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We develop a method for finding the exact equations of structure and motion of multipole test
particles in Einstein’s unified field theory—the theory of the nonsymmetric field. The method is
also applicable to Einstein’s gravitational theory. Particles are represented by singularities in the
field. The method is covariant at each step of the analysis. We also apply the method and find both
in Einstein’s unified field theory and in Einstein’s gravitational theory the equations of structure and
motion of neutral pole-dipole test particles possessing no electromagnetic multipole moments. In the
case of Einstein’s gravitational theory the results are the well-known equations of structure and
motion of a neutral pole-dipole test particle in a given background gravitational field. In the case of
Einstein’s unified field theory the results are the same, providing we identify a certain symmetric
second-rank tensor field appearing in Einstein’s theory with the metric and gravitational field. We
therefore discover not only the equations of structure and motion of a neutral test particle in
Einstein’s unified field theory, but we also discover what field in Einstein’s theory plays the role of
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metric and gravitational field.

I. INTRODUCTION

In this paper we develop a method for finding the exact
equations of structure and motion of multipole test parti-
cles in Einstein’s unified field theory—the theory of the
nonsymmetric field.! The method is also applicable to
Einstein’s gravitational theory, as that theory is a special
case of the unified field theory. The method is covariant
at each step of the analysis. In this paper, in addition to
developing the method, we shall apply the method and
find the equations of structure and motion of neutral
pole-dipole test particles in both Einstein’s unified field
theory and Einstein’s gravititational theory. In finding
the equations of structure and motion of a neutral test
particle in Einstein’s unified field theory, we discover not
only the equations of structure and motion of the particle,
but we shall also discover what field in the theory is the
natural choice for the metric and gravitational field.

However, our reason for developing the method goes
beyond the above simple applications. We wish to investi-
gate in Einstein’s unified field theory the interaction of
particles over microsopic distances (atomic and molecular
distances) where the fields involved are relatively strong
and where the approximation procedure which has been
used previously to investigate the interaction of particles
over macroscopic distances is difficult to apply.>> An in-
vestigation of the motion of a charged test particle in a
relatively strong external field can be regarded as a first
step in such an investigation. In papers II and III of this
series of papers we shall find the exact equations of struc-
ture and motion of charged test particles in Einstein’s
theory. The important role a test particle can play in the
study of the interaction of particles over microscopic dis-
tances in Einstein’s unified field theory will become clear
through the following discussion.

In several earlier papers the author developed an ap-
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proximation method for finding the Lorentz-covariant
equations of structure and motion of particles in general-
relativistic field theories.* In the earlier papers the ap-
proximation method was applied both in Einstein’s uni-
fied field theory—the theory of the nonsymmetric field—
and in Einstein’s gravitational theory. The approximation
method will allow one to find the equations of structure
and motion of particles step by step with respect to the
powers of a parameter k which measures the strength of
the field associated with the particles. In the approxima-
tion ‘method the procedure for finding the field associated
with the particles can only be expected to be valid at
points which are sufficiently far from each particle, so
that one finds meaningful equations of structure and
motion only for particles which are not too near one
another. The order of magnitude of these distances have
been discussed in the earlier papers. When dealing with
Einstein’s unified field theory and with particles having a
microscopic mass and a charge whose magnitude is of the
order of that of the electron charge, the interaction dis-
tances at which the approximation method breaks down
have been estimated to be of the order of the electron
Compton wavelength.?

Using the author’s approximation method, one does not
introduce phenomenological source terms into the
general-relativistic field equations one is studying. Parti-
cles are represented by regions of space-time in which the
field is very strong (i.e., the regions are very nonflat®).
For example, in Einstein’s gravitational theory an isolated
particle might be represented through the Schwarzschild
solution® (we shall call such a particle a Schwarzschild
particle), or through the Kerr solution’ (a Kerr particle),
or perhaps through some other solution to the field equa-
tions. In Einstein’s unified field theory an isolated parti-
cle might be represented through the Wyman solution® (a
Wyman particle), or through the Bandyopadhyay-
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Vanstone solution’ (a Bandyopadhyay-Vanstone particle),
or perhaps through some other solution to the field equa-
tions.

If sufficiently far from each particle the field one is
studying can be expanded in a power series in the parame-
ter «, then the author’s method for finding the equations
of structure and motion of the particles is expected to be
applicable as long as the particles are sufficiently far from
each other. This is true whether the particles are
represented through singular or nonsingular solutions to
the field equations. However, at each order of approxima-
tion the approximate solution obtained using the author’s
approximation method when analytically continued into
the strong-field region associated with a particle will gen-
erally no longer approximate the exact solution to the
field equations and will become singular along a world
line associated with the particle. This world line can be
considered to define the position of the particle. We shall,
in fact, adopt this definition of position. The exact solu-
tion of the field equations may or may not be singular
along this world line.

Using the author’s approximation method, one finds
that particles in both Einstein’s unified field theory and
Einstein’s gravitational theory are characterized by a
series of multipole moments, and that the particles in-
teract with each other through what can be interpreted as
forces and torques. The multipole moments associated
with a particle can be related to the particle’s mass,
charge, magnetic monopole moment, spin, and higher
mass and electromagnetic moments. Both the force and
torque acting on a particle, in addition to depending on
the particle’s kinematic properties, are found to depend on
the particle’s multipole moments and an external field in
the vicinity of the particle. This external field can be re-
garded as produced by the other particles which interact
with the particle under consideration.

If one is willing to neglect the self-interaction terms in
the force and torque acting on a particle, (i.e., those terms
in the force and torque which are nonlinear in the mul-
tipole moments which characterize the particle), then the
equations of structure and motion of the particle can also
be found to any order of approximation desired through
the use of certain conservation laws which follow from
the author’s approximation method. This is discussed in
the author’s papers.!” The conservation laws do not deter-
mine all the terms in the equations of structure and
motion of a particle, but do determine those which survive
in the test-particle limit, that is, in the limit where one
neglects self-interaction and the effects of the particle on
the external field in its vicinity.

Through the use of the conservation laws one finds that
one can obtain the equations of structure and motion of
test particles step by step to any order of approximation
desired through only algebraic manipulation and differen-
tiation. No partial differential equations need be solved.
This suggests that one might also be able to obtain the ex-
act equations of structure and motion of test particles
through only algebraic manipulation and differentiation.
In this paper we shall show that this is so providing the
test particles are described through a finite number of
multipole moments. We call such test particles multipole

test particles.

In this paper we derive a general method for finding the
exact equations of structure and motion of multipole test
particles in Einstein’s unified field theory and in
Einstein’s gravitational theory. The method we derive is
closely related to a method developed earlier by Tulczy-
jew!! for finding the equations of structure and motion of
multipole test particles in Einstein’s gravitational theory.
Tulcgyjew’s method is based on previous work by Mathis-
son.

The principle advantage of our method over that of
Tulczyjew is that we derive it from the field equations of
the general-relativistic theories in which we are interested
without having to introduce phenomenological source
terms into the fundamental field equations of the theories.
Particles in the theories are represented by regions of
strong field. This distinction between the two methods is
important when dealing with Einstein’s unified field
theory as Einstein regarded his unified field theory as a
complete theory of nature and thus in a fundamental in-
vestigation of the theory phenomenological source terms
should be avoided. This distinction is also important
when dealing with Einstein’s gravitational theory if one
regards the gravitational theory as a special limiting case
of Einstein’s unified field theory.

