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By means of a Riemann normal coordinate expansion for the metric and a momentum-space rep-

resentation for the Green s function, we derive in analytic form the one-loop effective Lagrangian
for a A,P theory in curved spacetime which is exact to all orders in A, and includes variation of the

background field up to the second order. Ultraviolet divergences are removed by small-proper-time

expansion and dimensional regularization. We obtain a generalized expression for the a q

Minakshisundaram-DeWitt coefficient of the scalar wave operator with spacetime-dependent back-

ground field. A set of renormalization-group equations for the coupling constants of the theory is

obtained, which can be used for analyzing their curvature and energy dependence. An alternative

derivation of the effective Lagrangian is presented via the heat-kernel technique for anisotropic har-

monic oscillators. Our result is useful for the study of quantum processes in the early universe or
black holes under conditions where spacetime curvature and dynamical field effects are important.
When suitably generalized, the effective Lagrangian obtained here in the form of a quasipotential

should provide an improvement over the flat-space Coleman-Weinberg potential assumed in most
discussions of the new inflationary universe. Possible directions for developing our method for more

general problems are also discussed.

I. INTRODUCTION

Developing theories of interacting quantum fields in
curved spacetime' is useful for the study of problems re-
lated to quantum processes in the early universe and near
black holes, as well as to the unification of elementary-
particle interactions with gravity. This includes multipar-
ticle production, phase transitions in cosmological and
black-hole spacetimes, and the renormalization-group
analysis of the behavior of coupling constants in grand
unified theories at high curvatures. Recent theoretical in-
quiries into curved-space interacting field theory have
focused on the renormalizability of abelian theories such
as A,P or scalar electrodynamics, and non-abelian gauge
theories, where noncovariant, state-dependent counter-
terms problematically appear. ' Methods employed
range from the use of the interaction picture67 and
operator-product expansion in canonical quantization, to
loop-expansion, momentum-space techniques, ' renor-
malization-group analysis, " and background-field
methods' in path-integral quantization. While perturba-
tive expansion in the coupling constants is useful for ex-
amining the divergences up to a finite-loop order, the
knowledge of an exact Lagrangian is essential in treating
problems of a nonperturbative nature or those which in-
volve nonlocal properties of spacetime, such as instanton
solutions and symmetry-breaking processes. Most previ-
ous calculations where exact (to one-loop) forms of an ef-
fective Lagrangian are derived have been for static (e.g.,
Einstein universe' ) or maximally symmetric spacetimes
(e.g., de Sitter universe' ), whereas problems in cosmology
deal almost exclusively with dynamic spacetimes.

Part of our aim in constructing an effective Lagrangian
incorporating the effect of time-dependent background

fields is to study quantum processes in the early universe
from the grand unification (GU) time (toU —10 sec)
when the strong and electroweak forces are believed to be
unified to the Planck time (t'ai —10 sec) when quantum
gravitational effects become important. Dynamics of the
background spacetime (with metric g&„, as governed by
the Einstein equation) dictates a corresponding change in
the background field tI) (via the wave equation) which acts
like a time-dependent order parameter. In this regard, it
is perhaps noteworthy that much of the previous work on
GU phase transitions' is inconsistent because its premise
is an effective potential [e.g. , the Coleman-Weinberg (CW)
potential in the new inflationary universe' ] derived from
flat-space quantum field theory, yet the background
spacetime remains dynamic (be it de Sitter during, or
Robertson-Walker before or after, inflation). In particu-
lar, the background Higgs field P is usually assumed to be
constant, which enables one to work with an effective po-
tential. At best, this can be regarded as an approximation
to the true picture at the GU time. Its validity has to be
examined more closely with realistic cosmological solu-
tions and field parameters. While close to the Planck
time, it is almost certain that the flat-space result would
not hold in general, as the changing background field
would contribute more to altering the symmetry behavior
of the system. This regime may include many important
symmetry-breaking processes associated with possible
quantum gravity, ' induced gravity'8 (at —10'9 GeV),
Kaluza-Klein'9 or supersymmetry ( —10 GeV)
theories. At the Planck time, phase transitions will be
complicated further by "dissipative" processes like parti-
cle production, ' requiring a rather different treatment.
The quasilocal techniques studied here, which account for
a slowly varying background field, would have to be aug-
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mented or replaced by nonperturbative methods similar to
those necessary in critical dynamics.

In this paper we construct an effective Lagrangian for
theory in curved spacetime which takes into account

the lowest-order radiative correction (one-loop approxima-
tion, first order in A') up to the second order in the varia-
tion of the background field L ($,8$, 8 P), but exact to all
orders in the coupling constant A, . Generally, the result is
valid for slowly varying background spacetimes and back-
ground fields. (The exact range of validity in realistic
cosmological situations will depend on the functional
form of the background metric and on the time the ob-
server adopts —cosmic, conformal, or otherwise. ) In Sec.
II we use the Schwinger-DeWitt proper-time formal-
ism ' for the derivation of the effective Lagrangian.
The field is expanded in a Taylor series around an arbi-
trary spacetime point and the Green's function is sought
from a solution of the inhomogeneous wave equation.
For homogeneous spaces where the field changes only in
time, this is related to the quasi-adiabatic expansion
method which has been used for free and interacting
fields at zero and finite temperature. In this expansion
if only field variations up to the second order are kept, it
is observed that the effective Lagrangian can be cast in an
exact analytic form. This is made possible by a
reduction-to-quadrature procedure for the momentum
variables in the functional integral. First used by Brown
and Duff and Iliopoulos, Itzykson, and Martin in flat-
space field theory, this procedure can easily be extended to
curved space with local momentum-space techniques. We
use a Riemann normal coordinate expansion for the
metric and the momentum-space representation for the
Green's function (in the manner of Bunch and Parker' )

to derive the one-loop effective Lagrangian [Eq. (2.29) and
(2.30)].

