° At first
sight it seems that with the proliferation of the number of
quark-mixing angles and phases such a study would con-
tain too many arbitrary parameters to be useful. We will,
in fact, show that there exists a physically intuitive way to
define an extension of the quark mixing matrix to four
generations, such that the information gathered within the
three-generation model about the corresponding mixing
angles would not be lost. Our arguments will be based on
the unitarity of the mixing matrix and on the calculation
of the K;-Ks mass difference. Then, since one of the
motivations of this work is to anticipate a potential prob-
lem with explaining the value of € in the three-generation
model, we will seek a range of mixing parameters in the
four-generation model which may resolve this problem if
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it does occur. Whereas this search will be purely
phenomenological, we will also study a few typical forms
of the N =4 mixing matrix obtained by extrapolation
from the measured elements of the N =3 matrix.

The paper is organized as follows. In Sec. II, we intro-
duce a convention for the quark mixing matrix for any N
and derive expressions for the matrix elements in the
N =4 case. The values of the mixing angles within the
first three generations and certain bounds on the mixing
of the fourth generation with the first two are derived in
Sec. II1. For the latter we use the unitarity of the mixing
matrix and the K;-Kg mass difference. In Sec. IV, we
obtain further constraints on the latter mixing angles
based on the measured value of €. We point out the range
of values of these parameters which are required to make
the fourth generation the dominant source of CP violation
in the K°-K° system. The effect of a fourth generation
on BY%B° mixing is studied in Sec. V. Section VI de-
scribes a few hierarchy schemes of the four-generation
mixing parameters, which we regard as plausible extrapo-
lations of the N =3 mixing matrix. Finally, Sec. VII con-
tains a brief summary of our results.

II. THE QUARK-MIXING MATRIX

The hadronic charged-current weak Lagrangian for N
generations is

; N
KCC=%WI ijz_l UijELiV,udLj‘*‘H-c- N
where u;; (dy;) is the ith-generation left-handed doublet
quark field with charge + (—+). For parametrizing the
unitary matrix U it is convenient to introduce “complex
rotations” connecting each possible pair of generations.!!
The rotation w;, between the first and second generation,

(2.1
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for example, is given by
i$y, .
cosf;, e "“sinf;, 0
—e 0 sinf;, cosf;, O
W= 0 0 1 (2.2)

012, the rotation angle, expresses the amount of mixing. be-
tween the first two generations, while ¢, is a (potentially)
CP-violating phase. The rotations w;; for general i and j
are defined analogously. Then U may be simply ex-
pressed as

U:lej .

i<j

(2.3)

Any particular order of factors may be used on the right-
hand side. To the extent that 6;; are small the order is ac-
tually irrelevant to first approximation. There are of
course N (N —1)/2 angles 6;; and the net phase arbitrari-
ness in the definition of the quark fields may be charac-
terized as follows. Introduce N real arbitrary parameters
a; constrained only to satisfy

N
za,--——O .

i=1

(2.4)

Then we are free to replace each potentially CP-violating
phase ¢;; by

¢;] =¢,~j+a,--—aj . (2.5)
In particular, we may set (N —1) judiciously chosen
phases ¢;;=0 leading to +(N —1)(N —2) independent
CP-violating phases.

For the first three generations we choose the mixing
matrix to be

id)3
C12€13 S12 C12813€ 0
—idy3 ig)3
—C23C13512 —S23513€ C12€23  —C23512813€ +c13823 0
—idy3 idy3
@023012013= | C13512523 —C23513€ —C12523 C€13C23+S12823513€ 0 (2.6)

0 0

Here the abbreviations c;; =cosj;, sij=sinf;; were used
and the two phases ¢, and ¢,; were made to vanish by
Egs. (2.4) and (2.5). A parametrization of the three-
generation model similar to Eq. (2.6) was first suggested
by Maiani'? with a somewhat different phase convention.
Very recently, Chau and Keung!? proposed modifying
Maiani’s phase convention into that of Eq. (2.6).
For N =4 the mixing matrix is defined as

U=(a)3‘4w24c014)(a)23w12w13) . 2.7

In addition to ¢, and ¢,3, ¢34 will also be chosen to van-
ish, thus leaving us with three independent CP-violating
phases. At this point we wish to note that another con-

0 1

r
vention ¢, =d¢,3=¢,3=0, which would eliminate the CP
phases from the first three generations, may be easily
shown not to be consistent with (2.5). As will be shown in
the next section all the angles 6;; except 634 must be small,
and the approximation cosf;; =1 will be applied to them.
One finds