Although we derive our method for finding the equa-
tions of structure and motion of multipole test particles
from the general-relativistic field theories in which we are
interested without introducing phenomenological source
terms into the fundamental field equations of the theories,
we do introduce and use, in finding the equations of struc-
ture and motion of multipole test particles, an auxiliary
set of field equations involving source terms. However,
these auxiliary field equations, which are useful for find-
ing the equations of structure and motion of multipole
test particles, do not replace the fundamental field equa-
tions of the theories. What we show is that through the
proper use of the auxiliary field equations one obtains the
same equations of structure and motion for multipole test
particles in an external field as one would obtain from the
fundamental field equations of the theories under con-
sideration, under the condition that the particles involved
are interacting over distances sufficiently great so that the
approximation method developed by the author and
described earlier in this introduction is valid. The equa-
tions of structure and motion obtained from the auxiliary
field equations are not expected to be valid under more
general conditions. Thus, if one uses the author’s method
for finding the equations of structure and motion of mul-
tipole test particles in Einstein’s unified field theory and
in Einstein’s gravitational theory, one can see under what
conditions the test-particle concept is physically meaning-
ful in these theories, and one can also relate the parame-
ters characterizing a multipole test particle to the fields
associated with the particle when the test-particle limit is
not taken.

The method described in this paper when applied to
Einstein’s gravitational theory gives the same results as a
previous method for finding the equations of structure
and motion of multipole test particles developed by Papa-
petrou.!®> With respect to our needs, however, the Papa-
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petrou method has two disadvantages which the method
described in this paper does not possess. If one uses the
Papapetrou method one must introduce phenomenological
source terms into the fundamental field equations of the
theories one is investigating, and the Papapetrou method
is noncovariant.

The method described in this paper for finding the
equations of structure and motion of multipole test parti-
cles is easy to apply. In this paper, paper I of a series of
papers, we use the method to find the equations of struc-,
ture and motion of neutral pole-dipole test particles!* in
both Einstein’s unified field theory and Einstein’s gravita-
tional theory. This is the first time this has been done in
Einstein’s unified field theory. The results in the case of
Einstein’s gravitational theory are of course the same
equations of structure and motion as previously obtained
by Papapetrou!® and by Tulczyjew.!! In papers II and III
of this series of papers, we shall use the method to find
the equations of structure and motion of a charged test
particle in Einstein’s unified field theory. In paper II we
find the equations of structure and motion of a charged
test particle possessing no magnetic monopole moment,
and in paper III we find the equations of structure and
motion of a charged test particle possessing both an elec-
tric charge and a magnetic monopole moment.

Why are we interested in the motion of test particles in
Einstein’s unified field theory? First, as mentioned ear-
lier, until now there has been no satisfactory way for de-
ciding what field in the theory is the natural choice for
the physical metric and gravitational field. The natural
choice for the electromagnetic field is known.? In investi-
gating the motion of a neutral test particle in Einstein’s
unified field theory, we find that there is a symmetric
second-rank tensor field with respect to which a neutral
pole test particle posssessing no electromagnetic multipole
moments moves along a geodesic. This field is therefore a
natural choice for the physical metric and gravitational
field in Einstein’s unified field theory. In the case where
the antisymmetric part of the fundamental field in
Einstein’s unified field theory vanishes, and thus
Einstein’s unified field theory reduces to Einstein’s gravi-
tational theory, this symmetric second-rank tensor field
reduces to the metric of the gravitational theory. The
choice is therefore consistent with the choice of metric in
Einstein’s gravitational theory. With this choice of a
metric one can say that in both Einstein’s unified field
theory and Einstein’s gravitational theory a neutral pole
test particle possessing no electromagnetic multipole mo-
ments travels along a geodesic of the metric of the back-
ground field.

However, the principle reason that we are interested in
the equations of motion of test particles in Einstein’s uni-
fied field theory is that a study of the motion of test parti-
cles may give us insight into the interaction among parti-
cles over microscopic distances in Einstein’s theory. Us-
ing the approximation method developed in earlier papers
by the author one can easily investigate the interaction of
particles over macroscopic distances (laboratory and as-
tronomical distances) since, in this case, one needs only
keep terms of lowest nontrivial order in the approxima-
tion method. Higher-order terms can be neglected. One

finds that charged particles in Einstein’s theory interact
over laboratory and moderate astronomical distances
through the conventional classical electromagnetic in-
teraction. This has been discussed in the literature.?
However, over atomic and molecular distances we do not
yet know the form taken by the interaction between
charged particles in Einstein’s theory. Although the ap-
proximation method used to investigate interactions over
macroscopic distances is still expected to be valid over
atomic and molecular distances,’® higher-order terms in
the interaction among the particles are not expected to be
negligible over such distances and thus the approximation
method is very difficult to apply. Many higher-order
terms must be evaluated and studied. However, if one is
willing to neglect the self-interaction acting on a particle
and the effect of the particle on the external field in its vi-
cinity, then one can obtain the exact equations of motion
satisfied by the interacting particle. One needs only find
the equations of motion in the test-particle limit. A
knowledge of the motion of a test particle in an external
field can thus be regarded as a first step in the investiga-
tion of the interaction of particles over microscopic dis-
tances.

In seeking the equations of motion of a particle in the
test-particle limit, we are neglecting the self-interaction
terms acting on the particle and the effect of the particle
on the other particles with which it interacts. We are also
assuming the particle is sufficiently far from those other
particles so that the test-particle limit is physically mean-
ingful,'® and since we are restricting our study to mul-
tipole test particles we are also assuming the particle can
be characterized with sufficient accuracy by a finite num-
ber of multipole moments. It is because of these idealiza-
tions and assumptions that finding the equations of
motion in the test-particle limit can only be regarded as a
first step in the investigation of the interaction of particles
over microscopic distances. The validity of the above
idealizations and assumptions when applied to particles
interacting over microscopic distances will be studied in
future papers.

We must next ask the question, can one understand the
interaction of particles over atomic and molecular dis-
tances by means of Einstein’s theory without transform-
ing the theory into a quantum field theory, that is without
“quantizing” the theory. Einstein believed that this must
be so if the theory is valid. Einstein believed that if the
interaction among particles as derived from the theory
was treated statistically, then the theory, if correct, should
give results that are in a first approximation identical to
those obtained from conventional quantum theory. In
other words, he believed one should be able to derive in a
first approximation the statistical results of conventional
quantum theory from the unified field theory. Finding
the equations of motion of a test particle in a given back-
ground field can be regarded as a first step in an effort to
test Einstein’s hope. Only after obtaining the interaction
among particles over microscopic interaction distances

*can we treat the interaction statistically and see if in a

first approximation the results of conventional quantum
theory follow from Einstein’s theory. If this turns out to
be so, Einstein’s ideas will have proved fruitful and his
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years of labor justified.

