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Frames of reference attached to quantum-mechanical objects of finite mass are considered. A
conslstcnt dcscllptlon of such fIRIIlcs 1s obtalncd wlllch I'csolvcs R var1cty of Rpparcnt parRdoxcs as-

sociated with such a description. The main result of the present work is a formalism wherein the

principle of equivalence is extended to reference frames described by quantum states.

INTRODUCTION

In classical physics, the measuring device by means of
which information about a physical system is obtained is
always ignored. This is so because the interaction with
thc system may R1ways, in pr1nc1ple at least, be made as
small as desired. This approach has been carried over to
quantum theory. Here, certainly, it has been recognized
that due to the uncertainty principle, a finite quantum of
action, which is uncontrollable and unpredictable, has to
be exchanged dur1ng any 1nteraction between object and
measuring device. But it has been argued that the measur-
ing device is sufficiently heavy so that the disturbance it
suffers as a result of these quantum exchanges could be
neglected, and the device be described as a classica1 sys-
tem. Thus, the separation between the observed system
and the measuring device seems, in this sense, justified in
quantum theory too. Still it is clear that in the quantum-
mechanical case there is a difficulty that does not arise
classically. We call it the paradox of the measuring de-
vice. To illustrate the idea involved, let us consider the
measurement of position.

Supposing a separation of the order -xo is measured,
and an accUI'Rcy

is desired. From the uncertainty principle it follows that a
finite amount of momentum

must be exchanged between object and measuring device.
If the mass of the measuring device is finite, it will be ac-
celeI'ated during measurement by a finite, but uncertain,
RnlollIlt, RIld Rftcl' R flIlltc period of tllllc, 'tllc dcvlcc s po-
sition will become uncertain by

~(T)=~(0)+ T,
M

relative to a given external reference frame. This, in turn,
introduces a corresponding uncertainty into the separa-

tion, and hence into the result of the measurement. But
then, the use of such a measuring device for repeated mea-
surements becomes impracticable. In other words, the
measuring device no longer fulfills those very ends which
are the reason for its existence.

By contrast, if the mass of the measuring device is in-
finite, the disturbances caused to it will tend to zero in all
cases. Hence, the above difficulty will not arise and it wi11

be described by classical physics.
The paradox of the finite-mass measuring device was

noticed early in the history of quantum theory, but has
remained RIl opcIl qUcst1on since. As sa1d, thc measur1ng
device has always been considered a macroscopic system,
i.e., one whose mass is infinite, in which case this difficul-
ty does not arise.

Against this, two counterarguments can be advanced.
First, out of necessity any measuring device's mass cannot
be but finite. Approximating it by an infinite mass consti-
tutes in truth a relative statement involving both the mass
and the energy exchanged between the measuring device
and the object of measurement. Hence, it is not hard to
envisage a measurement where the energy that has to be
exchanged is so large that the above approximation can no
longer be just1y used.

Second, 1t appcaIs as though thcI'c ls RIl uIlavoldab1c
difficulty here, which is an outcome of the very nature of
quantum theory.

The real question that is being raised here concerns the
consistency of the quantum description. It seems as if the
theory 1s, ln principle, unablc to encompass thc whole
universe in its description; that it cannot even be made to
consistently support the notion of a finite-mass observer
and that consequently it needs a classical-type theory to
RugIIlCnt 1t.

A measuring device may also be taken to define a
space-time reference frame. This presents a somewhat
different viewpoint of its function, and one which touches
the issue at hand just the same.

In this work, we shaH solve the problem of the con-
sistency of the quantum description relative to a finite-
mass measuring device, within the framework of nonrela-
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tivistic quantum theory. The central principle involved,
and which provides the key to the solution of the con-
sistency problem, is the principle of equivalence.

In this solution, a canonical description of a general N-
particle quantum system relative to a finite-mass reference
frame is given in closed form, by means of a covariant
Hamiltonian, together with the transformation law be-
tween different reference frames.

Besides solving the consistency problem, the solution
also constitutes an extension of the equivalence principle
to quantum theory, since a covariant description relative
to a quantum reference frame whose motion may be of the
most general kind is given.

In the following sections, two thought experiments deal-
ing in turn with the spatial and temporal aspects of the
paradox of the measuring device will be discussed (Secs. I
and VI). Following these (Secs. II—V), the full mathemat-
ical solution will be given.

I. SPATIAL ASPECT OF THE PARADOX
OF THE MEASURING DEVICE

hv~ ——0 and M,' =0, (la)

In the present section a paradox involving quantum
reference frames ("observers" ) will be discussed. Besides
bringing into focus the difficulties inherent in the pro-
gram of formulating a finite-mass reference frame in
quantum theory, it will also shed light on the fundamental
ideas involved in the solution of this problem.

Our example involves two reference frames, an "inter-
nal" frame 0~, an "external" frame Oq, and a single parti-
cle Q. The reference frames both have finite mass. They
may each be thought of as laboratories containing rulers,
clocks, etc., all of which are rigidly attached to the walls
of the laboratory. Thus, a reference frame will here be
represented by a single degree of freedom, whose mass is
finite, and whose center of mass defines the origin. Con-
sequently, these reference frames may be put into a well-
defined quantum state relative to one another, which
would not be possible if the mass were infinite.

For the sake of simplicity, we shall restrict the discus-
sion here to a one-dimensional problem. We shall denote
observables by unprimed variables when referring to 0&,
and by primed variables when referring to 02.

Let us now return to the setup described above, includ-
ing two observers and a single particle, and consider the
set of all possible measurements therein. With regard to
these, it is necessary to make the following statement: It
should not be possible, by means of an experiment per-
formed within one given reference frame, to discover its
state of motion. This requirement is familiar from the
special and the general theories of relativity, but it ac-
quires here richer meaning, for in the present case the
states in question are quantum states. Thus, 0& may be in
an eigenstate of position or of momentum relative to the
external frame. The above requirement then means that it
should be impossible, for an experimenter active inside
OI, to distinguish between these states. Since O~ may ei-
ther locate Q, or measure its velocity, while Oz may either
measure the velocity of the center of mass of 0~ plus Q,
we observe that,

Exc.m. ~Uzi=0 ~ (lb)

[U,', ,Xi]=0 . (2b)

Let us now calculate the left-hand side in (lb). With
U ~

——p~ /m
&

and using the notation given above, and

+Mixo
I 1

xc.m. ,
=

M)+m(
where m& and M& are the masses of the particle and of
0&, respectively,

I
xo = —xo2

I I+xo =xi —xo
1 2

the left-hand side in (lb) can be rewritten

(4)

—Mixo +mi(xi —xo ) p
M+m) 'm& W0 (6)

M)+m(
unless M& ——oo. A similar result can be shown to follow
in the case of (2b). This is the paradox of the quantum
reference frame. It seems to preclude the possibility of a
consistent formulation of a finite-mass reference frame.
We shall now show that this is not so and that the para-
dox can be resolved.

