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This work is an extension of the recent spinor-connection theory of Szekeres, Cullinan, and
Lynch. In that theory, a geometric model for the gravitational and electromagnetic fields was real-
ized by use of both left- and right-connection groups acting on a 4 X 4 spinor tetrad. Here the right-
connection group is enlarged in a natural way from a one-parameter to a three-parameter Lie group.
This enlargement introduces two extra potential fields which may provide a simple model for the
strong and weak fields in curved space-time. A solution to the new field equations is given for a
neutral “pionlike” particle exhibiting the strong and gravitational fields.

I. INTRODUCTION

Szekeres, Cullinan, and Lynch! (henceforth SCL) have
recently proposed a geometric model for the gravitational
and electromagnetic fields in terms of left and right
spinor-tetrad connection fields in general relativity. It has
been demonstrated” that the field equations, derived from
a single world Lagrangian function, may admit an essen-
tially unique cosmological solution and a variety of parti-
clelike solutions, with or without electric charge or spin.

However, the SCL theory exhibits no fields which can
in any way account for either the weak or strong forces.
There is, it is true, a short-range field in some way similar
to the torsion field of U, theory, but such a field is inter-
preted as a mere spin contact interaction.’

We show here that the group of right connection in the
SCL theory is by no means the most natural choice. With
a natural and in a sense obligatory extension, from U(1) to
U)o U(1)®U(1), we obtain two extra four-potential
fields which might feasibly provide a classical model for
the weak and strong forces. This extended group is the
largest group which leaves invariant the four left-ideal
subspaces of the Clifford algebra used to represent the
quartet of Dirac four-spinors (the matter field)..

All other essential features of SCL are retained and, in
particular, unlike in U, theory, the base manifold remains
as the pseudo-Riemannian space of general relativity, with
vector connection defined by means of the symmetric
Riemann-Christoffel affinity. Physically, the group ex-
tension introduces two new “charges” as sources for the
proposed strong and weak fields. The required short-
range nature of these fields results from the imposition of
appropriate boundary conditions on the solutions, so that
the far-field Gaussian fluxes of the field intensities are
zero. Thus the new “charges” are not observable in the
same sense as is the usual electric charge. The relative
strengths of the fields are accounted for by the relative
magnitudes of the source “charges,” which are conserved.

The field equations, though again derived from a single
world Lagrangian function, should, in principle, admit a
very great variety of classical particlelike solutions, de-
pending on the choice of combination of the Clifford
spinor-ideals and on the symmetries of the metric field.
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We give as an illustration of these potentialities a two-
ideal, spherically symmetric, single-particle solution
which manifests the strong and gravity fields only. The
(dimensionless) strong coupling constant is assumed to be
exactly unity, as it cannot it seems be determined from the
field of this single particle. Except in the rather dramatic
but well-behaved Schwarzschild region, where recourse to
machine integration has been necessary, the solution can
be given in explicit functional form and it can be carried
right down to the origin. Identifying the solution as a
classical “neutral pion,” we calculate that near the “sur-
face” of the particle the strong force is 1 10 times as
strong as that of gravity. Further, with this identifica-
tion, the single fundamental mass required by the world
Lagrangian, that is the mass whose Compton radius de-
fines the scale of length for the geometry, is calculated to
be within two percent of the u-meson mass.

II. SPINOR CONNECTION AND CURVATURE

As in SCL, the base manifold is just the pseudo-
Riemannian Einstein space E, with local coordinates x*,
pu=1,2,3,4. The manifold E, carries a variety of com-
plex vector spaces in which representations of the proper,
homogeneous Lorentz group L, are induced.

Firstly, there is the usual vierbein space ¥V, which is
equipped with orthonomal basis vectors and which has
the group L, as a left operator domain. A vector v € V,
has components v,, n=1,2,3,4 with j,v, real, where
J1=Jja=Jj3=ijs=i, i?*=—1, and where the summation
convention is suspended as always in expressions involv-
ing the j,. The space V, induces the Minkowski repre-
sentation of L,, the action of 0 € L, on v € V, being
(ov)y, =M,,,v,, where M,,, has positive unit determinant
and each component has the reality property that
JminMmy is real. The local metric field

8=(8nu), |lg||=1idet(gy,)0 (2.1)

is a nonsingular linear mapping, g,,A*, from the tangent
space of E, to V,. For arbitrary tangent vectors A¥,¢",
the inner product g,,,8,,A#¢" is a real scalar, invariant
under both the action of L4 in ¥V, and the group of gen-
eral coordinate transformations in E,. The metric tensor
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of E, is taken as

8uv=8mu8mwv» t|g“:(—detg#v)1/2 (2.2)

with g#v=g,"g,,", where g,"gy,=08", and gmugnpzsmn-

As well as the vierbein space V, we need the usual
skew-tensor space W spanned by the wedge products
uAv of V, vectors. A vector w € W¢ has skew com-
ponents w,,, with j,,j,w,,, real and the two-sided action
of o € L, is expressed by (cwo "), =M,,, M, wp,.