The organization of the paper is as follows. Section I
of the paper introduces the subject. In Sec. II we describe
the space-time manifold in Einstein’s unified field theory
and also introduce the concepts of particle and physical
field in the theory. In Sec. III we discuss the contracted
“Bianchi” identities. In Sec. IV we introduce a set of aux-
iliary field equations which will be useful for obtaining
the equations of motion of test particles. In Sec. V we
develop the method for obtaining the equations of motion
of test particles. In Sec. VI we apply the method to the
case of neutral test particles possessing no electromagnetic
multipole moments in Einstein’s unified field theory and
in Einstein’s gravitational theory. In particular, we find
the equations of motion of a neutral pole-dipole particle
and a neutral pole particle. In finding the equations of
motion of these neutral test particles in an external field
in Einstein’s unified field theory, we discover what field in
the theory is the natural choice for the metric and gravita-
tional field.

II. SPACE-TIME MANIFOLD

A. Field equations

In Einstein’s theory of the nonsymmetric field nature is
regarded as a four-dimensional space-time manifold
whose structure is described through a second-rank tensor

field g,,- The fundamental field g,, satisfies the
general-relativistic field equations!’
=0, 2.1a)
Rip,p1=0, (2.1v)
Run=0, 2.10)

where the displacement field I, and the contracted cur-
vature tensor R, are defined through the equations

gy+v_;p( =8uv,p _'gavrz;)"‘gyargv)':o ’ 2.2)

Ry, =00, p— T v—T0eT o+ T0 50 - (2.3)

B. Particles and physical fields

A region of the space-time manifold is regarded as flat
if a coordinate system can be found in the region so that
the fundamental tensor field is equal to the Minkowski
metric throughout the region, that is,

Suv="uv - (2.4)

Particles are limited portions of the manifold—limited at
least in the spatial directions— which have a very nonflat
structure. Portions of the manifold between the particles
and possessing a nearly flat structure are known as empty
space or vacuum. The slight deviations from flatness in
such portions of space-time indicate the presence of an
electromagnetic field if gy,,)70, and the presence of a
gravitational field if g(,,)7,, Nearer the particles,
where the deviations from flatness are larger, the field g,
may also be associated with weak and strong interactions.

III. CONTRACTED BIANCHI IDENTITIES

Before we discuss the motion of particles in Einstein’s
theory, we shall investigate certain identities which are sa-
tisfied by the fundamental field g,,. Making use of the
definition given in (2.2) of the displacement field I'}, in
terms of the field g,,, it is not difficult to show that the
follovsving contracted “Bianchi” identities are satisfied by

1
Euv?

g (R y —R i, —S, - )=0, 3.1
where
pto—n =Rpou _RKO'F;M_RPKFZU ’
R ipt.0=Rpuo—RqTpe—Rplps s (3.2)
Syamip=Snop—SeoThu—SuxTho -

The tensor R, has been defined in (2.3), and the tensor
S,y is defined through the equations

Syy=T%,,—I%, ,—T5, 5, + 5,17, . (3.3)

The contracted Bianchi identities will now be put into a
form which we shall find convenient for later use.

A contravariant tensor density g*¥ associated with the
fundamental field g,, can be defined through the equa-
tions

gr=(—g)""%g", 3.4
where g#” is defined through

8up8"=8,u8" =8, , (3.5)
and g denotes the determinant of g,,. We are assuming

g<0. (3.6)
It is easy to show from (2.2) and the definition of g"” that

8+ 8T+ 87 Thae— g7 Tl =0 , (3.7

g["P],p—g("p)Ffpa] =0, (3.8)

g,—8l0n=0, (3.9
where

g=(—g)'". (3.10)
From (3.7) one also finds

8,0~ 8 Tion+87 T =0, (3.11)

8% o+ 87T o+ 84T =0, (3.12)
and from (3.9),

Do), v=T0pp - - (3.13)

We introduce some additional notation. A field

A....y... which is a function of g,, is defined as being
transposition symmetric with respect to the indices p and
v if with the replacement of g,, by g,, and the simul-
taneous interchange of the indices 4 and v of 4...,,...
the field is transformed into -itself. If the field is

transformed into the negative of itself, the field is defined
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as being transposition antisymmetric. It is clear that any
second-rank tensor which is a function of g,, can be
decomposed uniquely into a transposition-symmetric part
and a transposition-antisymmetric part. It also follows

from its definition in (2.2) that the displacement field I',

is transposition symmetric with respect to its indices u
and v. ]

We shall decompose both the contracted curvature ten-
sor R, and the tensor S, into parts which are transposi-
tion symmetric with respect to the indices u and v and
parts which are transposition antisymmetric. One finds
from (2.3) and (3.3)

R,,=R;,+R},, (3.14)
Suw=R3,—Rj, , (3.15)
where
Rpy= T p—Thpv—ThoT o+ Tl 50
+ 3 (Dot v+ Thpru— 215 o) (3.16)
Rﬁvz “%(r‘fup]'V'*' erpl,#—zrﬁvrﬁia]) : (3.17)

The tensor Rﬁv is transposition symmetric with respect to
the indices 4 and v, and the tensor R,‘fv is transposition

antisymmetric.
From (3.11) and (3.12) one finds

gpa,o'Rgu +gap,o'R;§p + 2gK0R .(S‘p”) rza
=g (R, Do) —Rpo o)) - (3.18)

If we place (3.2) in (3.1) and make use of (3.14)—(3.17) and
the definition of g*¥ given in (3.4), we obtain

gpaR gy,a +gapR ﬁp,a _ngaR f[-LK)FsU
=gpaRf§mu +87( R;mu +Rﬁmp “‘R;‘#,o —2R fvrzn
+2R {0 Tho) - (3.19)

From (3.18) and (3.19) we see that the contracted Bianchi
identities (3.1) can be written in the form

(87R,+87R}ip),0— 8 Rpo
— (R T 01— Riuo Tpx)

= gpa(R;a,u +Rﬁmp —R:#.a —2R lfv F;M

+2R {1 Tho) - (3.20)

If we decompose the fields gt and Rﬁv appearing on the
left-hand side of (3.20) into their symmetric and antisym-
metric parts, the Bianchi identities (3.20) will take a form
which we will find especialéy convenient later. Decom-
posing the fields g*” and R, as mentioned, and making
use of (3.8), one finds from (3.20),

N 1 (pKI RS 1 (o) S
(g(po)R(pp.)_TSZg pKR(pK)),a+ zng, R(px)“‘cy ’

(3.21)

where
C,=Cp+C, (3.22a)
CEl=+5gP"R{,0 01 » (3.22b)
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Cyi' = IRy Do)
+ 787 R:a,u +R:0,p _R;#,o —2R}, Tou

+2R fu Tho) - (3.22¢)

IV. AUXILIARY FIELD EQUATIONS

A. Preliminaries

In seeking the equations of motion of test particles in
Einstein’s theory, we shall find it convenient to supple-
ment the fundamental field equations (2.1) with a set of
auxiliary field equations. In preparation for this, we first
define in Einstein’s theory a covariant metric tensor a,,
and a contravariant metric tensor a*¥ through the equa-
tions

(__a)l/Zapvzg(y.v) , 4.1)

atfa,, =8, 4.2)

where a denotes the determinant of a M.w We also define
an electromagnetic field ¥, as follows:

'}’f;w] = %Eyvpag[ap] . 4.3)

The field ], is an oriented second-rank tensor field. We
shall show later that a,, is the natural choice for the
metric tensor and gravitational field in Einstein’s theory.
That y’f,w] is the natural choice for the electromagnetic
field has been discussed earlier.?