The clue to its solution comes from the canonical
description of a particle under the influence of a force,
which includes, in the most general case, both vector and
scalar potentials. While in classical physics only the force
is regarded as a basic physical quantity, and the potentials
as auxiliary quantities, in quantum theory they are neces-
sary even in the absence of a force. Let us then put

m~v~ ——p~+m~A (7)

with the objective of finding a vector potential A that will
restore the commutation relations (lb) and (2b). However,
and this constitutes the central idea in the solution, be-
cause there should not be any one preferred reference
frame, we shall put the two frames, the internal and the
external, on equal footing, i.e., we shall demand

mIU) =p) +m)A

and where, in particular, A' must be the same function of
variables in 02 as is A of the corresponding variables in
OI.

We proceed to calculate A by substituting (7) into (1b),

x,', +2 =0 .p&

m)

where subscript 1 stands for Q, and subscript c.m. ~ stands
for the center of mass of 0& plus Q; or,

Lx) ——0 and hvc'm, =0.
That is, the particle's velocity and the position of the
center of mass of 0

& plus Q, or, alternatively, the
particle's position and the velocity of the center of mass of
0~ plus Q, may be simultaneously sharp. It is entirely
equivalent to the above to observe that
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Using (3), {4), and {5) above it follows that the most gen-
eral solution for 3 must be of the form

A =ap ) +Pp p, +f(x „xp )+C .

We further may choose f=0. We find that (see Appendix
A)

fi(mi, Mi)
M)

f2(m), M))
M(

first is that all coordinates involved in it have been defined
as relative variables. In order to see the second point, let
us tentatively assume that the momentum of only one par-
ticle, the 1th say, has changed. Then (14) shows that this
entails an acceleration of all particles in the universe. The
explanation for this follows readily, for if only p~ has
changed without a corresponding change in the momen-
tum of any other particle, then it must be that the
momentum of the reference frame itself has changed (by
—hp~ ), affecting, in turn, a relative acceleration (of
&p~/M) in all other particles. In short, the vector poten-
tial represents the "kickback" of the finite-mass reference
frame, but it cannot be ignored even if no forces are act-
ing, since via its quantum spread it represents the quan-
tum state of the reference frame.

5'o,
Uo = +

M)

fi(Mi M2)po +fz(Mi Mz)pi
(10c)

To find f~ and fq, in the spirit of the foregoing discus-
sion, one has to turn the particle Q into an observer as
well, defining a third reference frame, the "double
primed" frame. We shall thus write

fi(mi, M2)pi +f2(mi, M2)po,

M2

We now proceed with the full covariant solution for
quantum reference frames. In the present section, the
one-d1menslonal CRsc w11l bc taken up.

I.et us then consider X+ 1 particles in one dimension.
Their masses are

We regard the physical variables pertaining to these parti-
cles as defined over an absolute coordinate system which
here will serve the purpose of an auxiliary frame, to be
completely abandoned in the future. In this frame, the
particles coord1natcs arc

[xc.m. «ul]=0 )

[x. ..u'i ]=0,
(lb)

XQ p ~ s ~ ) Xpf

and their momenta are

P0 y e o o pPg e

[x,",u&] =0 .
12

With these and using (2b) the coefficients f, (m;, mj),
fz( m;, m J ) in (10) may be calculated (see Appendix A).
The result is

f, (m;, mJ)= f2(m;, mj )—= 1,

Also, in this reference frame, the usual commutation rela-
tloIls hold, 1.c.,

[x)«pJ]=l5,J) E)J =0, . . . , S
Rnd the Hamlltonlan 1s g1vcn by

P1 P1 +5'O,
+ +C.

mi M2

More generally, if X particles are given,

(13a)
Because this commutes with the total momentum, we can,
without loss of generality, assume that the system is in an
eigenstate of PT 0{pal denoting ——the total momentum).

Let us now choose particle 0 to define the origin of our
relative reference frame. In this capacity, this particle
resembles one of the quantum observers 0] and Oq of the
previous section. We further define a new set of canonical
coordinates and momenta thus:

uk= + Q pn+C .
mk M2 „~2

(14b)

'0 =X0~ &0=+7

Qpf Xgg X0p 7Tpg Pyg 9 Pl 1pX 4 (16b)

This is the solution of the paradox. Its main signifi-
CRncc 11cs 1I1 that 1t demonstrates that R cons1stcnt formu-
lation of a finite-mass reference frame is possible. Fur-
ther, two points should be noted about this solution. The

[g/)1TJ] —l5Jl)J))—0, . . . , X

The characteristic feature about this choice is that the
coordinates have been defined as relative variables, in par-
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ticular, as distances from particle 0.
The unitary transformation that connects the relative

frame with the absolute one is given by
qp —X1& no ——I'T, (22a)

relative to particle 1, say, are measured, the coordinates
and rnomenta will be

N

U =exp —l g p~xp g 1 =Xp —X1, 'F71 =pp
I I

gn =Xn —X1, &n =pn, pl =2, . . . , +,
(22b)

(22c)

q„=UX„U, an = Up„U for n =0, . . . , X .

Using U and the "absolute" Hamiltonian, the Hamiltoni-
an in the relative frame may be calculated (see Appendix
8):

I
go —go+/ 1p 7TP —7'

N
I

'q l 'ql ~ ~1 ~0 g ~n
1

I I
9n =qn —9'1~ ~n =~n~

(23a)

(23b)

(23c)
H'(q„m„) = UH(.x„,p„)U

H(x„,p„)= U H (x„,p„)U .
The unitary transformation that connects the quantum
frames is

With U and H(p„) as given by (17) and (15), respectively,
we have

N

U =P
& exp i g m.„q &

e
2

(24)

N

po Qpn—
1

2mp

and hence, from (18),

N p
2

+g
where P1 is the parity operator for particle 1. Thus,
q„'=Uq„U, m„'=Um„U for n=0, . . . , %, as can easily
be verified.

III. TWO-DIMENSIGNAI. CASE

~o —g ~.
1

2mp

N

+g
With the system in an eigenstate of ~p ——I'T ——0, we obtain

Let us now consider two-dimensional reference frames.
With X+ 1 particles, as before, let r„=(x„,y„),
p„=(p„„,pY„), L,„=r„)&p„(n=0, . . . , X) denote,
respectively, the positions, momenta, and angular mornen-
ta relative to an "absolute" coordinate system. The usual
commutation relations are assumed, the Hamiltonian is

N ~ 2 g2H'= g
2mn 2fpl p

N p

p 2mn
(25)

where

This can be rewritten in the form

(~„+m„nym, )'

2mn

Mll
2mp

BH'
U~ =

mI mp

where M is the total mass. It may be observed that parti-
cle 0 has been eliminated from the Hamiltonian. It is,
however, compensated for by the appearance of a vector
potential. This last result may have been anticipated on
the grounds of the example of the previous section, viz. ,
Eqs. (14a) and (14b) and the discussion that follows.

