PHYSICAL REVIEW D

VOLUME 30, NUMBER 2

Form of a spin-dependent quantum potential
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The form of the quantum potential for spin-l particles obeying a second-order wave equation is derived
2

and the perspectives of its future applications are briefly discussed.

In a recent paper! the authors presented a Lagrangian for-
malism for spin-é— particles based on the Lagrangian density

L=m Yy — (g — ey (iF—ef )y F=c=1) 6))

which leads to the second-order Feynman—Gell-Mann wave
equation for the four-component spinor {:

(G = ef) (i — ed) — m* 1y

=[(id,—ed,) (id*— ed*) — FeF, 0" —m*ly=0 , (2)
where o,,=Fily,, v,] and F,,=8,4,—9,4,. Then, as
usual? in the causal fluidodynamical interpretation of the

wave equations, we split (2) into its real and imaginary parts
by defining a real positive scalar field density

0= gyl 3)
and a unit spinor
w=y/Q (ww==%1) . @)

For the real part we obtained the following equation:

w(id,—ed,) ww(idg*—ed*)w— D—QQ+ wwa, worw

.
+ WO, Wk w — m:— feF,, LT =0 . (5)
ww

The aim of the present report is to put (5) in a suitable
compact form in order to -interpret it as a generalized
Hamilton-Jacobi equation. In fact, if we consider (as in the
scalar case) 0 Q/Q as the quantum potential,2 we find in (5)
some extra uninterpreted terms which must be wiped out by
a double gauge transformation! on ¢ and A, if one wants a
causal interpretation of (5).

If, on the contrary, we want to deal with the complete
equation (5) we are obliged to regard as quantum potential
the expression

U=52_5wa,momw— w0, wiwdkw 6)
Q L] [
which is explicitly spin dependent, in qualitative agreement

with other preceding analyses.?
In order to put (6) in a more suggestive form we define
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the 4 x 4 matrix
p=1¥ [”«p= . ™
ww Wwyw,

We remark here that, for a given spinor ¢, the product Y
(with ¢ on the right side) represents a 4X 4 matrix with ele-
ments Y,g, Whereas the product Y (with ¢ on the left
side) is the number Y, =Tr(P). It can be easily shown
that

P=vyoP'yo=P, P’=P (P"=P) ,
(8)

Tr(P)=1, Pw=w ,

so that P can be considered as a pseudoprojector in the w
direction (not an ordinary projector because it is not Hermi-
tian in the ordinary sense, P'=P). We can deduce now,
from the properties of the unit spinor w [8,(Www)
=0(ww)=0] that

Tr(POP)=wlO(ww)lw
= —2(Wwd, Wo*w + W, wwd w) )
so that the quantum potential (6) becomes

U=%Q+ 1 Tr(POP)

Furthermore, we remark that if we define the transverse
pseudoprojector

(10)

T=I—-P (PT=TP=0) an
with

T=T T*=T (T"=T) ,

(12)

Tr(T)=3, Tw=0 ,
and if we consider a function

F(2)= 73, a,(z—z)" 13)

n=0

we can immediately prove that

F(P)=F(1)P+F(O)T , 14)
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so that in general
f(Q:P)=a(QP+B(O)T . 15)
It is possible to show now that, if we pose

Q=a(Q)P+B(QO)T ,

— (16)
Q=2 yo=a"P+8'T ,
the quantum potential (10) takes the final form
v=292 . L1 (pop = T(R20Q) an
0?7 Tr(Q Q)
if «(Q) and B(Q) satisfy the conditions
a*a"+3g*§" =0
lee|2+ 3182 ’
@436 _ 1 as)
le|2+31812  Q
le—B12 _ 1
le|2+31812 2 °

These conditions can be fulfilled by supposing, for example,
a(Q)=aQ, B(Q)=bQ ,

la|2=|b|2—4Re(a*p)=0 .