We next define a vector field i,

iy =Tl » (4.4)
an oriented vector field s,

sp=4(—a)""2a,, & MRT ;1 4.5)
and a symmetric tensor field Tyys

Ty =R — 58uya” Ry - (4.6)

The indices on i,, s,, and T, are understood as raised
and lowered through a*¥ and a,,. Thus, we have

ik=akPi, , 4.7)
s":a"”sp R (4.8)
THY=ata*T,,, T*,=TF=a"T,, . 4.9)

We also define a vector density i, associated with i,, an
oriented vector density s, associated with s,, and a tensor
density T, associated with T,,;

i,=(—a)%, , (4.10)
sy=(—a)""%s, , @.11)
T, =(—a)'?T,, . (4.12)

The indices on i, s,, and T,, are also understood as
raised and lowered through a*” and a,,. Thus, we have

(4.13)
(4.14)

i =aki, ,

st =ak’s, ,
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T =a"a"T,,, T¢,=T};=a"T,,. (4.15)

Finally, we discuss some notation. In the case of the
covariant differentiation of a tensor where the displace-
ment field is given through I'},, we have associated a -+
or — sign with the tensor indices. See, for example, (3.2),
and for a discussion of this notation see Ref. 20. In the
case of the covariant differentiation of a tensor where the
displacement field is given through the Christoffel symbol
{fiv}, where we define

{P ’::%a/"’(aw,v—i—aav,# —Quyo) s (4.16)

uv

we will associate no sign with the tensor indices. Thus,
we shall use the notation

. . ol M 1P
l#;}v=1ﬂ’h+lP lp}\, ]_ll" {p}\,} .

(4.17)
7 P
I——T
a=sa+s px]“s"{p ] (4.18)
THY A =TH A+ T ¢ +T“? W P (4.19a)
’ : pA PA 2% R
P I3 p
TMWA.:TVM;A:TV“,]L_T,;“ [’V)u +Tvp P)\- _TVM Pk] .
(4.19b)

B. Identities

We shall show that i#, s#, and T satisfy certain identi-
ties. Let us first look at i* and s*. From (3.8), (4.1), (4.4),
(4.10), (4.13), and (4.17), and from (4.5), (4.11), (4.14), and
(4.18), we find

i* =it =0,

N7 (4.20)

M

(4.21)
|

Bl
8 u=s",=0.

Cf =Yiw1s"

Next let us look at T**. From (4.15), (4.16), (4.19b), and
(4.2) we find

™, =a"T,”,,=a"

v v a
Tp,v—Ta pv

1
=qkP( Tpv’v_ Takl,pTKA)

=a(T, ,+5a" ,Ta) . 4.22)

From the definition of a’* we have

g(xk)vaK}tz [( _a)l/Z,pa KA+( _a)l/ZaKA,p]TKA , (4.23)
and from (4.12) and (4.23) we see that

a* Tag=g"" Ta—(—a)? a"™*T, . (4.24)
Making use of

a,= -—aa,,,la'o"p , (4.25)
and the definition of a**, it can also be shown that

( __‘1)1/2,p= -;—axkg(‘d),p . (4.26)

Making use of (4.2), (4.6), and (4.26) in (4.24), we find
a** Ta=g"" Ria) 4.27)

so that from the contracted Bianchi identities (3.21), the
definition of 7,7, and from (4.1) we have

Tpv,vz _%g(KM,pR?kM"_Cp .
Placing (4.27) and (4.28) in (4.22), we obtain the identities
T*,,=a*C, . (4.29)

(4.28)

Making use of (3.22), the definition of ¥7,,), and the defi-
nitions of T,,, i,, i*, and s*, we also find

Cgl =7[KV]( Txp - %akpa ATTk‘r)iv""( - -;—aKAR vxp)»_ %aWRKp - %Y[KMR vxpl'_ %V[K‘y]RKp )iv

+(— 57+ Far, Y Wy MINg iy — v,

The curvature tensor R*,,, and the “dual” electromagnetic field tensor y{#*] are defined through

K __TK K K
R VA= Fy.v,l. - Ful,v - rovrz}» + FQAFZv ’

y[uﬂ:( _a)—l/zg[,m .

C,=CF+cC), (4.30)
where

(4.31)

(4.32)

(4.33)

(4.34)

C. Field equations

From the analysis contained in Secs. IV A and IV B, we see that if through Eqgs. (2.2) one defines the displacement
field '}, in terms of g, and the derivatives of g,,, then the field g,, will satisfy identically the field equations®!

Mfup1=au,i*
s
Riur,p1 =(— @) €005

S 1 N
Riuw — 37a4,a”°R (po) =AupQyo TP,

(4.35)
(4.36)
(4.37)
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where the vector density i#, the oriented vector density s, and the tensor density T#", defined in terms of /¥, s, and

T, respectively, through
i#=(—a)!%i*,
st=(—a)l%sH
Ty.vz( __a)l/ZT;tv ,

satisfy the identities
i*,=0,
$“u=0,

T,'W;v: a ,up,y’fvp]sv_’_app,y[!w]( TKp - %axpa M,TM' )iv

(4.38)
(4.39)
(4.40)

(4.41)
(4.42)

1 A 1 1 A 1 .
+( Ta#KaP R Vpkk - Ta#KaPVRpK - Taw‘?’[p IR Vpx)»— 'fauK'}/[pv]Rpx i,

+( - %a#AY[KV];K+ %a/.tkapo,}/[xv],}/[pf]r\[o’lﬂ )iv;x+( - —;—a”A'V[KV] )iv;K}» .

(4.43)

In the special case where one chooses i#=0, s¥=0, and T#**=0, Eqs. (4.35)—(4.37) are Einstein’s field equations (2.1).
The auxiliary field equations which we shall find useful for investigating the motion of particles in Einstein’s theory

are obtained from Egs. (4.35)—(4.37) by setting

=3 f @ [TR(x)8(x —£)1dPs + 33 f e M ) 8(x =&, 2,dPs
p p i

st = 2 f (p) [§#(x)8(x _g)]d(p)s+ 22 f (p)[g-#?q.vJ»;(x)&(x ‘§>];A1~-vkid(p)s .
p p i

THY — 2 f (p)[T(;w)(x)S(x ——§)]d(p)s+ 22 f (p)[j‘:(#v)M..-A,-(x)S(x —§)];;.1---A,.d(ms .
p p i

In (4.44)—(4.46) a superscript (p) to the left of an expres-
sion means that those quantities in the expression which
are associated with a particle are to be associated with the
pth particle. The P& in (4.44)—(4.46) are the coordinates
of points along the world line of the pth particle,” and s
is a parameter defined along the world line through the
equations .