Combining (20) with (16b), we summarize by saying
that we have here a description of the physics of X parti-
cles where observables are measured relative to a physical
reference frame. Such a reference frame evolves under the
influence of a vector potential. Consequently, a free parti-
cle no longer moves with a velocity that equals the
momentum divided by the mass, but, rather,

M=mp+m1,
mpm1p=

mo+
(26b)

moro+ m1r1R=
mp+m1

(26c)

r =r1 —rp,

PO+ P1 ~

mpm1 p1p=
mo+

po

mp

=EXP,

and again we assume the system to be in an eigenstate of
PT ——0. We could choose L,T Oas well (L——,T being the
total angular momentum in the z direction), but since L,T

may be found by a measurement performed inside the sys-
tern, it is important to keep it unspecified, and so consider
the general case.

We now replace the variables of particles 0 and 1 by the
corresponding "center-of-mass" and "relative" variables.
To this end, let us define

Considering another reference frame, where positions I, =r xp . (26h)
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The Cartesian components of R and r are

R=(X,Y'),

r =(x,y),
and their plane-polar coordinates

R=(R,e),
r=(r, 8) .

(27b)

(28b)

frame may be calculated from the Hamiltonian in the ab-
solute frame (29). Using the same definitions for H+7~'
as in the one-dimensional case, we obtain (see Appendix
C2)

H(p„) = U H(p„)U

" S.' rC' S,' (Ss —L.)'
=&2 „+2M+2' +

As is well known, the above define two independent
canonical degrees of freedom. With this modification in
our set of variables, the Hamiltonian becomes

yI.,
2 2M 2Nln P x+y

p2 ~2 X p
2M 2p 2 2m„

(29)
1 xI.,+

2p x +y
(33)

We now introduce a two-dimensional quantum refer-
ence frame. It will be characterized by the following coor-
dinates and momenta: K=gp„,

2
(34a)

Q„=Xcos8+ Y sin8,

Q„=—Xsin8+ I'cos8,

g~ =x

qy =P,
q =(x„—X)cos8+ (y„—F)sin8,

q„~ = —(x„—X)sin8+ (y„—F)cos8,

where n =2, . . . ,X and

H~ =Py~cosO+Pyy sm8,

H~ = —PT„sinO+ PT„cos0,
sin8~ =S~ — Lz

(30 )
and

n+rel

(30e)

(30f)

(31c)

also denoted sometimes l, [as in (26h)]. It is interesting to
find that the vector potential appearing in the kinetic en-
ergy of the reference particle corresponds to a singular
line of quantized flux. Because of the quantization of an-
gular momentum, this flux introduces no observable ef-
fect. In the next section, the origin of this singularity will
be clarified in a simple way.

To understand the meaning of the vector potential, let
us consider a case where in the original Hamiltoman
there is included an interaction that depends on 81, i.e.,

cos8
ay ——Py+ L.. .

~~ =@~COSO+Pny Sln0,

7T~y = —p~ S1I16I+any COSH

(31e)

where L, = g„+„~L~. (This summation includes the
center-of-mass degree of freedom. )

Continuing,

+g " ++V(8„—8).P1 Pn

2ml n~1 2mn n~1

8 V„B8i
Pi=

m~1 ~8& Bx ~

The point to notice about these definitions is that in the
relative frame, positions are measured in terms of dis-
tances from the "center-of-mass particle, " which, in this
sense, defines the origin, while directions in the plane are
measured relative to the "relative particle, "

@which, accord-
ingly, defines the x axis.

The transformation from the absolute to the quantum
frame is generated by (see Appendix C 1)

r

(pal+A) p„H=
2m ] „~) 2172~

+ g V„(8„'),

The transformed Hamiltonian is

( )
whereU=exp i g p„.R e—xp i g L,„—8

2 n+rel
A= —I., 901

8 X 1With the help of U, the Hamiltonian in the quantum
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Thus

a~ . a0F)—
Bt

which agrees with the original force. Since in our
transformation

X (=X&

therefore
~ ~ ~ ~

I
X l=xl

and

F' —F

Finally, we want to show how to transform between dif-
ferent two-dimensional quantuin reference frames. Let us
first give the space of "absolute" variables over which the
relative frames are to be defined. These are

fine the origin, and rel and 23 the x axis. Or, for instance,

q" =(x„—X23)cos823+(y„—Y23)sin823

q„y = —(X„—X23)sin823+(y Y23)COS823

for n=4, . . . , X,

m2x2+m3X3 y3
X23 —— 023 —arctan

m2+m3 X3 —X2

Let us introduce some further notations. In the relative
frames, we denote the coordinates and momenta of the
reference particles by the subscript a. Thus Q„ II„and
q„m., for the degrees of freedom defining the origin and
the direction of the x axis, respectively. With the above
choice these refer to indices c.m. and 12 and rel and 12,
respectively. In the double-primed frame, we accordingly
have Q,", II,", q,", and m,". Comparing with (30) these
are

C.m.R lP
mprp+m &

r
&

mp+ml

Q~ =Xipcos8ip+ Yips1118ip

Q+I = —XipslI18ip+ Yipcos8ip ~

a relr 10 r1 ro (35b) q~ =XlP ——Xl —XP,

c.m.
R23

m2r2+m313
m2+m3 and

q; =yap =yl —yo

and

a rel
23 3 2

my n 4 y ~ ~ ~

p lo =Po+Pl

mpml pl
Plo=

mo+ml
c.m. =P2+P3 ~

mzm3 p3
P 23=

m2+m3 m3

Po

mp

P2

m2

(35d)

(35e)

(35g)

(35h)

(35i)

Q —X23cos823 + Y23 sin823

Q y
— X23s111823+X23cos823

qax =X3—X2=X23 ~

II
qay =y3 —y2 =y23 ~

Also, we shall use the subscript b for the second pair of
c.m. and rel degrees of freedom [see Eq. (35)]. Thus,