To represent the spinor-tetrad we employ a 16-
dimensional complex Clifford algebra  generated by the
Dirac matrices T,,, m=1,2,3,4, with T",T,+T,T,
=28,,,1. Following Eddington,* a convenient basis for Q

is obtained in terms of the 15 symbols [yp=—T,,,
0<a <b <5, defined by
Com =T, Tos=—TTo05Ty, (2.3)

Ip=—ilgloy, l<a<b<5 (2.4)

with the general multiplication rule
Lo Toa= (84c8pd —84a8c ) +  Eapedes Tef
+i(84cTpg +0paTac —8aaToc —8pcTaa) »  (2.5)

where Egcq.r is the alternating symbol on 0,1,2,3,4,5.
The sixteen elements I,I",, form a basis for Q) over the
complex field, so that any element o €  is written
o=al +5VaTa. The 'y, have a representation by 4 < 4
traceless Hermitian matrices (Appendix A). The Hermi-
tian conjugate w™*’ of w is thus o™ '=a*I+57% T,
where ¥4, is the complex conjugate of the number ¥ .
The adjoint o' of € Q is defined by

Q)TZ F04(L)(* )F04 . (2.6)

The skew-adjoint (0'=—w) elements S ijminCmn SPan
the real Lie algebra of the spin representation of the sim-
ply connected covering group S; of L4. An element
o € S, is represented in ) by

0=exp( +iPpuTyun)s jminPmn real 2.7
so that o' =01

The algebra Q admits S, as a left operator domain.
This left representation space, denoted by Q/, can be
decomposed into a direct sum of four minimal left ideals,’
say Q'€ with n=x=1, e=*1, so that

QI: 2Q("’E):Q(+’+)G)Q(+’_)®Q(_’+)®Q(_’_) .
n.€
(2.8)
For some fixed 7,€, an element ™€ of Q™€ is a Dirac
four-spinor. A general element 1 € Q' has a decomposi-
tion into a quartet of Dirac four-spinors

=3 yme 2.9)

€

and is called a spinor-tetrad.
The adjoint ¥ of a spinor-tetrad ¢ € Q' is defined by

Y =y*ry, . 2.10)
foeQye Q!, then oY € Q' and it follows from

(2.6) and (2.10) that (w¥)'=9¢'w’ and from (2.7) that
(o) =y'o~!if 0 €S,. Thus, if ¥; and ¥, are spinor-
tetrads then the inner product

(Y1) =+ Trl,

is invariant under the action of S,.

The decomposition (2.9) of Q! can be performed so that
the constituent spinor ideals are mutually orthogonal
under the inner product (2.11). Such a decomposition is
given by

(2.11)

4
P = S u,(,"")Y,(,"’e) , (2.12)
n=1

where the four u.™€ are complex functions of the coordi- .

nates x* at the point of attachment to E, and the four
Y?€ which span the ideal Q"€ are given by

Y{"¥ =3 (To+inTys+ielop—nelys) (2.13)
Y5#€ =4 (Lo3+inT3s+inelos—elys) 2.14)
Vi€ =1 (Tp3+nT1a+i€Ty +inely,) (2.15)
Y€ = LT+ —nelos—el) . (2.16)

The algebra ) also induces the usual scalar, pseudosca-
lar, vector, pseudovector, and skew-tensor representations
of S, with the irreducible representation spaces. being
spanned by the basis elements (1), (I'ys), (I'g,), (I, 5), and
(I')yn). In particular, if v € ¥V, and w € Wy, then v, T,
and w,,,I,,, are self-adjoint (w'=w) and are here called
vector and skew-tensor operators, respectively, with the
transformation laws

0, Toy)o ™' =M,,,0,Top » 2.17)

U(wmnrmn )0_1=Mquk1wq1I‘pk (2.18)
as can be verified from (2.7) with the Minkowski matrix
(M,,, ) =exp(P,,, ), with (P, ) infinitesimal.

The fact that the spinor-tetrad (2.12) is to play a more
fundamental role in our theory than the usual Dirac
four-spinor has crucial significance when we seek a natur-
al choice for the group of spinor connection. Cullinan®
noted that in undergoing an infinitesimal displacement
along a curve in E,, the spinor-tetrad should logically ad-
mit transformation from the right in addition to the con-
ventional transformation from the left. If + € Q is such a
right transformation then the inner product (2.11) is in-
variant provided 77*'=7*)7=I. Thus the right-acting
group must be unitary or special unitary. This require-
ment is rather too general as a starting point and a more
specific requirement’ is that the minimal left ideals in the
decomposition (2.8) of Qf should be invariant subspaces,
that is Q797 € Q€. In SCL the right group is taken to
be the simplest that is admissible, namely, U(1). However,
it is readily verified that the decomposition (2.12) allows
by this criterion a larger, maximal group, namely,
U(1)®U(1)® U(1), since the individual minimal left-ideals
Y™ are eigenspaces under the right action of not one but
precisely three (nontrivial) basis elements of ), with the
multiplication rules
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¢(n,e)r\05:n¢(17y€) R (2.19)
¢(n,e>1~12= —eyme (2.20)
,‘/}(17,6)1“34: _€n¢(ﬂ,€) . (2.21)

Thus we take here for the right group the three-
parameter group Uj; of unitary transformations

(2.22)
(2.23)

T=expliAnI(x)), Ay real, x=1,2,3
L=(T1),T2),T3)=(Tos;T'12,T34) .