Processes involving quantum fields in a dynamic space-
time can usually be analyzed using the prototype model of
a time-dependent harmonic oscillator. In Sec. III we
present an alternative derivation of the effective Lagrang-
ian by working with the heat kernel of such a systein. 3'2s

Making use of the known characteristic functions (Her-
mite polynomials} of the harmonic oscillator, one can
derive the "exact" forin when variation of the background
field only to the second order is included. The zero mode
of the spectrum is easily identified in this way, thus facili-
tating study of the infrared properties of the system for
symmetry-breaking prob1ems. With the well-studied
mathematical properties of the harmonic oscillator, vari-
ous methods from quantum mechanics can be used as a
guide to getting better analytic results with realistic
cosmological parameters. Using this method for anhar-
rnonic oscillators one can also extend the present quasilo-
cal approximation to higher orders, thus encompassing
more rapidly varying fields in homogeneous cosrnologies.

In Sec. IV, we discuss the removal of ultraviolet diver-
gences by the standard method of small-proper-time ex-
pansion and dimensional regularization. We are able to
derive a generalized expression for the a2 Minak-
shisundaram-DeWitt coefficient ' of the Laplace-
Beltrarni operator with a spacetime-dependent back-
ground scalar field. From the counterterms we obtain a

set of renormalization-group (RG) equations for the cou-
phng constants and various parameters of the theory 5.
This includes all the equations we obtained earlier based
on a g-function regularization calculation for the Ein-
stein universe. ' lt also yields the RG equation for the
coupling constant of the conformal-tensor-squared term,
as the background space considered here is complete1y
general. Since the result is insensitive to the large-scale
properties of the background field, it can also be obtained
by any local expansion method. Solutions to these RG
equations which govern the strength of the coupling con-
stants as a function of energy and curvature should be
useful for the analysis of spacetime-curvature effects on
elementary field interactions. The final result for the re-
normalized one-loop effective Lagrangian is displayed in
Eq. (4.22). In Sec. V, we discuss the possible extension of
our method and the application of our result to related
problems.

II. EFFECTIVE LAGRANEHAN

Consider a massive (m) scalar field P with quartic
self-interaction (A, ) coupled to a background spacetime
with metric g& and scalar curvature R. It is described by
the Lagrangian density

(2.1)

where is the Laplace-Beltrami operator in n dimensions
and the constant g'=0, 1 denotes conformal and minimal
coupling, respectively. This action has a minimum at
P =P, which satisfies the classical equation of motion

CI+(1—g)—+m +k /=0.R
6 6

(2.2)

Quantum fluctuations P—:P —P around the classical back-
ground P satisfies an equation of the form (to lowest order
in P)

(Cl+M )P(x) =0 (2.3)

In the functional-integral perturbative approach, the ef-
fective action which is related to the effective Lagrangian
~.ff by

I [k,gi. l =J d'~& g&.rr— (2.5}

is expanded in powers of A as

r[0]=S[4]+I'"+r', (2.6)

where ~ =M +(1—g)R/6 is an effective mass which
depends on the background curvature R, the coupling g,
and on the background field P via M —=m + —,'A, P .
When contributions from quantum fluctuations are in-
cluded, the equation satisfied by the background field P
contains an extra term due to the variance of the fluctua-
tions, i.e.,

Cl+(1 —g)—+m +A, +A, /=0 . (2.4)
&0'&0-

6 6 2
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where S[P] is the classical action

S=f d4xv' g—l.qo',

Lp ' ———90$ ——,
' P(x) +(1—g)—+m P(x)

6

w 4

41
(2.7)

The term OClg contributes only for spacetimes with
boundaries. It is introduced here in anticipation of the re-
normalization of the full theory. [See (4.18).] The one-
loop effective action is given by

I'"=— ln[Det(G)]= J d x& gI."'—
2

(2.8)

=5(x,x') . (2.9)

In a static homogeneous spacetime P is a constant field, in
which case one can define an effective potential
V(P)= —(vol) 'I (P), where vol denotes the spacetime
volume. In dynamic or inhomogeneous spacetimes,
changes in time or space according to the scalar wave
equation (2.2). Under such conditions the effective poten-
tial is ill defined. Instead, one has to work with the effec-
tive action I (P). If the background field changes gradu-
ally, one can carry out a quasilocal expansion around any
spacetime point x", including its spatial or temporal
derivatives, up to a finite order:

P (x')=P (x)+P „(x)(x' x)"—
+ —,

'
P ~,(x)(x' —x)"(x'—x)"+ . . (2.10)

The effective Lagrangian will then be a functional of BP,
8 P, etc.,

(2.11)

The effect of a slowly varying background field on quan-
turn processes such as symmetry breaking can be derived
from such an effective Lagrangian. For spatially homo-
geneous backgrounds as in cosmological situations where
the field changes only in time, this Lagrangian is related
to the adiabatic expansion method which has been used
previously for free and interacting fields7 in zero-
temperature and finite-temperature (FT) quantum
theories. The Taylor expansion used here and the adia-
batic expansion are not always equivalent in that the defi-
nition of an adiabatic vacuum state (or adiabatic n
particle state in FT theory ) is devised such that there
will be no particle present to within a definite adiabatic
order. Although one can loosely say that terms with nth
derivatives are of nth adiabatic order, the reverse is not al-
ways true. Terms of a definite adiabatic order, say, in the
energy density, usually involve combinations of terms of
the same derivative order and products of terms of lower

and I" denotes higher-loop contributions. G here is the
(bare) Feynman Green's function, which is a solution of

A 2
v' —g H+(1 —g)—+m +A, G(x,x')

6 2

+ 0 ~ ~ (2.12)

where 21&, is the Minkowski metric (+1,—1, —1, —1)
y =x —x and the coefficients in this expansion are
evaluated at y =0. The Green's function G(x,x') for the
fluctuation field P satisfies the inhomogeneous form of
Eq. (2.3),

[0+~ (x)]G(x,x')=( —g) '/ $(x,x') .

Define i

G(x,x') =(—g)'/ (x)G(x,x')( —g)'/ (x')

(2.13)

~=(—g)+' (&+~ )( —g)

We can write

(2.14a)

where

(g) i/4[()(g)1/2gpvg(g)1/4]+~2
(2.14b)

The Lorentz invariance of the momentum-space represen-
tation of G implies that g" in B~""8,becomes 2)" . Ex-
pressing V with the Riemann normal coordinate expan-
sion for gz gives the following equation to quadratic or-
der in y [this agrees with Eq. (2.19) of Bunch and Park-
er"]:

(rl""d„d„+a'+13~"+ ,' y „„y"y")Gy) =&(y—),

where

(2.15)

derivative orders. The definition of particle states associ-
ated with adiabatic expansion has a precise physical
meaning but not so for the simple Taylor expansion as in
(2.11) beyond incorporating the nonlocal characteristics of
the background field. In the latter, a choice of Riemann
normal coordinates could be replaced by Fermi normal
coordinates possibly resulting in a change in the definition
of particle state. The range of validity of these expansions
in realistic calculations will of course depend on the
choice of time coordinates and the functional dependence
of the background metric and the dynamics of the back-
ground field.