Qb (X23 Xio ) 810+ ( Y23 Ylp)s 810

Qby (X23 Xip )sin8ip+ ( Y23 Yip )cos810

qb~ —X23 COS0lp +y23 Sln0lp

pnn4p ~ ~ ~ p& ~

qgy = —X23Sln010+y 23 COS0 l0
(35j)

and
With this choice of degrees of freedom, let us define the

following two relative frames: The unprimed frame, where
indices c.m. and 10 define the origin, and rel and 10 define
the x axis. We here have

q~ = (x —Xip )cos8ip+ (y —Yip )s1118ip

q y
= —(x —Xip )slI18 ip+ (y„—Yip )cos8 ip

for n =4, . . . , X, where

Qb (Xlp X23 )cos823+ ( Yip Y23 )sin823

Qby = —(Xio —X23)sin823+( Yio —Y23)cos823,

qb& =X lpCOS023+y lpsin023

qby = —X lpS1n023+y lpCOS023

The transformation from the unprimed to the double-
primed frame is

m 1X ) +mpXp
&lp= ~10

m&+mp

m &y&+moyo

ml+mp
U=UlU2,

where

(36a)

yl —yo
0lp ——arctan

Xl —XO

The double-primed frame, where indices c.m. and 23 de-
U2 ——P„ibexp i g mrs 8b exp iver~'8b-

n&rel L

(36c)

1V

UI =P~ bexpmi g Ir~ Qb exp i II, Qb, (3—6b)
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I,I I„I„~~ RIc thc pRr1ty opcratoIs assoc1atcd %1th thc
degrees of freedom c.m. ,b and rel, b, respectively. In Ap-
pendix C3, this transformation will be discussed further.
In particular, we show there how (36) has been reached,
thus also elucidating its precise meaning.

—1 zI.y
Ay =

y ( X 2+@2) 1/2

—I„zL,,+x
(X2+@2)1/2 X2+@2+ (38b)

IV. THREE-DIMENSIONAL CASE—PARTIAL
SOLUTION

(X2+@2)1/2

Iy,r2
(38c)

The extension to three-dimensional reference frames is
somewhat more difficult. In the present section, we shall
give only a partial solution to the problem. Even so, this
solution brings out some of the more characteristic
features of the three-dimensional case. The general case
will bc tr'catcd 1n thc next scctlon.

In principle, a three-dimensional reference frame needs
three particles to define, say, the z axis and the x-z plane,
in relation to which all directions in space may be deter-
mined without ambiguity. Hence, in the spirit of the fore-
going work onc llas to choose tllrcc part1clcs, perform a
displacement followed by three rotations, leaving 0 at the
origin, 1 on the z axis, and 2 on the x-z plane. But, rather
than repeating what has already been done before, we shall
treat only the rotational part of the problem. As men-
tioned earlier, we shall simplify our discussion in this sec-
tion by assuming that the z axis lies in the plane defined
by particles 0, 1, and 2. In this case, the rotation of (37)
below connects the external and the internal frames.

We have to rotate particle 1 to the z axis. This involves
two rotations, the first by the angle p1 about the z axis,
the second by the angle 8~ about the new y' axis. Thus,

—iL'8& —iL y&U=e ~ e

Rnd thc HRImlton1an 1s

P.' (P 1.+&„)' (P 1,+Ay )' (P 1,+2, )'

„~12M~ 2m 1 2@i1 2m(

We observe that the Coriolis-type fields (see Appendix
D2) vanish, i.e.,

BAg
Bk ——E,~ = (39)

Bx»

for, starting with a free Hamiltonian, U could not possi-
bly produce any fields within the reference frame. How-
ever, if one calculates the Abelian parts of the fields, i.e.,

one finds that the contribution which is proportional to L,
behaves like a Coulomb field, analogous to the field of a
magnetic IDonopolc. Wc dcnotc this Abclian pRrt by

BAg BAJ
~k

BXJ. BX;

Then, using (38) and (39), one immediately finds (see Ap-
pendix D 3)

—iL y&
—iL 8&=e ' e (37)

Ly = g'Ly.

and the primed summation excludes n = l. With this, the
Hamiltonian will be (we calculate only 8)

N 2

a=U'BU=U'g "
U

O 2M~

By(L, ) = Lg,z 3 z (40)

B,(L, ) =
p

3

We next calculate the line integral of A around a small
c1I'clc, surI'ound1Ilg thc z ax1S, Rnd whose plane 1s parRllcl

I et y„y = (x +y )
' j =~oust be the ra-

dius of the circle of the integration. We obtain (see Apen-
dlx D4)

wherein we focus on Utp1U. One finds that hm A. 1 =
(r —+0)

—2~I.„z~0
2+L„z ~0.

iL 8& iL P&
—iL P&

—iL 8&e e pre e =p1+A

where (see Appendix D 1)

zLy—x
y y (X2+@2)1/2

zL,~
+g

(X2+@2)1/2 2+@2+ (38a)

From (40) and (41) we see that the vector potential has a
slngulRrlty RloIlg thc z axis. It corresponds to two mono"
poles of strength 2'., each, whose strings lie along the
positive, negative, z axis, respectively.

It is possible to see qualitatively how singular lines of
Aux may appear in the transformed Hamiltonian from the
following consideI'ations: The transformed state is

(42)
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(43) and

375

Suppose that particle 1 describes a small circle around the
positive z axis, as in (41). Then this induces the following—iL 8)transformation on %. We have 8i=-0 and e =1 so
that

z~

lpga

™ling (44)

Thus the phase changes by —2am along this circle. This
corresponds to a flux line of —2am, along the positive z
axis. Consider now a small circle around the negative z—iL 8& —iL m

axis. In this case e '=e . Therefore,

L,e ' '4= —m(e ~ "P) . (45)

V. MOST GENERAL THREE-DIMENSIONAL
QUANTUM FRAMES

Thus the phase along this circle changes by +2~m, which
corresponds to a flux line of 2am along the negative z
axis. We thus find the singular line in this case to corre-
spond to a "magnetic" monopole of strength 2+2m at the
origin plus a singular flux line of —m 2m. along the z axis.

U p2U =p2+A2,
we find for the potentials

ay, a8,
A i„——— —cosgsin8i +sing L„ax i ax i

api a8i
sing sin8, +cosf L„ax i Xi

a4i ai)l
cos8i +P L, ,

BX) BX)

ay, a6,
sin8icosg+ sing L„

api a8i api
sin8isin1t + cosi( L„— cos8iL, ,

a8, a8,
A „=— sin1ttL„+ cosfL~ — L,

Zi Zi Zi

The three Euler angles are chosen so that the rotated z
axis lies in the direction of particle 1, and the rotated x-z
plane coincides with the plane defined by particles 1 and
2, and the origin. Thus, pi, 8i are, respectively, the azimu-
thal and polar angles of particle 1, and

tauri g
——rl(xi~~ —x~i )

2zI r)'r2 —T) z2

N N

ll =3 8 =3

According to the by-now-familiar procedure, we calcu-
late the Hamiltonian in the quantum frame by acting on
H with Uf,

N 2 2 2

K=U HU= g +Ut U+Ut U.
3 2m„2m& 2m 2

Denoting

U piU=pi+Ai

In the present section, the most general type of a three-
dimensional quantum frame will be described. We set out
from the initial variables ro, r &, . . . , r N and

po, p ~, . . . , pN and the Hamiltonian

N ~
2

o 2'

As in the previous section, we assume about this set of
variables that the origin 0 stands for the center-of-mass
coordinate that all other variables are measured relative to
it.

