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The Gauss-Codazzi formalism is used to obtain exact solutions to Einstein’s equations in the pres-
ence of domain walls. Domain walls are shown to have repulsive gravitational fields. The most
general solution to Einstein’s equations for a planar domain wall is obtained. Also, the motion of a
spherical domain wall in an asymptotically flat space-time is derived.

I. INTRODUCTION

Recent investigations in cosmology have focused in a
special way on the role of particle physics in the evolution
of the Universe into its presently observed state. Particle
theories suggest that phase transitions of various kinds
occur in the early Universe and produce important effects
that until fairly recently, had been largely ignored. In the
“inflationary Universe” cosmology,' for example, an early
phase transition fills the Universe with a false vacuum for
awhile, causing an exponential de Sitter-type expansion
until the true vacuum takes over, and thereby providing a
possible solution to the horizon and flatness problems of
the standard cosmological model. Phase transitions can
also give birth to solitonlike structures such as monopoles,
strings, and domain walls.?

Within the context of general relativity, domain walls
are immediately recognizable as especially unusual and in-
teresting sources of gravity. As was pointed out by
Zel’dovich, Kobzarev, and Okun,’ the stress-energy of
domain walls is composed of surface energy density and
strong tension in two spatial directions, with the magni-
tude of the tension equal to that of the surface energy
density. This is interesting because there are several indi-
cations that tension acts as a repulsive source of gravity in
general relativity, whereas pressure is attractive. This is
evident, for example, from the Raychaudhuri equation re-
lating the expansion of geodesic congruences to the local
stress-energy and from the way the pressure of spherical
stellar models appears in the relativistic equations govern-
ing their structure.* It is also implied by the fact that a
domain-wall-dominated Universe expands like R ~t?%
where R is the cosmological scale parameter and ¢ is
cosmological time.> The question thus arises whether
domain walls exhibit repulsive gravitational fields, and, if
yes, what are the implications thereof.

Vilenkin® addressed this question by linearizing
Einstein’s equations (weak-field approximation) in the
presence of a plane static wall. He found that the linear-
ized equations admit static solutions, and that these do
indeed correspond to repulsive gravitational fields. As
Vilenkin pointed out, however, the static solutions to the
linearized equations do not properly match up to the
known general exact static solution with planar symmetry,
except for the special case 7=+0, where 7 and o are,
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respectively, the tension and the surface energy density of
the wall (for a domain wall, 7=0). It appears that, unless
7=+0, the weak-field approximation of Einstein’s equa-
tions has static solutions to which no static solution of the
exact Einstein equations corresponds. This results in
some uncertainty as to how to interpret the solutions to
the linearized equations.

In this paper, we address the questions raised above by
finding exact solutions to Einstein’s equations in the pres-
ence of domain walls. We use the Gauss-Codazzi formal-
ism for describing the geometry of surfaces embedded in
higher-dimensional curved spaces (Sec. II). From the
Gauss-Codazzi equations we derive an unambiguous
answer to the question whether and in what sense domain
walls have repulsive gravitational fields: for an observer
to ride along next to a domain wall, he must fire a rocket
away from the wall (or use some other means to balance
the wall’s repulsion), or the wall must accelerate toward
him, or both. In Sec. III, we derive the motion of a spher-
ical domain wall in an asymptotically flat space-time. We
find that such a wall always collapses to a black hole, and
that it is always attractive to a distant observer. This
latter property is not inconsistent with the repulsive char-
acter of domain walls because the spherical domain wall
accelerates towards its center, thereby increasing its
separation from an initially comoving external geodesic
observer. In Sec. IV, we consider “planar” walls, i.e.,
walls which are homogeneous and isotropic in their two
spacelike directions. We show that there are no
reflection-symmetric static solutions to Einstein’s equa-
tions for a planar wall unless 7=+0. Next we derive the
most general reflection-symmetric solution to Einstein’s
equations for a planar domain wall (r=0). We isolate
and analyze in detail the unique solution which is free of
curvature singularities. It corresponds to a uniform gravi-
tational field in which observers on either side are repelled
by the wall with constant acceleration 27Gyo, where Gy
is Newton’s gravitational constant. Finally, in Sec. V, we
discuss our results and draw some conclusions.