Previous analysis of interacting fields has largely relied
upon perturbation expansions in order of the interaction
constant. For example, Bunch and Parker' have given a
momentum-space representation of Feynman propagators
in curved space and derived the form of the Green's func-
tions for some low-order terms in A, in a A,P theory. In
our present treatment we will use their momentum-space
technique to solve for the Green's function, but show that
an exact analytic form can be derived if only
background-field variations up to the second order are in-
cluded. Thus, in a local Riemann normal coordinate ex-
pansion around a spacetime point x, the metric can be
written as

gPV IPV+ 3 +PaVP3 3 + 6 +PaVPys ey

+ ( 20 pavp;yS + 45 Rappi„R y&S)y y y y
a P y 5
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2 A.
a —=M ——,R =m + —,A,P ——,gR—:m + U,

P~=( —,'A,P —,'gR—)
q . U——

2
4 7 pv= 2 U;p;v+~pv ~

A,apv= l2p R pv 4 Rpv 3p Rp RAY

(2.16a)

(2.16b)

(2.16c)
G(p)=(p +a ) '= I dse 'e (2.23)

where ()"Gz(p)—=()Gz/()p„. Hereafter we drop the sub-
script E and the overbar on GE without undue confusion.
For a constant background field, P=y =0, we recover the
flat-space result,

A,pa.+ ~R p Q,2+ ~R t' qRg „q . (2.17)

G ( t, x, t', x ') =G@( i r, x—, i'r', —x ), (2.18)

the Euclideanized Green s function G~ satisfies the equa-
tion

+d +a +0&"+ 47' „y"y")6& 5(r, x, r——', x '),

Note that in the coefficients Pz and y &„multiplying y
and y"y' there are now terms involving the first and
second derivatives, respectively, of the background field ((),

in addition to those of the scalar curvature R. The latter
are the only terms included in similar previous treatments.
a&„ is, of course, the tensor, whose trace gives the a2 coef-
ficient related to the trace anomaly. ' We can simplify
notation by working in Euclideanized parameters. Per-
forming a Wick rotation t~ i r an—d defining GE by

where in the second equality it is written in the proper-
time (s) integral representation. In seeking a solution to
(2.22) we generalize to curved space the procedure intro-
duced by Brown and Duff for the derivation of an exact
effective Lagrangian with kinetic terms in flat space. In
Sec. III we will show this can be achieved equivalently by
using the heat-kernel technique on a spacetime-dependent
anisotropic harmonic oscillator. Assume that G(p) can
be written in the same form as (2.23), where p is replaced
by a general quadratic polynomial in p&, i.e.,

G(p) = I ds e 'exp[ p"A„„—(s)p"

+iB„(s)p"+C(s)], (2.24)

where A, B, and C are functions of P and y with con-
straints that they reduce to the zero-field results,

Ap„(s)~5~p, Bq(s)~0, C(s)~0 .

where

po ipo, p——; =p; (i =1,2,3),
~2 2 ~2 ' 2

00 7 00 ~ X Oi ~ 7 Oi

~2 2
V 1J 7 EJ

(2.19)

(2.20)

The configuration space (Euclideanized) Green's function
G (x,x') assumes a similar form (from definition (2.21)]:

co

G(x,x')= ds e '+
(2m )"

" e'P &e
—~P'~'P —~& P] 2 25

With this, one can introduce a momentum space in a
coordinate patch centered at point x and define the
Fourier transform GE(p) by

GE(y) = I d "p e't'~GE(p),
(2'�)" (2.21)

where py
—=p&yl" =g""pzy . This momentum-space repre-

sentation is well-defined only in a local neighborhood of
y =0 and does not carry the global properties of G(x,x).
However, for the study of ultraviolet divergences in two-
point functions (like the Feynman propagator) or bivector
quantities (like the energy-momentum tensor) when coin-
cidence limits are taken, or for the study of systems in-
volving low-order quasilocal variations of the background
field, results based on the use of the momentum-space
representation will be valid. Thus, the method adopted
here will be useful for deriving the form of an effective
"quasipotentia1" taking into account small changes in the
classical Higgs field P (the so-called "kinetic terms") as an
improvement over the Coleman-Weinberg potential as
used in the new-inflationary-universe models. It would
probably not be sufficient for the consideration of pro-
cesses involving rapid changes of the background metric,
as in cosmological particle production, or processes bear-
ing on the global behavior of spacetime, e.g. , topological
effects on phase transitions.

The momentum-space Green's function GE(p) satisfies

(p'+a' ip„&" ,' y'„,d"&')G—F. (p) =—1,—(2.22)

Following Ref. 26, it can be shown that A, B, and C are
simple trigonometric functions of ((3 and y:

A =y 'tanhys,

B=2y (1—sechys) j3,
C = ——,

' tr ln(coshys) —Py (tanhys —ys )P . (2.27c)

(2.27a)

(2.27b)

The one-loop contribution L"' to the Euclideanized effec-
tive Lagrangian L,ff [which differs in sign from Lnff of
(2.5)] which is related to the Green's function by

=—G(x,x), (2.28)
BA

can be obtained by integrating G (x,x, ) with respect to a .
[The constant of integration is accounted for by the renor-
malization of the parameters in the gravitational action.
See. Eq. (4.18).] We finally obtain the effective Lagrang-
ian

L (() s a2(g)s f (s) (2
—29)—

2(4~)n/2 0 S (+n/2

Under the change of variable p= —,A '8 and y set to
zero, the p integral becomes a Gaussian and we obtain

G(x,x) =I exp[ —a s+C ——,'BA 'B
(4~s)"

——,
' trln(As ')] . (2.26)
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where

f(s)= —C+ 48 2 '8+ —, trln(As ')
I( )

~ ds K(x,x,s) .
2 o s

(3.6)

= —,
' tr In[(ys) 'sinh(ys)]

+P.y [2 tanh( —,
'

ys) —ys].P (2.30)

As an example, consider the one-dimensional harmonic
oscillator with time-dependent natural frequency co. The
Hainiltonian HiHo has the general forin

with a, P, y, given by (2.16). Except for the Euclidean-
ized variables, its form is identical to the flat-space result
of Ref. 26, as it should, since it is based on a local
(momentum-space) technique. The quasilocal expansion
(2.10) of the fields and the Riemann normal coordinate
expansion (2.12) of the metric result in expressions of the
same form as the Taylor expansion of fields in flat space.
The appearance of spacetime curvature and background-
field variations are manifested exclusively through the ex-

pansion coefficients a, P, P in the Taylor series.

