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One of the attempts that try to explain the smallness of the internal space in Kaluza-Klein
theories is the attractive idea of cosmological dimensional reduction proposed by Chodos and
Detweiler and by Freund. In these theories, the internal space shrinks to an unobservable scale by
the dynamical evolution of the anisotropic universe. However, if we consider a quantized matter
field, the higher-dimensional anisotropic space-time may be isotropized by the effect of particle
creation as suggested by Zel’dovich in the case of a conventional four-dimensional space-time. Here,
we show that this isotropization process is rather rapid and the mechanism of cosmological dimen-
sional reduction does not work well in the case of space-time with M, XS topology. We also show
that the above result holds even if we take into account the adiabatic regularization term. We give
the analytic solution in the case of space-time with M, X T'? topology under some approximation
and show that the idea of cosmological dimensional reduction in this case is also broken.

I. INTRODUCTION

~ The higher-dimensional theory of Kaluza and Klein is

one of the most interesting ways of unifying gravitation-

and gauge interactions. Following the idea of this theory,
we consider that the higher-dimensional space-time is re-
duced to a four-dimensional space-time plus a compact
internal space. Gravity is expressed by the metric of the
four-dimensional space-time, and gauge symmetry is in-
duced from the symmetry of the internal space, the scale
of which is unobservably small (near the Planck length
Ip).! Recently, in order to investigate whether this
scheme is valid, there have been many works on the
method of reduction of higher dimensions such as Freund
and Rubin’s,? and on the existence and the stability of the
solution of the higher-dimensional Einstein equations.’
These static vacuum solutions may explain what the
present vacuum is, but they do not explain a large
discrepancy between the scales of the internal space ( ~1Ip)
and the physical three-space (cosmological scale), and they
do not explain how to get a vacuum with such a large
discrepancy. As for ideas on how to get rid of this
discrepancy, we now have two possibilities. One is a
method of considering a quantum instability of the inter-
nal space for a contraction as shown by Appelquist and
Chodos,* and the other is a method of using a dynamical
evolution of the higher-dimensional universe as proposed
by Chodos and Detweiler.® The latter one, which we call
a cosmological dimensional reduction, is very attractive
for us because the evolution of the Universe may explain
the smallness of the internal space. We can consider the
following scenario. At first, a topological compactifica-
tion of higher-dimensional space-time occurs near the
Planck time by an unknown mechanism (e.g.,
MU M*xS7). At this time, the scale of the internal
space is nearly the same as that of the physical three-
space. Afterwards, by an anisotropic expansion of the
Universe, which originates in the initial compactification,
the internal space shrinks to an unobservable scale. This
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shrinking stops or slows down from the other effect (e.g.,
quantum effect) at a late stage of the Universe, because a
rapid change is contradictory to the observation of chang-
ing fundamental constants. Chodos and Detweiler give a
very simple model (Kasner-type solution) in order to ex-
plain this scheme. For example, in the case of five-
dimensions the scale factor of the physical three-space ex-
pands as a(¢) < ¢!/? and that of the five-dimensional space
contracts as as(t) <t ~1/2,

In the conventional four-dimensional Einstein theory,
Zel’dovich® proposed the isotropization of the Universe by
a particle creation mechanism. If we consider a quantum
effect of a matter field, the initial anisotropic expansion
of the Universe, even if it exists, may be isotropized by the
creation of particles. Zel’dovich and Starobinsky’ and Hu
and Parker® quantitatively analyzed the isotropization
process of the anisotropic universe which starts from a
Kasner-type solution initially. They show that the iso-
tropization of the Universe is rather quick, i.e, the charac-
teristic time of isotropization is less than 2X 10, if the
initial time t( < 3¢p, where ¢p is the Planck time.

The model given by Chodos and Detweiler is just a
Kasner-type universe in higher dimensions. Also, in the
models by Freund® and by Gleiser, Rajpoot, and Taylor,°
which are the solutions in more realistic Kaluza-Klein
theories, we treat the time-dependent anisotropic space-
times. In realistic Kaluza-Klein unified theory, we may
have to consider not only the Einstein Lagrangian but also
the Lagrangian of a matter field such as an antisymmetric
tensor field A4,,, in 11-dimensional supergravity theory.
Then, the isotropization mechanism due to the particle
creation may destroy the idea of the cosmological dimen-
sional reduction.

In my previous paper,'! I showed that this isotropiza-
tion process in five-dimensional space-time is rather rapid,
as in the case of a four-dimensional universe by Hu and
Parker. However, in that paper I did not take into ac-
count the closed behavior of the internal space and the
regularization term. The purpose of this paper is mainly
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to investigate whether these effects change the above re-
sult. Also, I consider a higher-dimensional case without
the curvature (M, X TP), where T? is a D-dimensional
torus. And, I want to investigate whether the effect of the
particle creation is also important in cases of space-times
with the other topology. Therefore, in this paper, I shall
start by dealing with general anisotropic higher-
dimensional Einstein equations in the case of a space-time
with some symmetries. Following the method of Hu and
Parker, I give the energy density of created particles in
Sec. III. In Sec. IV, as a simple example, I show by the
numerical integration, how quickly the ' anisotropic
universe is isotropized in space-time with M, XS topolo-
gy. Also I consider the effect of the adiabatic regulariza-
tion term. The energy density with the adiabatic regulari-
zation term is calculated in the Appendix. In Sec. V, I
give the analytic solution in the case with topology
M, X T? under the approximation that the whole energy
is created at initial time. The case with the other topology
will be dealt with in a subsequent paper. In Sec. VI, I
point out the problems when we consider the particle
creation effect on more realistic Kaluza-Klein cosmolo-
gies.