Throughout, we adopt the convention in which the
space-time metric has signature — + 4 4.

II. THE GAUSS-CODAZZI FORMALISM

We wish to solve Einstein’s equations in the presence of
stress-energy sources confined to three-dimensional time-
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like hypersurfaces (infinitesimally thin shells of stress-
energy). Following Israel,® we shall use the Gauss-
Codazzi formalism, which greatly streamlines the formu-
lation of the problem.

A. The equations

Let S denote a three-dimensional timelike hypersurface
containing stress-energy and let £% be its unit spacelike
normal (£,£°= +1). The three-metric intrinsic to the hy-
persurface S is

hab :gab—gagb ’ (2.1

where g, is the four-metric of space-time. Let V, denote
the covariant derivative associated with g,;, and let

D,=h,%v, . 2.2)
The extrinsic curvature 7, of S is then defined by
Tab EDagb =Tpa - 2.3)

In terms of the extrinsic curvature, the contracted forms
of the first and second Gauss-Codazzi equations are

R+ mopm™ — 1= —2G %",
hachﬂ'bc‘-Da'”':Gbchbagc .

(2.4a)
(2.4b)

Here 3R is the Ricci scalar curvature of the three-
geometry hg, of S, m=m,% and G,° is the Einstein tensor
in four-dimensional space-time.

In the situations of interest to us, the stress-energy ten-
sor T, of four-dimensional space-time has a §-function
singularity on S. This implies that the extrinsic curvature
74 has a jump discontinuity across S, since 7, is analo-
gous to the gradient of the Newtonian gravitational poten-
tial. Hence, one is led to introduce on S

Yab =T 4ab—T—ab (2.5a)

and

Sw= [ dl Ty, (2.5b)

where [ is the proper distance through S in the direction
of the normal £° and where the subscripts + refer to
values just off the surface on the side determined by the
direction of +£&° Using Einstein’s and the Gauss-Codazzi
equations, one can show that (cf. Refs. 4 and 6)

—1
Sap = m(nb —hapvc°) (2.6)
One also introduces
Tab =7 (Tab+T_ap) - 2.7)

Then, by virtue of Eq. (2.6), the sums and differences of
Eq. (2.4) on opposite sides of S yield in vacuo (i.e., if T,
vanishes off S)

hoeDpSP=0, (2.8a)
heeDp7®—D,7=0, (2.8b)
FapSP=0, (2.8¢)

R + (g7 —7F 1) = — 16 Gy [S1pS™P— +(S,)?] .
(2.8d)

The following form a complete set of equations to solve
Einstein’s equations in the presence of a thin wall: (1)
Einstein’s equations off S. (2) Equations (2.6) and (2.8),
and continuity of the metric g,;, across S. (3) A suitable
description of the matter on S, such as Eq. (2.9) below,
augmented by an equation of state. (4) Initial data.

B. The surface stress-energy tensor
We shall restrict our attention to sources for which

S®—0ou%ub—r(h%®4+u%?b), (2.9)

where u? is the four-velocity of any observer whose world
line lies within .S and who sees no energy flux in his local
frame, and where o and 7 are, respectively, the surface en-
ergy density (energy per unit area) and tension measured
by that observer. For a dust wall, 7=0. For a domain
wall, 7=0 and hence

S®— __ghb (2.10)

Since (h%)=diag(—1,+1,+1,0) in the local frame of
any observer moving within the surface, it is clear that all
such observers measure the same surface energy density
and tension: Motion parallel to a (pure) domain wall is
undetectable.

For the choice (2.9), the conservation equation (2.8a) be-
comes

(00— g u® Dyt +u,Dy[ (0 —TIub]—hy*Dyr=0 .
(2.1

The parts of this equation parallel to and perpendicular to
u* are, respectively,

Dy(ou®)—7rDyu®=0 (2.12a)

and

(ha®+uu®)Dyr— (0 —1)hgeu®Dyuc . (2.12b)

It follows immediately that for domain walls (r=0), o is
a constant, i.e., o has the same value at all events on the
three-dimensional timelike surface S. Whereas for dust
walls (7=0), we have Db(aub)==0, which states that the
total amount of dust is conserved.