dPs?="Pq, dPgrd Ve . (4.47)

The field Pa uv appearing in (4.47) is understood to be the
external metric field, appropriately defined,” at the posi-
tion of the pth particle. In the case of a test particle,
?)q,,, represents the background field at the position of
the test particle. The tensor fields Pk, (prptha R
BT ) and O F @M A 04 the oriented tensor fields
P54 and P5** "M are defined in the vicinity of the pth
particle and depend on the structure of the pth particle,
on its kinematic properties, and on the external field in its
vicinity. Their explicit form will be discussed later. The
quantity 8(x —&) represents the four-dimensional Dirac
delta function. The indices on both x* and &* have been
suppressed in (4.44)—(4.46).

i
H

V. EQUATIONS OF MOTION

A. Auxiliary field equations

We shall investigate in more detail the auxiliary field
equations discussed in Sec. IV, that is, Eqgs. (4.35)—(4.37),
where i#, s#, and TV are given through (4.44)—(4.46). We
wish to show why and under what circumstances the auxi-
liary field equations can be used to find the equations of

(4.44)

(4.45)

(4.46)

I
structure and motion of particles in Einstein’s unified
field theory.

If we assume the expansion

gl“': 2 Kk(k)g,ul” (O)g;lvznyv ’ (5~1)
=0

for the fundamental field 8uv (K is the expansion parame-
ter), the auxiliary field equations can be put into the
form?*

'}/fpv,p] = nkaeyvpxi aaux » (5.2a)
Oyl = —s55™ (5.2b)
Dz?’([zv) - ?’(up)i’;— V(vmiﬁ + ﬂyv7’<pa)”’"= tz‘::x ’ (5.2¢)

where 7, is defined as in (4.3), and

Y ) ="pp o8P — My » (5.3)
and
i =y, (5.4)
S =218+ 0, R0 01 » (5.5)
t;l:'x = 20,50y, %+ (a;wapa - "va’flpa )R (S;;g)
—2(R{(j) — 5 R (p)) . (5.6)

The field Rﬁv is that part of the tensor Rf;,, which is non-
linear in g*—n*". On the left-hand side of Egs. (5.2b)
and (5.2¢) the indices have been raised with the Min-
kowski metric. From Egs. (4.37) we find

R?;_w) =Tpy— %a,wa”"Tpa , (5.7)

so that the field ¢}, defined in (5.6) can also be written
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tz‘i'x = 2TIW + (auvapa" ﬂpm””)( Tpa - —;'apoa KATKA )
—2R () — 3NuPR ) . (5.8)

Because of the general form of i#, s#, and T as given
in Eqgs. (4.44), (4.45), and (4.46) respectively, it follows, as-
suming the expansion (5.1), that we can always write

-kin

Nupl® =ik +il (5.9)

]

H

l-hc

3
Mo o

P [eMu, 18(x —PE)dPr+ 2T DB [ Wedt |5 U _0g)gio

P e, 18(x —P'g)dPr4 2T Pefuoy)-- 0,87 Tix —PE)APr
H c? - [no] §
p i
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2, =" +s (5.10)
Zappa Van0+ (auva’w_ ﬂuvﬂ””)(Tpa - %ap(,a KATKL)
=(—a)' 24tk (5.11)
where
(5.12)
(5.13)

1 & 1 &
(P)[mGu“uv+7S gpu”u,,«}— ) f,i,upuﬂ 18(x —Pg)d Py

€ p
47 44 s e s
+ —;2_ f (p)[ %Sgpuv_‘— %Sgpu,u 187(x _(p)g)d(P)T+ :,7 z z f ®'m ﬁm,][wz] e 0.'8 i U,(x —‘P)é‘)d("’T s
p i
(5.14)
and
. 4 L Py
ii="3 2 [ Pebx —P0d P+ LS 3 [0, 57 x gyt (5.15)
p p i
4 e,
SZZTZ— 2 f ‘P)byB(x _(p)g)d(P)T_'_% 2 Ef (p)b#m - 'P:a’pl Plx ~Pe)d'r (5.16)
4 ’ p i .
4 4 Py
t;;v=le S [ Pagdix —<P’§)d<ﬂ’r+c—’2’ S [ Pagp,... 8" Pix —0g)ar (5.17)
P p i
T
The quantities P =i it (5.23)
(P)eM, (p)eﬁ[wl] gy (P)eE’ (p)eﬁwl] ceioy s Szux =Sll:jn+s[ift , (5.24)
G (»).. G (5.18) tauxztkin+tint (5.25)
“”m G, (p)Sm,, P m[.‘“’d[""z] oy uv pv By .
.. where
in (5.12)—(5.14) can be regarded as characterizing the pth it :
particle and are functions of a parameter ?'r defined it=i, , (5.26)
i rticle th h ;
along the world line of (t})le pth particle throug s,’j" 1 o oxk g ﬁk,a] 4s z ’ (5.27)
.2 Peug ey (5.19) i
d\Pr? Nud DA PE t:‘,‘,= ...2(Ra]w) -—%nﬂvnp"R{Z,,))+th . (5.28)
ing the notation
We are using . 4 This means that the auxiliary field equations
Pyk=Pigr— —d—(;)gi . (5200  (4.35)—(4.37), where i* s¥, and T*” are given by
T

A dot over a quantity associated with the pth particle
means the derivative of that quantity with respect to ?'r.
We also assume with no loss in generality
G G
(p)slw: _(p)SV” ,
(

(5.21)

G (), G
p)m [po,llve,] - 0; = P'm [vo,llpoy] - 0; - (522)

All indices in (5.12)—(5.17) are to be understood as raised
and lowered with the Minkowski metric. ’I('l}e quantities
<1’)c,u, (”’cm,l...p'_, “”bﬂ, (p)bﬂpl"'m’ 20 'and
“”a(’w,p“.. p, in (5.15)—(5.17) will generally be functions
of )7,

We see from (5.4), (5.5), and (5.8)—(5.11) that we can
write

(4.44)—(4.46), are at each order with respect to the power
series in k entirely equivalent to the field equations used in
the author’s papers RVI and RVII (See Ref. 4) to find the
equations of structure and motion of particles in
Einstein’s unified field theory.”> The approximation
method used in papers RVI and RVII to find the equa-
tions of structure and motion of particles in Einstein’s
theory is called the conservation law method.

In papers RVI and RVI], it is shown that the conserva-
tion law method gives at each order of approximation
with respect to the powers of k the same results for the
equations of structure and motion of particles as an earlier
approximation method described in the author’s papers
RI-RYV, in which the field equations analyzed were the
fundamental field equations (2.1), and particles were
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represented by regions of space-time in which the field
was very strong, i.e., the regions were very nonflat. The
earlier approximation method made use of the expansion
(5.1) and thus could only be expected to be valid when in-
vestigating particles which are sufficiently far from each
other. The order of magnitude of these distances are dis-
cussed in the earlier papers and in the introduction to this
paper. Under the restriction that the particles are suffi-
ciently far from each other so that the approximation
method can be considered valid, it was shown that parti-
cles in Einstein’s unified field theory could be regarded as
characterized by the quantities, which we shall call mul-
tipole moments, given in (5.18). If the number of these
moments characterizing a particle was finite the particles
were called standard ideal particles.?