II. THE HIGHER-DIMENSIONAL
EINSTEIN EQUATIONS

We consider a space-time manifold with one timelike
and (d +D) spacelike dimensions. The (1+4d +D)-
dimensional Einstein equations with a matter field and a
cosmological constant A are

'@uv_ %g;wg?=87rG(T;w>reg“Agpv ’ (2.1)

where G is a (14 d +D)-dimensional gravitational con-
stant.'”? (T, ) is an expectation value of a regularized
energy- momentum tensor of a quantized matter field. We
assume the space-time manifold has the metric form:

ds?=g,,dxtdx "= —dt*+a(t)y s (xP)dx"dx"
+bU )T oy v Dy Mdy N

where ¥,,, and ¥,y are the metrics of maximally sym-
metric d- and D-dimensional spaces, respectively. a and
b are the time-dependent cosmological scale factors. It
follows from this assumption that the nonvamshmg com-
ponents of (T, ) are

<To)=— (Ty )=P,8},
and ‘ (2.3)
< Tﬁ ) =P, bsivl ’
where p is an energy density and P, and P, are principal
pressures. The Einstein equations (2.1) become
1 d(d—l)k +D(D—1)
2 a? b?

(2.2)

g9-_1

+ F[(da’+DB’)2—d(a’)2—D([3')2]

=—87Gp—A, ‘ 2.4)
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.@$=% a"+g—-3_—fD~:—La'(da’+Dﬂ')l+ da_zl k,
=87G P"_d+£—1’ ]+d+2;1)\—1 ’ (2.5)

3?%=3%z’ B"+~—-—-djip—lﬂ'<da'+1)ﬂ')]+Db‘21k,,
~87G [P~ |+ 359 2.6)

where 0=R3— + R, a=Ina, B=Inb, T == T, ), and
k; and kp are the curvature constants of d- and D-
dimensional spaces, respectively [no sum on m and M in
(2.5) and (2.6)]. A prime denotes a derivative with respect
to the conformal time 7, defined by

n=[R=\"dr',

and R=(a%?P)!/4+D js the geometrical mean of the
scale factors.

From the Bianchi identity, we get a conservation equa-
tion for the energy-momentum tensor, { T#).,=0. From
(2.2) and (2.3), this equation becomes

V—YpV) +dP,a'+DP,B' =0,

2.7

(2.8)
where V=a%P?=R?*? is the proper volume.

We can show that the conservation equation (2.8) is
equivalent to the constraint equation (2.4), if the con-
straint equation is satisfied at an initial time. Therefore,
we use Eq. (2.8) instead of Eq. (2.4) except for the initial
time. At the initial time we have to take into account Eq.

(2.4). The trace of the energy-momentum tensor is
T=(T!)=—p+dP,+DP, . \ 2.9)

From (2.8) and (2.9), the pressures P, and P, are ex-
pressed by p and T as

Pa= B+ IR RO Y 4 T
(2.10a)

and

Py= P 1 [R—@+D+D(pRA+D+1y 4 o'T],

d+D D(a'—-pB)
(2.10b)

The first term on the right-hand side of Eq. (2.10) [i.e,,
p/(d +D)] is the pressure by a relativistic isotropic fluid,
like a photon gas, in (d + D)-dimensional space.

If p, p', and T are given as functionals of the scale fac-
tors a and b, the Einstein equations (2.5) and (2.6) can be
solved as a Cauchy problem. We shall present explicitly
the functional forms of p and p’ of the created particles in
the anisotropic expansion in Sec. III.

The Einstein equations (2.4)—(2.6) are rewritten in a
more convenient form by new variables, y =InR and
z =1n(b /a), as follows:
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dD ? R
(d +D)(d +D—1)(y’)2—d+D(z')2+ d(d —1ky+ D(D—l)kD =16rGR?*+2R?A , (2.11)
1 [[r ?
” _ 2 — —_
y'+(d+D—1)y’) +————d D d(d Dky+ lb D(D —1)kp
1 d+D 2R2A
=87GR*——— |dP, +DP, —
TERTI D | tP d+D—1Tl+d+D-—1 » (212
and
R R
z"+(d+D—1)y'z’ — | (d—=Dky— [7 } (D —1)kp | =87GR¥P,—P,) , (2.13)
f
where The field equation of ¢ is
2 v
R o]-22 z] V,VEb—ER$=0, (3.2)
a d+D where V, is the covariant derivative. The energy-
and momentum tensor is given by
R 2—exp 2d_, Tur=(Vu$)(Vo8) — 78V )N VP) +£6°F o,
b d+D —E[V,V($)—g,, V,VP(¢))] (3.3)

The terms of the matter field in these equations are, from
(2.10),

d+D T

e+ ,_, 1 2.14
dPo+DPy— o T=p— g p (2.14)
and
d+D 1 f @+D+1), pd+D+1y
Py—P,=——"— *
» — P, D 7 —I[R (pR Y +y'T] .

(2.15)

In numerical integration, we use these equations

(2.11)—(2.15).

III. ENERGY DENSITY OF CREATED PARTICLES

We can consider quantum effects by two types of
matter. One is an effect by a matter field with a coherent
vacuum expectation value from spontaneous symmetry
breaking as proposed by Freund and Rubin.? The other is
an effect by created particles from an anisotropic expan-
sion of a universe as considered in my previous paper.
We shall deal with the former case, including considera-
tion of the effect of particle creation, in a subsequent pa-
per. In this paper, from now on, we consider only the
latter case, i.e., the energy-momentum tensor by particle
creation.