C. Attractive energy and repulsive tension

Particularly useful combinations of the equations of
Sec. II A involve the accelerations of observers who hover
just off S on either side. Let the vector field u? be ex-
tended off S in a smooth fashion. The acceleration

uVoub=(ht, +£% uv,uc

=hbuD,u—E um,, (2.13)
has a jump discontinuity across S since 7, has such a
discontinuity. The perpendicular components of the ac-
celerations of observers hovering just off S on either side
satisfy [using Eq. (2.8¢)]
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gbuavaub| ++§buavaub | - = *Zuaubﬁab

- T (pab ~
——20(}1“ +uaub)7rab

d (2.14a)
an
gbuavaub ' + —gbuavaub ] —_=—u‘u b’Vab
= —47Gyu u(hepS,P—28,)
=47Gy(o—271) . (2.14b)

The covariant equation (2.14b) states an interesting gen-
eral result about the gravitational properties of walls.
Consider first the case of a plane wall with reflection sym-
metry. In that case

EyuVoub| L= —EuVub| _=27Gyl0—27). (2.15)

It follows that an observer who wishes to remain station-
ary next to the wall must accelerate away from the wall if
(0 —27)>0, and towards it if (0 —27) <0. In this sense, a
wall is attractive or repulsive depending on whether o —27
is positive or negative. To hover next to a dust wall, one
should fire a jet engine whose thrust per unit mass is
!

(ds?) ;= —e"Pdt> +-e ~""dr? 4 r*(d 6* +sin*0 d$?)

27Gyo away from the wall, whereas to hover next to a
domain wall, one should fire a jet engine whose thrust per
unit mass is 27Gy0o towards the domain wall. Of course,
if the wall itself is being accelerated, only the difference of
the accelerations of the observers hovering on either side
is a measure of the wall’s gravitational pull or push. And
that is precisely what Eq. (2.14b) expresses.

III. SPHERICAL WALLS

In this section we shall obtain the asymptotically flat
solutions to Einstein’s equations for spherically symmetric
domain walls. For as long as possible, we shall proceed
without specifying the relationship between o and 7. Our
analysis closely parallels that of Israel, who obtained the
solutions for dust walls.

For a spherical shell of stress-energy, let the unit nor-
mal £° point in the outward radial direction. It is well
known that asymptotic flatness and spherical symmetry
require the exterior geometry to be Schwarzschild,
whereas the interior geometry is flat (Birkhoff’s theorem).
Hence,

—1
2GyM 2G
=— 1= gy 1= 22X dr?+rd6*+sin20d¢?) for r>R (1) (3.1a)

and

(ds?)_=—dT?+dr*+r*d6*+sin’*0d¢?) for r <R (1) . (3.1b)

1

Here M is the mass as measured by a distant external ob- 11.. GyM
server and EpuV,u |+=E R+ 1T ,

r=R(1) (3.2) (3.6)
. . v b 1
is the equation of the wall. One finds for the components EpuVau®| _= '&‘R .

of u®and &? (a =tor T, r, 6, ¢, in that order)

(%, )=(e""B,R,0,0), (u°_)=(a,R,0,0),
) ) (3.3)
(&°,)=(e""R,B,0,0), (£°_)=(R,a,0,0).

Here a dot denotes a derivative with respect to proper
time of an observer moving with four-velocity u? at the
wall, and

. .2
a=T=(14+R)?,

. W6yM 2]
B=e't=|1— R +R

These expressions and the definitions (2.2), (2.3), and (2.7)
imply that
1

(h"”—+—u“u")77'ab=(§+’+§_')ij , (3.5)

and

Substitution into Eq. (2.14) then yields the equations of
motion

aGyM 27 af(a+pB)

(a+B)R=— e . R (3.7a)
. (ZGNM
(a—B)R = — e +47Gy(o—27)af3 . (3.7b)

Equation (3.7a) tells us that R is always negative if 7>0.
Hence, a spherical wall with 7>0 always collapses to a
black hole, regardless of its size. Another result is the ex-
pression for the mass

26y M 172

R

.2
+R 470R?

