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Thc aIQplitudcs for %X s1nglc-p1on pI'oduct1on alc dccoIQposcd 1nto foul 1ndcpcndcnt 1sosp1n am-

plitudes in the (mw)X representation. Reaction cross sections for the m p and m+p initial states
below total energies of 1370 and 1470 MCV, respectively, are simultaneously fitted with near-
threshold measurements of the double-differential cross section d cr/d Q dT for the m+ produced in

m p —+m+m n. The validity of soft-pion calculations for mN —+mnX is demonstrated by shmving

that the threshold s-vive isospin amplitudes can be described consistently by a single value of the

ch1ral-syIQIQetry "breaking paraIBcter.

I. INTRODUCTION

In recent years, several new measurements of the reac-
tion cross sections for m.E single-pion production have
been obtained near threshold. ' By isospin symmetry,
all pion production cr'oss sections can be expressed in
terms of four isospin amplitudes and the phases between
them. Unfortunately, only five charge channels are amen-
Rblc to IDcasuI'cIDcnt whereas thc 1sospln dccoIQposltlon
lnvolvcs 81x lndcpcndcnt paf Rrnctcf 8 at a glvcn cncfgy.
Near threshold, unitarity requires that the isospin ampli-
tudes be almost real. At sufficiently low energy, one
therefore should be able to unambiguously determine the
amplitudes from the experimental data. When extrapolat-
ed to threshold, these RIDplltudcs pI'ovldc important tests
of soft-pion calculations. 4 In this paper, it will be shown
that the low-energy experimental data for m.N~+IrX are
consistent with the assumption of isospin symmetry and
with threshold predictions of soft-pion theory that
describe all mX +~mN reactions i—n terms of the chiral-
symmetry-breaking parameter g.

Section II presents low-energy parametrizations of the
isospin amplitudes that satisfy the conditions of parity
conscfvatlon and Bose stRtlstlcs. Thc data lncludcd ln
this analysis are discussed in Sec. III. Section IV
discusses the results of this analysis and compares the
present determination of g with values from previous
analyses. Finally, Sec. V summarizes the relevance of this
analysis to isospin invariance and to soft-pion theory.

Isospin invariance of the strong interactions implies
that amplitudes for different mN +md% charge channels-
can be expressed in terms of four independent isospin am-
plitudes 321I . Here I „is the isospin of the two final-

state pions which couples with the isospin of the final-
state nucleon to give a total isospin I. For the measurable
charge channels, the decomposition is

A(n. p m n n)= —', ( —,')'~ A + —,V 22

A(m p m. ~ p)= —( —,', )'~ 2 +—,'( —,')1~1',

(4)

Thc lo%-energy lsospln RIDplltudcs can bc pafamctrizcd
by

A &2
——a 3zgf Q. oX;,

~10 alo~fQ ~~i

311——a11XI( q I
—

q 1) o X.

~II =a ii&f(qi —qz)'tr&~ ~

%'herc a21 I RIC fcduccd lsospln amplitudes~ gg Rnd gf
are spinors for the initial and final nucleons, Q is the
momentum of the initial pion in the center-of-mass (c.m. )
system, qi and qz are the momenta of the final-state
pions in the c.m. system, and the components of o are the
Pauli spin matrices. The final-state pion with similar sign
to the initial pion is denoted by subscript 2 end the other
final-state pion is denoted by subscript 1. At threshold,
when the final-state pions are at rest in the c.m. frame,
A3I and A «» vanish, as required by Bose syIDIDetry. The
above parametrization has the advantage that only a sin-
gle nuIQcf leal lntcglRtlon 18 fcqullcd fof CRlculatlng lcac-
tion cross sections.

Unitarity requires that the threshold phases of a32 and
aio be equivalent (+180') to the mN phase shifts 5(P1, )
and 5(P») at the appropriate energy. Since these phase
s111fts al'C K 5 (RCf. 5), aip a11d a io WC1'C approximated 11y
real constants at production threshold. In the absence of
low-energy resonances, a3l and a l 1 are also expected to be
approxiIQately real near threshold.