III. HEAT KERNEL OF ANISOTROPIC
HARMONIC OSCILLATORS

Before continuing our discussion of the removal of the
ultraviolet divergences in the theory, we show in this sec-
tion an alternative way of deriving the exact effective La-
grangian (2.29) by means of heat-kernel techniques in Eu-
clidean formulation. This method makes use of well-

known properties of the harmonic oscillator and thus is
more easily adaptable to problems requiring analytical
solution. It also allows for perturbative treatments of
more complicated situations, e.g., when higher-derivative
terms in the background field are included.

The Green's function 6 associated with a differential
operator H satisfies symbolically the equation

HiHo=T(p +~ x )
2 2 2 (3.7)

1/4
Dk((2'�)' x ),~)i/2 k

(3.8)

where Hk and Dk are the kth-order Hermite polynomial
and parabolic cylinder functions, respectively. With this,
the heat kernel in (3.5) becomes

1/2
—(k+ 1/2)a)sco l

k=o k'

)&Dk*((2')'/2y)Dk((2')' x) . (3.9)

Making use of the integral representation of the Hermite
polynomials,

2k
~ k —z2

Hk(x) = f dz(x +iz) e (3.10)

where x and p are the canonical coordinates and momen-
ta. The eiyenfunction pk belonging to the kth eigenvalue

Ak =(k+ 2 )co, k=0, 1,2, . . . , oo is given by

1/4

e ""-'/2Hk(a)'"x )
(2kk ~)1/2

Ho=1. (3.1)
one gets, after some manipulation, the standard result for
a one-dimensional harmonic oscillator.

Following Schwinger one can introduce a fictitious Hil-
bert space with "proper-time" parameters s and states

I

x ) labeled by the spacetime coordinates x". G has the
integral representation

G= f dse (3.2)

where the integrand E=e ' is the kernel of a heat equa-
tion

K(x,y, s) =
1/2

2nsrnhcos

&&exp . [(x +y )coshcos —2xy]
2 sinhcos

L

(3.11)

(Bli3s+H)K =0 . (3.3)

In this space the heat kernel is realized as a two-point
function with proper-time dependence

K(x,y, s) = (x
I
e H'

I y ) . (3.4)

Let
I pk) be a complete set of eigenstates of H with

eigenvalues A,k, i.e., H
I 4k ) =A k I 4k ), then K(x,y, s) can

be expressed as

(3.5)K(x,y,s)= g e "stpk(y)kk(» .
k=0

The one-loop effective action given by (2.8) now becomes

I "~=——lnDet(G)= ——f f d xK(x,x,s) .
2 2 O s

Thus, knowledge of K(x,x,s) is sufficient to obtain 6 and
the effective Lagrangian as

In our present problem, the operator H is given by (2.14a)

H=g ""
g '"+—,'(1—g)8+m'+ —,'A, P . (3.12)

H=p„p" + V(y) .

From (2.15),

(3.13)

I'(y) =a'+ P~"+ .i '„.y"y'— (3.14)

where the coefficients a, P, y are c-number functions
given by (2.20) and (2.16). Introduce a new variable

(We need not explicitly display in this section the sub-
script 8 in g, m, and I,, knowing that before renormaliza-
tion they are all bare quantities. ) After introducing a
Riemann normal coordinate expansion, one can write H
in momentum-space representation as (see Sec. II for the
conditions under which this is valid, and Sec. V for dis-
cussion of generalizations to homogeneous background
spacetimes)
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Q"—:y"+2(y ')" P

where y is the inverse matrix of y and denote

g2 ~2 p (y~
—2)pvp

(3.15)

(3.16)

can decompose H as a sum of H, 's,

a=1
(3.21)

so V(Q) has the quadratic form

1'(Q) =&'+
4 Q"y'p.g (3.17)

H, being the Hamiltonian operator for the subspace
spanned by the eigenvectors gak belonging to the eigen-
value Aajc

—5 s —Hs2=e e

where

H =J2~I2"+ 4 Q"y '„.Q"

(3.18)

(3.19)

Ha t('ak ~ak 6
1

~ak = (ka +T }Yak

1 'Ya

(2kk t)1/2 27r

1/4

1/2

(3.22)

(3.23)

H has the form of the Hamiltonian of an anisotropic har-
monic oscillator with natural frequency y &„
(p, v=0, 1. . .n —1, where n is the dimension of the
spacetime). Diagonalizing (y )&„with the orthogonal
matrix S,

1 'Va

(k ~) 2m'

1/4

(y 1/2ga)

&& exp[ —y. (Q'}']Hk (3.24)

(3.25)

(I )ob =S "ypQ b = Y5 b'~ (3.20)

where y, are the eigenvalues of I (a =1, . . . , n), one

where Q'=S'&Q" and Dk are the parabolic cylinder
functions. The heat kernel of this system is then given by
[cf. Eq. (3.9)]

ll

K(x +y,x +y', s) =e
2 1T

' 1/2 —(k +—)y s

(ka!ka!)'
a a

(3.26)

For the evaluation of the effective Lagrangian, we are interested in the coincidence limit y,y ~0 of K. Denoting
Q'(y =0) by Qo, we get

n

K(x,x,s) =e 2'

1/2 —(k +1/2)y s

k=oa

D (y 1/2ga )D (y 1/2ga ) (3.27}

Substituting this into (3.6) and performing the s integration, we obtain an expression of L"' in terms of the harmonic-
oscillator eigenfunctions