M=1 {(1+R2)‘/2+ ‘1

(3.8)

obtained by eliminating R from Eq. (3.7). This expression
implies that, independently of the value of 7, the mass M
is positive definite (because o is always positive), and
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hence a distant observer is always attracted by the spheri-
cal domain wall.

By Birkhoff’s theorem, M is a constant. Consequently,
if the conservation laws (2.12) can be solved for o in terms
of R and R, then (3.8) yields a first integral of the equa-
tions of motion and the solution is obtainable by a quad-
rature. As we already noted in Sec. II B, the conservation
laws are solved easily for domain walls (7=0 =constant)
and for dust walls (=0, oR?=constant). In these cases,
one verifies quickly that Egs. (3.7) guarantee that M =0;
and further, that the remaining equations of the formal-
ism are all automatically satisfied.

Equation (3.8) implies that

1

_— 3.
47TGNO' ’ ( 9)

M =470R,,X(1—270GyR,,) for R,, <
where R,, is the maximum value of R, i.e., the value for
which R=0. Our analysis breaks down for
R > 1/47wGyo, since a spherical shell that large is already
within its Schwarzschild radius Rg, =2GyM. Note that,
for fixed o, the ratio R,,/Rs., decreases towards unity
with increasing R,,.

Finally, in the present circumstance, note the sense in
which spherical shells with 7/0>+ exhibit repulsive
characteristics. According to Eq. (3.6), both internal and
external observers must accelerate inward in order to keep
up with the collapsing shell when 7/0 > + (this is obvious
for the internal observer since he is in a flat region); but,
of the two, the external observer must accelerate more
strongly. If 7/0 < %, it is the internal observer who must
accelerate more strongly.

IV. PLANAR WALLS

In this section we shall solve Einstein’s equations for
the gravitational fields of domain walls under the follow-
ing symmetry conditions. (1) The wall is homogeneous
and isotropic in its two space dimensions. (2) The space-
time geometry is reflection symmetric with respect to the
wall. Under these conditions, we can find a coordinate
system in which the wall is in the z=0 “plane” and in
which the geometry has the form
ds?=e?b 121 _dr2 4+ dz?)+B(t, |z | Ndx2+dy?) . 4.1
For a lack of a better word, we refer to this case as that of
the planar wall.

A. The vacuum equations and their solutions

The solutions to the vacuum Einstein equations for the
metric (4.1) are well known.” We shall briefly review their
derivation. Substituting (4.1) into the definition of the
Ricci tensor R, and setting R, =0 yields

—B 4+B =0, (4.2a)
1
Bu—5pBB:—B v, —B.wv,=0, (4.2b)
B,t2+B’22
B,tt+B,zz_'—ZB—'—ZBJV,,—-ZB’Z’V,Z=O , (4.2¢)

and

B B
B TE T
where a subscript comma denotes differentiation with
respect to the coordinates following it.
The most general reflection-symmetric solution to Eq.
(4.2a) is

B(t,|z|)=F(t—|z|)+G(t+|z]),

o, (4.2d)

(4.3)

where F and G are arbitrary functions. Substitution of
(4.3) into (4.2) yields for z >0

2
" F'

e F'(v,—v.)=0 4.4
2F+6) L emv)=0, (4.42)
G'?
I/_ — !’ — ‘4
G ——2(F+G) G'v;+v,)=0, (4.40b)
and
——-FIGI
vty (4.40)
Ve tVe = Gy

where a prime denotes differentiation of a function with
respect to its argument. The nontrivial solutions to Egs.
(4.4) separate into two classes distinguished by the vanish-
ing or nonvanishing of F’' or G'.