At low energy, aio is strongly influenced by the pres-
ence of the Pi i(1440) (Roper) resonance. To describe this
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influence, a&o was approximated by a modified Breit-
Wigner form:

3.0

aio=a io (10) 2.0—

where 8'is the total c.m. energy and 8'T is the total ener-

gy at threshold. a~o, M, and I were treated as variable
parameters. Production cross sections for ~ p reactions
are well described below a total energy of 1370 MeV with
bio approximated by this resonance fo~ and wit a»
approximated by a real, constant parameter. At higher
energies, a&o and ai& are influenced by other I = —,

' reso-
nances. Production cross sections for rr+p reactions are
well described below a total energy of 1470 MeV with a3]
and a32 approximated by real, constant parameters.

III. DATA BASE

A total of 88 data were included in this analysis, 37 of
which were measured within the last five years. The data
base consists of 38 measurements' ' ' below 1370 MeV
of m p reaction cross sections, 23 measurements ' ' below
1470 MeV of ir+p reaction cross sections, and of 27 mea-
surements' at 1242 and 1262 MeV of d cr/dQdT, the
double-differential cross section for the ir+ produced in
rr p +m+m. n. M—easurements of the double-differential
cross section at higher energies were not included because
of the sensitivity of those measurements to angular varia-
tions associated with the ~A intermediate state. To avoid
double counting, measurements in Ref. 1 of the total
~ p~~+m n cross section at 1242 and 1262 MeV were
excluded from the data base.

The data were fitted by the method of least X . Nor-
malization parameters were included in the d o/dQdT
measurements at fixed energy 8'as multiplicative factors
of the predicted values. Normalization uncertainties of
3%%uo were assumed, as in Ref. 1. All d o/dQdT measure-
ments at a given energy 8' were simultaneously renormal-
ized during minimization. Both differential and total
cross sections were calculated using the known physical
masses of the pion and nucleon to allow for the greater
phase space available near threshold whenever one of the
final pions was electrically neutral. The total collection of
data was fitted with X /v=2. 1, where v is the number of
degrees of freedom. This high value of X /v is mainly as-
cribable to inconsistencies in the data set, which are dis-
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FIG. 1. Reaction cross sections for m p —+m m n.
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cussed below. The values of a32 and a to obtained in this
manner are 2.60 m and 7.12 m, respectively.
These values may be compared with soft-pion calculations
which predict

a3q ——3.05+ 1.21/ m

&'to ——6. 1S—1.91/m~

where g is the chiral-symmetry-breaking parameter.
Thus, the fitted values of a3z and a io are consistent with
a single value of g which is somewhat less than zero.

was not significantly improved by introducing addi-
tiona1 parameters to describe the isospin amplitudes. This
conclusion was reached by generating solutions with a3~
and a32 parametrized by linear functions of 8' and with
tt» parametrized by a resonant form similar to that of
a~0. When the entire data set was considered, six data
points were fitted poorly in all solutions. These include
three difficult measurements of the cross section for
rr p~rr rr n below 1300 MeV. At energies of 1239,
1269, and 1292 MeV, the measured experimental cross
sections are, respectively, 0.032+0.005 mb (Ref. 2),
0.13+0.02 mb (Ref. 2), and 0.32+0.04 mb (Ref. 6). The
corresponding theoretical values found in all solutions are
0.01 mb, 0.07 mb, and 0.2 mb. Also poorly fitted were
measurements from a single experiment (Ref. 8) of the
cross sections for ~+p m rr+p and rr+p rr+rr+rt

TABLE I. Parameters for isospin amplitudes. a32 and a ~0

and their errors were derived from the fitted value of g.
1.0

a32
Ia 10

Q()
M
I

—0.25 20. 11
2.75+0. 13 m
6.63+0.21 m

—6.02+0.31 m„
10.61+0.62 m
1416+14MeV
287+43 MeV
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FIG. 2. Reaction cross sections for m p —+~+m n.
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FIG. 3. Reaction cross sections for m p ~mom p.
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FIG. 5. Reaction cross sections for n.+p ~~+m+n.

1428 MeV. For the first reaction, the experimental and
theoretical cross sections are, respectively, 0.80+0.05 mb
and 0.94 mb. For the second reaction, the experimental
and theoretical cross sections are, respectively, O. IS+0.02
mb and 0.26 mb. The final point with a large contribu-
tion to X is a measurement of d rr/dQdT at 8'=1262
MeV, T =30.5 MeV, and cosO=Q. 849. The experimental
value is 0.158+0.016 pb/srMeV (Ref. 1), whereas the
theoretical value is 0.21 pb/sr MeV.