U“zl >
Up=~sy,
¢l3

i
Ujz=syze s

id14
Ujg=sne ",
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—idy3 i(drq—d14)
Uy=—s1p—53513€ —S14524€ )

i(pa—b14)

Up~1—s1514524€ ,
ig13 i($og—o14)

Uys==sy3—size  (S12+S14S24e€ ),

i
Up~sye ",

—idy3 —idyy
Usi=~ca(s128523 —513€ )—S 145348

—ifs —if13
+524534€ (512 +523513€ )

b
—idy —id1s
Usp~—c34523 —534(s4€ +S12514€ ),
i¢y3
Uss~c3(1 45553813 )+,
Usg=s34 ,

—idyy —idy —id3
Uy =~—c34514€ +C34524€ (s12+523513€ )

+534(—S812823 +s13e‘i¢‘3) ,
U422—C343249_i¢24+523S34—C34s,2s14e_i¢” ,
Ugz=~—534—C34( 523s24€—i¢24+s13s14ei(¢”—¢”)

*5125135249“%3_%4)) ,

U442C34 .

The advantage of our convention is made obvious by the
observation that the sines of the six mixing angles 6;; are
good approximations to the corresponding measured ma-
trix elements Uy; (i <j):

Uuis=~s12, | Upp | =513, Ugp==533 ,
(2.9)
Up=s34 .

| Uwp' | ~5145 | Ucp' | =524,

Here (¢',b') denotes the fourth doublet of quarks. The re-
sult U,c~s,; follows from the small measured ratio® of
' Uub/Ucb | «<1.

III. CONSTRAINTS ON s;4 FROM UNITARITY
AND FROM THE K. -Ks MASS DIFFERENCE

The most precise values of U,; and U, were obtained
recently:'*

| U,q | =0.9735+0.0015 ,
(3.1)
| Uy | =0.23140.003 .

Using as the lowest possible value for these parameters a
1o value, one may derive from the unitarity of the mixing
matrix a limit on Uy;, i >2:

[Uu | <0.06, i=b,b",.... (3.2)

An upper bound, stronger by almost an order of magni-
tude, for one of the mixing parameters

| Uws | <0.007 (3.3)
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was obtained from the B-lifetime determination®!® of
Ues,

| U, | =0.05+0.01 , (3.4)

and from the measured upper limit>!® | U,, /U, | <0.11.

Due to the large uncertainty in the determination of
U, (| Uy | >0.8 at best'?), a similar unitarity argument
when applied to U, does not lead to a useful upper limit.
Equations (3.1)—(3.4) may be expressed in terms of the
mixing angles by using Egs. (2.8):

S12 20.23, 8§73 =0.05£0.01 N
(3.5)
S13 <0.007, S14 <0.06 .

The existence of a fourth family may affect the calcula-
tion* of AMyx =M k, —Mk,. It has been stressed for some

time'® that in order to preserve the original success in re-
lating the c-quark mass to AMg in the four-quark
model,'® the contribution to the mass difference from
quarks beyond the second family should not exceed the
c-quark contribution. It was furthermore conjectured®®
that the existence of very heavy quarks (mg>>1 GeV)
should not affect the kaon system except for CP violation,
which is supposed to owe its existence to N > 2 quarks. It
then follows that the masses of such quarks and their
mixing to the light quarks must be correlated in a manner
which gives rise to negligible contributions to AMg. In
fact, with Egs. (3.3) and (3.4) it turns out that as long as,
say, m, <My the t-quark contribution lies two orders of
magnitude below the measured value of AMg. We will
assume that the above conjecture applies also to the ¢’
contribution.

The various quark contributions to AMg may be read
from the expression derived in Ref. 4 for the short-
distance-dominated 2 W-exchange diagrams (the so-called
“box diagram”). Generalized to any number of genera-
tions it reads

By Gp*fx’MgMy?
67?2

>

Lj=ctt,...

AMP*=2ReM 5 =

’T],'jE(x,',Xj) Rek,?»] .

