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Test-particle motion in Einstein s unified field theory. II. Charged test particles
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In the preceding paper we developed a method for finding the exact equations of structure and
motion of multipole test particles in Einstein s unified field theory —the theory of the nonsymmetric
field. The method is also applicable to Einstein s gravitational theory. In the preceding paper we

applied the method both in Einstein's unified field theory and in Einstein's gravitational theory and
found the equations of structure and motion of neutral pole-dipole test particles possessing no elec-
tromagnetic multipole moments. In this paper we apply the method and find the equations of struc-
ture and motion of charged test particles in Einstein's unified field theory.

I. INTRODUCTION

In the preceding paper' (paper I) we developed a
method for finding the exact equations of structure and
motion of multipole test particles in Einstein's unified
field theory —the theory of the nonsymmetric field —and
in Einstein's gravitational theory. In the previous paper
we applied the method in both Einstein's unified field
theory and Einstein's gravitational theory and found the
equations of structure and motion of neutral pole-dipole
test particles possessing no electromagnetic multipole mo-
ments. In this paper we shall use the method to find the
equations of structure and motion of charged test particles
in Einstein s unified field theory. As discussed in the In-
troduction to paper I, finding the exact equations of struc-
ture and motion of a charged test particle in Einstein s un-
ified field theory, in addition to being of interest in itself,
can be regarded as a first step in an attempt to investigate
the interaction of charged particles over microscopic dis-
tances in Einstein's theory.

In this paper we confine our investigation to charged
test particles possessing no magnetic monopole moments.
In a later paper (paper III) we shall investigate the interac-
tion of charged test particles which possess magnetic
monopole moments.

II. SIMPLE CHARGED TEST PARTICLES
POSSESSING NO MAGNETIC MONOPOLE MOMENTS

As mentioned in the Introduction we shall confine our
investigation in this paper to charged test particles pos-
sessing no magnetic monopole moments. By the condi-
tion that a charged particle possess no magnetic monopole
moment we mean that the electromagnetic moment e
associated with the particle vanishes. ' In addition, we
shall confine our investigation in this paper to charged
particles which when isolated and possessing no spin can
be represented through a time-independent spherically
symmetric solution to Einstein's field equations in which
the symmetric part of the fundamental field is flat at in-
finity. By the above statement we do not mean that the
particles cannot possess spin. What we mean is that we
shall restrict our study to particles which when isolated

(2.1)

where

and

y„= [2ert ]~+— [tiI'ut «t u') —']~P I P (2.2)

y(„„)——4[(mu„u, + ,'i „put'u + —,
' s„pu—t'u„)(r~ut') ']g

+4[( 2sppu„+ —,'s pup)(rput') ']—g'p . (2.3)

We are using the notation

C&~v
&p =9@ & ~ SpvP

P

(2.4)

in (2.2) and (2.3). The points P form the world line of the
particle and are parametrized by a quantity ~ defined
through the equation

possess only those multipole moments consistent with
spherical symmetry with but one exception —and that ex-
ception is that the particles may possess spin. We shall
also restrict our study in this paper to particles which
under interaction develop the minimum number of higher
multipole moments consistent with Einstein s field equa-
tions. We shall call the particles we shall be studying sim-
ple charged particles. Simple charged particles possessing
no spins and no magnetic monopole moments have been
studied in considerable detail in a previous paper by
Johnson and Nance. We shall refer to that paper as
Johnson-Nance.

From the investigation presented in Johnson-Nance,
from earlier work, and from the work. presented in paper
I, it follows that in a harmonic coordinate system and
keeping only terms linear in the multipole moments which
characterize a particle, one finds the following for the
fields y(~„) and y~& ~

associated with an isolated simple
charged particle possessing no magnetic monopole mo-
ment:
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dd=g„ggdP .

We are also using the notation
[flan

=ttret[f]ret+ttadv[fladv ~

~ret+ adv =

(2.5)

(2.6)

The quantities a„„and a,z„ in (2.6) are constants and can
be regarded as characterizing the structure of the particle.
The subscript ret indicates that in the expression in brack-
ets those quantities which are associated with the particle
are to be evaluated at the "retarded point"

e(„„]i=(c /l)ql ( t]pt„u„i]„iu—p),
m ~=4mc'

(2.15)

(2.16}

Comparing Eqs. (2.10), (2.13), and (2.12) with Eqs.
(5.12)—(5.14) of paper I, we see that a simple charged par-
ticle possessing no magnetic monopole moment can be
considered as characterized by a universal length l, an
electromagnetic monopole moment e, an electromagnetic
quadrupole moment e

~& j~, a mass monopole mo-
ment m, and a spin Sz~, where'

e =(c /l)q, (2.14)

(rprP)=0, r )0, 6 2
S]M~ —4Sp~c ~ (2.17)

while the subscript adv indicates that the expression in
brackets is to be multiplied by —1 and then in the expres-
sion in brackets those quantities associated with the parti-
cle are to be evaluated at the "advance point"

(rprP)=0, r &0.

~ kin a]cA,t p
=

6 'QpiLW y[p ~] rr~ (2.7)

(2.8)

and for the quantity t&',
" associated with the particle'

kin 2 I.
t~~ =El P(p~) .

The fields y(z„] and y~„~ appearing in (2.7)—(2.9) are
those parts of y(&„] and y~p»~, respectively, which are
linear in the multipole moments characterizing the parti-
cle.