For simplicity, we consider a quantized conformal
massless scalar field ¢ as the matter field. The Lagrang-

ian of the scalar field is
Ly=—3V—g(g"3,43,4+ER) , 3.1

where

d+D—1
§=+—

4(d +D)

where & =R ,,— %guv.@. The trace of the energy-
momentum tensor, 7= Tﬁ, vanishes on a classical level,
and the trace anomaly on a quantum level also does not
appear in the case of odd-dimensional space-times. We
consider odd-dimensional space-times, and then set T=0.

We shall quantize the scalar field and give the vacuum
expectation value of the energy-momentum tensor,
(Tyy)rg. We introduce the harmonics h4(x) and

H- (y) of d- and D-dimensional maximally symmetric
spaces, respectively. h—l-(x) and H (y) satisfy the equa-
tions

DpD™h (x)= —kIZhT(x) (3.4a)
and

DyD MH - (0)=—K.*H 3 (y) (3.4b)
and the orthonormal conditions

[ a%vyh% o, (x)=8+ 7. (3.52)
and

[ a% H* WH3 (0)=8 =, (3.5b)

respectively, where y =det(y,,), ¥ =det(¥pn ), and D,
and D, are the covariant derlvatlves with respect to ¥,,,

and yMN, r&spectlvely T and T are quantum numbers,
and k;? and K ? are eigenvalues of harmonics h_»(x) and

H T (), respectively.
We shall set

¢=R (9)~4+P—U/2x(y x.y)

and expand X by the above harmonics as

(3.6)
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+Ai,. X% kG OHE ], 3D

From the field equation (3.2), we get the equation of X,
and then that of X 7 ¢(mas follows:

X" +QX —R¥D,, D™+ DD M)x

(d) = (D)
+£&R? gjz +g’22 X=0, (3.8
and
X—I» —»+(ﬂ,L +Q)X , (3.9
where
dD(d +D — , o2
=—'———“— -B")
Q 4(d +D)? ('=F
=ML1)—(Z')2 (310)
4(d +D)?
and
2
Q,.°=R? +% 3.11)

To=7R~4+P+D (' — Qx>+ R?

+ %[(1_4,5)(53{)()(5 My )—4£X Dy D MX +ER P'x?] ] l .

Since the vacuum expectation value of (3.14),
p=—{0 )4 | TJ|0 04 ), is independent of the spatial coordi-
nates, x™ and y , p can be expressed as

[a%vy [d®%V70,|T§0,),

=" an
(3.15)

where V= f d%Vy and Vp= f dPyV'7. Inserting
(3.7) into (3.14), and then into (3.15), we get the vacuum
expectation value of energy density formally as

1
— R—(d+D+1) X' _ 2
P 2V4VD ;%[[ 7.7 |

+HOQlL -0 X7 ¢ 171

(3.16)

We notice that if the d-dimensional space is topologically
open (ki <0), we have to change 2 7 into some integra-
tion with the measure, e.g., in the case that k; =0,

v, J
. k
g 2r)? f d

]
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with
wl=k*+d(d —1)Ek, (3.12a)
and

RD and #'P are scalar curvatures of d- and D-
dimensional maximally symmetric spaces, which are given
by

RP=d(d—1)ky; and ZP=D(D —1)kp, .

Provided that the normalization condition of X 71 is

24 % ’ .
X5 eX7 e X7 X7 =1 G.13)
the canonical quantization condition gives the usual com-
mutation relations of annihilation and creation operators

for A4 1. and A_> ¢ Here, we can define formally a

vacuum

A 71 ie.,

A4 +104)=0 for any TandT.

state lOA) by the annihilation operators

From (3.3), (3.6), (3.8),v and (2.4) (the explicit form of <?8),
the energy density is given by

%[( 1—4£)(D,, X )(D™X)—4EXD,, D™X + ER'PX?]

(3.14)

I o

Since the formal expression (3.16) includes the UV
divergence, we have to regularize the energy-momentum
tensor. However, in the case that a space-time is time
dependent and is not conformally flat, we have no ap-
propriate regularization method except for the adiabatic
regularization.’> Even by the adiabatic regularization
method, it is difficult to give an energy-momentum tensor
explicitly as a functional of metrics unless we know the
explicit form of metrics. Therefore, we shall give a crude
estimation of energy density by the higher-dimensional
version of the method given by Hu and Parker.?

We decompose the energy density p into a quantum
part p, ) and a classical part Pey We set L=(7,L).
q(t) is the quantum domain in L-space over which
oL(=R~'Qp) <ry~'(¢) and c(2) is the classical one with
oL >rg (1), where rg(¢) is the horizon scale. In the low-
frequency region g(t¢) of momentum space, quantum ef-
fects such as particle creation are dominant. For the
high-frequency region c¢(z), where the WKB approxima-
tion is valid, the created particles can be treated as classi-
cal incoherent matter.