1. Class I: F'=0or G'=0 (but not both)
Suppose G'=0. Then Eq. (4.4c) implies that
2v=InH (t —z)+InK (t +2) (4.5)

for z>0, where H and K are arbitrary; and Eq. (4.4a)
then becomes

FII l_ﬂ H:

= —Z o 4.
FF 2 F H ’ “.6)
which implies that
F'(t—|z])K(t+|z])
2v=1 4.7)
v=n Fi2%—|z|)

for all z. In Eq. (4.7) we have used the reflection symme-
try of the metric.
Similarly, if F'=0,
G'(t+ |z DH(—|z]|)
GVZ(H— |Z | )

2v=In ‘ (4.8)

2. Class II: F'#0 and G'#£0

In this case, Egs. (4.4a) and (4.4b) can be solved for v,
and v ,:

F” GII 1 FI+G’
v, = LA S :
V=T + G 2 F+G’ (4.9a)
FII Gll 1 GI_FI
=t L O .
V2 F + G 2 FiG ’ (4.9b)

for z>0. Equation (4.4c) is then automatically satisfied.
Since, for z >0, F'=F,= —F,, G'=G,=G,, and so forth,
Eqgs. (4.9) are readily integrated with the result
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F(t—1z|)G'¢t+]z])

2v=In |C
VI IR~ 124G+ 122

(4.10)

for all z. C, is the constant of integration.

B. The junction conditions at z =0

The functions appearing in the above solutions are
determined by satisfying the Gauss-Codazzi junction con-
ditions of Sec. II at z=0. The vectors u“ and £* defined

in Sec. II have components (a =t,z,x,y)
(u®)=(e~%0,0,0), (£%)=(0,e",0,0) 4.11)

in the coordinate system (4.1). The metric intrinsic to the
wall at z=0 s

hab =8ab |z=0 fora, b+#z,

=0 foraorb=z; 4.12)

and the extrinsic curvature is

Tab | t:hachbdvcgd ! i=%gab,ze_vl + fora , bz

=0 foraorb=z. (4.13)
|
e 1 FF4+G'
F4+G) |[2vV+— _ " "
F+G( +G') V+2F+G 2(F"4+G")

where it is to be understood that
, v
v !z=0=_a—t(t Z "—"0) .
As an intermediate step in deriving Eq. (4.17) from Eq.
(8d), one obtains the scalar curvature R of the z =0 wall,

B’ g
? —2v

2Il-l

B 2

B

3 —2v
R=
¢ B

, (4.18)

z=0

where B’ and B’ are defined analogously to v'. Equation
(4.17) implies that a necessary condition for a static solu-
tion is 7= 70, a result promised in the Introduction. One
readily verifies that for 7= +o there is a static solution®

_ —dt’+dz?
(1+E |Z | )1/2

that satisfies all equations (4.10), (4.15), (4.16), and (4.17)

provided E =—4wGyo. This solution has the unique

form appropriate for a static vacuum solution with planar
symmetry,” and we shall encounter it again shortly.

ds? +(14+E |z]| Ndx2+dy?) (4.19)

C. The solutions for domain walls

In this subsection we shall derive all planar-domain-
wall solutions.

1. Class I: F'=0or G'=0 (but not both)

Suppose G’'=0 and 7=0. The equations we must solve
are (4.7), (4.15), (4.16), and (4.17). Actually, Eq. (4.17) is

=8m2Gylo(o—41),
z=0

The junction conditions are Egs. (2.6) and (2.8). Equa-
tions (2.8b) and (2.8c) are trivially satisfied, since by sym-
metry, 74, =0. Equation (2.6) yields
Yab=8abz8 | +=—8abz€ | -
=47Gy(hap S —2S,)
=—47Gy[ohg +2(0c—T)uzu,] (a,b+#z) . (4.14)

The (t,¢) and (x,x) components of this equation are,

respectively,
vyl 4=—v,| - =27Gy(0c—27)""? (4.15a)

and

ro__ 1 F(1)-G')

47Gyo F(t)+G(t) (4.150)

The perpendicular component (2.12b) of the conservation
equation (2.8a) is vacuous, as it should be, whereas the

parallel component (2.12a) yields
o(F+G)'-77|,_=C,, (4.16)

where C| is a constant of integration. To obtain (4.16) we
have assumed 7/0 to be a constant as is the case for both
dust walls and domain walls. Finally, Eq. (2.8d) yields