In the hope of improving the stability of the results, the
data base was pruned by eliminating the above six points.
Since the data base is fairly small, only those points that
are clearly inconsistent were removed. The pruned data
set was then fitted as before except that g was searched
directly assuming a32 and a ip to be given by Eqs. (11) and
(12). The pruned data set was fitted with X /v=1. 3. In
view of this much better X /v, the remainder of this paper
is focused on the reduced data base and the pruned solu-
tion, which is summarized in Table I. The predicted
values of d cr/dQdT at 1242 MeV were renormalized by
the factor 1.03+0.05 and those at 1262 MeV were renor-
malized by 0.98+0.05. Parameter errors were estimated,
as usual, by the change in any parameter that increases 7
from its minimum value by 1. To reflect the fact that the
cross section measurements often contain normalization
errors (on the order of 5%) which were neglected or un-

derestimated by the experimentalists, these estimates have
been conservatively tripled for all errors tabulated in this
paper.

The values obtained for M and I are well within the
accepted range' for the mass and width of the Roper res-
onance, which is the first resonance that can influence
a ip. As a consequence of the mass of the resonance being
outside the fit region, there is a strong correlation in M
and I . When a &0 and a32 were varied independently, a &o

was found to be strongly correlated with M and I", which
implies that, by itself, aip is less reliable than a32 for
determining g. Error correlations are small for the other
parameters.

Although reaction cross sections determine the relative
signs a ip and a32 and of aii and a&i, the relative signs of
a;p and a ii are determined entirely from interference ef-
fects in the double-differential cross sections. Models of
pion production in which one-pion-exchange contribu-
tions dominate near threshold predict a i i /a ii ——2 (Ref.
11). This prediction is in reasonable agreement with the
present result, aii/a3, ———1.8+0.1.

The present effort determines g= —0.25+0.11. This
value may be compared with the results of two earlier
analyses. Bjork et al. ' found g =0.05+0.26 from a

TABLE II. Results of the fit for d o/dQdT, the double-
differential cross section for the ~+ produced in m. p~m+m n
at 1242 MeV. T is the kinetic energy of the m.+ in the c.m. sys-
tem and 0 is its scattering angle. Units of the double-
differential cross section are pb/sr MeV.
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FIG. 4. Reaction cross sections for m+p ~m m+p.

T (MeV)

11.0
15.5
15.4
6.5

11.0
6.4

10.9
15.3
6.6

10.9
15.2

cosg

—0.106
—0.148

0.112
0.193
0.194
0.493
0.505
0.474
0.784
0.822
0.840

Expt. (Ref. 1}

0.0705+0.0129
0.0732+0.0236
0.0479+0.0135
0.0744+0.0113
0.0716+0.0131
0.0595+0.0082
0.0855+0.0094
0.0730+0.0100
0.0845 +0.0127
0.0864+0.0104
0.0778+0.0109

Fitted

0.0495
0.0414
0.0517
0.0539
0.0607
0.0614
0.0722
0.0659
0.0700
0.0839
0.0804
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TABLE III. Results of the fit for d2o. /dQdT, the double-
differential cross section for the m+ produced in m p ~++~ n

at 1262 Mev. T is the kinetic energy of the m+ in the c.m. sys-
tem and 8 is its scattering angle. Units of the doub1e-
differential cross section are pb/sr MeV.

T yeeV)

24.5
31.1
17.4
24.7
31.0
10.4
6.0

10.3
17.6
24.6
32.1

3.3
10.5
17.5
24.6

cosO

—0.356
—0.357
—0.057

0.045
0.043
0.141
0.288
0.442
0.447
0.446
0.406
0.665
0.748
0.819
0.849

Expt. (Ref. 1)

0.159+0.026
0.096+0.026
0.172+0.019
0.183+0.027
0.105+0.012
0.146+0.018
0.128+0.015
0.154+0.015
0.208+0.025
0.185+0.023
0.128+0.014
0.096+0.016
0.162+0.018
0.210+0.017
0.203+0.015