Pqn can be estimated by Eq. (3.16). In the low-
frequency limit, we can get the solution of Eq. (3.9) as fol-
lows. First, we define the functions a £(m and

37'3(77)1"3’
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XT -=(2Q;,)712 [a_.—>exp [—l f Qrdn’ ]+B_. _.exp[ f Q;rdn’ H (3.17a)
and
’ . . K ’ . Ki ’
X7’1,=_,(QI,L/2)1/2 [a_f - exp [_, anQ,,Ldn }—B_f'fexp [z f%ﬂ,,Ldn ] ] . (3.17b)
From Egs. (3.9) and (3.17), we get the equations ofa_l. ¢ and 3—,» T as
, 1 | L o :
aT’fz‘QLL ";Qa—f’f+T(QI,L—1Q)BT’T:CXP 2i fnoﬂl,Ldn ’ (3.18a)
and
By == | Lop 4 H, +iQhas ex —2i [ Q,dn’ (3.18b)
7T q,, |29PT. VL 7, TP m PEET ] :
T
Setting Pc(tg)=0 (3.23)

exp l2i f: Qrdy’ ] =1

in the low- frequency limit, we ﬁnd the general solution of
Eq. (3.18), i.e.,

. —_— n ’ -
ay $=Ci [n,,LVZ—zQ,,L”Z S, Qdn ]+C2~QI,L 12

(3.19a)

and

B+

—
, L

. 12" ’ —
=C1 [ i, 7V [ 0d | —Cay, 1
' (3.19b)

From |a; & |2— 1B+ ¢ |2=1, which is deduced from
(3.13), the 1ntegral constants C; and C, satisfy

Cl 2 +C1C2=— (3.20)

We consider the initial state is vacaum. Then, we have to
take the initial condition that X 71 (1) becomes a positive

frequency function at an initial time 7, i.e., a; T:('170)= 1
and BT,TI("O)=
constants as

C, =%QI,L(770)_1/2 and C2=%‘QI,L(770)1/2 .

0. This condition determines the integral

(3.21)

Since we can approximate the wave function X 7 T:(17) in

the quantum region g (¢) by the above solution given by
Egs. (3.17), (3.19), and (3.21), we get the energy density,
Pq (1) inserting this into (3.16), as

—_ —(d+D+1)
Pa0=%y v, R
n 2 Qo
X — | Q-0+ Qdn'| |+— 1,
Lezq(t) 200 [fno 2
(3.22)

where the subscript 7 and T have been dropped and
Qo=0Q(ny).

We consider that classical particles do not exist initial-
ly, i.e.,

As the quantum domain ¢(z) shrinks with time, some
part of the quantum particles, which satisfy the condition
wL >ry !, start to behave as classical particles. Let L,
be the maximum quantum number which satisfies
oL <rg~!. The part of energy density by the particles
which become classical in the time interval from 7 to
n+ An is given by

80 (M) =pg(L 1n(1),m)—pg(L ,,(n+An),n) . (3.24)

As the classical particles in the domain c (¢), we assume a
collision-dominated relativistic fluid with an ‘“‘isotropic”
pressure P.=p./(d +D). If newly created particles
strongly interact with each other in the high-density fluid,
this assumption may be valid. From this assumption and
the conservation of energy momentum (2.8), p.(#) is pro-
portional to R ~(¢+2+1(z). Then, the total energy densi-
ty at n+ A7 is given by

R d+D+1

=Rl _ [pe(m)+Bpg ()]

A =
PO+ A = | A)

+Pg(L o (n+An),+An)

d+D+1

__R() p(n)

R(n+An)

+A7]R —(d+D+l)%[pq(L m,n)Rd+D+1] .

(3.25)

d/07 denotes a partial derivative with respect to n under
fixing L ,,(n). Then,

(de+D+1)'=—(p,,R"+D+1) . (3.26)
. an

From (2.12)—(2.15) and (3.26), we can see that the source
term by the matter field in the equation for the mean scale
factor (R) is related to the total energy density p and that
for the ratio of scale factors (b/a) is related to the
creation rate of the quantum particles, d(p,R¢*P+1) /3.
Giving the initial data, we can compute p(n) and



d(p,R4+tP+1)/3n at any time as the functionals of
metrics from (3.22) and (3.25), and then can calculate the
time-dependent behavior of metrics a and b, including the
back reaction on the metrics of the created particles, by
Egs. (2.12) and (2.13). From the behavior of a and b, we
can see how quickly the anisotropic expansion is isotro-
pized by the particle creation mechanism. Here, the “iso-
tropization” means that the expansion rate of the internal
space (') becomes equal to that of the physical three-
space (a'), because this type of isotropization is enough to
break the idea of the cosmological dimensional reduction.
In Sec. IV, we show a simple example by numerical in-
tegration of Egs. (2.12) and (2.13).

Hu and Parker adopted the adiabatic regularization
method even in the estimation of the quantum part (the
low-frequency region) of the energy density. However,
‘the adiabatic regularization is valid in the high-frequency
limit and we do not know whether this method is also
valid in the low-frequency region. Therefore, we give in
the Appendix only the energy density with some part of
the adiabatic regularization terms, by which the initial en-
ergy density p,(fo) vanishes and the initial state becomes a
true vacuum. We can compare the cases with and without
the adiabatic regularization terms, and can simultaneously
investigate whether the isotropization occurs even in the
case in which the Universe starts from a true vacuum
state.

IV. QUANTITATIVE ANALYSIS IN A SIMPLE MODEL

In this section, we consider first the space-time
M, X Mp—where M, is a conventional four-dimensional
flat universe and is not closed. Mp is a D-dimensional
closed internal space.
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__ 1 L+
PaO= 16wV
. 1
’ d3k 92_
<z lml ¢
n Q«o
+[anan + ]
4.1)
and then
d D+4 1
9 (pgRP+4)= ——
an P 167V

200/~ Q'

X3 fdsleI”

+0 f,Zan’

4.2)

where - f "d3k denotes that the summation and the

integration are carried out in the region g (?).
From (3.10),

,_3DWD+2) ,,
(0] -————~2(D T3 z'z 4.3)
In order to solve the second-order differential equation
(2.13) with (2.15) and (3.26), the source term