(4.17)

I
implied by Eq. (4.15b). And Eq. (4.16) just tells us that

o=constant, something we already know to be generally
true for domain walls. Combining Eqgs. (4.7) and (4.15b)
yields

1 F’

S S (4.20)
(47TGN(7)2 F3/2

which assures that Eq. (4.15a) is satisfied as well. Conse-
quently, the general class-I domain-wall solution for
G'=0 has nonvanishing metric components

8ux=&y=F(t—|z]|),
4.21)

1 F'(t—|z|)F'(t+|z])
(47Gyo)? FV2t — |z | F3 Xt + |z|) '
where F is an arbitrary function. Note that

F>0 and F'>0

—84=8z==

(4.22)

are required by Eq. (4.15b) and our demand that x,y,z be
spacelike coordinates, whereas ¢ is a timelike coordinate.
Similarly, the general class-I domain-wall solution for
F'=0 has nonvanishing metric components
=g, =G (¢t z|),
Bx =8 + 1z (4.23)
1 G+ |z])G'(t—|z])
(47Gyo)? GVt + |z|)G At —|z]|)

—8ut =8z~

with the requirement that G >0 and G’ <0.
Taub’s analyses’ reveal that all class-I solutions are flat
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in the vacuum off the wall. In fact, these solutions, in-
cluding the domain-wall structure, are equivalent to one
another. For the solutions (4.21), one sees this by per-
forming the coordinate transformation

1
t* —z*= F'2(t —2),
z 377G (t —2)
t* pzk— F—1/2 ¢
+ 37Gro (t+2)

+27GoF Y4t —z)(x2+y?) , (4.24)

x*=FY2(t —z)x , y*=FY%t—z)y

for z >0, and similarly for z <O.
In terms of the new coordinates, the metric takes the
Minkowski form

ds’= —dt*? +dz** +dx*? +dy*? ; (4.25)

and the location of the domain wall (z =0) is given by

1
(27Go)?

In the new coordinates, the domain wall is thus bent into
a segment of a sphere defined by Eq. (4.26) and the coor-
dinate restriction F'(t —z)>0. If we analytically extend
the solution (4.25) in the obvious way into the region
F'(t —z) <0, we pick up the remainder of the sphere
which now completely encloses the original z >0 side of
the wall within its interior. In the Minkowski coordinates
therefore, this planar domain wall is not a plane at all, but
rather an accelerating sphere. The sphere comes in from
large distances, at near the speed of light in the far past; it
has constant outward acceleration 2wGyo, halts its col-
lapse and reexpands. By reflection symmetry, it is clear
that the z <0 side of the wall in the original coordinates is
also enclosed by an outwardly accelerating sphere in the
Minkowski coordinates there. This behavior is permitted
on both sides because we have not demanded asymptotic
flatness.

The locally repulsive nature of the domain wall is evi-
dent. Indeed, the exhibited motion of the wall in the Min-
kowski coordinate systems requires an observer riding
with the wall to accelerate toward it, regardless of which
side he is on, with acceleration 27Gyo. Further, every
geodesic observer sees the wall accelerating away from
him with acceleration 27Gyo.

z*2+x*2+y*2= +t*2 . (426)

2. Class II: F's0 and G'#0

We must solve Egs. (4.10), (4.15), (4.16), and (4.17) for
7=0. Again Eq. (4.16) just tells us that o=constant.
One readily shows that Egs. (4.10), (4.15a), and (4.15b) are
equivalent to Eq. (4.10), the requirement that
F'(t)—G'(t) > 0 and the following two equations:

1 (F'—G')?
— , 427
°" (4rGyo)? F'G'(F +G)3? @27
F_G 3F=G_, (4.28)

FF~ G 2 F+G

and that Eq. (4.17) follows from Egs. (4.10), (4.27), and
(4.28). Differentiating (4.27) on both sides yields

O_ F:Z__GIZ Fu _ Gu __i FI_GI
T FG(F+GP? |F G 2 F+G

Consequently, Eq. (4.28) is implied by Eq. (4.27) and the
requirement F'%£G'2. Conversely, Eq. (4.28) implies
F's£—G' unless F'=G'=0, which is not allowed. Also
F'=G" is not allowed because it would yield e**=0. It
follows that all class-II solutions are obtained by solving
Eq. (427) with the requirements F'?%£G’'? and
F'(t)—G'(¢)>0.