(3.6)

M, is the off-diagonal K°-K ° mass matrix element and
By is the conventional parameter which represents the
matrix element of the AS =2 short-distance operator be-
tween the K° and K © states. The value of Bx =0.33 with
a possible theoretical uncertainty of 50% may be regarded
as a reasonable value derived by current-algebra tech-
niques.?! In the following we will use this value although
somewhat larger estimates are not entirely excluded.?
The parameters 7,;; are QCD correction factors of order
one,>® N, =0.7, 7,;=0.6, §,=0.4. The A; are products
of quark-mixing elements A; = U}; Uy, and the dimension-
less box-diagram functions E are given® in terms of the
quark masses x; =m, >/ My*:
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1 9 3 3 X;
X )=x; |— — - = Inx; ,
E(x;,x;)=x; 4 + —x) 21—, 7 2 | 1=, i
. (3.7
1 3 3 nx; 3
E(x;,x;)=x;x; 7 + W—x) H—x)? | 7= +(x;ex;) — H1—x)(1—x))
I
One often uses the approximation amplitudes and the (additional) 77 phase shift in the iso-
spin I state. In the quark basis adopted by us in Sec. II
E (x;,x;)~x; for x; <«<1 (3.9 (just as in the KM basis), in which U,; and U, are real,

E(x;,x;)~x; In(x; /x;) for x; <«<x; <<1.

We note in passing that with Bg=0.33, 7,=0.7,
m,=1.5 GeV, ReA ’~s,% the c-quark term in Eq. (3.6)
provides merely a fraction (~ ) of the measured value of
AMpg. Certain long-distance contributions are also needed
to account for the mass difference.?

As suggested above we will require that each of the ¢’
contributions to the right-hand side of Eq. (3.6) is much
smaller than that of the ¢ quark. First consider

NevE (Xp,%p) ReAy? << 1o E (x0,%, )ReA 2 . (3.9)

For a range of interest, m,=40—150 GeV, E(x,,x,)
varies by an order of magnitude between 0.21 and 2.1.
The parameters 7;; depend only weakly on the number of
generations and on the quark masses;?> so we take
Npp~0.5. Reld,? may be expressed in terms of the mixing
angles by use of the last two of Eq. (2.8). Disregarding
accidental cancellations between the various terms we sin-
gle out the term s;,%c34%,4% for which we find from Eq.
(3.9

C344S244<< 10—-4——10—3 ’ (3.10)

depending somewhat on m,. We therefore conclude that
if 034 is not too large

S24<0.1 . (3.11)

We checked that requiring the smallness of all other s;4
contributions to AMy, including those of the ¢ quark, the
tt’ and the ct’ diagrams, does not lead to any further con-
straint on s;4 beyond Eqgs. (3.5) and (3.11). No constraint
may be obtained for s3; which in principle may be even
larger than s5.

IV. CONSTRAINTS ON s5;4 FROM CP VIOLATION
IN THE K° K °SYSTEM

The two parameters € and €' which describe CP viola-
tion in the K%K © system are given by?°

294 _+ Moo | T ImM |,

—_—  — A —— —_— .1
3 ¢ 1/26 AMg e @D

Ne——Noo _ , 1 iwr+s,—8y | Imd,

—=€'>—+ _— , (4.2
3 =3¢ Red, o8 “2)
Red, ImA,

@ Redy’ ° Redy ’

Ay and 8; (I =0,2) are, respectively, the complex K —27

Ay obtains an
“penguin” diagrams,”’ while A4, remains real. Thus
|€|~|w&| /V2 and the second term in Eq. (4.1) is

imaginary part from the so-called
27

bounded by the recently measured upper limit
|e'/e| <0.01:28
|E/V2|~|€/w|~20|€| <0.2]€] , (4.3)

where the value o = 5; was used.?’

Recently Donoghue and Holstein3® have estimated the
long-distance contributions to ImM,, and have shown
that with the present upper limit on |€'/€| they may not
lead to more than a 20% correction to €. Since this con-
tribution and the £ term are correlated, they partially
overlap and their overall contribution may be guessed to
be less than 30%. Disregarding this uncertainty, which
may be further reduced by future improvements of the
limits on |€'/€|, one may approximate € by the short-
distance-dominated box diagrams calculation of ImM,.

The expression for €°*, similar to the one for AME* in
Eq. (3.6), is given by*

2¢ 2 2
box _ ei(fr/4)BKGF Sx"MxMy
12V27 AMy

€

X 2 nle(x,,xj)Im}\,’)\,J .

i,j=c,tt'

(4.4)
Using the values®

Gr=1.178X107° GeV™2, AMy/My=0.71x10"14,

Sk=160 MeV, |e|=2.27x10"3,

and?!
My =82 GeV ,
one obtains the sum rule (assuming e~€®*):

By 3 myE (x;,x;) ImAA;=~1077

i,j=c,tt’

(4.5)

It was pointed out in Ref. 5 that within the three-
generation model the present limits on the mixing param-
eters, given in our convention by Egs. (3.5), would provide
stringent upper limits on the quantities ImA;A; (i,j =c,1),
which by Eq. (4.5) impose lower bounds on the function
E(x,,x,). Since this function is increasing with m, one
may use this to derive lower bounds on this mass.