(3/37m)(p,RP+*) must not include the term with the

- second-order derivative. Then, inserting Eq. (2.13) into

(4.3), and then (4.3) into (4.2), we resolve the equation
with respect to (3/3m)(p,RP**) and re-express
(3/3n)(p,RP+*) by the terms without the second-order

From (3.22), derivative. We find
|
3 1 G (D+2) -
2 (p,RP+4)= — (D+2) d3k———
an 167V 8m*Vp (D +3) 2 I
’ ’ 1 ~ n
3k —_ r__ ’ ’
><2i ['d 20, 200'—Q0'+Q f%Qdy,
where (4.4)
2
~ "3D(D +2) R
"= === (D 422" +2kp | .
o 2D 137 +2)y'z" +2kp b ] l
Integrating over the wave number k, we get
2 R. 12
palte)=—L—R-®+0 | |22 | $rp, 1 |20 | 3 (0,202 31, .5)
- 167 VD — bO — 2 =
) T T , T
and
a(quD+4): 1 __G (D+2)R_(D+2)2' n -1
an 167V 87V (D +3) T
x| =% 21—3 szl —Q'+Qf"Qd 131 (4.6)
D+3 2 L fo 0 n = 0f> .
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where ag=a(ng), bo=>b (), and Ry=R (19).

2 1/2
’ 1 Qg ag ao
In= [ 'd*k—=20— |k, |kp?*+—w,> —
0 f QO 1TR0 " m + b02 oL b02
and
, k?
I,= 3p=—
= ['d o
2 172 2
T Qo 0 ao
=——1k,, |k —w; 2 2k, 2 —3——c; 2
) R m m + bozwL ’ m b02wL

where
kp=a(rg2—o 2/b)'? .

About the energy density, as mentioned before we need
only its initial value, which is given by Eq. (4.5).

In the case of D=1 (i.e., Mp=S"' and kp vanishes),
op*=(2mw/1)*n?, where [ is the circumference of the fifth
dimension, and

"max
S =3=23 +(n=0).
f -

o n=1
N max 1S determined by

bl
2177'4

(4.9)

Rmax =

In the case that M,=SP (D-dimensional sphere),
o =[L(L +D —1)+42&D]/rp? (rp is the curvature ra-

or,
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km +[km”+(aoo /bo)*]'"?

2
1
n ao(oL/bo

] 4.7)

K +[Kkm?+(aowr /by )] 72
apwy, /bo

] , (4.8)

integer which satisfies

oLt <b?/ry?. (4.10)

Here, we analyze numerically the case of D=1, without
the cosmological constant, i.e., M,XS!. This is too sim-
ple to draw some conclusions for more realistic Kaluza-
Klein cosmologies, but this example may give some in-
sight into the possibility or the difficulty of the cosmolog-
ical dimensional reduction. We shall give the analysis of
the more general cases in a subsequent paper.

The equations to be solved are, from Egs. (2.11)—(2.15),
(3.25), (3.26), and (4.6), as follows. '

(1) Einstein equations:

Definition,

y =InR =+(31na +1nb) and z =In(b /a) .

Constraint equation,

dius of D-dimensional space) and (»")*—(2'/4)?=(47/3)GpR? . 4.11)
L . .
, max Dynamical equations,

2'=2 D,

T L=0 "' +3(y')?*=27GpR? 4.12)
where and

— 1)L +D —2)!

p, =% +D(D - Lt ) 2" +3y'2' = —(321/3)G (2'R*)~'3(p,R%) /3n. (4.13)

is the degeneracy factor. L, is given by the maximum (2) Energy density:
J
Rep | 3
(m+An)= |=—L— | p()+AnR ~5-~(p,R?) , :
p(n+An R(n+An) p(n)+An an (pgR”) (4.14)
3 1 3G !
- (pgR%) = 1— R33'I
an P17 e { 32071 23. °
! R 2 R 2 2 2 1 n
zZ [ & 3| 2| | 2T ) —|_0 ' '
x[4 " 2312 3[19 ; %nIOJ+2[ Q+an0an 2‘?,10], (4.15)
T

where Q0 '=— %;—y'(z')2 and Q=—2(z')% I, and I, are  sion works well. Then, we set the horizon scale ry =t and

given by Egs. (4.7) and (4.8).
We shall see whether the mechanism of the cosmologi-
cal dimensional reduction in the Chodos-Detweiler ver-

take the following initial conditions.
(3) Initial conditions:
Case (a) Without regularization term.
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(i) The initial energy density, which does not vanish, is
given by (4.5).

(i) We put ag=bo=1. Because three-space has the
scale invariance and the scale of the fifth dimension is ex-
pressed by bgl, where [ is an undetermined parameter

(iii) The initial expansion rates, yo and zy, are deter-
mined by the constraint equatlon 4. 11) and the condition
that yg is the Kasner value, i.e., yo = 3 5170- This condition
is slightly different from that in my previous paper, where
we imposed the condition of Sy bemg the Kasner value.
This condition is better than the previous one in the case
that the energy density is created instantaneously because
the source term in the equation for z is the time derivative
of the energy density and z’ may deviate from the Kasner
value even at initial time. "

Case (b) With the regularization term.

(i) The initial energy density vanishes, i.e., p(¢y)=0.

(ii) Same as for case (a).