Making use of Eqs. (2.1)—(2.3) in Eqs. (2.7)—(2.9), we
find associated with a simple charged particle possessing
no magnetic monopole moment"

(2.9)

~ kin =0, (2.10)

sp = fqup5(x —g}d'r
l

QpG X — 7 (2.11)

The quantities l, q, m, and s&„ in (2.2) and (2.3) character-
ize the particle. The quantity I is a constant and a univer-
sal length —the same for each particle. The quantity q
which is also a constant represents the charge of the parti-
cle, the quantity m represents the mass of the particle, '

and the quantity sz„represents the spin of the particle.
From their definitions given in Sec. V of paper I, we

find in a harmonic coordinate system for the quantities
i &'" and s&'" associated with an isolated particle in
Einstein's theory'

Making use of the relationship of i to i„"'",of s to s„"'",
and of T""to t&'" (these relationships are discussed in Sec.
V of paper I) we see that in the test-particle limit a simple
charged particle possessing no magnetic monopole mo-
ment will be associated with a vanishing electromagnetic
current density i~, an electromagnetic current density s"
of the form'

s"= fs "(x)5(x—g)ds

s~xx —.s
+f [s"""(x)5(x—g)].„wads, (2.18)

and an energy-momentum tensor density Tp of the form

T" = fT (x)5(x —g)ds

+ T x x —
~ s (2.19)

We have retained dipoles terms in (2.18) although dipole
terms are not present in (2.13). The reason we have re-
tained such terms is that we wish at this stage of our
analysis to leave open the possibility that through interac-
tion with the background field the test particle might
develop such terms. We do know, however, that no muli-
pole terms higher than those present in (2.18) and (2.19)
will be generated through interaction with the background
field. This follows from the general form of Eqs.
(5.29)—(5.31}in paper I.

We have found that in the test-particle limit a simple
charged particle possessing no magnetic monopole mo-
ment will be associated with a vanishing electromagnetic
current density i&, an electromagnetic current density s"
of the form (2.18), and an energy-momentum tensor densi-
ty T" of the form (2.19). From the analysis of Einstein's
field equations contained in paper I, we also know that
the electromagnetic current density s" and the energy-
momenturn tensor density Tj" are subject to the equations

(2.12)

Equation (2.11) can be written in the form

and

tp» = 16m f [mu&u»+ 2s&pu u»+ &s»pu u„]5(x g)de-
+16~f [ ,'sppu„+ ,'—s pu„]5'—P(x g)d~ . —

s".„=0,
I]" . =a~~y ~s

(2.20)

(2.21)

sp = fqup5(x —g)d'r

+ fqli(g„iu„il„iu„)5'""—(x g)d~ . (2.13)—

We shall use Eqs. (2.20) and (2.21) along with Eqs. (2.18)
and (2.19) and Eqs. (2.13) and (2.12) to find the equations
of structure and motion of simple charged test particles
possessing no magnetic monopole moments in Einstein's
unified field theory.
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III. EQUATIONS OF MOTION

A. Electromagnetic current density

We first investigate the constraint that Eqs. (2.20) place on a test particle characterized by an electromagnetic current
density s" of the form (2.18). In doing this we obtain the quantities which characterize the electromagnetic structure of
the test particle, and we also obtain the equations of structure satisfied by these quantities.

If we make use of the definition of covariant differentiation which is found in paper I, and also make use of the identi-
ties (6.8) and (6.9) in paper I, and the identity

' f(x)fg(s)5~(x g)ds—= f [f(g')g(s)]5p (x g)ds——f [fp(g)g(s)]5 (x g)ds-
—f [f, (g)g(s)]5,p(x —g)ds+ f [fp (g)g(s)]5(x —g)ds, (3.1)

Eqs. (2.18) can be put into the form

s"= f [sp" ]5„i(x—g)ds+ f s""+s"p
K P

PKCT r .+ P(7K

po p&
p

5 „(x—g)ds

p
S +SP g Pg ~ ~ ~ PKCTS

po 2
& —PKCr

PK

p
~ + PKCT ~

S
OK

1 ~PKQ
2 pK

p A, p+ & PKcr ~-+ & -PKnReP 5( Pdok 2 po (3.2)

The quantities in the brackets in (3.2) are understood as evaluated along the world line P of the test, particle and are
functions of s. In (3.2) we are using the notation

r r

P IJ P ~ P
3.3po' pK A(T p, K klc pcT

Making use of the definition of s .z given in paper I, one finds from (3.2) that

s" z f [s"" ].5——&„i(x—g)ds+ f s~"+s "p
K P, P

PKTT ~ + PctK ~ 5 ( g )d
po po po.

s "+sp p
pv

p
PK

p
S PKCT l ~ i ~PKCJ ~+$po

p
OK PA,

PKCT K

S
p, A, pPKcT . + PKo'R 4P 5 ( g)d

pK . o'A, 2 pcT KA,
(3.4)

The quantities in brackets in (3.4) are functions of s. From (3.4) one can show, since (2.20) must be satisfied, that there is
no loss in generality in choosing s ~" to be of the form'

S =S +S-(PK)A, -[PKP,

where s '&"' and s ~&"~ are oriented third-rank tensors characterizing the test particle, and

S +S +S-(PKQ, ~
—(KA, )P i -(kP)K

We shall choose s "" to be of this form.
Making use of (3.5) and (3.6) in both (3.2) and (3.4), one finds

(3 5)

(3.6)

s"= f [s"" ]5„i(x—g)ds~ f s p"+s» —s "P ' ' 5„(x—g)ds

+f s "+sp '+s p" R'" + 's p" R*" 5(x ——g)ds
p

po' (3.7)

sp „=f [s p"]5„„(x—g. )ds+ f s p+s p ' '+sp" R*p(p ) + ,'s p" R*p,p„, 5„(x—g)ds, — (3.8)

From (3.8), since (2.20) must be satisfied, one can show that there is no loss in generality in choosing s ""to be of the
form' s