With this choice of variables, it follows that the passage
to the most general quantum frame involves three rota-
tions by the pertinent Eular angles,

—iL Q) —iL 8) —iL @) 2U=e ' e ~ e

altt

ax 2

a
A2y ———

~3'2

3
az2

From considerations similar to those used in the previ-
ous section [viz. Eq. (42)—(45) and the discussion there],
we find that in the present case the vector potential of
particle 2 corresponds to a singular line of flux of strength
—L,2~, along the line connecting particle 1 with the ori-
gin (since a small circle around this line changes gi 2 by
2'). The vector potential of particle 1 corresponds to the
same singular flux as described in the previous section,
plus another line of strength L,2n. along the —line con-
necting particle 2 with the origin.

VI. TEMPORAL ASPECT OF THE PARADOX

To complete the picture of a quantum reference frame
within Galilean relativity, we now examine the temporal
aspect of the problem. We shall introduce an internal
time axis into the reference frame by including a clock
within the system. Consider the Hamiltonian (see Appen-
dix E).

~ext + +~remainder
O

—7T] 772

where Ho"' stands for the Hamiltonian in the absolute
frame, "particles" 1 and 2 are clocks (see Appendix E),
and H" """represents the Hamiltonian of all other par-
ticles, excluding 1 and 2.

For the sake of simplicity, let us at this point consider
only the two clocks by themselves. %'e then have

extHo —7T$ +772 ~
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We further assume that the system is isolated, so that its
energy does not change with time, and, in particular, that
it is in a stationary state, and that the total energy equals
zero. Thus,

H"'=0 .

V(ql ) =
r

Vo, q] &0

0 otherwise .

The initial conditions will be given in accordance with (46)
[or (47)]. In reference frame (2), the Schrodinger equation
will be

As I11clltlollcd cal'llcl, wc legal'd thc two clocks as dcflIllllg
the internal times of two laboratories, or reference frames.
The Schrodinger equation in reference frame (1), where
clock (1) is used to measure the time, is

i -f= — Itj+ V(ql )p .1

Bt2 i Bg]

With the initial conditions

(48)

Wqz tl ) ~20(qz tl )

P(ql t2) ~1 P(ql t2)
Bt~

and the corresponding solution is given by

q'(ql t»=f(ql —tz)+f(ql —tz+» . (47)

With the choice of initial conditions as in (46), the two
reference frames (1) and (2) stand in time uncertainty rela-
tive to one another. For at a given time, t&

——To, say, in
reference frame (1),

q'(tl = To qz) =f(qz To)+f(qz—To T»— —

which describes clock (2) to be in a superposition of the
tl111CS (Flg. 1) tz =—q 2 = To alld tz =—qz = To + T, w1111C fl'OII1

the point of view of reference frame (2), it is reference
frame (1) whose time is uncertain (Fig. 2),

q'(tz = To q I )=f (ql To)+f(q I
——To+ T) .

Let us now consider the Hamiltonian

H'"'= m I + Irz+ V(q I ),

A. particular solution of this equation is

+(qz tl ) f(q2 tl )+f(q2 tl

where f differs from zero in a region smaller than T. In
reference frame (2), the Schrodinger equation is

'p(tz =0 q I )=f (ql )+f(ql+ T»
the solution at time t2 will be

0'(tz, ql )=[f(ql tz)+—f(ql tz+ T)]—

~ exp i V—(q'I )dq I
go

as may easily be confirmed by substituting (49) back into
(48) and solving. For tz )T we obtain

'p(tz& T ql)=f(ql tz)+e —' f(ql —tz+T) .

We notice that the relative phase in the superposition has
changed by the amount —VoT. In reference frame (1),
the Schrodinger equation will be written

i -IIj= — g+ V(tl )f,1

f] I 8/2

and the initial conditions are

q'(t I =o,q» =f(qz)+f(qz —T) .

The corresponding solution is

'p(tl qz) = [f(qz —tl )+f(q2 tl
(

&exp —i V t&
0

where to & 0. This may be rewritten as

q'(t I qz) =[f(qz —tl )+f(qz —tl —T) l

~ exp[ i VoO(tl )t 1
—],

no. I

no. I

rlo. 2

FIG. 1. Clock states as viewed in frame l. FIG. 2. Clock states as viewed in frame 2.
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1+og
HI m——i+. V(q I )—g (tl )

2
(51)

where 8(tl) is the step function. We find that while in
reference frame (1) a change in a physical quantity has oc-
curred, in reference frame (2) no observable quantity has
apparently changed. Thus, the descriptions in the two
reference frames seem to yield conflicting results.

Let us next consider a new Hamiltonian,

or

1+a,
i 1 —g(qI )

2
8 . 8 1+a,%=i 1 —g(q2)

Btl Bti 2

=[n;+ V(tl)]% .

1+o,
Hi ——m2+ V(t I)+g(q I) Hi2

(53)

I, T&tz &3Tg4='
0 otherwise

w][th the system prepared in the state

Defining

1 +0"g
1 —g(qI)

2
(54)

It then follows that

%',(T &t2&3T)=[f(qi ——,'(Tp —T)—T)

+e' f(q, ——,
' (t, —T))] 0

and

+[f(qi t»+ e "f(qi —t2+ T)], —

%,(tl ——3T)=[f(q I 2T)+ e' f (q I
——T)]

+ff(qi —3T)+e' f(qi —2»]
1

=f(q, —2T);~ +other terms .1

Thus, when the measurement is completed, the state of the
measuring device

depends on a and distinguishes between the two orthogo-
nal cases a=0, m. Let us now examine this measurement,
as seen from reference frame (1). We have

q'. =[f(ql —t2)+e "f(ql —t2 —T)1
1

We recognize the expression appearing in the left
parenthesis on the right-hand side of (52) to be the wave
function of (50) above, with —Vo T=a. Using von
Neumann's measurement theory, the above describes an
interaction that measures the phase, with the spin here
representing the measuring device. Our aim is to follow

up such a measurement, which, according to our previous
results, is in principle possible in reference frame (2), but
appeals to bc BlcaI1111glcss 111 I'cfcrcIlcc frame (1).

In reference frame (2), then, we have

dq I BHI 1+o'g
=1—g(tI)

dt's GATI 2

1 O.
g
——+ 1

(T&t&&3T) .