(iii) y and z( are Kasner values, i.e.,

yo="%mo and zo=—T17 - (4.16)

As the undetermined parameters, we have G, t,, and I
G ~27GnRs, where Rs(>1p) is the present scale of the
fifth dimension and Gy is the Newtonian gravitational
constant. Here, we consider two cases, that of Rs=Ip
and Rs=10lp. t, is the initial cosmic time when the
compactification occurs and the anisotropy of the space-
time appears, and then the particle creation starts. We as-
sume that ¢, is near the Planck time. Then, we consider
three cases, that of ty=tp, 2tp, and 3tp. [ is the initial
scale of the fifth-dimensional space. In my previous pa-
per, we assumed that the fifth-dimensional space is also
not closed. This corresponds to the limit of /— . So, in
this paper we compare the results for various values of /
in order to see the effect of the closedness. _

First, we show the results of case (a). In Figs.l(a) and
'1(b), we show the behavior of a measure of anisotropy, de-
fined by

AH _ (d'—B)/2 _ 2"
H = GBa'+B)4 2y °

If the expansion of space-time is isotropic, AH /H van-
ishes. If the expansion is exactly Kasner-type, AH /H=2.
Therefore, we define the characteristic isotropization time
tp, denoted by the symbol + in the figure, by the time
when AH/H becomes unity. And we define another
characteristic time tz, denoted by the symbol O in the
figure, by the epoch when the fifth dimension turns from
a contraction to an expansion. We can consider that the
cosmological dimensional reduction is broken if ¢z or tg
is not so large. In Fig. 1(a), we take the parameters
ro=1/2r=Ip and G =27 (i.e., Rs=Ip). When we take
the parameter ty=tp, tr ~6.68tp, and tgr~18.1tp. When
to=2tp and t#y=3tp, tp~123tp and t5~337tp, and
tp~575tp and tg~1579tp, respectively. The isotropiza-
tion mechanism by the particle creation is rather effective.
In Fig. 1(b), the dependence of the initial radius of fifth
dimensional space ro(=I[/2m) is shown in the case of
to=2tp. The curves in the cases of ro=>5Ip, 10lp, and
10%lp coincide with each other. This means that the effect
of the closedness of the fifth dimensions disappears for

4.17)
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case (a)
1.5 roalp
G=2x7
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0.5
00 . n
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case(a)
15 to=2¢t,
21, G=27n
10,
5,10& 100,
roxfp
0.5|
00 (b) N R R )
1 10 10° 10° 10* 10° ¢/t
FIG. 1. A measure of anisotropy, AH /H, is plotted with

respect to t/tp for the initial time ¢,=tp, 2¢p, and 3¢p [Fig.
1(a)], and for the initial scale of the fifth dimension ro=Ip, 21p,
51p, 1015, and 10, [Fig. 1(b)] in case (a). + and O denote the
characteristic isotropization times fr and ¢g, respectively.

ro>5lp, as mentioned in my previous paper. When
ro=Ip and 2lp, we can see the effect of the closedness,
but the result is not so different from that for the other
ro- In Fig. 2, we show the behavior of the cosmological
scale factors @ and b. If the expansion is isotropic, i.e.,
a'=f, the scale factors behave as R «a «<b <t?/5, We
show the line of ¢#2/° by the dotted line as a reference. We
can see that the fifth-dimensional scale b shrinks at first,

a,b
e
.t
10, toet, 3t, o= tp
2t, ,
1 . t/to
9 10° 10° 10°
2t,
10 3t
case (a)
rosl,
10] G=2n

FIG. 2. The cosmological scale factors, a and b, are plotted
with respect to ¢/¢p for the initial time to=1p, 2¢p, and 37p in
case (a). The dashed line denotes the expansion law when the
expansion is isotropic (a,b «t2/%).
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AH/H A
20 case (b)
ro=£p
G=2=xn
15
1.0
0.5
oo @ ‘ . . .
1 10 10* 10° 10* 10° t/t,
AH/H [
20 casel(b)
to=tp
G=2n
15
58,
100 °
05
0.0 (b) . . . .
1 10 10° 10° 10 10°  t/t,

FIG. 3. AH /H is plotted with respect to ¢ /tp for to=tp, 21p,
and 3tp [Fig. 3(a)], and for ro=Ip, 2Ip, 51p, and 10, [Fig. 3(b)]
in case (b) with G =27,

case (b)

15(

10

0.5

(a)

10° 10* 10° t/t,

1 10 10* 10° 10* 10°  t/t,

FIG. 4. The same figures as in Fig. 3 in case (b) with
G =207. The dashed lines denote the analytic solution under
some approximation (see the text).
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ab
10]
10}
1 2 3 3 5
(4] 10 10 10 t/t
tot, °
10’ 2to
3t,
107
case(b)
ro=‘@n
G=20n

FIG. 5. a and b are plotted with respect to t/tp for ty=tp,
2tp, and 31p in case (b) with G =207

gradually turns from contraction to expansion, and
asymptotically expands as ¢>°. The expansion of three-
space is slightly decelerated and asymptotically is as #2/°
too. The difference between the asymptotic scales of
three-space and fifth-dimensional space is about order 2,
which cannot explain the smallness of the fifth-
dimensional space. Then, the idea of the cosmological di-
mensional reduction is broken by the mechanism of the
particle creation.