31 TEST-PARTICLE MOTION IN EINSTEIN'S. . . . II.

-]pe]S =S (3.9)

where s (i'") is an oriented antisymmetric second-rank tensor characterizing the test particle. Making this choice we find
from (3.7)

s"= f [s "" ]5 „i(x g)d—s+ f s (""~+s»
po

' —s "~ ' ' 5„(x—g)dsPo

+f [s "+s i'" R'4(~„) + ,'s i'"—R*"~z„~)5(x —g)ds, (3.10)

and from (3.8)

s".„=f [s "+s i'" R'"(p„) + ,
' s ~" R—*~(„) )5 „(x g)d—s . (3.11)

From (3.11) and making use of the fact that (2.20) must be satisfied, one can show that there is no loss in generality in
choosing s" to be of the form'

S =8 —S-I UP -p&~g ~P ' -P&~g ~H
[p~]o

—
3 & (pK)cr ~

where e is an oriented scalar characterizing the test particle, and

dP
ds

Placing (3.12) in (3.11) one finds

s~.z
——f [eU"]5&(x —g)ds =f 5(x f)ds .—Ide

(3.12)

(3.13)

(3.14)

Since (2.20) must be satisfied, this means the quantity e will obey the equations of structure

de
ds

(3.15)

We have thus found that with no loss in generality the electromagnetic structure of the test particle can be character-
ized by the quantities e, s (i'"~, and s""~, where the quantity e is a constant, and s '""' satisfies Eqs. (3.6). If we place
(3.12) in (3.10), we see that the electromagnetic current density s" associated with the test particle is given by

s"= f [s "" ]5 „i(x g)ds + f s—("")+s»
po

—s "i' ' ' 5 „(x—g)ds + f [eU"]5(x —g)ds . (3.16)

B. Energy-momentum tensor density

We shall next investigate the constraints that Eqs. (2.21) place on a test particle associated with a vanishing elec-
tromagnetic current density i", an electromagnetic current density s" of the form (2.18), and an energy-momentum tensor
density of the form (2.19). In the process of doing this we shall find the quantities which characterize the gravitational
structure of the test particle, the equations of structure satisfied by these quantities, and the equations of motion satisfied
by the particle.

If we make use of the definition of covariant differentiation found in paper I and also make use of the identities (6.8)
and (6.9) of that paper, Eqs. (2.19) can be put into the form

(3.17)

(3.18)

where the quantities in the brackets in (3.17) are evaluated along the world line P of the test particle and are functions of
s. Making use of the definition of T .„given in paper I, one finds from (3.17) that

J

T ' —T ' ' +2T ' ' ' 5(x —g')ds,po po pK, ok,

where the quantities in brackets in (3.18) are functions of s.
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From (3.16), again making use of the identities (6.8) and (6.9) of paper I and in addition the identity (3.1), one finds

y'[" ]s = f [y*["p]sP'"]5,„(x g—)ds
r

V
+f y«[p S [pv y«[p + pov y«[p pvn-+ y«[p -puv ~ ~ «p -vere ~

pl pl p], P] O'K P] O'K , v

+ f ey«[/4 Uv y«[p / [ Kv]+y«[y, s VKil+ y«[p ~ Kni
y [p / vlx& 5(x g)ds (3 19)

so that making use of (3.18) and (3.19) one has

T" „a"P.y—[ p]s = f [T +y*["p]sP"]5, (x g)ds—

f —(pv) —(pp)o & -(vp)a P -(po )v P+ T +T ' +T ' '+T
PO PCT PO'

+ g [JM [pv] g [p po v i[c [p, pvo
pl pl p],

+ y'[I' s p
p] 0"K y'["p]s —" ' ' 5,(x —g)ds

—(Pn) I -(Po')K I -(Po )Kf+ T ' ' —T ' +2T
PCT PO'

p
PK O'A,

ye[@ Uv y[P, ~ [vK]+y+[@ $ VKA,

V K
+ y'[" ~" ~' ' —y'[" ~" ' ' 5(x —g)ds (3.20)

We are using the definition

,~py, , (3.21)

Using the fact that (2.21) must be satisfied one can show from (3.20) that there is no loss in generality in choosing
T to be of the form'

gPKUV+ gvKUP „,[P —PvK & „,e[v —PPK & „N[P —PKv & „,e[v —PKP [ I „,e[K —„PvP i & „,e[K —PPV

(3.22)

where S""is an antisymmetric second-rank tensor characterizing the test particle. Placing (3.22) in (3.20) one finds

VT" a"py[ p]s =f. —[—,S"'U ]5, (x —g)ds+ f T + ,S" Up' —'——,S' Up'

+y*[p,s["] y*[p, ~p- y*[p, ~p- 5 «

T P . . 1 gpo UKg gp + Q [p Uv i[c [p gvK]+ 4 [p VKX y4 [P $ vKAg pP

+y4[p +vK] ~ . +[p ~vo.K . . i[c[pp p
]$ pK

—y ]~ p~
—y ) a

+ —,y*["„]sp""R'
~ „]i 5(x —g)ds . (3.23)

But since one also has

f [SP"U"]5 „„(x—g)ds =f ds
5 (x —g)ds, (3.24)
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we find, making use of (3.24) in (3.23),

-(pv] 1T"" .&—" y( }s"=f T +— +y*" p+" y—*" ~p "—y*" ~p" 5 (x —g')ds, v vp 2 D$ p] ,V

Spo UK+ 4p + 4[p Uv 4 [p [vK] + 4 fp vKA [p vKgg Qp
pQ' 2 KPO' v] V];KA, V] A&p

+ ~(p -(~~} . . ~(p -~«. . *(p -~~~ + p -p ~R ~, ,„gx g}ds

'

where we are using the definition
(3.25)

DSP dS"
Ds ds

in (3.26). The absolute derivative DS" /Ds is a second-rank tensor.
The first integral on the right-hand side of (3.25) can be written in the form

f [X'p"'+ r(p"}]S„(x—g)ds,

where

X(pv) T pv + & e [p -[pv) & + [v -[pp] & + [p -pov & + [v -pop l + [p -pvo & [v -ppo
2 p] 2 p] 2 p]; 2 p]; 2 p]; 2 p];

(3.26)

(3.27)

(3.28)

1 DS"Y[pv] + 1 g[p [pv] g[v —[pp] 1 agc[p —pov + I agc[v —pop 1 agc[p pvo+ agc[v pp~
P] 2 p] 2 p~~ 2 p] 2 p]' 2 pl'

(3.29)

It can be shown that with no loss in generality one can always write'

X'P"'=*X'P"'+XPU"+X UP+MUP U

Y[P"]=*Y[s ]+FPU —Y"UP

where

(3.30)

(3.31)

and

*Y[P ]U.=o, YPU„=O,

(3.32}

(3.33}

Up ——appUP .