1 +oz
I-g(qz)

2

. Ig2 [~2+ V(ti)]

1/21+o.,
2

(53) above can then be rewritten as

CONCLUSIONS

This paper addresses itself to the problem of finite-mass
quantum reference frames We show .that with the help of
suitable geometrical potentials it is possible to construct a
theory that takes account of the quantum disturbances of
the reference frame in a consistent manner. Our formal-
ism satisfies an equivalence principle that presents an ex-
tension of the classical equivalence principle to quantum
theory. It also augments the usual continuous Cxalilean
symmetry with additional discrete symmetries correspond-
ing to the transformation from one physical relative frame
to another. So far, nonrelativistic theory has been treated.
We intent to extend the treatment to relativistic reference
frames, in the hope that this approach will contribute to-
wards tllc sollltloI1 of problems Rssoclatcd with tllc qllRIltl-
zation of general relativity.

which is the Schrodinger equation in reference frame (1).
This equation may easily be solved for ql' as follows. In-
specting (53) above, one can solve for lp, noticing that the
interaction involved in the measurement effectively intro-
duces a magnetic field in the z direction that is propor-
tional to V(ti). This interaction will rotate the spin state

1
1

It follows that here, too, the phase may be found by read-
ing the state of the measuring device. Finally, ql' may be
calculated from 4 according to (54). We thus see that the
phase introduced by V(t I) can also be measured in refer-
ence frame (1).
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f)(m), M))
M1

fp(m), M))
M1

APPENDIX A

Substituting (7) into (lb)

o1

f, (m„M, )p, +f2(mi Mi)po,

Xc m, +3 =0,
m1

using (3), (4), and (5),

f((m ),M2)pi +f2(m ),M2)po'+
m1 M2

(A5b)

M,x, +m, (x, —x,, ) p, +A =0,
M1+m1

whence it follows that

Pg,
Ug = +

1

fi(Mi M2)po, +f2(Mi Mz)pi

M2

2 =up)+Ppo +f(x(,xo, )+C .

The term f(x„xo ) is related to the choice of gauge and

may therefore be chosen as zero,

As expla][ned In Sec. I, lt ls necessarp that

[x,', ,u, ]=O,

[xc.m. ,~ui ]=0 ~

[x,",ui] =0 .
1' 2

(A6a)

(A6c)

Substituting (A5a) into (A6a), we obtain

—M)xo, +m t (x )
—xo, )

0=[x„', u)] = ', '+
M1+m1 m1

f)(m), M) )pl+ f2(M), M, )pp

M1

1
m gx) —(M) ym ) )xo,

fPl 1

f)(m), M))
+ f2(m(, M))

5'1+ ~ Pg,
1

whence, finally,

fi(mi, Mi) fp(m), Mi)1+ m~ — (m&+M&)=0.
1 1

Substituting (A51) into (A61) and using

(A7)

M1Xg' +M2Xg
X Ce IQag g

It t
Xg —Xg X1

Xc.m. 2
=

I
X1 =X 1 +Xg =X 1

—Xg
2 1

C.m.g g2

Mi(xo, —xi )+M2( —xi )

M1+M2
—(Mi+M2)x i +Mixo,

m ix i —(m i+Mal)xo
Xc.ID. 2 m1+M1

me obtain, after a calculation similar to that leading to
(A7),

f~(mq, M2) f2(m&, Mz)1+ m& — (m~+Mz)=0.
2 2

Substituting (A5c) into (A6c) and using

f) (M),Mp) f2(M), M2 )1+ '
M + '

(M +Me)=0. (A9)

Substituting (A51) and (A5c) into (21) of Sec. I and us-
ing the definition

m 1U 1 +M1Ug
Uc.m. =

m, +m,
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we obtain

0=[x„U,', ]

which implies

qn = Uxn U~,

m.
n = Upn U~ .

APPENDIX 8

I I I
x& —xo, po,

M)
[f,(M, ,M )po, +f2(M1,M2)p '1 ]

Similarly, for a general operator A (x„,p„), we have

A '= UA (x„,p„)U =A (q„,~„),
iA ' =i ( UA U + UA U + UA U )

Ptl ~+pl+ M [fl(ml M2)pl+f2(ml M2)pol]

Since x ~
—xo commutes with p~ +p ~, we have

1 1

Mi
x 1 x0 [fl™lM2)po, +f2(M1 M2)pI l

+ M [fl™1M2)pl +f2(ml M2)po ]
2

1

This leads to the condition

M 1 [f1 (M1,M2 )—f2 (M1,M2 ) ]

+UA(U H HU )—

+a U'HU WH) Ut-
= U[A, UtHU]Ut,

H(x„,p„)—:U H (x„,p„)U,
which implies

iA (q„,n.„)= [A (q„,~„),H(q„,m„)].
Hence, in the quantum frame, the Hamiltonian is

Next, substracting (A8) from (A9) gives

M 1 [f1(M1,M2 ) —f2(M1,M2 ) ]—M2f2(M1,M2 )

H'=H(q„, ~„) .

APPENDIX C

m 1 [f1(ml M2) f2(m 1 M2)] ™2f2(mlM2) ~

(A 1 1)
1. Transformation from the absolute to the quantum frame

in two dimensions

Substracting (A10) from (A 1 1) gives

f2(M1,M2) =f2(m 1,M2),

which implies

f2(m;, M2)=f2(M2) .

With this, (A8) becomes

U = U2U),

where

(Cla)

The transformation from the absolute to the quantum
frame may be viewed as consisting of two steps, defined
by

fl(m 1,M2) f2(M2)1+ m 1
— (m 1+M2) =0 . (A12)

M2 M2

Now the last term on the left-hand side above is linear in
m~, and hence

f1(m 1,M2)

must also be linear in m l. But then f1 (m 1,M2) =f1 (M2),
i.e., independent of m l. Noting this, we write (A12) as

and

U, =exp —gp„R
2

U2 ——exp i g F—s 8
n+rel

3'9=9„&——arctan —,
x

~, =(r„—R) X p„

(Clb)

(Clc)

M2[1 —f2(M2)]+m 1 [f1(M2)—f2(M2)] =0
In this equation, the coefficients of M2 and I

&
must van-

ish independently. This yields

f2(M2) =1,
fl(M2) f2(M2),

from which we finally obtain

fl(m;, mj)=f2(m;, mj)=1 .

are intermediate variables, obtained from the absolute by
acting on them with U&. Thus 0= U~0„&U] and

Fg ——U&L U~. We have U2 U] ——U~ U2 U~ U~ ——U~ U2,
I

hence (C1) may be rewritten

N

U=exp i g p„R e—xp i g 1,„—0„1
2 n&re]

i.e., in terms of absolute variables.
Let us return now to (Cl). The first step in the
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transformation consists of attaching the origin to the
"c.m. particle. " It is given by (Clb) and resembles (17) of
the one-dimensional case. It should be noticed that Ul
leaves the relative degree of freedom invariant.