Next, we show the result of case (b). The behavior of
AH /H in the case of G =27 is shown in Figs. 3(a) and
3(b). In Fig. 3(a) we set ro=Ip. The isotropization times
tr and tg are later than that of case (a), by the order 2.
The reason is that the final energy density of created par-
ticles becomes smaller than that in case (a) by the order
1.5, by the subtraction of the regularization term. From
Fig. 3(b), we can see that the effect of the scale of the fifth
dimension becomes smaller as r, becomes larger, as in
case (a). If we assume that the electromagnetic field is ex-
pressed by the metric of the fifth dimension, the present
size of the fifth dimension is about 10/,. Then, we show
the figures in the case of G =20, i.e., Rs=10I, [Figs.
4(a) and 4(b)]. In this case, the created energy density is
the same as the previous one, but the gravitational con-
stant is larger and then the effect of the created matter is
enhanced. Therefore, the isotropization times ¢z and g

5
PR .
0}
.
5| ‘ t =
10 case|(b)
o ™ ’ep
. ~ G20
10 . 2t,
- ®- 3t
10|
10° : g ~ = s
1 10 10 10 10 10 t/t
P

FIG. 6. The energy density pR> is plotted as a function of
t/tp for to=tp, 2tp, and 3¢p in case (b) with G =20w. The
dashed line denotes the law #z o< (pR %) 11712,
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become smaller by the order 1, as seen in Fig. 4. Figure 5
corresponds to Fig. 2 in case (a). We can see the similar
behavior of the isotropization for a and b with that in
case (a). Finally, we show the energy density in Fig. 6.
The isotropization point ¢z is denoted by the symbol O.
It seems that there is some relation between 7z and the fi-
nal product of pR>, which is ¢z « (R >)gne~'!/'? (denoted
by the dashed line in Fig. 6). The law is more precisely
held in case (a). Also, there seems to be the relation that
(PR )gnar < to™* (for ro=Ip). In Sec. V, we show that
similar laws are held in a more general case (i.e.,
M, X TP) by the analytic solution.

V. ANALYTIC SOLUTION

and
(I'?)’=—2K'F . (5.6)

Since Eq. (5.6) is reduced from Eqgs. (5.4) and (5.5), the in-
dependent equations are Egs. (5.4) and (5.5). We assume
K =Ky=const. From Eq. (5.5),

F=5Ko(n—m0)*+Fo(n—no)+F, , (5.7)

where Fy and F, are the initial values of F’ and F at

n=mo. From Eq. (5.4)
M=(Fy)?—2KoFy=T¢’ (5.8)

is constant. The measure of anisotropy AH /H is given by

As known from Fig. 6, the energy density of the created AH d+D |d+D-—1 2 r
particle becomes the classical one soon after on-set of the H 2 dD F
particle creation, i.e., pR> approaches to some constant 2
value rapidly. The reason is that the quantum region de- _d+D (d+D—1 Ty '
creases rapidly with the expansion of the Universe. ) dD Ko(n—mo)+Fpy (5.9)
Therefore we may approximate that pR>=const. In this
section, we present the analytic solution in the case of Since
zero-curvature constants under the approximation of ‘ d+D r
pR4*P+1—const in order to compare with the numerical z'=— dDd+D—_1)]'72 F
result and to investigate the case of topology M4 X TP, [ +D D]
We set we find
F=dd—;D1_Rd+D—l’ (5.1) —zg— d+D
+0 - [dD(d +D —1)]'”
r_ldD@+D -] 5.2) ) ‘
- d+D ’ : o (Fo +To)[Ko(n—mn0)+Fo —To] (5.10)
and (Fo —To)[Ko(n—m0)+Fo +To]
K =87GpR4+D+1 | (5.3) The cosmological scale factors a and b are given by
The Einstein equations (2.11)—(2.15) become (kg=kp=0 —R __D _ _d
and A—0) a exp d+Dz and b =R exp d+Dz .
(F'y’—T?=2KF, (5.4) (5.11)
F'=K, (5.5)" Inserting (5.7) and (5.10), we find
|
, 1/(d+D—1) , , -
Fy Ko 2 K (Fb +To)[Ko(n—no)+Fy —Tg] |P/14P@+> -1
a=ay |14+——(n—n0)+ - (n—70) - - , (5.12a)
Fy 2F, (Fo —To)[Ko(n—mn0)+Fo +To]
and
L, 1/d+D—1) , , _ _1/
b=b 1+&(n—n )+ (1 — )2 (Fp +To)[Ko(n—m0)+Fo —Lo] |~4/14Ptd+2 -1 (5.12b)
Ol F, O aF, T (Fo —To)[Ko(n—m0)+Fp +To] T
|
where Given Fy, zg, and Fy as initial data, ag, bg, and I’y are
d+D—1 1/(d+D—1) D determined by Eqgs. (5.8) and (5.13), and then the analytic
ay= |————F, exp |— Zo (5.13a) solution (5.9) and (5.12) is given by using the conformal
d+D d+D time 7.
and Since the cosmic time ¢ is related to n by
1/(d+D—1) = K '
 [a+p—1 @+b-l d t=to+ [, Rdr’,
bo= —“‘1-+TF0 exp ﬁzo . (5.13b)
. + we find
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1/(d+D—1)
_ d+D—1 m NIAd+D—1) .1
t—t0+[ ) f%F(n) +D =gy
t+r0 (d+D —1)T¢ 1/(d+D—1)
%7K, | 2(d +D)K,
(Ko /Tdn—mnq)+Ff /Ty
X Jo (g2—1)/d+P=Dgg |
0 (V]

(5.14)

This integral is given by hypergeometric functions. By
Egs. (5.9), (5.12), and (5.14), we can compare the analytic
solution with the numerical results. In case (a), if we take
K, the same value as the numerical one, the behavior of
a, b, and AH /H is exactly the same as the numerical one.
The reason is that the energy density is almost created at
initial time 7 in case (a) and the approximation of
K=const is just valid. Even in case (b), in which the en-
ergy density initially vanishes and is created afterwards,
the behavior of a and b is exactly the same as the numeri-
cal one. Only the behavior of AH /H is slightly deviated
from the numerical one at the early stage, as denoted by
the dotted lines in Fig. 4(a), but it alsc coincides soon with
the numerical one. This shows that the approximation of
K=const is valid even in case (b).