Taub’ has shown that all class-II empty-space solutions
are equivalent to one another. Indeed, taking the z >0 re-
gion for definiteness and performing the coordinate
transformation

(4.29)

Flt—2)=3(X+Y), G(t+2)=5(X-Y), (4.30)
one finds
CO dXz——dYZ 2 2
dS2=——Z"72——+X(dx +dy~) (4.31)

for the geometry of space-time in the new coordinates.
Note that X >0 since x and y are spatial coordinates.
Note also that there is a curvature singularity at X =0.
Substitution of (4.30) into Eq. (4.27) yields

2
(27Gno)*Cy % —1|Xx32=1 (4.32)

for the motion of the domain wall. The domain-wall
solutions corresponding to Egs. (4.31) and (4.32) fall into
one of two subclasses, depending on whether Cy <O or
Co >0.

If Cy<0, X is a spatial coordinate and Y is a time
coordinate. The equation of motion (4.32) becomes

2
_ 1

ax | _,_
(2rGyo)?| Co | X372

dy

(4.33)

Hence as time +Y advances, the domain wall slows down
as it comes in from X=+4 «, turns around at
X =1/(2mGy0)?| Cy |, and subsequently heads back out
to X = 4+ w. We now determine which one of the two re-
gions on opposite sides of the domain wall in the (X,Y)
coordinates is the side corresponding to z >0 in the origi-
nal coordinates. Equations (4.30) yield

ay__ax

o = e FG

) . (4.34)
Y X ’ ’

=5 =—(F'+G").

The first equation and the demand F'— G’ >0 imply not
only that Y advances with ¢ along the domain wall, but
also that the normal vector £ has X component

EX= %)z(—gzz—(F'——G’)e “v<0 (4.35)

there. Therefore the z >0 side is that containing X =0.
Hence, because (4.31) has a curvature singularity at X =0,
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we must reject the class-II solution for Cy <0. Note that
if the curvature singularity at X =0 had happened to lie
outside the Z >0 region under consideration, the present
solution would be no less acceptable than the class-I solu-
tion discussed earlier.

We next turn to the class-II solution with Cy>0. X is
now a time coordinate and Y a space coordinate. Accord-
ing to Eq. (4.34), Y increases as time advances along the
domain wall; and according to Eq. (4.32), the domain
wall emerges from a spacelike singularity at X =0. Again
the solution is rejected, leaving only the class-I solution as
possibly of physical relevance.

V. CONCLUSIONS

We have found that domain walls have repulsive gravi-
tational fields, as had been anticipated by Vilenkin.’
Equation (2.14b), which has general validity, states this
result and expresses clearly what is to be understood
thereby. The repulsive character of domain walls is also
well illustrated by the unique (class-I) solution to
Einstein’s equations in the presence of a planar domain
wall. For this solution, geodesic observers on either side
are repelled by the wall with uniform ‘acceleration”
27Gyo. “Practical” examples of planar domain walls
with reflection symmetry that one might consider are a
domain wall stretched by a static hoop and a domain wall
stretched over the cosmological horizon. In the first case,
a test particle placed next to the domain wall would be re-
pelled by it, whereas a distant test particle, more than the
hoop’s diameter away, would be attracted by the domain
wall-hoop system. Indeed, in an asymptotically flat
space-time, everything (provided it has positive total ener-
gy) is gravitationally attractive from far away. This is
true in particular of the spherical domain wall discussed
in Sec. III. Even though all domain walls are repulsive in
the sense of Eq. (2.14b), a distant observer is attracted to-
wards the center of a spherical domain wall. As was em-
phasized at the end of Sec. III, these two statements are
not contradictory because the spherical domain wall ac-
celerates inward.