This means that the first integral on the right-hand side of (3.25) can always be written in the form

f ['X'p"'+'F p" +X"U" FUp]5 „—(x g)ds+ f (—MU" +X"+ F") 6(x g)ds, —
d$

(3.34)

(3.35)

so that if we make use of (3.35) in (3.25) we find

gppy(„)s"= f [*X'p"'+*X(p l+X Up F'U"]5 (x ——g)ds

p
dS

~4[P Uv +4 [P + [vK]+~4[P $ vKA ~+[P $ vKAg +P
v] v]; v];KA, v] ZAP

+y+[p $ [VK] ~
p
pa

g[p — . y[p — op
v]; pg v]~ po'

+ —,
' y'("„}sP" R*"(p„)g 5(x —g)ds . (3.36)
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Since (2.21) must be satisfied, we see from (3.36) that one must have'

X ""'+ Y["vl+X"U"—Y"U"=0

which is equivalent to the requirement

(3.37)

(3.38)

Making use of (3.38} in (3.36) we find

Tp". —a"py' s"= (MU&+2X~) S——U"R p +eZ*(" U y lP—& ( )+y"(" . s ""i Z*(p—s
' D 1

;v [vp] 2 KP(7 V] V]; V];KA, V] A.KP

+ +[p [VK] ~ - [p —VCrK ~ ~ e[p —VKO ~ ~ oft —
page V

p p p
v] KS p~

— v].KS p~ 3 v]S (pK)g

+ T ' ' (MUP+—2XP)U ' ' 5lx —g)ds,
PcT Pc7

(3.39)

(3.40)

Making use of (3.30) and (3.31) and (3.38) in (3.28) and (3.29) we find

where we have used the definition of the absolute derivative DC"/Ds of a vector C" defined along the world line P,

Ds ds po'

T(P' ) ~UpUV XpUV XVUp 1 g[p —[pv] 1 g[v —[pp]+ 1 g[LM —p + 1 g[ —p p

+ 1 ~4 [p + pvcr+ 1 ~4 [v + pjmo (3.41}

jLCV

Ds Pl Pl P]2X Up y+(p s (p»)~y+(» q (pp)~y+-(p ~ p0» y+(» ~ p~p~y+(p ~ p»~ y+(» ~ pe~ (3 42)p]& p]i

and from (3 42) one has

1 DS&P

~ —'y*[" .~P ~U ——'y*[~ .~P"U ~ —'y*[ .~P~ U . (3.43)

Making use of (3.43) in (3.41) we find

T(p)=MUpU+1 DS
U U+1 Dsv

U Up -'y*tp]s[pv] —-'y*[ ]sf']+ 1 y*[p s[p ]U U

~ —'y'[" s[p ]U U &y tp s[»U U"——'y*[p -[ ]U U2 p] n T a] p 2 ] p T p];cP

~ ' ~*[v &~p~ ' &~[@ &pv~~ 1&*[v & pp~ 1y+[p ~ pcTKU Uv 1y4[v ~ po'KU Up

~[P + PKGTU U'v ~+[v + PK~U UP. + ~4[P ~~PKU

1 ++[p + cTvKU Up, ~ 1 ~4 fp Q'Kp, U Uv+ 1 g[p 0KvU Up (3.44)

while making use of (3.43) in (3.42) gives as the equations of structure satisfied by g",
DS~ DS~

U Uv DS P
Ds Ds P Ds

m'here

(3.45)
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fpv]+y'[v s [pI ]+y~ ~ s pa U U"—y'[v s [pa]U U"—y*[p &~
[ &]U U"

p] p] p] cr p] a a] p

y[p [~~)g Up+ e[p ~ po'v ye[v ~ pnp+y'&[+ ~ p&~ y+[& ~ PF~a] p p]; p]' p]; p]
e[p —pcrKU Uv+y [v aS paKU UIJ y+[P ~ PKaU U +y*[ aS p U U~

+ +[p apKU Uv y+[p + crvKU Up +yQ p + a pU Uv y4'fp KS
aKvU Up p cr p . o'

Making use of (3.43) in (3.39) one finds

P [ U P U Q[P U
D asap
as p] a a] p p];

(3.46)

y fp aKpU fp pKaU + 4[p apKU SpaUKg 4p

y[p Uv g fp, [vK]+ 4 fp vKA, y+[p s VK~g+@

+ —y ["„)s~" R "( „)g 5(x —g)d& .2 )Ig KA V (3.47)

Since (2.2l) must be satisfied we see from (3.47) that the test particle must obey the equations of motion

aJ~ + Spa UKg +jtl p'|I
Ds 2 KOP

pvhere

asap
PP ~UP+ aS

U +y*[P s [Pa]U y*[P s [ JM]U y*[P
] as P

s

g fp aKpU g[p pKaU + 4[p apKU

(3.48)

(3.49)

y[p, Uv+ g[p —[VK] e[p s VKA. +y[p s vK&g +p 2 y+[p s pe+Pv] v]; v];KA v] AKp T v] (3.50)

lf we place (3.22) and (3.44) in (3.[7) we find that the energy-momentum tensor density T" associated with the test parti-
cle is given by