To illustrate this point let us note that in the angle and
phase convention introduced in Sec. II, one obtains in the
three-generation model, using Egs. (3.5),
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——Im}u02=2 Im?»ck,zZSuszg,sm Sin¢13 <2X 10‘4 N
‘ (4.6)
$23513

Imkt2= —III])\.C2 S232—‘ COS¢13 < SX 10_7 .

Furthermore, one has E(x.,x.)=3.3X10"% (m.,=1.5
GeV) and E (x.,x,)=(2.0—2.6)X 1073, where the slight
variation corresponds to the mass range m,=30—100
GeV. The function which exhibits the strongest growth
‘with m, is E (x,,x,), which obtains the values 0.12—1.0 in

the above mass range. Using the rather conservative value

By =0.5 it is then found that the sum rule of Eq. (4.5)
may be saturated only for m, > 40 GeV. Furthermore, a
mass of 40 GeV requires that s;3 and s,; take their
upper-limit values of Eq. (3.5) and that the CP-violating
phase is “maximal”, i.e., ¢;3~7/2.

What do these considerations imply for the mixing of a
possible fourth family of quarks if it exists? Disregarding
the unlikely possibility that the ¢’ terms in Eq. (4.5) cancel
those of the first three generations, their contribution is
expected to be smaller than the right-hand side of Eq.
(4.5). The 7;; parameters for ¢’ do not differ substantially
from those of . The same quark-mass functions describe
the t and ¢’ contributions. Since Eq. (4.5) is saturated by
the first three generations with m, =40 GeV if the values
on the right-hand side of Egs. (4.6) are actually achieved,
similar upper bounds then apply to ImA A, and
ImA, 42 ImA,A,), respectively, if m, =40 GeV:

ImA A, <1074,
4.7)
ImA, 2,2 ImA A, <4< 1077 .

These limits become stronger for higher values of m,.
For instance, for m, =150 GeV the bound on ImA,? is
stronger by an order of magnitude.

To find out what Egs. (4.7) imply for the mixing pa-
rameters s;, one may write down the explicit expressions
for the quantities in Eq. (4.7) in terms of these angles and
the phases ¢;;. Being imaginary parts, they will contain
terms multiplying sing;;. Therefore Egs. (4.7) are useless
unless some kind of ‘“maximal” phase assumption - is
made. In the following we will adopt such an assumption,
considering as unlikely the alternative possibility that the
t' couples to the first two generations with large mixing
angles and small phases. 'We will also disregard the un-
likely possibility that different terms in ImA A, etc., may
cancel each other. It remains then a matter of simple ex-
amination and use of Egs. (3.5) to determine the strongest
constraints implied by Eqs. (4.7) on s;4. Writing down
only the relevant terms

ImA Ay = “5126‘342314524 sin(gys—b14)
—8128523C345345 14 Sin¢14+ s,

ImA, Ay = —5155232C34%5 14524 Sin(dry— B 14)
—5125235¢34°5 348 14 SING 4+ * - ¢, 4.8)

2 4. 2. 2.
ImA, "= c34"514°524" sin2($24— b14)

2. 20 20 2
—523°C34°534°5 14" 8IN2P 4+ - -,

one obtains for m, =40 GeV,

342514524 <SX 1074, cyus34514 <1072 (4.9)

The limits on a heavier t', e.g., m,=150 GeV, are
stronger by about a factor of 2. The first limit of Eq.
(4.9) provides an order-of-magnitude extension of the lim-
its derived in Egs. (3.5) and (3.11) if one assumes c34~1.

At this point we wish to note that the existence of a
fourth family of quarks with very strong mixing to the
third generation, s34 ~ 1, would have reduced the ¢-quark
contribution to € in Eq. (4.4). It is straightforward to
show that with four generations the expressions for
ImA A, and ImA,2 in Egs. (4.6) get multiplied by c34* and
c34%, respectively. As the discussion which follows Egs.
(4.6) illustrates, with ¢34 significantly smaller than one,
the sum rule (4.5) might not be satisfied even if m, is
somewhat heavier than 40 GeV.