Next, let us consider a domain wall stretched over the
cosmological horizon. It derives its stability from causali-
ty. If the domain wall is so close by that it traverses a re-
gion of the Universe that we can observe sufficiently well
today, its presence would be detected by the fact that it re-
pels heavenly bodies on either side. Axion models,}~1°
which have been proposed to explain the absence of P and
CP violation in the strong interactions, have recently been
shown to have domain walls.!"'? In that case, the magni-
tude of the acceleration is

2

276G 207Gy — Gyt 1
TONO~2TTG )y N2 o~ N—?’—f,,m,,vﬁ
1 v 1
~ —, (5.1)
10° sec | 10° GeV | N

where m, is the axion mass, N is the number of vacuums
of the axion model,!""!3 and v is the magnitude of the vac-
uum expectation value that breaks the Upg(1) quasisym-
metry of Peccei and Quinn.®~!° Astrophysical and

cosmological constraints require » to lie in the range 10®
GeV<v <10 GeV.~15 If, on the other hand, the
domain wall stretched over the horizon is outside our
presently observable universe, it may have escaped our no-
tice because its gravitational field is one of constant ac-
celeration and therefore does not produce any tidal ef-
fects.

Our results are also of relevance to the evolution of
domain walls in the early Universe, and to a discussion of
the primordial density perturbations that such domain
walls produce. The results of Sec. III imply that a
domain wall of size larger than (47Gyo)~! is a black
hole. Closed domain walls of size less than (47Gyo)~!
are likely also to collapse to black holes by radiating away
their asphericity. The collapse of closed domain walls
would provide us with a new source of primordial black
holes which may find their way into the halos of galaxies.
In axion models, the domain walls appear when the
Universe has cooled to a temperature T~1 GeV. If
N =1 (that is to say, if the axion model has a unique vac-
uum), the domain walls have initial size of order 10~* sec,
the age of the Universe at that time.!>!* These domain
walls are of both the open and closed variety. The black
holes produced by the collapse of the closed domain walls
would have mass of order
~1073M

M ~470R? | ¢ o4 (5.2)

v
101 Gev

sec

If black holes of such characteristic mass have found their
way into galactic halos, they probably would have gone
undetected.!®

If the axion model has multiply degenerate vacuums
(N >1),!! causality implies that there is at least of order
one domain wall per horizon at any time after r~10"*
sec. This is because causally disconnected regions of the
Universe will in general be in different vacuums. With
one domain wall per horizon, the Universe’s energy densi-
ty becomes domain-wall dominated at cosmological time

1

; 1019 Gev
™ 327Gyo

v

~0.6X 10~* sec N. (5.3)

After t4, the large-scale expansion of the Universe goes
like R ~t%, where R is the cosmological scale parameter.?
Here “large scale” means length scales comprising many
domain bubbles. One might question whether such a
domain-wall-dominated Universe is in disagreement with
observation since our presently observable Universe would
be completely inside a domain bubble, far from any
domain walls. The trouble, however, is that the amount
of matter in our neighborhood of the Universe is that
same amount which was contained in our domain bubble
at time ¢4y, that is to say, much less than what we observe
today.

Finally, it may be interesting to consider theories in
which there is a near-perfect degeneracy of the vacuum,
but with a very slight breaking of the degeneracy present.
In tshlalt case the domain walls disappear after a time of or-
der”>

tp~ (5.4)

_o
A’
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provided ¢z < t4, and provided the decay time, in which a
disconnected domain wall within its horizon can radiate
itself away, is smaller than tz. In (5.4), A% is the
energy-density difference between the almost-degenerate
vacuums. tp is the size of domains for which the differ-
ences in volume energy are of the order of the surface en-
ergy. Once the domain walls have average size 3, the
degeneracy-breaking effects become important and the
true vacuum takes over. If tp is sufficiently large, the
density perturbations produced by the domain walls be-

fore they disappear may become the seed masses from
which galaxies evolved in a hierarchical clustering model
of galaxy formation. The hierarchical-clustering model is
the appropriate one!” to an axion-dominated Universe.!
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