The effect of an element 7 €Uj is to provide each (™€
with a phase factor exp[i(ngA(;)—€A)—enAa))]. From
(2.5), the I'(4) have the commutation rules

[F(x)’r(y)]+ =2L(,), [F(x)’r(y)]— =0,

where (x,y,z) is any permutation of (1,2,3). The decom-
position (2.12) as specified by the Y7 of (2.13) to (2.16)
is not of course unique, but it can be shown that the corre-
sponding I'(,, exist for any decomposition. We require a
fixed, global decomposition (i.e., the same decomposition
at each point of attachment in E,) and without loss of
generality take it as given by (2.13) to (2.16).

Taking now S,®U; as the connection group, the co-
variant derivative of a spinor tetrad is

Y [p=¢,y - ';lfiSmn,urmnt//— %iK(x)y.lpr(x) »

where the comma derivative denotes the partial derivative
9, and %iSmn#I‘m,, and %iK(x,#I‘(x) are elements of the
Lie algebras of S, and Us, respectively, both covariant
with respect to u and with jp, j, Sy, and K, real. The
condition (o97)|,=0(y,)7 gives with (2.7) and (2.22) the
connection field transformation laws

(2.24)

Smnp=MppMngSpgp +Mpp, M,

mp,utfnp > (2.25)

Kou=Kop+ A - (2.26)

Thus S,,,, is not a tensor of W and K, are Weyl
gauge fields. One left- and three right-spin-curvature ten-
sors follow from

4 [ee] v—¥ [vipg=— '}riRmn,WFm,,lﬁ— %iP(x),,wl/’F(x) ,  (2.27)
Rmnuvzsmn;t,v"‘smnv,;t +Smp,uSpnv— mpVSpnp s (2.28)
P(x),u.v=K(x)y,v"K(x)v,p . (2.29)

From (2.25) and (2.8) it follows that R,,,,,I s, is a tensor
operator, of type (2.18), and hence

R;waﬂ=gmyganmnuB (2.30)

is a real left curvature tensor in E4. The right curvature
tensors (2.29), like the left, are invariant under all S, and
Uj; transformations.

The left curvature tensor R,,,g can be expressed in

A2
~87EA[I/VU € ¢F05F0¢'> >
1

8D (x)

Tkyv=

P, = (YyT"YT(4)) (no x summation) ,

terms of the usual Riemann tensor G,.g and a spin-
connection torsion tensor T,,, as follows.? Defining

anv:gmpgnyrgv—gm Agnk,v s (2.31)
F;JLV: —;—g}w(gkp,v""g)w,p —gpv,A) > (2.32)
Tmn,u=Smn;1_an,u ’ (2.33)

it follows that T,,,, is a skew tensor of W for fixed u,
since Q,,, has the same left-connection transformation
law (2.25) as S,un,. Thus,

T =—Tvup=8mu8nvImnp (2.34)

is a real torsion tensor in E,. From (2.28) and (2.33) it
then follows that

A A
R uvpo = G/.Wpo’ + T,uvp;u - T/,wa;p — 4 pho Tvp + T,ukp Tva s

(2.35)

where the semicolon derivative is the usual covariant
derivative with respect to the Riemann-Christoffel affini-
ty g, of (2.32) and G/, is the Riemann tensor con-
structed from this affinity, viz.,

Gl =T%, —T% +T%, [, T4,k . (2.36)

The Ricci tensor G, and the Ricci scalar G =G}, are ob-
tained from the Riemann tensor by the usual contraction
of indices by use of g,g.

III. FIELD EQUATIONS

The world Lagrangian real scalar density function is
taken, with obvious classical analog, as

2

A
—gm"g,,"Rm,,,“,— b(x)P(x)pvP(x)“v

L=]lg]] -

2

Ed ’

i
1"‘¢m+x¢

-9 ) (3.1

i
'y, + Xlﬁ >
where the repeated x are summed over 1,2,3 and I'* is the
vector operator, of type (2.17),

M“=g, T, . (3.2)

The by, T are taken to be four dimensionless coupling
constants’ and the constant A is included to achieve di-
mensional consistency. It has the dimension of length and
sets the scale of length for the geometry. We apply
Hamilton’s principle to the action [ L d*x, where the
independent variables are the left- and right-connection,
metric and spinor-tetrad fields Sy, K(x)u» 8mpu, and ¥,
respectively. The four sets of equations which result are

(3.3)

(3.4)
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2

A
Gyv_ Jfgva: 2b(x)_T—(gpaP(x)pnP(x)av_ 'i_g/.wP(x)aBP(x)aﬁ)"‘ %gvaaﬁaTaﬁu

A2

)
+ _—(K(x)/,t (¢Fv¢r(x)> +K(x)v< ¢Fu¢r(x)> )— % ( ¢;yrv¢+¢;vry¢““¢rv‘/};u_¢'Fp,¢;v) H

8T

—i F“‘/’;u - % TaByEaByp Fosr"ﬁ/’ - ';_K(x)u I“‘LI/’F(Jc) +A” lz/’= 0,

where summation over repeated x index is carried out
everywhere except on the right of (3.4) and where

Ejuvo =8| [sig(Auvo) 3.7)
is the alternating tensor of the manifold and
¢;n=¢,u_%ian,urmn¢' (3.8)

with Q,,,, being defined by (2.31).