TPv P SPKUV+ SvKUP „,+ P —PVK t „,e[v —PK + P — v v —P P
L 2

+ & ~+[a ~ pvp+ & ~a[a ~ ppvtg

] asap i asp~Up U
1 DS

U U
1 DS

U Up [p [p ] ] [ [pp] *[@ [p ]U

+ & y«fv S fPa]U UP ——y" [P S fay]U Uv & y+[P S fav]U UP+ ~ y~[P aSPav
2 p] o 2 o] p 2 a] p 2 p];

+ & ye[v —pap+ &

yoffe as pvo+ & yefv —pea & yefp, —pcrKU Uv

& y+[v —pcrKU Up &

yoffe

—pKoU Uv yefv aS pKoU Up+ & y+[p + apKU Uv

+ & ye[P + ovKU UP+ & ye[P + aKPU U'v+ ~ y[P + crKvU' UP+ ~ SPPUa ~

po

p V—SPU ' ' —*[" sP2 po- y K] pg
' —y'[ „)s ~ ' ' 5(x —g)ds .p

(3.51)

We see that the gravitational structure of the test particle is characterized by the quantities M and S"". The quantity M
is constrained by the equations of motion (3.48)—(3.50), and the quantity S" obeys the equations of structure (3.45) and
(3.46). The form of the equations of motion and the form of the equations of structure allow us to identify M with the
mass of the particle and S""with its spin.
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C. Simple charged test particles
possessing no magnetic monopole moments

one finds

s"" =(2m. /l)ql (il" u"—vl" u"), (3.63)
In Sec. II we found that if one neglects its interaction

with other particles, a simple charged particle possessing
no magnetic monopole moment is characterized by a mass
monopole moment m, a spin S&„, an electromagnetic
monopole moment e, and an electromagnetic quadrupole
moment e~&„p, whereE

m ~=4mc' (3.52)

that is, s &" takes its flat space value. We are here defin-
ing a locally inertial coordinate system at a point x& as a
coordinate system such that at x"

(3.64)pv 97pn Cl pv,

It is always possible to introduce a locally inertial coordi-
nate system at any given point x". At that point and in
such a coordinate system the acceleration of a neutral pole
test particle possessing no electromagnetic multipole mo-
ments will vanish —this is, of course, the reason for the
name locally inertial coordinate system. That in a locally
inertial coordinate system s"" takes its flat space value is
a natural condition to place on the structure of a charged
test particle, and we shall restrict our study from now on
to charged test particles satisfying this condition.

At this point, we therefore place an additional restric-
tion on what we mean by a simple charged test particle in
Einstein s unified field theory. In addition to such a par-
ticle being the test particle limit of what we have called a
simple charged particle, we also require that the elec-
tromagnetic multipole moments e, s ~" ], and s" associ-
ated with the particle take their flat space values in a lo-
cally inertial coordinate system.

We first investigate the equations of spin satisfied by
such a test particle. Making use of (3.15), we see from
(3.61) that q is constant even in the presence of an exter-
nal field. Placing (3.62) in (3.46) and making use of the
fact that s (""}=0,we find that N""=0 This me.ans that
the equations of spin (3.45} satisfied by a simple charged
test particle possessing no magnetic monopole moment
take the form

2
Sp ——4sp„c

e =(c /1)q,

(3.53)

(3.54)

(3.55)e(q, p (c——/l)ql (i)„i„u„i)„—iud) .

There are no additional multipole moments associated
with the particle. We thus have associated with the parti-
cle

kin =0, (3.56)

s„"= f e u„5(x g)dr—

+ fe~„„}i„5'"(x —g)dr,
c

(3.57)

2 f [ 2S„pu + 2S„qu„j5't'(x— g)dr, —(3.58}

where the quantities m', S&„e,and e~&„]~ are given in
(3.52)—(3.55}. Making use of Eqs. (3.16) and (3.51) and
the relationship of i" to i"'", of s" to s"'", and of T" to

kin
t& (those relationships are discussed in Sec. V of paper I)
we see that in an external field a simple charged test parti-
cle possessing no magnetic monopole moment will be
characterized by a mass M, a spin S",an electromagnetic
monopole moment e, and an electromagnetic quadrupole
moment s",where

DS~ DS~P
U Uv DS

U UIJ, 0
Ds Ds P Ds

(3.65)

We next investigate the equations of mass and motion
satisfied by the particle. Placing (3.59)—(3.62) in
(3 48)—(3.50) and making use of the fact that s (i"}=0,we
find as the equations of mass and motion of a simple
charged test particle possessing no magnetic monopole
moment(3.59)M =8ir(m +b,m ),

.G
t„„"= [m u„u„+ ,'S„put'u —+2S,put'u„j—5(x g)dr—P 2

S" =Sos"", (3.60) -'SP U ~*~ =I'~+ 2Ds KO'P (3.66)

e =(2~/1)q,

s"" =(2~/1)q/ (a" u" a" ui') . —
(3.61) where

(3.62) Dsl"P
P"=8m ( m+6, m)U" + U

Ds
The particle will possess no additional multipole moments
in the external field. In (3.61) and (3.62), the length 1 is a
universal constant, and the quantity q represents the
charge of the particle. The quantities m and s&"

represent, respectively, the mass and the spin of the parti-
cle. The quantity Am is at this point of our study arbi-
trary and represents a certain freedom one always has in
defining the mass of a particle in the presence of an exter-
nal field.