AD t
2(2~)"/ (3.28)

To show that this is identical to (2.29},we first make use of the closed form for K derived in (3.11), generalize it to the
anisotropic oscillator and take the coincidence limit to get

8
K(x,x,s)=e

4m sinhy, s
exp [cosh(y, s) —1]

sinh y, s
(3.29)

Then we perform the s integration in (3.6) to get L'".
Noting that

g 2p, y, tanh(y, s/2) =2p y tanh(ys/2). p, (3.30)

the results (2.29), and (2.30) following immediately.
In giving this alternative derivation of the exact effec-

tive Lagrangian I."', we have reduced the present prob-
lem of a varying background field propagating in a (n
dimensional) dynamic spacetime to the equivalent prob-
lem of an (n-dimensional) anisotropic harmonic oscillator.
The form of L"' given by (3.28) in terms of the
harmonic-oscillator eigenfunction is particularly useful

for studying symmetry-breaking processes due to the
dynamics of spacetime. The infrared behavior of the sys-
tem is determined by the contribution of the lowest eigen-
modes of operator H [Eq. (3.12)] of the fluctuation field.
Since the eigenfunctions of the harmonic oscillator are
well known, one can derive asymptotic expressions for the
effective action L'" of (3.28} in the regime where a phase
transition is likely to occur and analyze its critical
behavior. This problem, set in the realistic context of the
inflationary universe, is currently under investigation.
Another advantage of drawing the analogy with the
harmonic-oscillator problem is that one can extend the
present method to treat cases where the background field
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varies more rapidly, so that derivative terms of orders

higher than the second enter. This would correspond to
the system of anisotropic anharmonic oscillators. Tech-
niques already developed for treating these problems can
be applied to the study of quantum processes involving
background fields which vary more rapidly, such as those
happening beyond the GUT time closer to the Planck
time. Additional remarks on this point will be postponed
to Sec. V. Let us now turn to the renormalization prob-
lem.

IV. RENORMALIZATION

The (Euclideanized) effective Lagrangian up to one
loop is given by the sum of the Euclideanized LE
[=—L' ' froin Eq. (2.7)] and L'" [Eq. (2.29) already in
Euclideanized form]:

I=O
his (4.2)

where P =trP . Separating u into a constant m term
and a term U= —,A,P —

6 gR containing the varying field
and curvature as in Eq. (2.16a), L'" can be approximated
by,

L (0)+L (i) (4.1)
The expression for L'" given above is formal and diver
gent. To identify the ultraviolet divergences, we shall ex-
amine the behavior of L"' at small-proper-time parame-
ter s. Expanding Eq. (2.30) out in a series sum in powers
of s, we get

e fts) —
1 9 s2+ P 3+ 9 4

12 12 160

—m sds e 22 3 3 44L (&)

2(4 )n/2 o i~n/2 (1—Us+ U s /2 —U s /3!+U s /4! —P s /12+P s /12+y s /160+ ) . (43)

The quantity within the parentheses is a small-proper-
time expansion of the heat kernel IY(x,x,s) defined by [cf.
Eqs. (2.29) and (3.6)]

E(x,x,s) =e' f"—= g a)s'.
j=o

(4.4)

The coefficients a& are the Minakshisundaram-DeWitt
coefficients ' ' corresponding to the operator [Eq.
(2.14)]

H=( —g) '/ CI( g) '—/ +m + —,'AP (x)+(1—g)R/6

of an inhomogeneous scalar field P(x) in a background
spacetime with curvature R. By examining (4.3), we ob-
tain the following results:

which reduces to the Weyl curvature tensor squared
C Pr C pcs in four-dimensions, and

G=R Py R p
—4R PR p+R (4.8b)

(4.9)

is the Gauss-Bonnet density, a total divergence in four-
dimensions. This generalized form of ai given in (4.5) has
been derived before by Gilkey using differential
geometric methods. Our derivation by means of the
quasilocal expansion follows the method of DeWitt. It
is well known that the a2 coefficient is related to the trace
anomaly T in the standard way:

ao ——1, (4.5a)

a) ———U, (4.5b)

2 12
(4.5c)

and

4 y = —,DU+a g

a i: ~(CIR R PR~p+R Pr R~prs)

(4.6)

(4.7a)

Recall the definition of y» from (2.16c) and (2.17). We
see that

Our results (4.5c) and (4.6) show that the trace anomaly of
an inhomogeneous scalar field in curved spacetime ac-
quires an additional nonlocal contribution from the
second variation of the scalar field. (Note the absence of
first derivative terms ~P, as expected. ) For models in-
volving time-dependent Higgs fields (e.g., symmetry
breaking in GU theories, induced gravity theories, or
higher-order gravitational theories), their contribution to
the trace anomaly (analogous to the OR term) may have
interesting theoretical and cosmological consequences.

The one-loop effective Lagrangian is given by

where R, R~p, and R~pyp are the scalar, Ricci, and
Riemann curvature tensors, respectively. Equivalently,
a i can be expressed in terms of the two covariant quanti-
ties F and 6 in the form where

00

„/2 g aim" 'I (l —n/2),
2(4m. )"/ i 0

(4.10)

a i= —~ [ R ——,'(6 —3E)],
where

F=R P R p g
—2R PR p+ —,R

(4.7b)

(4.8a)

I'(x)= f ds s" 'e

is the I function. In order to keep this in the same di-
mension as L'", it is customary to introduce a renormali-
zation mass parameter such that
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L (1) m

2(4~)"" pi

n —4

g aim r(l —n/2) .
1=0

(4.11)

In the spirit of dimensional regularization, we expand the
first three terms in the series near n =4. Making use of
the well-known expansion relations for (m/pD)" and
I (I —n /2), we get

A'm 1 1

32+ n —4 2
Pl 3+P —

2
47TpD

kz&m

16m

1 1+—ln
n —4

m
+y ——

4'7Tp~

1 I+ 2 +—ln
16~ n —4 2

+
4'Il'pD , g a, m4 "r(l-—2) .