The set of intermediate variables that result from the
action of Ui on the absolute space will be denoted with
bars [as in (Clc)] and are as follows:

(C3a)

5„=Ul pn Ul ——p„.

zero. We therefore drop P. %'ith

K.—= g p„,
2

we obtain

U'H(p )U'=&2 +2 +2M2mn 2p

p ~2 2

exp l Q Lz„8 g + +
2mn 2M 2p

For the angular variables we have

3'n 3'n —~
On =arctan =arctan

Xn X„—X '

ire =(rn —R)&&Pe . (C3d)

Xexp i —g L,„8
n+rel

Pn Q iL OP —iL 82 . 2

+ +e e
2mn 2M 2p

(C5a)

The second step in the transformation is given by U2 of
(Clc). This involves a rotation of all particles except the
"relative" by the angle O. Thus,

(C4a)

n+rel

We now calculate the last term on the right-hand side.
In two dimensions, using plane polar coordinates,

Alternatively, U as given by (C2) may be directly ap-
plied to the absolute variables. The resulting variables are
as given in (30) and (31) of Sec. III, thus confirming the
correctness of (C2) [and of (32)].

2. Calculation of the Hamiltonian

According to (32) and (33),

H(p„)=U2UiH(p„)Ui U2

sin8 8 8+cos8
r 8 r

T

1 cos8 8 . 8
Py= . +sin8

i r B8 Br

iae 1 ~ —iae
i 88 i B8

It then follows that

iL 8 —iL~8 slnO
e 'pe '=@+

r
iL8 —iL 8

e @ye =Py—cosO ~z 1

U2 ——exp i g L,—„8
n&rel

N

UiH(p„)Ui ——exp i g p„.R

~exp i g p„.R—
2

N
P —gp„

2 2 N p
2~ +2„+&2"„

In the final step, when H(p„)~H'(m. „)=UH(p„)U, P
transforms into Pr, which we have assumed to be equal to

I

Again, we hRve 1n the plRne

sinO= —=
( 2+y2)1/2

X XcosO= —=
( 2+y2)1/2

and hence we obtain

iL8 2
—iL8

~&+ 2 2 ln(x+y )

XI.,+ p
(X2+y 2)1/2

'2

We calculate now the corresponding expression in plane
polRr coordinates,

iL,,s 2 —iL,,e 2 2 sin 8+cos 8 2 sin8 sin8 cos8 cos8
P & =5'x +By + 2 Iz +5'x Iz+ 5'xLz —5'y I"z — PyIzr r r

2Lz sinO sinO cosO cosO=P + 2 + Px + Px Lz —
Py + Py Lz~r' r r r r
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sinO cos8
Px —

PyP' P'

sinO 8 8 sinO
r

cosO 8 .
8

0 cosO

sinO cosO sinO+
P' P' P' 8O

a 1+cosO sinO
BP' P

—sinOcosO
BP P'

1 sinO+cosO 8 1 1

E P' BO P E BO
(C&)

A similar calculation gives

sinO cosO 1
'

sinO sinO 2i
+cosO

cosO cosO 8

1 1

P2 i BO

Substltutlng (C8) and (C9) IIlto (C7), we ob'talll
2

sV.,e 2 -il.,e 2 1 () L, Lz
e 'pe '=p —2— +

gO 2 2

or, denoting

[we used (1/i)B/88= I, previously, as in (26h)], we have

2 2
ir 0 2

—iLg8 2 J8 I~ I,
p e =pp + 2pg +

pn
2

pn
2

pn
2

( L )2
=p + 4 (Cl

pn
2

Substituting (C6) or (C10) into (C5), we finally obtain

{pe—L.)'
2PPt+ 2M 2P 2P P

UI —P, bexp i g vr„'Qs
4

—iH QE,

where I', b is the parity operator associated with degree
of freedom c.m. , b, i.e., Qb, IIs. The important point to
notice here is that the "relative" degrees of freedom (rel, a
and rel, b) are not affected by this transformation. We
have

A listing of the corresponding canonically conjugate mo-
menta can also be rewritten down, with the help of (31) of
Sec. IV. In the primed frame, we have the variables

q' =(x„—X23)cosOI0+(y„—I'23)slnOI0,

q
' = —(x —X23 )sinO l0+ (y —F23 )cosO I 0 .

The transformation from the unprimed to the primed
frame will be generated by

~ S.' X2

2m„2M 2p

O'L z
5'x + (X2+y2)1/2

y

UIQ. UI=Q. +Qb=Q' *

+ f +

UIQbUI= —Qb=Qb *

xL,,+ p
( 2+ 2)1j2

2
UlqnUI=-qn —Ql =q'

whereas

3. Transforming between quantum frames

Our objective is to find the transformation from the
unprimed to the double-primed frames (as defined in Sec
III). To this end, we shall define an auxiliary frame
(called the primed frame) in the following manner: The
origin is defined by indices c.m. and 23, and the x axis by
rel and 10. Our transformation will then consist of a se-

quence of two steps. From the unprimed to the primed
frame, and from the primed to the double-primed frame.

In the first step, indices c.m. and 10 are replaced by in-
dices c.m. and 23. This furnishes a displacement of the
origin by R23 —R &0 . In the unprimed frame we have
the variables

gnx (Xn X23 )cos823+ (3 n F23 )sln823 ~

~my
= —{Xn —X23 )»»23 + {3n

—I 23 )cos823 ~

(C14)

U], q, U) ——q, = q ~, U) qb U) ——qb
——q b

~here the second equality sign in each case may be veri-
fied by calculation of the expression on the left-hand side
{of 'tile said eqllall ty slgll) and compal lsoI1 with (C12)
above.

We next transform from the primed to the double-
primed frame. What we have to do here is to exchange rel
10 with rel 23 as the "particle" defining the direction of
the x axis. This induces a rotation by an angle O&o —O23

on all particles {except "little a" and "little b").
In the double-primed frame we have

Inn =(x„—XI0)cosOI0+ {3'n —I Io)»nOlo ~

any (Xn X10)sln810+ (3 n
—F10 )cos810 .

(Cl 1) As for the angular variables, inspecting (C12), we see that
in the primed frame we have
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8„'=8'„—8 o, 8'„=arctan (n =4, . . . , X)
Xn —X23

e ' 'L,e ~ '=L—,(8) .

Vfe note that

and in the double-primed frame [from (C14)],

8„"=8'„—823 .

Comparing (C16) with (C15), we find for the transforma-
tion from the primed to the double-primed frame,

—II' Hb'

U2 ——P„~qexp i g ms 8b e ' . (C17)
n+reI

Thus we have for the overall transformation

U=UpUi . Or

Ly(8) =Ly(0) .

i L,(8)=i [iLyL, (8) iL,—(8)Ly ]

=L,(8)Ly LYL,—(8)

=L,(8)Ly(8) —Ly(8)L, (8)

iL„—(8),

Since

U2UI =Ui U2

we finally obtain for U

Also,

L,(8)= L„(8)—.