What we have found in this section of the paper is the
following: if one uses the auxiliary field equations
(4.35)—(4.37) and (4.44)—(4.47) to find the equations of
structure and motion of particles characterized by the
quantities (5.18), one obtains equations of structure and
motion which, if one expands them in a power series in «,
will be identical to each order in k with those obtained us-
ing the author’s approximation method described in pa-
pers RI—RV. The auxiliary field equations can thus be
used to find the equations of motion of particles in
Einstein’s unified theory—and also in Einstein’s gravita-
tional theory since that theory is a special case of the uni-
fied field theory—under the same conditions for which
the author’s earlier approximation method is valid.

However, there is a difficulty in using the method
which one also finds in using the conservation law
method. If one uses the auxiliary field equations one
I

T, = a*Pyy, p18"+a 1Py Lev)( Ty— +a xpd ML,

+(—1at*a PARY Kk——a‘“‘a”"RpK—

+ (— 7a”}"y[KV];k+ ?aykapay[KV]V[pT]kaf] )iV;K_ %a’m'y[’w]iv;x}» ’

% a MK” ek ]R vpkl
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finds that certain terms appear in the equations of struc-
ture and motion of a particle whose values are not deter-
mined through the formal use of delta-function notation,
and therefore one must determine the contribution of such
terms to the equations of structure and motion through
some other method—for example, through the method
described in the author’s papers RI—RV. In the case
where one restricts oneself to finding the equations of
structure and motion of particles in the test-particle limit,
however, these terms do not appear, so that in this case
the equations of structure and motion can be completely
determined through the use of the auxiliary field equa-
tions. Test particles will be discussed in the next subsec-
tion.

B. Test particles

We define a test particle in the following way. If one
neglects the self-interaction terms in the equations of
structure and motion of a particle (i.e., those terms in the
equations of structure and motion which are nonlinear in
the multipole moments which characterize the particle),
and if one neglects the effect of the particle on the exter-
nal field in its vicinity, then one is investigating the equa-
tions of structure and motion of the particle in the test-
particle limit. A particle which is being studied in the
test-particle limit will be known as a test particle. If, in
addition, the particle can be described through a finite
number of the mulitpole moments, then it will be known
as a multipole test particle.

From the analysis in the previous sections we know that
the exact equations of structure and motion of a multipole
test particle must be consistent with the equations

(5.29)
(5.30)

_ %a""y[”"]RpK i,
(5.31)

where over a region of space-time enclosing the world line of the test particle but not enclosing the world line of any oth-

er particle,

= [ THx)8(x —§>ds+2f[7"‘l"'
s#—fsﬂx)ax—g)ds+zf[~"l '
= [ T¥x)s x—§)ds+2f[~(”m‘

Mx)8(x —E)L, .. 1, ds
- A;
(X)8(x —E)la, -

(08(x —£)]a, . 1,ds

; (5.32)
2,5, (5.33)
(5.34)

We shall call the quantities i* and s* in (5.32) and (5.33) the electromagnetic current densities associated with the mul-
tipole test particle, and the quantity T** in (5.34) the energy-momentum tensor density associated with the particle.

Equations (5.29)—(5.34) will completely determine the equations of structure and motion of a multipole test particle in
a given background field. We shall illustrate this in Sec. VI where using (5.29)—(5.34) we shall find the complete equa-
tions of structure and motion of a neutral pole-dipole test particle in both Einstein’s unified field theory and Einstein’s
gravitational theory. In papers II and III of this series of papers we shall use Egs. (5.29)—(5.34) to find the equatlons of
structure and motion of charged test particles in Einstein’s unified field theory.



31 TEST-PARTICLE MOTION IN EINSTEIN’S ... . L ... 1245

VI. NEUTRAL TEST PARTICLES

A. Preliminaries

We shall confine our study in this section to neutral multipole test particles in Einstein’s unified field theory for which
all electromagnetic multipole moments vanish. Over a region of spacetime containing such a neutral test particle Egs.
(5.29) and (5.30) are identically satisfied, since

i“=0, (6.1)
s#=0, (6.2)
and Egs. (5.31), which must also be satisfied, take the form
™., | =T+ + T # ‘ =0, ) (6.3)
; , pv
where
™= [ TWmsx —&ds+ 3 [ [T*™ Mxsx —£)],.. 2,5 6.4)
i
and '
[K =3a"(a,, y+ 0, —ay,,) 6.5
uv|=2 pry T Qpvip —@uvp) s .
ds’=a,,dE*dE" . (6.6)

The field a,,, in (6.5) and (6.6) is the background field in the vicinity of the test particle. The coordinates of points along
the world line of the particle are denoted by £*.

B. Pole-dipole test particles

We shall use Egs. (6.3)—(6.6) to find in a given background field in Einstein’s unified field theory the equations of
structure and motion of a neutral pole-dipole test particle for which all electromagnetic multipole moments vanish. For
such a particle (6.4) takes the form

™= [ TWx)8(x —&)ds+ [ [T#"x)8(x —&)],ds . 6.7
If we make use of the definition of covariant differentiation discussed in Sec. IV, and make use of the identities

S(x) f g(s)8(x —&)ds = f [f(&)g(s)]6(x —&)ds , (6.8)

f(x) fg(s)S,,,(x —§&)ds = f [f(&)g(5)]8 ,(x —é‘)ds——_f Lf o(8)g(s)]8(x —£&)ds , (6.9)
Eqgs. (6.7) can be put into the form '

™= [ [T®*)5 (x —&)ds+ [ T4 4. T (e LDVU +T 0P :0 l 8(x —&)ds , (6.10)

where the quantities in the brackets are understood as evaluated along the world line £ of the test particle and are func-
tions of s.
If we make use of the definition of T*",,, see Egs. (6.3), we find from (6.10) that

~ ~ ~ v ~ ~
Tﬁtvw= f[T(uv)x]a’Kv(x ——§)ds+ f T(uv)+T(MP)o . +T(Vp)a ;]—FT(”U)V{;] S,V(x —£)ds
~ ~ ~ A
+ f T (po) :’cr _ T poix 'l; K+2T(po)x pK]lcf?L 8(x —&)ds , (6.11)

where the quantities in brackets are functions of s. From (6.3) and (6.11) we shall find the exact equations of structure
and motion of the test particle.

From (6.11), making use of the fact that (6.3) must be satisfied, one can show that there is no loss in generality in
choosing T #¥* to be of the form?’