2(4m. )
(4.12)

Here and only here y =0.5772 is the Euler constant.
In a regularization scheme the divergent terms

[-(n —4) '] can be removed by the introduction of
counterterms L, in the effective Lagrangian, which in
their most general form contain linear combinations of F
and G [defined in (4.8)]. The regularized Lagrangian then
consists of terms in (4.12) together with the counterterms,
(see, e.g. , Ref. 31). In a renormalization scheme, the
divergent terms are attributed to changes in the coupling
constants of the theory —the cosmological constant A,
Newton's constant Gz, constants ei, e2, e3, and e4, of the
curvature squared, and R terms [see (4.16) below] for
the geometry and m, 0, g, and A, for the fields. Since this
procedure is by now standard we do not intend to belabor
it (see, e.g. , Ref. 1, Sec. 6.2). Instead, we want to illustrate
this procedure in a slightly different way, which is more
suitable for interacting fields in curved spacetime.

The expansion of the integrand of L"' in (2.29) for
small s can be performed in different ways. Factoring out
the constant (mass) term as we did in (4.3) and grouping
the field variables with the curvature terms is closest in
spirit and form to flat-space field theory. The curvature
of spacetime and the fields enter only through the a& coef-
ficients. However, when dealing with problems involving
interacting fields in dynamic spacetimes, the mass ac-
quires additional contributions from P, and R, and it is
the modified mass a =m + —,

'
A,P —gR/6 or its related

quantities ~ or~ which are the more relevant physical
parameters. For example, in symmetry-breaking prob-
lems, on the classical level, the phase transition occurs
near M =m + 6 AP + (1—g)R /6 =0, while on the
quantum level it occurs near M + —,'A, (P )o——0, where
the effective mass acquires a radiative correction. In
dynamic spacetiines, further contributions can arise from
the kinetic terms of the operator. One should seek ap-
proximations according to the correct range of the effec-
tive mass instead of the intrinsic mass. (For a more de-
tailed discussion of this point, see Ref. 13.) This differ-
ence shows up more distinctly in problems like symmetry
breaking when one is interested in the long-range or in-
frared (IR) behavior of the theory. On the other hand, the
identification of ultraviolet (UV) divergences (correspond-
ing to the large-M or small-R domain) should be insensi-
tive to the local structure of spacetime. In the same vein
the UV behavior should also be identical to that obtained
from exact models, as long as the spacetime is locally
Minkowskian. We shall demonstrate this by comparing

I

the result we are about to obtain with that obtained earlier
for the Einstein universe. ' The comparison will also en-
able us to derive general results on the renormalization-
group equations with little extra effort.

Carrying out a small-s expansion of L"' using a as
the mass parameter, we obtain the following results for
the regularized one-loop effective Lagrangian [cf. (4.12)
with redefined p where in@ =ln4mpD —y 2/(—n —4), p,
now agrees with pH of Ref. 13]:

a 3 y aL'"= a ln
2

——— ln
64H p 2 6 p

—g bia r(I —2)
l=3

(4.13)

where

bp ——ap=1 6] =0
12

(4.14)

Note the disappearance of U terms in bi but the presence
of nonlocal term U in b2 The term. s in (4.13) propor-
tional to y, which contains contributions arising from
the changing background field, will be the focus of atten-
tion in future discussions of dynamical processes. To
compare this with our earlier result for the Einstein
universe, the effective potential V'" [=L"'] is obtained
from Eqs. (12), (15), and (16) of Ref. 13 to be

y(1)
4&a 4

X X 3
ln

@2a2 (x » 1), (4.15)

which is identical to the first term in (4.13), as y=0 in
static spacetimes. For the Einstein universe which is con-
formally flat, a more natural set of parameters to use is
the conformally related mass x =a a .

In anticipation of the appearance of higher-order curva-
ture terms in the renormalization procedure, one should
write the classical Lagrangian for the background space-
time in the most general form:

Lg
' A+xR+ 2eiR +——, e2C +@i—G+e4 R, (4.16)

where A is the cosmological constant, ~=(16m.G~) ', G~
being Newton's constant, e~ and e2 are, respectively, the
coupling constants for the scalar curvature-squared R
and Weyl curvature-squared C =C ~rsC~~rs [which is
equal to F defined by (4.8a) in four-dimensions]. We have
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L(0)+L(0) +L(1)
g

(4.17)

All parameters of the theory prior to this point should be

regarded as bare quantities. We now proceed to define the

renormalized parameters by suitable renormalization can-

ditions [Eq. (14) of Ref. 13]:

m 2= $2L
Re

j=o, z=o

a4L
Re

C}P /=f0, R=o

8= Re
aL

BOP P=gg, R =0

1 —g' dL
BR BP' j=o, z=R,

also added the total divergence terms G and R with cou-

pling constants e3 and E4 for completeness, but they only

enter in spacetimes with boundaries. The complete La-

grangian to one-loop is given by the sum of (4.16), (2.7),
and (4.13):

4hm

2
m 3

ln ——+5A((y) )
p 2

hm4
(r r—,)+5A(&y) ),

2

m —6',
p

m ——,F21

p 2

m ——,F31

p

h~&p2
5ei —— ~ ln

36

h
5e2 —— ln

h

360
ln

hg (r—ri),
36

h (r—r2),

h (r—r3),
360

5e4 —— (g+ —,
'

) ln
p

5~ = —hm ln —1 = —hm (r—r„),zg m — 2+
6 p2 6

(4.19e)

(4.19f)

(4.19g)

(4.19h)

(4.19i)

0=(ReL)&
&g& „,a= Re

L

/=0, R =0
(4.18)

h
—=, (g+-,')(r —r, ), (4.19j)

$2L
Re

BR /=0, R =Ri

BL
BC

e2 ——2 Re
/=0, R =R2

L BL
e3 ——Re, e4 —— Re

BG j=p, g =I&,
' B&R j=o, R =R

The real part in the above equations should be taken, as
the renormalized terms are required to be real quantities.
The coupling constants A, , 8, g, Ei, g2, E3, and e4 are de-
fined at the energy scales corresponding to the values
P=&t)p &j)g, R =Rp, R i, R2, R3 and R4, respectively,
which may in general be all different as the energy scales
at which they are measured need not be the same. How
these coupling constants behave under changes of scales is
determined by their associated renormalization-group
equations.