19

A possible choice for a and bis a =1 and b=iso that
Q=Q0(P+iD=QF(P) , (20)

where F(z) is a function such that F(0)=iand F(1)=1;
for example,

f(2)=2z-1 @n
so that
Q=QVP-T =VP-T , (22)
where
g= Q2P=l—!]—‘$——
ww
(23)

ww
Finally, by recalling that' the conserved current for the
Lagrangian (1) is split into a drift and a spin part

Ju=dutiu »
2
Ju= %W(z’au——eA,‘)w , (24)

2 v
i = —Qm— a—QQwa,,,w+ 18" (wouw)|

and by defining a generalized drift momentum density

g“=:'_n__.“= W(la”’:eA”’)w , (25)

U ww
Eq. (5) can be put in the form of a generalized Hamilton-
Jacobi equation, namely,

., Tr(QOQ) wakw
- IrlQga) a1, =0 (26)
(@) 2 " ww

gu8*—m

Moreover, in the free case (4*=0) Eq. (26) can be put in
a form which generalizes the relation p,p* = m%

G.G*=M* , Q7
where, of course,

G,=wid,w ,
— (28)
M= Tr[Q(D_:— m?)Q1]
Tr(Q Q)

We conclude with some remarks.

(a) The form (17) of the quantum potential constitutes
an effective generalization of the corresponding expression
for the scalar case; in fact (17) reduces to the usual form

-89
U==5 29)

if ¢ is a scalar function because, from (23), we would have
P= 0?2 =0, and hence Q= Q= (|¢|?)¥2. Moreover, in
the same way we can see that the term M? in (28) is the
correct generalization of the ‘‘variable proper mass,”’ first
introduced by de Broglie,* to the case of spin-s} particles.

(b) The new generalized form (17) of the quantum po-
tential poses the problem of its connection with a relativistic
stochastic formalism® if one wants to interpret the quantum
behavior of a spinning particle as the overall manifestation
of the chaotic character of a random subquantum ether.5
Indeed, until now, this connection was madel® only for
quantum potentials of the form (29), even for spinning par-
ticles.”

(c) The expression (17) should be used now to carry out
careful calculations of the ‘‘trajectories’’ of a spinning parti-
cle subject to the corresponding ‘‘quantum forces.”” It is
well known that these calculations have been performed® for
the scalar case (29): the generalization to the spinning case
could be very useful in interpreting in a causal nonlocal way
the results of Aspect’s experiments’ on the Einstein-
Podolsky-Rosen-Bohm paradox.!® Of course, a fundamental
step in doing it is the generalization of the proof, given for
the scalar case,!! that the action at a distance, carried by a
spin-dependent quantum potential (17) for two correlated
particles, satisfies the compatibility conditions required by
the predictive mechanics.!?

(d) Finally we must remark that our analysis is not an ar-
tifact of the choice of gauge quoted at the beginning of this
paper with regard to Eq. (5). In fact we must consider the
approach that considers (29) as the total quantum potentiall
as not entirely satisfactory for two main reasons.

(1) In order to get a generalized Hamilton-Jacobi equation
with (29) as quantum potential it is necessary to impose!
some extra conditions on the gauge phase in the form of a
partial differential first-order equation on this gauge phase.
The choice of the gauge was determined, in some unnatural
way, by the particular spinor to which the transformation
was applied.

(2) Moreover, the connection of the generalized
Hamilton-Jacobi equation [with (29) as quantum potential]
obtained by means of the gauge transformation with a sto-
chastic process (that we consider as a fundamental step in
our theory), needs a supplementary hypothesis:! the vector
wd,w must be gradient of a scalar function. That is obvi-
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ously true in some particular cases (e.g., plane waves) but
that does not hold for every unit spinor w. Therefore, we
cannot consider the formulation based on (29) as a com-
plete demonstration of the equivalence between a stochastic
process and the Feynman-Gell-Mann equation.

In conclusion, for spin—% fields, we consider the expres-

sion (29), obtained for the quantum potential by means of a
gauge transformation, only as a reduction of the complete
quantum potential (6) or (17): this reduction was useful for
a first approach to the problem of the connection with sto-
chastic processes but, of course, the definitive solution of
this problem needs the most general form (6) or (17).
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