T(uv)xz _ZLs;uch+ _%_SVKU}L . (6.12)
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In (6.12) the quantity S*" is an antisymmetric second-rank tensor characterizing the test particle,

SHY— S (6.13)
and
s
yr=9 (6.14)
ds
Placing (6.12) in (6.11) one finds
™, = f [5SHU"18 (x —E)ds
+ [ |T®y Ssweye U tsweye P s (x —£ds + [T o Lseoyeres,, |50 —€)ds
2 po 2 po v po 2 Kkpo .
(6.15)
We are using the notation
7 7 plA poA
“w — —
K o= [KP] [KU] [MHW}* {M”KP]’ 619
in (6.15). The field R"‘“Kp‘, is the curvature tensor associated with the background field apy-
One also has
J 1550 tx —)ds = [ |5 15 (x — 15
- DS® _ supgye{ ¥t _gove | H
=f [ D5 ~SHU oo [~V 5o [ Bt —£)ds 6.17)

where we are using the definition

DSH dS"
“Ds ds

The quantity DS*¥/Ds, known as the absolute derivative
of the tensor S*¥ with respect to s, is a second-rank ten-
sor. Making use of (6.17) in (6.15) we find

™= f
+ [T

——+S7

pa‘U"—J—S””[p ]U" (6.18)

8 (x —&)ds

1 DS*
T(pv)
+2 Ds

(pa) [

We must next investigate further the integrals appear-
ing in (6.19). The first integral in (6.19) can be written

— $SPOUR*,, |8(x —£)ds .

(6.19)

Ii= [ Y"8 (x —£)ds (6.20)
where

yr =Ykl yw) (6.21)

YEI =T v | (6.22)

v

yil= 2 85 (6.23)
With no loss in generality, one can always write?®

YW =*y W XrUY+ X U*+ MUPU”Y , (6.24)

yl=*ylwl  yryv—y U+, (6.25)

where M is a scalar characterizing the test particle and

YWy, =o0, * Y““’]UV=O , (6.26)
X*U,=0, Y*U,=0, (6.27)
where
U“=am,U". (6.28)

This means that the first integral in (6.19) can be put into
the form

L= [ [*YW 4yl X UR_ YYUR]S (x —£)ds

+[
If we then make use of (6.29) in (6.19), we find
T™,= [ [*Y* YW X Uk Y U1S (x —£)ds

+J

%(MU"+X“+ YH) |8(x —&)ds . (6.29)

4a u (7 1y 4 T (po) ®
ds(MU +XF+YH*)+T por

—5SP°U*R oo |8(x —E)ds . (6.30)

Since (6.3) must be satisfied, it follows from (6.30)
that?®

ryw prywl_yvur L XU =0, (6.31)
which is equivalent to
Y=o, *ylri=0, yr=x*. (6.32)
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Making use of (6.32) in (6.30) we find . D DSHP
p ™= [ | 55 [MUF+7, U, |~ 3SR, U"
THY. — L (MU*1oxH
= [ [ (MUt 42X)
X8(x —&)ds (6.39)
o |1
T $SPCUR*F,,, | 8(x —£)ds . :
+ PO ] x —6)ds where we have made use of the definition,
6.33
(6.33) DA* _ d4a* {M 4PU° (6.40)
If, in addition, we make use of (6.24), (6.25), and (6.32) in Ds ds po

(6.22) and (6.23), we find

of the absolute derivative DA*/Ds of an arbitrary vector

T 9 = MUPUY + XPUY+ X U* , (6.34) A* defined along the world line £*.
Since (6.3) must be satisfied, we see from (6.39) that
v neutral pole-dipole test particles for which all electromag-
DS =2XFUY—2X"U*, (6.35)  netic moments vanish obey the equations of mass and
Ds motion
and from (6.35) one has DP* 1
——SP°R* U = (6.41)
xu= 1 DS (6.36) bs 2
2 Ds * where
Placing (6.36) in (6.34) we see DSHP
up w PE=MU*+ T U (6.42)
Tw= =MUFU"+— 1 DS UPUV+1——DS U,U*,
Ds 2 Ds From (6.38) we also see that the particles obey the equa-
(6.37)  tions of spin
and placing (6.36) in (6.35) gives Dg'” _ D;"" U U+ 2?__ U,UF=0 . (6.43)
s s
DS*  DSHP DS
= U,U”— U,U* . (6.38)  If we make use of (6.12) and (6.37) in (6.10), we find that
Ds Ds Ds

the energy-momentum tensor density T#" associated with
these test particles is given by

Finally, making use of (6.36) and (6.37) in (6.33) we find
' ]

= [ [$5#U”+ $S™UM8 (x —£)ds

+ [ |murvr+ U, U+ (6.44)

np
; DS 8(x —§&)ds .

1 DS
2 Ds
The particles are characterized by a mass M and a spin S#*. The physical interpretation of M and S** follows from the
form of the equations of structure and motion (6.41)—(6.43).

In the special case of Einstein’s gravitational theory, the equations of structure and motion (6.41)—(6.43) were first ob-

tained by Papapetrou®® using a method different from the method described in this paper but related to it. Papapetrou
assumed Egs. (6.3) in Einstein’s gravitational theory and then studied the relations among integrals of the form

J™dix, [ (xP—eTa%, [ (xP—EP)x7—E)THdx,

u
B up 4 vp o
U Ut+ 5 18 [p ]U S [pa]U

(6.45)

which are imposed by (6.3). From a study of these relations he arrived at the equations of structure and motion
(6.41)—(6.43) for pole-dipole test particles in Einstein’s gravitational theory.

It is clear that Papapetrou’s method and the method described in this paper give identical results for the equations of
structure and motion of multipole test particles in Einstein’s gravitational theory. For the case of neutral pole-dipole test
particles we illustrate the relationship between the two methods for finding the equations of structure and motion of test
particles, by evaluating integrals (6.45) using (6.44), and then checking to see that the results obtained using the method
described in this paper are identical to those obtained using Papapetrou’s method. From (6.44) one finds by direct in-
tegration

(6.46)

st
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J (P =P @ = | S(SPHU-SPU) 4 H(SHU ST

P
=, (6.47)

and all other integrals of the form (6.45) vanish. From Egs. (2.7), (3.5), (3.8)—(3.10), (4.1), (5.1), and (5.2) in Papapetrou’s

paper, one also obtains for | T**d 3x and

(xP—EP)T*d x the expressions given in (6.46) and (6.47), while all other in-

tegrals of the form (6.45) vanish for pole-dipole particles. The two methods thus give identical results.

C. Pole test particles

From (6.41)—(6.43) we see that in Einstein’s unified
field theory the equations of structure and motion of neu-
tral pole test particles possessing no electromagnetic mul-
tipole moments are given by

N
2 o, (6.48)
where
PE=MU* . (6.49)

The particles are characterized by a mass M. Equations
(6.48) and (6.49) are equivalent to the equations

"
dd—li+ ;; UPU® =0, (6.50)
%z (6.51)

Therefore in Einstein’s unified field theory, such neutral
pole test particles move along geodesics in the background
field a,,. This justifies our earlier statement that a,, is
the natural choice for the metric tensor and gravitational
field in Einstein’s unified field theory.

APPENDIX A: a,, AND a**

We assume that the fundamental field g,, exists and
has a nonvanishing determinant g over the region we are
studying. This means that g is finite and that g=40.
Under these conditions the field g*¥ exists and is uniquely
determined through Egs. (3.5). We also assume that Egs.
(2.2) determine, as a function of g,, and its derivatives, a
unique and finite field I'}, over the region. Under these
conditions it follows that both the fields g(,,) and g**
have nonvanishing determinants over the region. That
under these conditions the field g(,,) has over the region a
nonvanishing determinant—which we denote by h—is
shown in Ref. 31. Under these conditions it is also shown
in Ref. 32 that-

g’=hh , (A1)

where the quantity % denotes the determinant of g,
From (A1) we see that the field g'** will also have a non-
vanishing determinant over the region. This means that
the fields a,, and a**, defined in Sec. III through Egs.
(4.1) and (4.2), exist over the region and that a540.