The equations (3.4) are the differential equations for the
three right-connection four-vector fields K(y),. In SCL
there is just one of these right-connection fields and it is
interpreted as the geometric image of the electromagnetic
four-potential 4,. Here we give this electromagnetic role
to Ky, associated with the Lie algebra element
iK (5)uT(2), although, in principle, any one of the genera-
tors iy could be so labeled. We take A4y, as the elec-
tromagnetic four-potential in Heaviside-Lorentz units and
put

Kow=2q0)fic) 40, , (3.9)
Poyuy=240)(fic)"'F o),

=2q02)(Fic) [ Ay —Awul »

__*
_M()C,

(3.10)

A (3.11)

where q(;) and M, denote an electric charge and a rest
mass, respectively, and where F(;),, is Maxwell’s field
tensor. With these identifications, the flat-space version
of (3.6) for a single minimal left ideal element ¥ and
with neglect of torsion T, and the potentials K(;), and
K (3), becomes, on account of (2.20) and (2.23),

ificTHp , —€q5) A2y, THp—Moc*P=0 . (3.12)

This equation is Dirac’s equation for a charge —eg(;) and
rest mass M. Equation (3.4) gives

—efic

N S —. L
@Y7 1692)b ()

yIHy) . (3.13)
In the case of the spherically symmetric field of a charge
—€q(;) with Coulomb’s electrostatic field intensity (at
large r)

a2 (3.14)
Ty

we need the space volume integral of the divergence of the -

(global) field intensity E,) to satisfy the Maxwell-Gauss
condition ,
f 6'_E)(2)d3x= f F(2)4"’,4d3x = -—-Sq(z) N (3.15)

where i is summed over 1,2,3. Implicit here is the non-

(3.5)

(3.6)

T
Coulomb requirement that r2E;)—0 as r—0, since

f€~§(2)d3x:4‘n'fd(r2E(2))

for a radially symmetric field. To meet (3.15) we could
take, for example, the conventional normalization,

[ ligli{yryddix =1,

in which case from (3.13) we would have b, =(64ra)~!,
where a is the electromagnetic fine-structure constant,
g2y 4mfic)~ 1. If we now take

T =#c(167G,My>) ", (3.16)
where G, is Newton’s gravitational constant, the field
equations (3.5) are, in the appropriate weak-field limit, the
Einstein-Maxwell equations for the free electromagnetic
field.

In analogy with the above, the two fields K(;),,K3), re-
sulting from the enlarged connection group are now asso-
ciated with “strong” and “weak” charges, respectively.
We introduce as sources for these fields strong and weak
“charges” gy, and gq3), respectively. If the corresponding
curvature tensors P(y),, and P3),, are short range, decay-
ing faster than inverse square at large r, the charges gy
and g3, will give no observable flux far from the sources,
in contrast with the electric charge. Equation (3.15) will
hold if the corresponding field intensities E(;), and E s,
are Coulomb-like as »—O0 rather than as r— 0. This
would be quite unacceptable in special relativity, causing
for example infinite self-energy, since the energy density

_in that theory is given by E()2. We shall see however

that the influence of the metric and torsion fields removes
this infinite-energy problem in the present theory (at least
in the particular case later demonstrated).

We note that the analogy made with Dirac’s equation
(3.12) is purely formal. The field potential 4, in that
equation refers to the so-called “external” field, whereas
no such dichotomy is envisaged in Eq. (3.6), where the
K (x), field refers to the total field, including that of the
source itself. Likewise, there is only superficial similarity
between the torsion of (3.3) and the torsion of U, theory.’
In U, theory, the torsion originates from Cartan’s non-
symmetric connection for real vectors in the space-time
manifold and is physically interpreted in terms of spin-
ning matter. Our torsion has a totally different origin.
Further, its presence need not indicate any spinning
matter at all, as we shall shortly see.

In SCL the existence of positive and negative electric
charge follows from the eigenproperties of the left ideals
under the action of the right-connection group. Likewise,
the strong and weak charges will appear with opposite
signs in different ideals ¥"€. Using the right multiplica-
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TABLE 1. “Charge sign™ table as constructed from the right
multiplication rules (2.19) to (2.21).