L„(8)=L,(8) . —8

The solution is

U2 P„jbexp ——i g ~s 8q e
n@Iel

j arel g L,(8)=L,cos8 —L„sin8,

L„(8)=L,sin8+L„cos8 . (D4b)

i.e., in terms of variables of the unprimed frame.

APPENDIX D

1. Derivation of the geometrical vector potential
for the case considered in Sec. III

jLz f'I —jLz+I EIz+I 1 () —jLz+I
8 P 1~8 =8 8

i Bx)

lLgf') 1 8 ILL+) 1 8—
8 8

i Bpi l Bpi

(Dl)

Substituting (D3) and (D4a) into (D2), the result is

1
U pi„U= pI„— COS+ICOSHIL

rI y

1 SlntP i+ . (L,cos8i —L„sin8, )r i S1QHI

1
SinqiL, ~rI

1 I COSH i
cosy(I y+ sing( . I,

rI r i SlIlH i

A similar calculation yields

U pip(U)=piy+
1

jL p) —jr+I sin(pi
Fix~ =PIx+ Lz .

r I slnH i

Next we calculate

1. COSH(
sing IcosH IIy cosf"Iri ri SIQHI

L8, Sin+i jL g
e ' pi+ . L, e

slQH i

iL 8&y

BX i

1 S ql iL 8 —j'L 8''+ . e y'I.,e
r I sing)

COSH I—SinyiL, „—CosyICOSHILy+Slnqvi . I,

jLHI1 3 -jL8, 1 8 1
COSH, COSq, L,

BXi l BXI rI

To calculate the second term in (D2), 1«us d«ine

(D2)

(D3)

1 cosHI
+y = cos+iL~ —slnpicosgiI y

—cosjpi
rI

1
~z sin HII y



30 383

z cosOcos8= —,
r '

sinO

z
(x2+ 2)1/2

X
Smg = COSQ =

(x2+y2)1/2 ' (x2+ 2)1/2

Substituting the sines and cosines in terms of Cartesian
variables, i.e.,

aA,
Bk ——

axj

iL, — ( iL„—)
r rxy

aAJ —i [A1,A.],

i [A„A,]=, fL.,L, ] —[L„,L„]
r rxy

ZI.y
(x2+y2)1/2

L„ zL,,
+y — +(x2+y2)1/2 x2+ 2 xL,

XLz XZI x
3 3r rry

zL,y—y
«( 2+ 2)1/2

L,„ zL,
+X (x2+y2)1/2 x2+y2

(x 2+ 2)1/2
I.y

(we have dropped the subscript l everywhere).

i [A„,A, ]= —[L„,Ly]+ [L„L j
r rxy

xyzL

r rry

By(L, ) = yL,,

2. Calculation of the force in the general case
of a non-Abelian vector potential

Given the Hamiltonian

p —A
H=

2m

i [A„,A«]= [ xa+yb, y—a+xb]r'

, ( —x2[a, b]+y'[b, a])

2 2 r
~ (x +y )[~(] xy

r r

aH
BX) Bt

I
. [A;,H] . — zL,ya=

rrxy rxy

zL,,
rxy

~e assume that A has no explicit time dependence. Then,

F~ ——— —. [A;,H]—
BX) E

AJ ——[A;,p —A. ]
8X;

P.—~ 1

i BX»
=vP [A1,i2) ]= ——

So that

izL,,'2+
«xy

iz Lx

rrxy

2r y ZJz
2 2+

«xy

zL„Z'L,x

r rxy

i [A„,AY] =— z I.„
3

rrxy

[,bj=-, [L„L.]+ ', «„,L.j
rrxy rrxy

aAJp. —
ax1 ax;

Bg +~"k
BX;

BAJ

Xs

aA;

axJ

V»—i[A A]gP J
. +

aA, UJ
i [A,A ]-

OX»

Therefore,

zL'z
B,(L, )=

r 3

3. Contributions of the term proportional to I,
to thc magnetic field

4. Calculation of thc lille integral
around the Aux singularity

In Appendix D1 we have shown that
We have

aw,

OX»

BA»
+i[A;,AJ j,

Xg

I cosOi
S1n+1Lx +cos+ j COSOILy —Sln+ I

r&
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cosO1
coQp]L~ sin((p1 cosO]Ly cos+1, Lz1y sinO,

In what is to follow, we shall, for the sake of conveni-
ence, drop the subscript 1. We now calculate

A d 1 = JA„dx+Azdy,
r =const

dx = —I'„&sing dg,
dy=r ycos+dp,

P'~y 22K cosO
A-d 1 = sing sinyL +cosycosOLy —sin

p 0 sinO

2% cosO—sing cosOLy —cosg
I 0 sinO

I'~y 2K . 2 cosO
s1n gL +sing cos(p cosl9Ly —sin g . L d p0 sin8

2& cos8+ cos yL„—cosy sing cosOLy —cos y . L, dq
p 0 s1IlO

"xy ~~ t cos8
f 0 sin O

dy= " 2~L ——2m-L, .
I' P'

Taking the limit r„y ~0, it follows that

~1,
and we obtain

—2m.L„z)0
lim A d 1 =

r„—+0 2mL„z &0.

A.PPENDIX E

Suppose that we have a sufficiently heavy object, of
mass M1, such that its velocity changes Inay be neglected.
Let its Hamiltonian be

(F)+Sr))
1

(5m )) rt(5~)

M M 2M1 1 1

In this expression

(5vri)

2M1

is negligible because of (E4). F
& /2M~ is a constant and

may therefore be removed.
Using (E3), we obtain

H =&.)+ V(q ( ) .
H= + V(q))

2M1
(El) Since 5~1 has the same commutation relation with q& as

does K1~ %'e may wr1te
and assume that the average velocity U1

——1 and that ihe
uncertainty EU1 « 1. Define H =7r)+ V(q ) ) .

(E2) Then

where m1 is the momentum of the particle and Fr1 is the in-
itial value of the momentum average. We then have

q1
——? .

5m.
1

(&&

Substituting (E2) into (El), we obtain

Solving for q~(t), we have

q, (t) =q, (0)+t .

Thus q~(t) differs from the "external" time t by the
constant operator q1(0).
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Consider now the HaImltonian

p 2

H =sr, + g
~( 2plg

(E6)

Suppose that (E6) describes an isolated system so that the
total energy is constant. Assume further that the system
is in a stationary state whose energy equals zero. Then,

(E7)

Recalling the result of (E5) above, and in view of (E7), we
can now identify the coordinate q) as the internal time of
the system, particle 1 thus serving as a clock. In terms of
this internal time, Eq. (E7) is the time-dependent
Schrodinger equation of the system'

or
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