Fitted

0.100
0.079
0.136
0.144
0.120
0.133
0.111
0.152
0.185
0.189
0.147
0.092
0.173
0.221
0.234

straightforward threshold analysis of seven measurements
of the total cross section for mp~m+. nnb. etw. een 1242
and 1353 MeV. These data were also included in the
present analysis although differential rather than total
cross sections were fitted at the two lower energies. In
another analysis, Aaron et al. ' found g= —0.2+0.3
from a K-matrix fit to the PS11(eN) amplitude below
1400 MeV determined from various isobar-model analy-
ses. This fit was constrained by the total cross sections of
Ref. 1. The chiral-symmetry-breaking parameter deter-
mined by the present analysis is consistent with these ear-
lier determinations but possesses an error about a third as
large. The small error in the present value can be attribut-
ed to the comparatively much larger data base and rela-
tively small number of parameters used in this analysis.

The present work may also be compared with the previ-
ous isospin analysis of Kravtsov et al. These authors
found the threshold ratio of s-wave amplitudes to be
a', p/a32 ——0.8+0.4, in disagreement with the present re-
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FIG. 7. Isospin cross sections a3q and cr3~. Hatched areas in-
dicate the range of uncertainties in their determinations.

suit, a&p/a32 ——2.4+0.2. The difference is mainly due to
their poor determination of a', p since the accurate m. p
~m. +m n measurements of Ref. 1 were not available at
the time of their analysis. Consequently, these authors
were unsuccessful in describing all five channels for
nN +m.mÃ in t—erms of a single chiral-symmetry-breaking
parameter.

In the present analysis, the effects of isospin-breaking
final-state Coulomb interactions were neglected. These ef-
fects are expected to be negligible except at energies near
threshold and are difficult to properly calculate. It is,
however, reasonable to ask what effects these interactions
would have on the present results. Final-state Coulomb
interactions should enhance the cross section for
m p ~~+a. n (which mainly determines a', p) and
suppress the cross section for vr+p +a+~+n (w—hic. h
mainly determines a32). If g were exactly zero, as re-
quired by Weinberg's phenomenological mX Lagrangian, '

then Eqs. (11) and (12) imply that any analysis which
neglects Coulomb interactions would determine the "un-
corrected" value of g to be slightly negative.

The pruned data and results of the fit are shown for
m p~m ~ n in Fig. 1, for ~ p~m+m n in Fig. 2, for
m p —+m m p in Fig. 3, for ~+p~m m+p in Fig. 4, and
for ri+p~m+n+n in Fig. 5. Table II presents the results
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FIG. 6. Isospin cross sections a~0 and cr~~. Hatched areas in-
dicate the range of uncertainties in their determinations.
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FIG. 8. cos4~o, where N&o is the phase of alo. The hatched
area indicates the range of uncertainty in its determination.
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of the fit for the double-differential cross sections at 1242
MeV and Table III presents the results for those at 1262
MeV. The present work also allows a determination of
isospin cross sections crzl I . Cross sections for I=—,

' are

show11 In Flg. 6 and tllosc fol' I=
2 alc sllowII 111 Flg. 7.

When a ~~ was parametrized with a resonance form in an
attempt to fit rr p reaction cross sections above 1370
MeV, it was found that the data required a rapidly grow-
ing o&~ cross section that reached about 10 mb at 1500
MeV. This behavior is attributable mainly to the influ-
ence of the DII (1520) resonance. The influence of the
Roper resonance is apparent in Fig. 8 which displays
COSC Ip wl1CI'C 4Ip is the phase of a Io.

carried out by threshold extrapolations such as those in
this work.

The success of this analysis in describing low-energy
single-pion production with a minimum of parameters
and within the context of isospin symmetry constitutes a
validation of isospin invariance. For the first time, it has
been demonstrated that the threshold behavior of single-
pion production is consistent with a single value of the
chiral-symmetry-breaking parameter. The value deter-
mined for this parameter is close to zero, the value re-
quired by %'einberg's phenomenological m.X Lagrangian'
and expected from quantum chromodynamics. ' We may
conclude that soft-pion calculations are indeed valid for
mX —+urn%.
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perative that comparisons with soft-pion calculations be
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