In arriving at (3.62) as the exact expression for s &""we
have assumed that in a locally inertial coordinate system

ql (y* ~~. U U"—y'(" . ) (3.67)
1

4l p ~p

F"=(2m./l)[qy* ""U„+ql ( a""y*"".„„U„—y*" .„U"

y+ [Per]g +P UK
PKCT

a""y'(~ }R*„zU )] .—(3.68)

We have made use of the definitions
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pe= pm~ V = 7 p] 'y[p~] ~ y[p

Equations (3.66) take a simpler form if we choose
r

km= ——ql y'[P ]. U
4l

and introduce the notation

Pu+ ql &
[»]1 1

8m. 4l ~p

(3.69)

(3.70)

(3.71)

fK [qy4[vP]U +q(2y4[/lv]r&U1

4l 'V ;K V

qI2( y+ [P~]R+P U~+ y+ [PP]R +
Kpa pA,

+y[p~]R*" U )] .

In (3.75) we are using the definition

Z*~ =a»a-Z* .per

One finds from (3.75) that

f"Up ——0 .

(3.75)

(3.76)

(3.77)

fP= FP+ —ql y'["P, U
s~

(3.72)

D + —,sP U"R*" =f"
s

where

(3.73)

Using (3.70) and (3.71), we find the equations of mass and
motion (3.66) can be written in the form

DUdm p D
( AU )

ds Ds Ds
(3.78)

Although both the universal length l and the charge q as-
sociated with a simple test particle possessing no magnetic
monopole moment are constant, we see from
(3.73)—(3.75), making use of (3.77), and from (3.65) that
the mass m and spin s""associated with the particle are
in general not constant. They obey the equations of struc-
ture

Ds»
p&=m U"+ U

Ds
(3.74)

Ds Ds PU U~ Ds PU
Ds Ds P Ds

(3.79)

IV. ELECTROMAGNETIC CURRENT DENSITIES AND ENERGY-MOMENTUM TENSOR DENSITY

r

s"=(2m/I) f [qU"]5(x —g)ds+(2n/l)ql f ap U"' ' 2a "pU—
po po

K
' —aP U" ' ' 6„(x—g)ds

po

We have found that in Einstein's unified field theory a simple charged test particle possessing no magnetic monopole
moment is characterized by a mass m, a spin s", a charge q, and a universal length l. In this section we wish to give the
current densities i" and s" and the energy-momentum tensor density T" associated with these particles.

We have already seen that i" vanishes. Making use of (3.61), (3.62), and the fact that s [""]vanishes, we find from
(3.16) that

+(2m/1)ql f. [—a" U"]5„~(x—g)ds .

Making use of (3.59)—(3.62), (3.70), and the fact that s ""]vanishes, we find from (3.51) that

T&"=8m f mU&U"+ UU"+ — UU&+ ——q/'( —a&py*[~~]. U a "py*[1'~]. U )—I Ds» 1DsP 1

2 Ds P 2 Ds P 4l

(4.1)

rv, p 1 V P+—'s»U~ ' +—'s "pU ' + ql ap y* "K]U„' +ap y'[""]U„'
po. ' po. 4l " po " po

V
&+[»]U~

po'

—y'[ P] U ' ' 5(x —g)ds
po

+g~ splcUv+ s vKUp+ qI2( Kayp4 [vp] U +a vKy4 [pp] U )
4l P p

—y* ""U"—y*[""]U"—a"'y' "P U 5 (K—g)ds .p, K (4.2)

V. COMPARISON WITH THE RESULTS OF THE APPROXIMATION PROCEDURE

If we make use of the power-series expansion in K,
'

kgp~='@pe+ ~ K (kgpv
k=1

(5.1)
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and regard y(&„) and q as possessing only terms of odd order in a., and a& and I as possessing only terms of even order
in v (that there is no loss in generahty in making such an assumption is shown in paper RVIII of Ref. 6), and treat the
spin s& as negligible, we find from the equations of motion (3.73)—(3.75)

mu"= —[q(y'(~~)up+ ,'y—tp )y*(""u~u u„+y'~ 'y(p„)u u "u" y—'»'y(p )u + ,'y—y'(» up)

ql&( /2y*(Poilu + ~

y / y~(P"luPu~u +y~P&~/ y~ u u "uP y~»~g2y* u~

u +-'y~'y'[~p]u —y(»)'y*[ ]
u.

+y(PP))tTy+ u K y(PO'))Py+ u K
y y4 [PP],K 0

y y4 [PP],O'u K

+y y*[p ] pu y„'y*[p l pu„+y, y*[p ] pu. —,y py[,.] up —,y,y [pp]-u

+—'y py*'~ ' u ——'y y*'p 'I"u —y"p~' y* u +y'p '~"y* u

".+ ~ y' 'y(& )u + ~ y y "' u )]

+[m( ——,'y(~ ) „u u u'u" +y'" ' u u —,'y'~ '"u u———,'y u~u" + —,
' y")] +O(a ), (5.2)

where in (5.2) aB indices are raised and lowered with the Minkowski metric rl„„=g and

[PV] 2 GP, VPOg
} [~p]

y (pv) g(pv)
gpss y q y (po )

and

dP .p du"
Q Q

(5.3)

(5.4)

(5.5)

dd=rl„ppdp . (5.6)

The above equations of motion should be identical to the equations of motion to fourth order of a simple charged test
particle possessing no magnetic monopole moment and spin obtained using the authors approximation method described
in papers RI—RVIII of Ref. 6. A long calculation using that method shows that this is indeed so.

According to (5.2), the equations of motion to second order are

mu = —[qy'(~")u~ ql 0 y (~")uz]—.
4l

(5.7)

This is in agreement with the result obtained in the author's earlier papers using his approximation method.
If we make use of the above power-series expansion in ~ in the expressions for the electromagnetic current density s&

given through (4.1) and the energy-momentum tensor density T"' given through (4.2), we find

sI'=(2~/1) J[qu "]5(x—g)dr —I [ql u "] 5(x —g)d~ +O(~ ), (5.8)

T""=Sm. f [mu "u "]5(x g)dr—
+(2m. /1) J[ql (y'( " "u +y' ~ u )]5(x —g')dv.