Ideal
Charge Pl P P+ P
Strong + + _ _
Electric — + _ +
Weak — + + _

tion rules (2.19) to (2.21) we can draw up a “charge sign”
‘table as in Table L

IV. NEUTRAL PIONLIKE PARTICLE

The 7° has zero spin and takes part in the strong and
gravitational interactions. We take as our model a field
with exact spherical symmetry which carries the strong
charge only. Numbering the coordinates x* by (r,0,¢,¢)
and using A of (3.11) as the unit of length, the line ele-
ment is

s2= — foldri—rXd@*+sin’0d¢*) +go2dt>,  (4.1)

where f, and gg are real functions of » only. Equations
(2.2) are satisfied by the metric field

8mp=diag(ifo,ir,ir sin6,g,) . 4.2)

To achieve zero electric and weak fields we see from (3.4)
that our ansatz for the spinor field must be such that
<¢rﬂ¢r(x ) is zero for x =2,3. From Table I, we expect
a spinor tetrad with nonvanishing components in just two
of the four ideals 1/;“7 ) of the form Y=y't+ 4yt )
or p=9' >yl Thus, for some fixed 7, either + 1
or —1, we set?

1 elet/? é u{royime (4.3)

¢,= eit 2
V280 =1 n=1

with the ansatz

u{1© —jePei®®/2 { pQe ~ic6/2 (4.4)
U9 = _jePe—i€0/2_pQeic6/? 4.5)
ulPe = _iRe ~10/2_peSei9/? | (4.6)
agn,e) —iRe'€0/2 | peSe —i€0/2 | 4.7)

where P, Q, R, and S are real functions of » only. All
relevant inner products vanish except for

(Yys) = ind s (4.8)
2go
(YToTos) =22 4.9)
280
<¢¢>=L(QR —PS), (4.10)
0

where we have put
A =P2+Q2__R2_S2 R
B=P?4+Q?+R*+8?.

(4.11)
(4.12)

The equations (3.4) are satisfied for x=2,3 by
K2y, =K (3, =0. The left curvature scalar is given by

—1
RM""=G+TMVT}‘“V=—2T () , 4.13)
where G is the Ricci scalar and the torsion scalar is
—342
M, = ———— (4.14)
MY 128722

Writing K(;=0, i=1,2,3, K(})s=K, and denoting dif-
ferentiation with respect to r by a prime, the field equa-
tions give

K'= —fogoJ (4.15)
2y Jop 4.16)
" 16b(1) go
fo 3fo
—(l—foP ( K—2)0—foR — 3274, 409,
(4.17)
fo 3fo
Q+—(1+fo)Q——————( K—2)P—foS+—2% 4p,
32Tg,
(4.18)
1 Sfo 3fo
< — 2% (K —2)S—f,P— AS
+ r(1+fo)R zgo(n IS —fo 327%, S
(4.19)
1 fo 3fo
== R,
S +—(1—fy)S= 220 (nK —2)R —f,Q + 32TgoA
(4.20)
2 fb 1 2 (l) 242
220 1 2 (foi—1)= J
r 7o + 2 fo fo
37,242 2
/o 4 fo (K —2)B ,
256T“g, 8Tg,
4.21)
—259‘4- fo——l)
r 8o r?
by ..., 3fo°A? fo?
=~ — (K —2)B
T /o 256T%,2 | 8Tgo? |
fo2 fo?
(P RS)+
2Trg 0+ 2T0(PS OR) . (4.22)

From the known short-range character of the strong
field, we want K and J to drop away with increasing r
about as quickly as the spinor field functions P,Q,R,S.
At large r, where all these quantities are negligible, the
equations admit Schwarzschild’s solution

M

, 4.23
8w Tr ( )

go’=fo t=1—
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where the mass of our field generating object is taken as
m=uM, (4.24)

with p some constant and M, the fundamental mass of
(3.11). We now rescale the radial coordinate and the field
functions as follows:

y=rT, 4.25)

Ko= —7’—, o=y, (4.26)

(P0,Q0,R0,S0)=%-(P,Q.R,S) , 4.27)
where v is a constant defined by

rY’=byT . (4.28)

If we write out now the field equations for the zero-
indexed functions we find that 1 (which determines the
sign of the strong charge) does not appear. Thus the
equations describe a classical particle-antiparticle pair
having the same mass, the same zero spin, but opposite
charge. The equations have been found too complicated
for a global solution in terms of explicit functions. How-
ever, we can find a solution with the help of machine in-
tegration if we neglect quantities with coefficient 7!
For this purpose it is convenient to split all field quanti-
ties into a “principal” part and a “small” part with coeffi-
cient 7! by the scheme

(f0:80:70,K0)=(f1,81,J1, K1)+ fz,gz,Jz,Kz)

(4.29)

1
(PO’QO,RO,S0)=(P1’Q1;Rl;Sl )+?(P27Q27R27SZ) .

