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We argue that low-temperature effects in QED can, if anywhere, only be quantitatively interesting for
bound electrons. Unluckily the dominant thermal contribution turns out to be level independent, so that it

does not affect the frequency of the transition radlatlon,

At 10%' temperature, T ~~ the, where Pl 18 thc clcctfon
mass, temperature effects in QED are negligible because the
dimensionless temperature scale T/m is very small (our
units are ir = c = ks = I ). Thus the mass shift is proportion-
al to n(T/m)', ' 5 the anomalous magnetic moment shift is
proportional to n(T/m)', " the speed-of-light shift is pro-
portional to u (T/m), and the electric-charge shift is pro-
portional to elm/T exp( —m/T), ' n being the fine-
StlUCtUfC Constant. ThC Only Way Of hSVlng 8 lalgCf teIT1-

pclatul'c cffcct at T C4 ffI 18 to have Bn encl'gy scale sn181lcf
than m. The obvious physical system which has such a scale
18 RQ atom, where thc Rydbcfg constant %'hich lricasufcs thc
binding energy is much smaller than the electron mass,
a m QQ Nl. Onc csn then hope that low-temperature cffccts
in Bton11c systcn18 Rfc given by thc dllTlcnslonlcss tempera-
ture scale T/( mu') and therefore much more important
and A1casurRblc cvcn at T 10 K, Bs ~0/ Pl 10 K. Thc
aim of this note is to show that, in spite Gf the correctness
of thc pl'cviGUs statement, thc Unfortunate existence of a
Thon188-Rclche-Kuhn-type sum rule Q1akes this dominant
10%'-temperature cffcct, UQITlcasufablc.

TG bc specific, lct Us consldcf thc hydrogen I.RA1b shift
which 18 8 quantum field cffcct as lt ls dUc to viltUBl pho-
tons. Recall (see, e.g. , Ref. 8 which we follow along this
work) that for s waves the naive free-electron one-loop
COA1putatlon Gf thC CQClgy Shift 18 lnfI'MCd divergent. TIlis
18 Aot sufpI'ising Rnd only 'slgARls that Rt 18fgc %'avclengths

t

X )) (mu) a relativistic free-electron description of the
clcctfon bound ln 8 fcglon Gf thc Order of 8 Bohr radius
(mn) ' is incorrect. This leads to the introduction of a
Cutoff E, 8UCh that Pla CC E Q4 &, %'111Ch SCpalatCS thC
lafgc-A101TlcntuIIl contlibution, computed %'ithin rclatlvlst1c
quantum-field perturbation theory around free electrons„
Rnd the low-momentum contribution, computed within
second-of dcf Qonf clatlvls'tic qUMitUA1" 1Tlechanical pcf tuI'ba-
tion theory around bound electrons. %hen both contribu-
tions are sumn1cd the cutoff E cancels and thc well-known
Lamb-shift foflTlula follows. Thc Rydbcfg constRnt cntcl'8
this expression obvloUsly coITllng from thc second contflbu-
tlon.

I ct Us QG%' procccd with thc con1putBtlon Gf temperature
cffccts. Thc laf gc-A1GA1cntun1 tcn1pcratuf c effects will bc
weighted with Pl, 88 thc clcctfons Mc sccA Rs ffcc by small-
wavelength photons. They do not interest us. On the con-
trary, the low-momentum temperature effects are weighted
ln pl'lnclplc by 0! PPf, Bs large"wavelength photons arc scnsl-
tlvc to thc %'hole atom Rnd thcfcfGI'c scc 8 boUAd clcctr'on.
Thc only difference ln thc computation Gf thc cnclgy shift
ln second-order AGAI'clatlvlstlc pcI'turbBtlon thcol'y due to
thc temperature ls that GUI' initial stBtc 18 Qot 8 pUfc onc-
clectron state but 18 given by 8 density matflx which
describes thc electr GQ wlthln BQ equilibrium photon sca Rt

ten1pcfatufc T. Thc tclTlpcfBtUfc cncrgy shift 18 then glvcn
by

where n and 5 indicate 811 thc quantun1 numbers nccdcd
fof 8 complete dcscilptlon Gf thc stBtc.

Thc flist term corresponds to Bn intermediate state %'1th

Gnc photon A1orc and thc second with onc photon less than
thc initial state. At temperatures below 10 K, T CK Pl a,
lt, 18 convcnicnt, to divldc thc fBAgc Gf lntcglatlon into two
pMts fofA1 0 to T and fl oiTl T to E. IQ t11.c first 1'Bngc

E„—E &
+ k =E, —E . Rnd thc lntcgr'Stion 18 performed

tfivially. It 18 Qot diff lcUlt to scc that thc second range gives
a contribution depressed by (E„—E,)/T with respect to the

flfst onc. Thus the result foI' T K4 me 18

I

not thc clcctI'on ITl888. This 18 %'hst %'c cxpcctcd Rnd pushes
thc cffcct, into thc don181Q of present-day experimental cBpa-
bilities. Unluckily, temperature effects do not want to be
measured so easily. It turns out that 8E„(T) does not
dcpcnd GA 5, Rnd ln paftlculM docs Aot dcpcnd on RngUlaI'

A1omcntum. This can easily bc seen lccalllng that

P=im [H, R]

j {n jP jn') j'= m'(E„—E,)'j {n jRjn') j',
2a mT y j{n jPjn') j'
9n m, E„—E,

This leads to an energy shift proportional to nT /m. Recal-
ling that the zer'o-temperature Lamb shiA is proportional to
tPln wc find thRt thc temperature cffccts Mc of thc order of
(T/mn')' and thus weighted by the Rydberg consta«and

independently of thc value Gf Pk. In Other words, thc dom-
inant low-temperature energy shift is the same for all levels
Rnd does Qot change thc ffcqucncy of thc tl'snsltlon fadia-
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tion, Only subdominant effects enter into the Lamb shift,
but those are not large enough to be measurable in the near
future.

In atoms the dominant thermal QED effects are the same
for all levels, and thus not seen in transitions.
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