The inequalities

$14524 <5X 1074, 534514 <1072 (4.10)

turn into strong inequalities ( <<) if one assumes the ¢’
contribution to € to be negligible compared to that of the ¢
quark (as is the case for the ¢ term in AM relative to that
of ¢).

One may turn around the argument which led to Egs.
(4.10) and note that the ¢’ contribution to € may be as
large as the measured value of €. Namely, if
514524 ~107*—107% and/or sy453,>107% and the CP-
violating phases of the fourth generation were “maximal”,
the ¢’ could be the dominant source of CP violation. This
may be required within the SU(2)XU(1) single-Higgs-
doublet model if future experiments support a t-quark
mass in the vicinity of 40 GeV plus at least one of the fol-
lowing developments.

(1) The present upper limit on U,, is considerably re-
duced (or a more precise value is measured for 75 well
above 10~ 1% sec).

(2) A theoretical value for By is reliably calculated and
turns out to be considerably smaller than 0.5.

V. CONSTRAINTS FROM B° B ° MIXING

In analogy with Eq. (3.6), one obtains for the mass
difference of two opposite- CP neutral B mesons,!®33
AMp~AMS*=2 | M5%*
BBGFZfBzMBmWZ

6

X 3 mEER(x;,x) | APA]
hj=ebt (5.1)

Here the various factors are defined in the B system in
analogy to the corresponding factors of Eq. (3.6) defined
in the K system. Considering in particular the state
B°=B,=bd, we take My =5.2 GeV and AP=U}% U,. To
be conservative we use for the By parameter and for the B
decay constant the rather low values®* Bp=0.33,
fp=fk=160 MeV. The  box-diagram  functions
EB(x;,x ;) are somewhat complicated by their extra depen-
dence on the external heavy b quark mass.’® For the two
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terms of interest to us, i =j =t' and [ =t,j =¢', this com-
plication may be disregarded, since for them E®=E holds
within 10% for m,,m,>25 GeV.>*®* The QCD factor
742~0.85 was calculated in Ref. 33 and a similar value
will be taken for 2., 92,

BO-B ° mixing is described by the dimensionless param-
eters x =AMp /T, where T is the (average) B° decay rate.
With the above values of the various parameters one finds

AM;,

~10’r; 3 E(x,-,xj)|7»,p7»f| ,

iLj=tt'

(5.2)

®
1]

where 75 stands for the B lifetime in units of 10~!? sec.
The cc and ct terms were neglected since their box-
diagram functions are much smaller than that of #,
whereas all three quark-mixing factors k?k}g (i,j =c,t) are
comparable in magnitude:

kfg —S812523 »
(5.3)

B —i¢
At 26‘342(5"12323 —sze )

+ 34534(5 12524 g 14€ —z¢14) .
We have also dropped the ct’ term since it too comes with
a small E(x.,x,) and, as we checked, it would not lead to
any new constraint beyond the ones obtained from Eq.
(5.2). The t' mixing factor is

Mocsassalsige P s ppspe P (5.4)

where we omit terms of order 10™* or smaller by using
Egs. (3.5) and (3.11). ‘

As a result of B%-B° mixing, one expects same-sign
dileptons to be emitted in semileptonic decays of B°B°
pairs produced in e e~ annihilation.’’” The number of
the same-sign dileptons divided by opposite-sign dileptons
from B°B® decays at the Y(4S), ie., just above BB
threshold, is given to a good approximation (neglecting
CP violation) by3¢37
NUHH)+NUITIT) N x?

N({~IY) T 24x?
The present experimental upper limit on y is about 30%,
if one assumes that the Y(4S) state decays to neutral- and
charged- B-meson pairs with a ratio 2:3 and that the neu-
tral and charged B mesons have equal semileptonic
branching ratios.’® Note that within the standard three-
generation model one expects y to be a few percent at
most if m, ~40 GeV.3® This estimate may be easily ob-
tained from Eqgs. (3.5), (3.7), (5.2), (5.3), and (5.5), and de-
pends on the values assumed for By and f5.

The experimental limit y <0.3 (and its possible future
improvement) imposes certain constraints on s;4, which
may be obtained from Egs. (5.2), (5.4), and (5.5). For in-
stance, the modest requirement (y <0.3)

xp=10°15E (xp, %) | AB |2 <1 (5.6)

leads to s34514<0.1, 0.03 for m,=40 and 150 GeV,
respectively. It does not give rise to any constraint
beyond Eq. (4.10) obtained from e.