(4.30)

The principal part of the field equations allows two
equivalent, well-behaved solutions, one with R;=S,=0,
the other with P;=0Q;=0. In each case the principal
part of the left curvature scalar (4.13) vanishes identically
by (4.10), but torsion is present and the solution can be
taken to »r=0. In contrast the torsion-free case arising
from Py=S35%0,Q¢=Ry+#0 gives rise to a highly singu-
lar left curvature scalar and no way has been found to
continue the solution to the origin to give a particle with
finite mass. With the presence of torsion and the allowed
setting R; =S, =0, the principal equations are (with the
prime now denoting differentiation with respect to y)

Sf1g1 Ji

Ki=— 2R, (4.31)

(= 161y ;l B, (4.32)
P =f‘yi+%—g - 136 Bilo, (4.33)
Q1=—%——21—£ 1_—1%9% P, 434
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. A=A £
fi= +

2y 2y°
3 34,> KB
Sy 340 KBy 4.35)
2 16 32y4 y2
g = "gl(l_flz)__glfllez
1 2y 2y3
Nty 3A12_K131 _f12P1Q1 4.36)
g1 16 32y4 y2 4y2 ’ :
where now from (4.11) and (4.12)
A;=B=P*+0,’ 4.37)

For large y, the system (4.31) to (4.36) has a far-field solu-
tion

g12=fr2=1——“—8 , (4.38)
my
—a? 4 u
Ki=—s_ = 4.3
1= 30,22 +3 T6my (4.39)
2
Ji= 1 4.40
! 16yy +2 16my ( )
a’ u
P,= 3 , (4.41)
' 19292 167y
leﬂ £ (4.42)
y 16my

where a is a constant. This far-field solution is chosen so
that the strong field quantities K; and J; drop off in
unison with the spinor field quantities P; and Q;.

To specify the solution we must fix the three constants
u, v, and a. To fix y we first normalize the spinor field
by the condition

I llgl {4y, ddPy =1,

which gives
» f1
2w —Bdy=1. (4.43)
f o g 14y
Integrating (4.32) we have
© 1 ©
= Jipay. (4.44)

16y Jo g,

Since by (4.40) J;—0 as y — oo, it follows from (4.43) and
(4.44) that we must require

—1
=J(0)=——
1(0)= 3277
so that from (4.26) the original, unscaled J field is
Coulomb-like as » —0 with

lim J,(y) (4.45)
y—0

limJ(r)=—%

4.
lim T (4.46)

By analogy with (3.10) and using (4.46),
strong field intensity E () as ¥—0 is

the physical
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fic
E(r)= = (4.47)
@ 29(1) 64my’qyr?
while by analogy with (3.14) and (3.15) we have
Ey(r=—220 - (4.48)
r
so that by comparison of (4.47) and (4.48) we get
Q(l) 1
—_— (4.49)
Arrtic 647772

The equations (4.31) to (4.36) can be numerically integrat-
ed if g(1)X(4m#ic)~! is roughly of order one. We shall now
assume that this “strong fine-structure constant” is exact-
ly one and take from (4.49)

—1

=—. (4.50)
8V v
The requirement (4.45) becomes
hm Jl(y)—J (0)=—7= 2 4.51)

‘/.

For later reference we introduce a “linear charge densi-
ty” C, defined by

C=— —Bl , (4.52)
81

2

which from (4.44) must satisfy the integral condition

© 1
fO Cdy=47;— .

We can also introduce a “linear mass-energy density” D,
with the use of a standard procedure of general relativity.
In particular,'® if the field 'is static and the metric
tensor is Lorentzian at spatial infinity, g,
=diag(—1,—1,—1,1), then the rest mass of the field-
generating object is given in (cgs units) by

(4.53)

2

_ [4 oU 4
m= 87G, f g

d3x ,
334",1'

5

(4.54)

where i is summed over 1,2,3 and U is the pseudoscalar
density which can be specified by

U=||g|lg*(I'g,I"

After some calculation!! we find that D can be defined in
terms of the mass parameter p of (4.24) by

Bp—TETE,) . 4.55)

= fo‘” Ddy, (4.56)
where D is given in terms of the present field functions by
7Tf1 3A1

=8 —K,B ’
flgl 81 32y? !
P
+27f 1(1—f12)—~’yQ‘ (4.57)

We must now integrate the system (4.31) to (4.36) with
the initial (y— o) conditions (4.38) to (4.42), where the
constants @ and p must be chosen to satisfy the boundary
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(y —0) conditions (4.51), (4.53), and (4.56). Numerical in-
vestigation!? has shown that all requirements can be met
by a (numerically) unique pair of values (a,u), namely,

a=2.4862X 1077, p=1.3026 . (4.58)

The solution so obtained shows no significant deviation
from the far-field solution of (4.38) to (4.42) until we ap-
proach quite close to the Schwarzschild region, with the
Schwarzschild radius itself being located at

y=ys=u(87)"1=0.0518 .

As can be seen in Table II, the metric functions f; and g;
follow the corresponding Schwarzschild functions (4.38)
very closely until y ~1.02yg, when a dramatic but well-
behaved deviation occurs. The function f;, rather than
tending to the Schwarzschild infinity, reaches a sharp but
finite maximum of magnitude 10.3 in the immediate vi-
cinity of yg. Likewise, the function g, rather than fall-
ing unphysically through zero to imaginary values, retains
a real positive behavior. Here too the density D reaches a
sharp maximum of magnitude 1.7 X 103, with some 98%
of the total mass being concentrated between 1.02yg and
0.96ys, according to (4.56).