The renormalized parameters are related to the bare
ones by counterterms m =mz +5m, etc., where the
counterterms 5m are obtained from (4.18). Some of the
counterterms have been calculated before [Eq. (17) of Ref.
13],and we present the complete result here:

dm'
hk 2 dA

3hA2
d6

d7 d7 d7

hA, dg
12 d7

dA hm d~
d~ 2 ' d~ 6

' d~ 36
(4.20)

where r=ln(m /p ), h =|h'/32vr . (We have renamed the

R; and the r; from Ref. 13.) We include the terms g4UR
and 8UQ in our classical actions, Lg

' and L&
' in (4.16)

and (2.7), even though these are purely surface terms,
since divergent terms proportional to them occur at the
one-loop level. These divergences are most satisfactorily
removed by absorption into the appropriate parameters in
the bare Lagrangian. The Gauss-Bonnet density 6 is in-
troduced for similar reasons, its integral over the manifold
is a topological invariant, 32~ 7, g being the Euler
characteristic. We thus expect 7 to be present in the ac-
tion for all manifolds, with or without boundary.

From the count erterms (4.19) one can obtain the
renormalization-group equations for each of the parame-
ters:

5m =hAm ln —1 =—hAm (r r), —
p

(4.19a)

dE2

d7.
h «3 h «4
60 dr 360 ' dr

+ —,&&()0 8 8(m + —,'App )m
M.=3h A. ln

p 3 3(m '+ —,
'

A, &t
0')'

Solutions to these equations can be obtained with the ap-
propriate boundary conditions which preserve Eq. (4.19)
at the specific renormalization point:

—=3hZ, (r—rg), (4.19b)
L(r )

m (r)=m (r ) L r
(4.21a)

58=- hZ,

12

5/=hi, g ln

hA, (r—rg),
12

m + —,'A&()g
ln

p
m ——,

' F0 —:h Ag(r —ro),
p

(4.19c)

(4.19d.)

A,(rg)
A, (r) =

L '(r)

1 L (rg)
8(r) =8(rg) ln—

(4.21b)

(4.21c)
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L (rp)
g(r) =g(rp)

m4
A(r)=A(r, ) — L'(r )[L (r) —L (rA)],

2A,(rj )

(4.21d)

(4.21e)

h
es(r) =@3(r3)— (r r—3),360

(4.21i)

g(rp)L (7 p)
e4(r) =e4(r4)+

72K,(rj, ) 180
[L (r4) L—(r)]+ (r—r4),

(4.21j)

g'(rp)
ej(7 ) =E'j('Tj) + L (Tp)[L (1 j) L (r)]-,

36k, rj

(4.21f)

(4.21g)

~2(r) ~2(r2) + (r r2) i60
(4.21h)

g(rp)m (r~)
jt(r}=g(r„}+ L (r~ )L (rp)[L (7 ) —L (7g)]

6X(rj } where L (r)—:[1—3hZ(r&)(7 72)]' and r~ to r4 are de-
fjned jn Eq. (4.19). Henceforth, whenever the explicit
functional dependence of the parameters on r is not
displayed they should be regarded as assuming their
values at their respective renolmalization points.

The renormalized one-loop effective Lagrangian is
given by

L.tt=A+aR+ —R'+ C'+ e,G—+e4UR+ —,', (1—g)RP'+ 80$'+Lcw

M+ ——Clg ln —~A,P R ln64+ 6 m2+ '
gye2 6 M' gRp/6

——,m gR ln
M

2 Pl

1

2

2 M 3 MR ln
236 m2 —gR j/6 2 m —F2/6 m —F3/6

I+ —,', (g+ —,
'

) R ln
m —gR4/6

~2 2

+~A((y)}+ '—'
1 —— -"-"'—1+

64H 6 M 32m s
(4.22)

where gA is determined by the vacuum energy of flat space. Here Lcw denotes the Coleman-Weinberg effective La-
grangian for A,P theory in flat space given by

M
64~

Xj4 m'
ln

4 m '+ —,
'

Xpp2

8 m (m +4App)+-
( '+ —,'&p, ')'

(4.23)

The integral expression in (4.22) contains terms which were finite to start with. The analytic form of f(s) is given by
(2.30).

Combining the results obtained above for the effective action with the results of integrating the renormalization-group
equations (4.21), we obtain the renormalization-group-improved effective Lagrangian

Luff =A(r)+v(r)R + —,
'

e j(r)R + ,' E2(r)C +e3(—r)G+'E4(r)UR + —, I( It +8(7 ) f + p m (&)f

~2 2

+ —,', [1—Pr)]RA'+ O' J—e "' —+
4l 32m-2 ' s ' (4.24)

In the above expression a= in(a /m ) and the parameters are as in Eq. (4.21).
As a reminder, all expressions in Secs. III and IV up to this point are in Euclidean form. To rewrite expressions in

Lorentzian form the transformations introduced in Sec. II must be undone. By using Eq. (2.20) P and y can be convert-
ed back to P and y by a~it and + gzLz ~ V g—L. — —
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V. DISCUSSION

The result obtained here generalizes the Coleman-
Weinberg (CW) potential to curved spacetime with slowly
varying background fields. It provides a better frame-
work than the existing flat-space field theory for the
analysis of quantum processes in the early universe where
both the background spacetime and background fields are
dynamic. The one-loop effective Lagrangian (4.22) is in
the form of a quasi-potential, in that it includes up to the
second-order derivatives in the background field, but is
exact to all orders of the coupling constant A, . As an im-
provement over perturbative (in A, ) methods in curved-
spacetime interacting field theory, the exact form we ob-
tained is useful for the study of gravitational and dynamic
field effects on symmetry breaking. When generalized to
gauge theories, it should replace the flat-space CW poten-
tial usually assumed in most discussions of the (new) in-
flationary universe. ' ' One can use it to study the effect
of the so-called kinetic term in this quasipotential. The
effect of spacetime curvature on symmetry breaking was
the subject of our earlier paper. ' Similar analysis carried
out for the present problem shows that the effective mass~ in the theory depends on the second derivative of the
background field, suggesting a form of dynamical symme-
try breaking due to the changing background spacetime
alone, without invoking particle interactions. Derivation
of this result and the discussion of its cosmological irnpli-
cation will appear in a companion paper.