At this point we wish to readdress the possibility that ¢’
is the dominant source of CP violation in the K system.

y= (5.5

As pointed out in Sec. IV, this would be the case if, for in-
stance, 514534 > 10~2 Itis interesting to note that in such
a case (which requires s3; to be at least as large as s,)
one may have rather large BB ° mixing effects. For in-
stance, if 514534=(1—2)%10"2 and if m, =150 GeV, x
may take values close to one and, correspondingly, one
would expect same-sign dileptons to be abundant at
Y(4S).

VI. HIERARCHY SCHEMES OF MIXING
AMONG THE FOUR GENERATIONS

The three measured mixing-matrix elemen‘ts
s1p=| U, | =0.23,
5232 | Ugp | ~0.05,
si3=|Uy| <0.01,

6.1)

may suggest a few kinds of hierarchy structure in the
mixing matrix. Here we extrapolate the structure to the
hypothetical fourth generation and study the conse-
quences, with particular attention given to the ¢’ contribu-
tion to €. We start by listing the suggested types of
hierarchy. Since our convention has the advantage that
| Uj | ~s;; (i <j), we may use s;; directly to characterize
the structure of the mixing matrix.

(a) The first and most obvious scheme suggested by
Egs. (6.1) was proposed by Wolfenstein:*

512~7\., S23~A2, S[3~}\,3 (A=0.2) . (6.2)

Within this scheme 53 lies near its present experimental
upper limit, as required to account for € in the framework
of three generations. The pattern which emerges,

leA—2A2 53234 , (6.3)
leads to the expectations*!
S34~}\.2, S24~}\.5, Sl4~)\.6 . (6.4)

(b) A simpler scheme, which is at least a rough approxi-
mation, is

S]2~Sz3~)\, S13~)\,2 ()\,=0.1) . (6.5)
Drawn schematically as

1« A—>2«A—>3A—4, (6.6)
this leads to

S34~)\,, S24~}L2, Sl4~}\.3 . (6.7)

To fit Egs. (6.1) more accurately, Eqgs. (6.5) may be re-
placed by a two-parameter description*?

Spp~ay, Sp3~0y, S;3~Q1Qy, (6.8)

and when a third parameter 3 is introduced to represent
534 the corresponding expectations are

S34~Q3, Sy ~0A3, S14~Q10Q3 . (6.9)

(c) If a fourth generation exists it is possible that Egs.
(6.1) are telling us merely that the mixing occurs mostly
within each of the two pairs 1<»2, 3<»4. This scheme was
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discussed by Bose and Paschos.® In terms of a single pa-
rameter (A ~0.2) this may be represented by

2
S12~S34~A, 513,523,514,524 <A”. (6.10

In Sec. IV, we have shown that in order that the ¢’
quark (m, <150 GeV) make a significant contribution to
€ one must have either s45,4>107% or s;4534> 1072,
This contribution is seen to be extremely tiny in scheme
(a) [Egs. (6.4)] and still unnoticeable in the single-
parameter version of scheme (b) [Eq. (6.7)]. If one as-
sumes a large 53, mixing in the three-parameter version of
scheme (b) [Egs. (6.9)], the ¢’ contribution to € may be ap-
preciable. Finally, in the pair-associated scheme (c) [Egs.
(6.10)], the ¢’ may even be the dominant source of CP
violation if one assumes s;; to be larger than s;, say
514 ~5,3. As pointed out at the end of Sec. V, in such a
scheme with a heavy ¢’ (m;=150 GeV chosen to illus-
trate the point) same-sign dileptons at Y(4S) may be
abundant.

VII. SUMMARY

In this paper we studied the restrictions on the mixing
of a fourth generation of quarks based mostly on the
neutral-kaon system. To do so we first introduced a

parametrization of the mixing matrix, which may be easi-
ly generalized to any number of quark families and which
is very convenient for direct mixing-angle determination
from experiments. A range of mixing angles is found,
514<0.06,  55,<0.1,  545,4~10"%*—10"3, and/or
514534 > 1072, for which the contribution of the hypotheti-
cal t' quark to the K -Ks mass difference is negligible,
yet the ¢’ may have a large effect on the CP-impurity pa-
rameter €. Within the few schemes of the mixing matrix
that we studied, the one in which the four families are
mostly mixed in pairs can lead to a #’-dominated €. This
may resolve a potential problem foreseen in the three-
generation model, which could materialize from future
improvements of the mixing-angle and m, measurements.
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