Moving inwards from the Schwarzschild vicinity, the
functions f| and D join g, in plunging smoothly, settling
to their final analytic form at about 0.86yg, where the spi-
nor intensity B; becomes constant. The presence of tor-
sion (4,2 term) dominates in the differential equations for
f1 and g, and the whole system (4.31) to (4.36) can now
be solved in terms of explicit functions which are well
behaved right down to the center at y=0. For
0 <y <0.86ys, the solution is given by

®or2—1/2) _ J1

-G , 4.59)
81 oy Ty
1
Ji=7=1=ToNo»?), (4.60)
Ky =ko+0(y>™) 4.61)
P, =Ncos(SBplny +¢y) , (4.62)
Q1 =Nosin(Bolny +¢o) , (4.63)
2wf 1P
_ 7Tf1y lQl , C= \/27_7'I\0N02y . (4.64)

Here the zero-indexed quantities are all constants. The
following relationships hold between these constants,
analytically derived and numerically verified:

3Ny* 3TN,
512 32

The actual values of the constants as determined by nu-
merical integration are

Ty=3.1899X 10%, log;sGo=96.96 ,
80=7.6395x10"5, N,2=3.61082x10"2
Bo=10.798, ko= —7.80291x10"2,

and

Sp= , Bo= (4.65)
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$o=—1.257 .

We note from (4.64), (4.62), and (4.63) that in some re-
gions deep inside the Schwarzschild radius, the mass den-
sity D takes negative values due to its sinusoidal oscilla-
tion with respect to the radial y coordinate. However, the
absolute value of D is here extremely small and the total
integrated mass within this deep interior zone is zero,
with ali the observed mass (u=1.3026) being positively
distributed outside and beyond y ~0.86ys. In contrast,
the charge density C of (4.64) is everywhere positive and
it is not until reaching the center at y =0 that all of the
charge q(y) is finally accounted for.

From (4.10), (4.13), and (4.14) we see that although the
left curvature scalar R*¥,, is everywhere finite (namely,
zero), both the Ricci scalar G¥, and the torsion scalar
T““'TM“, have extremely strong but off-setting singulari-
ties at y =0, at least to the level of accuracy (T ~!) here
considered. In contrast, the right curvature scalar
P(1)**P 1),y is singular, behaving as J(r)* « r=*. In spe-
cial relativity this singularity would lead to an infinite
self-energy. That embarrassment does not arise in the
present case, since although this J2? term appears in the
energy density (4.57), it has a multiplicative metric factor
of f1g, which drags the term very strongly to zero at the
center.

V. THE STRENGTH OF THE STRONG FIELD

At a distance 7 (in units of A) from a source of mass
m=uM,, the strength of the gravitational field in the
far-field region can be measured by Newton’s

Fo=Guu’Mo’r 2.

In terms of the y coordinate and the metric this is

Fo—uticTg, 5L (5.1)
G =Mnclg, dy .
In like manner, the strength of the strong field at a dis-
tance r from a source of charge q(1) can be measured by
Fy=q)E)(r), where Ej)(r) is the field 1ntens1ty Using
(4.47) we can write this as F, =+#cJ(r), and using (4.26)
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we obtain in the y coordinate
#icT? Ty
2y y?

Thus a measure of the strength of the strong force as
compared to gravity in the far-field region is

_F TJ, 6TJ,
Fe  2uvygi’8y  »yei’el
where we have used the values of u and y obtained previ-
ously.

Now the far-field of our particle begins just outside the
Schwarzschild radius. At

(5.2)

s =

(5.3)

y=0.054=1.04ys ,

where less than 1% of the total mass has been penetrated,
the metric field is already very close to Schwarzschild’s
vacuum solution and we shall identify this coordinate
value as giving the “surface” of the particle. As can be
deduced from Table 11, the value of S, at this y is 0.37.
For values of y >>1, or y >>20ys, where the approxima-
tion (4.40) for J; is accurate, (5.3) gives Sz ~1073Ty 1.
Thus, at the Compton radius, where the spinor field slow-
ly begins to emerge from the vacuum (or more accurately
from the cosmological background field, T le™), S, is
very small, of order 10_ , since r—yT“1~1 at the
Compton radius #(uMyc) ™!

To specify S, near the “surface” of our particle we
need an estimate for 7. To what extent the “radius” of
the neutral pion has been objectively measured we do not
know. However, to the extent that our particle has zero
spin and exhibits the strong and gravitational force fields
only, we tentatively identify it as a #°, with rest mass
some 264 electron masses.