There are a number of ways in which the present work
can be extended for the treatment of more complicated
situations:

(1) Generalization to non-Abelian gauge fields would be
useful for the analysis of more realistic particle models in
grand unification theories such as SU(5). The basic
framework for treating time-dependent background gauge
fields in flat space was discussed in Ref. 26. The exten-
sion to curved spacetime will be similar to that treated
here. The behavior of the coupling constants in an
asymptotically free theory was discussed recently by Park-
er and Toms. Their method, which was based on the
renormalization-group (RG) equations, cannot be extend-
ed to regions where there is symmetry breaking. This is
because the RG equations derived from the counterterms
scale only the local, ultraviolet behavior, while nonlocal
infrared behavior of the theory would be important during
phase transitions. The method presented here, especially
the heat-kernel technique (discussed in Sec. III) would al-
low one to analyze to a limited extent the behavior of the
system close to the critical point.

(2} The present method can be applied to the considera-
tion of finite-temperature quantum fields in curved space.
The conceptual problem of defining thermal equilibrium
in a dynamic background and the technical problem of
setting up such a theory in curved space have been dis-
cussed in earlier work by one of us. There we pointed
out the importance of the existence of a global conformal
Killing vector in the spacetime and the conformal invari-
ant properties of fields as conditions for the maintenance
of thermal equilibrium. We introduced the quasi-
adiabatic n-particle states, and used an adiabatic expan-

sion to calculate the finite-temperature energy density for
free fields as well as the finite-temperature effective po-
tential for interacting fields. To the extent that the
method adopted in the present work for zero-temperature
theory is similar to the adiabatic expansion method (see
discussion in Sec. II), one can apply it to finite-
temperature theory in curved space in parallel with what
we have done, subject to the same physical conditions as
we have described. Technically, finite-temperature theory
in curved space is only well defined for fields which are
nearly conformally invariant and spacetimes which are
nearly conformally static. Under those conditions one can
define thermal Green's functions by imposing quasi-
periodic conditions on the imaginary time and adopting a
Riemann normal-coordinate expansion for the back-
ground spacetime to include the effect of spacetime curva-
ture on the thermal properties of the system. This ap-
proach was adopted by Drummond and Critchley
et al. in the derivation of the thermal Green's function
for Robertson-Walker spacetimes. Combining the results
from the present calculation, one can in principle derive
an exact finite-temperature effective (quasi-) potential in-

cluding variations of the background field up to the
second order. It would be useful for studying finite-
temperature effects in early-universe quantum processes.
In practice, the quasilocal expansion technique used in
this paper, like the adiabatic expansion used in our earlier
work, is only applicable for high-temperature regimes.
Moreover, in symmetry-breaking problems, as far as the
influence of background fields in the critical temperature
is concerned, calculations up to the second adiabatic order
are not expected to yield results different from that of the
flat space. The effect arising from nonadiabatic varia-
tions of the background field and spacetime only begin to
appear in the fourth adiabatic order.

(3) Extension to include higher-order variations of the
background field will enable one to analyze situations
where the spacetime changes more rapidly, as in the early
universe near the Planck time or in black-hole collapses.
The quasilocal expansion for homogeneous fields is relat-
ed to the adiabatic expansion. Although exact forms of
the effective Lagrangian, including higher-order nonlocal
terms, do not always exist, one can nevertheless carry out
perturbation expansions (in a parameter similar to the
nonadiabaticity parameter 0 in Ref. 25} using the
second-order exact Lagrangian as a starting point. The
corresponding model is that of an anisotropic anharmonic
oscillator. When the nonlocality of the background field
is viewed as possessing spatial inhomogeneity P(x') rather
than being dynamic P(t), the present problem is analogous
to assuming next-next-neighbor spin interactions in a
Ginsburg-Laudau theory. It is also similar to the mul-
tipole expansion in QCD for the description of soft-gluon
processes, where large-distance (or low-momentum)
behavior becomes more important. Of course, higher-
order nonlocal approximations will break down beyond a
certain point. When tackling problems where the space-
time changes so rapidly that particle production becomes
important, or when global properties of the spacetime
(e.g. , topology or boundary) are involved, nonperturbative
methods will have to be invoked.



754 B. L. HU AND D. J. O' CONNOR 30

(4) One can generalize the momentum-space technique
to global spacetimes with symmetry. The momentum-
space technique is local in nature as it relies on the
Riemann normal-coordinate expansion in a local patch. It
allows one to transcribe Feynman propagator rules from
flat-space field theory to curved space and greatly facili-
tates the treatment of ultraviolet divergences in quantum
field theory. However, since it is a local technique, it
would not be sensitive to the global properties of a space-
time. As remarked earlier in Sec. II, the result obtained
from it is useful for the study of local curvature and
dynamic field effects on quantum processes such as
dynamical symmetry breaking and cosmological particle
production (not involving event horizons), but insufficient
for, say, symmetry breaking due to changes in topology or
boundary. To improve on this while still adhering to the
momentum-space approach, at least for quantum fields in
spacetimes possessing a certain degree of symmetry (as in
homogeneous cosmology), one can try to construct viable
quantum field theories with techniques from harmonic
analysis on group manifolds. One example previously
studied is the SO(3) spatially homogeneous Bianchi type-
IX universe. In the diagonal mixmaster metric

a=1

where ' 'g, b l, 5,b
i——s the metric of the hypersurface and

the invariant one-forms cr' obey the structure relation
do'= —,

' e'b, o Ao', the Hamiltonian operator for a scalar
field has a kinetic term of the form H=' 'g' e,eb,
where e, are the invariant vectors of the rotation group,

cr'[eb]=5'b. Here e, and o' play the roles of canonical
"momenta" and "coordinates" on a group manifold.
With them one can construct a "momentum representa-
tion" of field propagators in such spaces. Nonlocal
Riemann expansion techniques on homogeneous back-
ground spaces (rather than Minkowski space) and group-
theoretical methods have been developed earlier for the
study of wave equations in homogeneous cosmologies.
More recently they have been used for analyzing the sta-
bility of instanton solutions in quantum gravity and
Kaluza-Klein theories. These more sophisticated
methods are direct extensions of the quasilocal techniques
for near-flat-space theories. They will make possible the
analysis of effects due to the global properties of space-
time on quantum processes such as symmetry breaking
and particle production. We hope to report on our inves-
tigations of the above-mentioned problems in the future.
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