+ J[ql (g""y' "~)u +g""y'»)u rli' y'(" u +—y* ""u"+ y' ""u")]5„(x—g')d~ +O(a ). (59)

If we then make use of the relationship of s&'" and s& to s&, given by (5.10) of paper I, and the relationship of r&'" and t&
to T"",given by (5.11) of the same paper, we see from (5.8) and (5.9) that
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s„"+s&——(4m. /I) f [qu„]5(x g}—dr f—[ql uz]Cl 5(x —g')d~ +O(a. ),

t„„"+t„"„=16m. f [mu„u„]5(x g)—dr

(5.10)

+(4m/I) . f [ql (y[ „]„u +y[ „]~ )]5(x —g)dr

+f [ ql (gpiry[vp]u +'qvNj [pp]u Qpv [~pju +y[ap]uv+ y[Nv]up}]5 (x g)d& '+O(& ) ~

(5.11)

(5.12)

Finally, making use of the expressions for s&" and tz„" given by (2.11) and (2.12), we find from (5.10) and (5.11) that

s„"=O(a ),

t„"„=(4m/I) . f [ql (y[ „]„u +y[ „] u )]5(x—g')dr

+ f [ql (q&„y[ p]u +7f y[pp]u Qp y[ p]u +y[ p]u +y[ ]u&)]5'"(x —g)dr .+0(lt ) . (5.13)

The expressions (5.12) and (S.13) for s„" and t&„, respectively, are identical to those obtained earlier in paper RVII of Ref.
6 using the author's approximation procedure.

APPENDIX A: s" ~

%'e shall show that there is no loss in generality in
choosing the oriented tensor s "",appearing in (3.2), to be
of the form

I

The explicit form of C' ", C, and C will not be needed in
what follows. Condition (A3) requires

C{rkl) p

From (A4), (A7), and (AS) one finds
PKA (JflK)A + [gCK]A (A 1) C(PKA) p (A9}

where
—(p Q+- A p+-(Ap p (A2)

However, we shall first show that the requirement

f C'p" '(s)5 p„k(x —g)ds+ fC'" '(s)5„k(x —g)ds

+fC"(s)5 k(x —g)ds+ fC(s)5(x —g)ds =0,
(A3)

supplemented by the conditions

Thus, the requirement (A3) supplemented by the condi-
tions (A4) implies (AS).

Now we are ready to investigate s &" . We can always
write s ""k in the form

$ =S +S-P« -~ (uK~, , -t [PK]~ (A10)
—(P,V)K .

Using arguments similar to those applied to T in Ap-
pendix 8 of paper I (see Ref. 1), one finds that with no
loss in generality one can always write s ' '""' in the form

c'p""U, =o,
implies

C(pKA. ) p

(A4)

(AS)

~l (PK)g 4~(PKQ ~ 1 g PA UK~ 1 g KA UP~ 2 2

where

(Al 1)

(A12)

C'"""5,kl(x —g)+C' "5kt(x —j)+C'5, l(x g)—
+ C5(x —g') =0, (A6)

If we evaluate the integrals appearing in (A3), we find
(A3) takes the form~4

s = s + $PKA 4 (PK)A s 4 fPK]A. s k PKA, (A13)

The quantities *s (&") and 2" appearing in (All) are
oriented tensors. The above results mean that with no loss
in generality we can always write s ~" in the form

where

C( rkl) [ C (rkl) PrC(4kl) PkC (4lr) P lC (4rk)

U4

+prI3kC(44!) +pkptC(44r)

+plprC(44k) prpkp!C(444)] Ijr U r/U4

where

e—[p, ]A. —[p ]A. g A, Up g pA. U~ 2 2

JgKA g PA U'K

(A14}

(A15)

(A7) Since one can show that
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f[~p ~]5„i(x g)ds+ f ppg~ . +~ par ~ 5 (x g)ds
po po pg

p
pK 0

p +hs p"
Pg

r r

p p1 ~ pKa ~ ~ + & ~pKO'
2 pK g/c pA

+ i ~ pro .+ ' ~p~~g~p, 5(x g)ds= f [~&"]5„(x—g)ds+ f M p ' ' 5(x —k)ds

where

PK= A PK UP
«p

(A17)

I

in generality one can always write s ' '""' in the form

i (pK) 4—(pK)++BpUK+ ABKUp+BUpUK

where *s 'P"', B",and B are oriented tensors, and

(83)

we see that the term M"" in (A13) is equivalent to a
term M"" in the oriented tensor s"" appearing in (3.2).
This follows from the form of the right-hand side of (3.2}.
Since the tensor s"" in (3.2) is arbitrary at this stage of
the analysis, there is no loss in generality in choosing

e—(PK) U 0

*BKUK——0 .

This means we can always write s ""in the form
—PK +-(PK)+ +—[PK]+~ PK

(84)

(85)

(86)
PKA, 0 (A18)

S = S + S-PKA, e-(PK)A, e-[PK]A,

where 's '""'"satisfies (A12}.
We must also satisfy the equations

s".„=0.