Assuming forthwith that m=uM;=264m, (with
m, =electronic rest mass), we get by (4.58) that
My ~203m,. This value for M, is within 2% of 207m,,
which is the muon mass. From (3.16) we calculate
T ~2.8<10%, so that at the “surface” of the particle the
strong force has relative strength 1 10%,

TABLE II. The field behavior in the vicinity of the Schwarzschild length at y =0.0518. The func-

tion gs is Schwarzschild’s (1 —u /8m7y)'/2

dg,

y 8s g1 4 181 D Ji B,
'y
1 0.974 0.974 0.03 1.00 1x10~° 5.8 10~° 6.5x 10~
0.1 0.694 0.696 3.7 1.00 3x 104 1.1x10~* 1.2x1073
0.058 0.326 0.334 23 1.00 0.47 6.4x10~* 9.3x1073
0.055 0.240 0.252 34 1.00 3.22 9.8 10~* 1.3x1072
0.054 0.201 0.215 41 0.99 8.49 1.2x1073 1.6 102
0.053 0.149 0.169 53 0.98 33.1 1.6 1073 1.9 1072
0.052 0.057 0.103 82 0.89 328 2.6x1073 2.5%x102
0.051 not 0.020 43 0.08 515 7.2x1073 3.4x1072
real
0.050 0.003 5.0 1x1073 7.30 1.3 1072 3.6x1072
0.046 3x10~°¢ 5x 1073 1x10~° 4x10~* - 3.3%x1072 3.6x1072
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VI. CONCLUSION

The theory presented here is viewed as a logically neces-
sary enlargement of the SCL model. It would appear to
be the simplest classical generally relativistic theory which
might hope to embrace the four forces of nature in a uni-
fied manner.

The present enlargement of the spinor-tetrad connec-
tion group has a very simple but most satisfying conse-
quence from the cosmological point of view. The cosmo-
logical solution of SCL does not per se demand the use of
all four ideals of the fundamental spinor-tetrad.> The re-
quirement that the universe should be in overall “neutral”
can be met in SCL by utilizing only two ideals of the
‘tetrad (each ideal representing opposite electric charge).
In the present theory, neutrality of the universe in the now
extended weak and strong sense requires that all four
members of the fundamental tetrad must certainly contri-
bute to the cosmological field, as is obvious from Table I.
This is clearly a most desired result in a theory aspiring to
describe matter via the spinor-tetrad field of a Mie world
Lagrangian function. Apart from this enforced change in
the intrinsic structure of the cosmological spinor-tetrad, it
is easy to find that the SCL cosmological metric solution
(namely, the zero-space-curvature Friedmann solution)
still holds.

Going now from the cosmological to the particle level,
computational complexity makes it very difficult to see
how our theory might ever deal with particle collision
phenomena. However, at the more tractable single-
particle level, it appears from Table I that, in principle, a
large number of different classical particles should be pos-

sible, although some of these are unrecognized by experi-.

ment. For example, the four-ideal electrically neutral
spinless particle dealt with in SCL (Ref. 2) would appear
in the present theory as an undetected massive gravita-
tional boson with zero weak and strong as well as electric
charge. We note too that some accepted decay phenome-
na cannot ever occur by the present theory. For example,
the simple decay 7°—y +v violates the charge conserva-
tion law (3.4).
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One pointed question raised by our theory concerns the
predicted nature of the neutrino, in particular the value of
its rest mass. If the neutrino is to interact via the weak
(and gravity) force only, we would naturally assume it to
carry the weak charge only and so to be built from two
parallel spin-4 ideals ¥™€ with the product M€ being ei-
ther +1 or —1 in both ideals according to Table I. It
seems that the field equations cannot admit a solution in-

terpretable as such a charge with rest mass zero and speed

c. Indeed it appears that the only true rest-mass-zero ra-
diation fields observable in our theory are the long-range
gravitational and electromagnetic fields.

APPENDIX A

A convenient representation of the I',, is obtained from
the following I'y,, and (2.5):

1George Szekeres, M. C. Cullinan, and J. Lynch (unpublished).

2George Szekeres, J. Lynch, and L. Peters (unpublished).

3F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester,
Rev. Mod. Phys. 48, 393 (1976).

4A. S. Eddington, Relativity Theory of Protons and Electrons
(Cambridge University Press, Cambridge, England, 1935).

3S. Teitler, J. Math. Phys. 7 1730 (1966).

6M. C. Cullinan, Ph.D. Thesis, University of New South Wales,
Australia, 1975 (unpublished).

7J. T. Lynch, Ph.D. Thesis, University of New South Wales,
Australia, 1976 (unpublished).

8G. Szekeres, J. Math. Mech. 6, 471 (1957).

9The b and T might also be regarded as Lagrange multipliers
which are possibly functions of the cosmic epoch as in Ref. 1
above, but this is of no relevance to the present particle appli-
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0 i 00
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cation.

10R, Adler, M. Bazin, and M. Schiffer, Introduction to General
Relativity (McGraw-Hill, New York, 1965), Chap. 10.

The formulas (4.54) and (4.55) are not applicable in spherical
polar coordinates, so we use a rectangular Cartesian frame
with  line element ds’=—dx?>—dy?—dz?>—(fo*—1)dr?
+g0%dt?, where r’=x2+y2+z?% in obtaining the formulas
(4.56) and (4.57). ;

12The computations were done using a fourth-order Runge-
Kutta algorithm and Simpson’s rule on a 14-decimal digit
machine, with the computed results meeting the stated re-
quirements to better than three parts per million. It need not
necessarily follow that the values stated in (4.58) have this
same accuracy.