APPENDIX B: T (v

The tensor 7 #**, which appears in the equations

T(;w)__i_ f(,up)o

™= [ TW* (x —&)ds+ [

v T (vp)o o
po +T pos 8(x —&)ds , (B1)

can with no loss in generality always be written as a function of the four-velocity U¥,

pu_ dE"
ds ’

(B2)

and tensors perpendicular to UM. This we shall now show. If we define *T'*V% *T* *T* and 4** in the following

ways,

* vk T (uvix__ ]'“-7 (uv)aUa U—-T (;uz):cU‘z UY— T’(va)an U*+ f(ua)ﬂUa UBU‘VUK+ T (va)ﬁUa UBU"UK

+ T @By, UgUrUY—T “PYU, UpU, UFUU* , (B3)

‘T =T wary, T wDBY, UgU*—T “P*U,UgU* + T *P7U,UpU, UFU* (B4)

*T*=T Py, Upg—T “PYU,UgU,U*, (BS)

AW =T Wwvay_ (B6)
where

U,=a,U", (B7)

we find



31 TEST-PARTICLE MOTION IN EINSTEINS ... . L ... 1249

*TWRy, =0, *TW*Y, =0, (B8)

*TOUY, =0, *T*U,=0, (B9)

*T*U, =0, | (B10)
and

T vk _* T (v)k_| « TRpgy L * TRVE L *TRURUY 4 4 BIUX | (B11)

Furthermore, since

J 49078 (x —£)ds = [ [4%) UB(x —£)ds

= [ (4", U 18(x —&)ds+ [ | -4l :Klv A“’")l }U" 8(x —&)ds , (B12)
we also find
J AT W8 (x —g)ds+ [ |AT oo 1p +AT ) ;f, ] 8(x —&)ds= [ AT ¥s(x —£)ds , (B13)
where
AT"(.“V)":A(I‘V)U" , (B14)
AT([IV)=A([£V);KUK= [A(uv)’x_’_A(av) H ]+A(ap) {0 ]]U‘ (B15)

This means that the term 4*YU* in (B11) is equivalent to a term 4%, U*in T **). This follows from the form of the
right-hand side of (B1). Therefore, since T ("V’ is arbltrary at this stage of the analysis, there is no loss in generality in
choosing

AT(MV)K=A(M‘V)UK=__%_(*TMU‘V_'_*TVU;I)UK , (B16)
and thus T ) can, with no loss in generality, always be considered to take the form

T (pv)x _* T([tv)x_,_ %SMKUV_*_ %SVKU’L R (B17)
where we are using the abbreviation

SEY=2*TY" 4 *T UF_*THU" . (B13)

We have succeeded, with no loss in generality, in writing T *** as a function of U¥ and the tensors *T'#¥*, *T#¥, and
*T* perpendicular to U*.
From (6.3) and (6.11) we see that the form of the tensor T *** must be such that

v ~ ~
f T(,uv)xs Ax —E)ds + f (pv)+T(yp)a [pa +T(vp)a [/fa +T(pa)v ;Lg-l S’V(X —E&)ds
T (po) M = (o | # T (po )k A ®
+ f T p o T ” 42T o | Jor 8(x —§)ds=0. (B19)
K

Placing (B17) in (B19), we find the first integral on the left-hand side of (B19) takes the form

[ 13T o) L LSOOURLS (x —E)ds + [ [55HUY1S fx —E)ds . (B20)
Making use of (B20) and the identity

[ 135U efx —Eds = [ [38*", U186 (x —§)ds , (B21)
we see that Egs. (B19) can be put into the form

[ cH8 fx —£)ds + [ € x —£)ds+ [ CHB(x —§)ds =0, (B22)
where

B _ % (T WK xplwovy L Lgage (B23)

and where
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cr™y, =0 .

Applying the theorem discussed in Appendix D, this means we must have

%(‘T(’“’)K-}-*T(MK)V)—{—%S(VK)UM—-—'-O .
From (B8) and (B25) it follows that
*Tr=0, §¥=0.

Therefore we see that there is no loss in generality in choosing T ¥ to be of the form

T (pvik _ IS;LKUV+ vaUp

where S#Y in (B27) is an antisymmetric second-rank tensor which characterizes the test particle.

APPENDIX C: Y*") AND YI#]

We first investigate the tensor Y'**). Defining the ten-
sors * YY), X*, and M through the equations

* Y(;w)= Y(;w)_ Y(;ux)Ua Uv— Y(va)Ua U
+Y@PUu, UugUurU”, (cn

XM= Y(puz)Ua _yleB U,Ug U*, (C2)

M=Y"PU, U, (C3)
where

Ur= —5—, U,=a,U", (C4)
we find

*Y®WU,=0, XtU,=0, (C5)
and

Y=ty L YUY+ XYUF+ MUFU” . (Ce)

We next investigate the tensor Y#*], Defining the ten-
sors *Y{#] and Y* through the equations

ryll=yll_yleely yvy ylely, o, (€7

yr=ylely, , (C8)
we find

*y»ly, =0, y*U,=0, (€9
and

yluvl = yluv] +YEUY—YYU* . (C10)

APPENDIX D: THEOREM
We shall show that the requirement
J € $)8 a(x —E)ds + [ CMs5)8 3(x —E)ds
+ [ Cs)8(x —g)ds=0, (DD

supplemented by the conditions

c*My, =0, (D2)
implies
cM=p, (D3)

(B24)
(B25)
(B26)
(B27)
f
and supplemented by the conditions
c*My, =0, C*Up=0, (D4)
implies
c*M=0, c*=0, C=0. (D5)

If we evaluate the integrals appearing in (D1), we find
(D1) takes the form

A8, (x—E)+B' ,(x—£)+Co(x—£)=0,  (D6)
where
AP — _(%4__[ C(rs)__( Ur/U4)C(4s)__(US/U4)C(4r)
+(UT/UNUS /UHC™T, (D7)
E'=~l—};[ (U’/U4)C4+2 L(ct /Ut
44) ;i B rrr pr4
—(C" uty—=—(U"/U*)
ds
Y U’/U“)%(C““"/U“) (D8)
~_ 1 A ||, 8 s e 4
C= o C+— c+ds(c /ub (Ut L, (DY)

and 8(x— &) is the three-dimensional Dirac delta function.
Condition (D1) requires

A"=0, (D10)

Br=o0, (D11)

C=0. (D12)
From (D7), (D10), and (D2) one finds

c*M=p, (D13)
and from (D7)—(D12) and (D4) one finds

c*=0, c*=0, C=0. (D14)

Thus, the requirement.(D1) supplemented by the condi-
tions (D2) implies (D3), and the requirement (D1) supple-
mented by the conditions (D4) implies (D5).
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