(A19)

(A20)

We see from (3.4) and (A20) that the requirement (A3)
discussed earlier in this Appendix will then be satisfied,
where in this case

C(PKA, ) & (+—(PK)A, ~ e—(Ki, )P z e—(AP)K)s

It also follows from (A12} and (A21) that

(A21)

and thus s pK can with no loss in generality always be
written in the form 7

hs ""=(2'BP+BUP)U"

Since one can show

f [Mp"]5„(x—g)ds+ f Mp ' ' 5(x —g)ds

=fM "5(x —g)ds,
where

b, s ""=(2'B"+BU")U"

b, s "=(2*B"+BU").pUP,

(87)

(89)

(810)

C(~"U,=o.
Thus condition (A4) is satisfied. This means

(P )A -( A)P *-(AP) —0s + s + s (A23)

we see that the term M"" in (86) is equivalent to a term
&& in the oriented vector s" appearing in (3.2). This fol-
lows from the form of the right-hand side of (3.2). Since
the oriented vector s" in (3.2} is arbitrary at this stage of
the analysis, there is no loss in generality in choosing

We see that there is no loss in generality in choosing the
oriented tensor s &"~, which appears in (3.2), to be of the
form (Al), where (A2) is satisfied.

hs P"=0, (811)

and thus with no loss in generality s" can always be
written in the form

APPENDIX 8: s "" s = s + s-PK ~-(PK), *-[PK] (812)

s =sPK [PK]

First, we write s &" in the form

s =s +sPK & (PK) i I [PK]

(81)

(82)

Using arguments similar to those applied to F'p"' in Ap-
pendix C of paper I (see Ref. 1), we see that with no loss

We shall show that there is no loss in generality in
choosing the oriented tensor s "",appearing in (3.2), to be
of the form

where 's '""' satisfies (84).
Since the equations

sP. =0;p
(813)

g(p ) -(p ) (814)

Making use of the results of Appendix D of paper I, we

must also be satisfied, we see from (3.8) and (813) that
conditions (Dl) and (D2) of Appendix D of paper I are sa-
tisfied, where in this case
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see this implies

s (~K)=0 (815}

Thus, there is no 1oss in generality in choosing s &" to be
of the form *s&=0 . (C14)

(C13)

From the investigation in Appendix D in paper I (see Ref.
1), we find that the above iinplies

s =s-P,K —CPK]

APPENDIX C: s &

(816) From (C3), (C4), and (C14) we have

s I'=eUI' —s PK R'I'C~] ——,
' s PK R'I'(p„) (C15)

%e shall show that there is no loss i.n generality in
choosing the oriented vector s, which appears in (3.2), to
be of the form (3.12).

From (3.11), since

Thus, there is no loss in generality in choosing s" to be of
the form (3.12}.

APPENDIX D: T

s .p ——0,
we see that

f s ' "5&(x —g')ds =0,
where

s =s s—~ P P + PKcTR +f4 + ~ —PKcJR +P,
a TS {PK)e

We can always write s ' p in the form

s '"='s "+eU~,
where

(Cl)

(C2)

(C3)

(C4)

We shall show tha) tIiere is no loss in generality in
choosing the tensor T, which appears in (3.17), to be
of the form (3.22}.

From (3.20), since (2.21) must be satisfied, we have

f C"""5„„(x—g)ds+ fC""5„(x—g)ds

+fC"5(x —g)ds =0, (Dl)

where CP""can be written in the form

CpKv T + &+Cp, s pvK+ & &+CV s ppK
2 p] 2 p]

y*C; + y*C

e =s 'PUp,

s PUUP
p (C5)

(C6)

—Y"r' p]s
~ ~~+[»

p
pp~

—=T
~~ (PV)K

(D2)
and

de@U"=, U~ ——
asap

UP .
ds

Note

*s~U„=O.

Thus (C2) takes the form

f*s "5„(x—g}ds+ feU"5„(x f)ds=0, —

so that making use of the identity

f eU"5 „(x—g)ds= f 5(x —g)ds,de

(C7)

(C9)

—(PV)K .
Using arguments similar to those applied to in Ap-

PV)K
pendix 8 of paper I, but here applied to T, we find

tha) one can with no loss in generality always write
T in the form

T i (Pv)K 1 SPKUv+ 1 SvKUP
2 2 (D3)

where S&"is an antisymmetric second-rank tensor charac-
terizing the particle and

de@
ds

From (D2) and (D3) we then find

we can write (C9) as

f C"5„(x—g)ds+ fC5(x —g)ds=0, (Cl 1) &i+ Cv pp, K —wi Cp pKv —mr+ C v pKp

where + & @[a -pvp+ & +[a ppv (D5)

CI'='s &, C=
ds

(C12) We see t)at there is no loss in generality in choosing the
tensor T, which appears in (3.17}, to be of the form
(3.22}.

C. R. Johnson, preceding paper, Phys. Rev. D 30, 1236 (1984).
This paper mi11 be referred to as paper I.
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The fields y~„„~ and y(„„) are defined in Ref. 1. The notation
used in this paper will be the same as that used in Ref. 1. A
harmonic coordinate system is defined in paper RI of Ref. 6.

8The universal length l is discussed in Ref. 5.
The physical meaning of q is discussed in Ref. 5.
The physical meaning of m is discussed in Ref. 5.

~tThe quantity 5(x —g') represents the four-dimensional Dirac
delta function. The indices on both x~ and P have been
suppressed.
The constant c represents the speed of light.

~3We are using the notation of Ref. 1.
See Appendix A.

~~See Appendix B.
~6See Appendix C.
~7See Appendix D.
~SSee Appendix C of Ref. 1.
~9In Appendix D of Ref. 1 we show that if

IC"{s)5,„{x—g')ds ~ JC(s)5(x —g)ds =0,
where C"U„=O, then C"=0, C=O.

0The equations of motion of a neutral pole test particle possess-
ing no electromagnetic multipole moments are given in Ref. 1.

This power-series expansion has been used in Refs. 1, 3, and 5.
It is also used and discussed in the papers of Ref. 6.

2 See, for example, Eqs. (41) of Ref. 5. One chooses @=1 in
Eqs. (41) of Ref. 5 if the equations are to apply to charged
particles. The radiation reaction terms found in Eqs. (41) of
Ref. 5 vanish in the test-particle limit and are thus not
present in Eqs. (5.7).
Since we are treating the spin as negligible, we neglect the
spin-dependent terms which are in (2.11) and (2.12).

24The quantity 5( x —g) represents the three-dimensional Dirac
delta function.