Using this analytical solution, we shall investigate the
space-time with M, X TP topology.

First, we have to estimate the created energy density
from Eq. (4.5). We put ag=>by=1. We can consider two
cases: one case is that ro <ry(~ty) and the other case is
that o > rg. In the former case, n,,, =0 and then
4

pRD+4~

1 1
1673 2mrg)? [ o
L. (5.159)

In the latter case, 1y, ~7o/to and then

1

To
16m3(27r)P

pRD+4~
fo

m? 1

The factor 72/(2m)?+* is 1.01x 1073 for D=1. In the
numerical calculation, pR*>~9.2X107* for ro=1 and
to=1in case (a). So, the above estimate is not so bad.
Using Eq. (5.15), we shall estimate the characteristic
isotropization time ?5. ¢tz is defined by the time when B’
vanishes. Since pB'=y’'+[d/(d+D)]z'=0, AH/H
=—2'/2y'=(d +D)/2d at tz. From Eq. (5.9), we find

172

dd+D-1) | "p o

D (5.16)

Ko(ng—mo)= [

and then, from Eq. (5.14),
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. r, [(d+D—1)rg 1/(d+D—1)
E_°+K0 2(d +D)K,,
[d(d+D—1)/D]1/2 _
(§2_1)1/(d+D l)dg
F§ /T, ’

(5.17)

The initial values of 'y and Fy are ¢, ! if they are Kas-
ner values. Since we shall start from the state near the
Kasner universe, Fy/I'g~1. Then, the integral of the
above equation is almost independent of the initial condi-
tion and gives the numerical value of order 1. Then, we
find

d4+D—1 1/(d+D—1)

tp ~t
e~tht 71D

XKO—(d+D)/(d+D—l)ro(d+D+l)/(d+D—l) . (5.18)

Setting d=3 and Ty~?,"!, and taking K, as the value
given by Eq. (5.15), we get

1/(D+2)
D42

~1
‘e~tt 13D 13)

—(D+3)/(D+2
1 G +3)/(D+2)

27 (27ry)P

(t0(3D+s)/(D+2

) for ro<tp
(to/ro)(D+3)/(D+2)t0(3D+8)/(D+2) for ro>to.

(5.19)

When D=1, G =2, ro=Ip, and ty=tp (see Fig. 1), Eq.
(5.19) gives tgp~9.4tp. And the dependence of ¢, is
tg <ty'/® and Ky~1o %, and then we have tg ~K,~11/12,
which is just the law from the numerical result. If we
consider the regularization term, the energy density be-
comes smaller than that of Eq. (5.15) by the subtraction
terms. However, the above law is held even in this case.
Then, the dependence of ¢, etc., on the energy density
may be kept and the qualitative behavior is quite similar
to case (a). The difference may be only the delay of the
isotropization time by the decrease of the energy density.
We can see how much it is delayed from Eq. (5.18). If we
put D=7, G =(27), ro=Ip, and to=tp, Eq. (5.19) gives
tg ~8.05tp and tgz«ty®’°. From this, we expect that
there is not such a large difference between the case of
D=1 and the other case, but that they are almost the
same. Therefore, also in the case of M, X TP, the idea of
the cosmological dimensional reduction may be broken.

VI. CONCLUDING REMARKS

In Sec. V we concluded that if we consider the particle
creation effect, the cosmological dimensional reduction is
difficult in simple models (M, X TP). However, in order
to confirm this result in the more realistic Kaluza-Klein
model we have to consider the following things:

(1) the regularization problem,
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(2) the topological effect (or curvature effect),

(3) the effect of the anisotropic coherent matter
(Freund-Rubin matter). ‘
For (1), our method is too crude. Recently, Appelquist
and Chodos have shown that the five-dimensional static
Kaluza-Klein vacuum (M*X S!) is unstable for a contrac-
tion of the fifth dimension when we consider a quantum
effect of gravitational field. This instability is due to the
Casimir effect. We expect the Casimir effect also in the
case of the scalar field. This Casimir effect may prevent
the fifth dimension from turning to expansion by the par-
ticle creation effect. In order to treat both effects sys-
tematically, we have to regularize correctly the energy-
momentum tensor or the effective action. However, we
have no complete regularization method in the case that
the space-time is time dependent and not conformally flat.
Recently, Randjbar-Daemi, Salam, and Strathdee,'* and
Gilbert, McClain, and Rubin,'> and M. Yoshimura!® gave
the effective action in time-dependent background
geometry under some approximation. These methods are
good approaches. However, from the point of view of the
cosmological dimensional reduction, the actions of Refs.
14 and 15 are valid at a late stage, but may not be valid at
an early stage, i.e., just after the compactification. (The
scale of the internal space is nearly the same as that of
physical three-space.) The action by Yoshimura may be
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useful even at an early stage, if the Universe is not in the
vacuum state but in the thermal equilibrium state at ini-
tial time.

As another approach, we can consider the following. If
the deviation from the conformal flatness is small, i.e.,
space-time has small anisotropy, we can treat the problem
by the perturbation and can also regularize the effective
action by the dimensional regularization.!” This approach
may confirm the isotropization by the particle creation
dealt with in this paper. We shall show this result else-
where.

Secondly, the topological effect (or curvature effect)
may be more important, because the realistic Kaluza-
Klein theory predicts the internal space has a curvature.
The effect of curvature may change the dynamical
behavior of the metric. Then, does the particle creation
have an effect on this behavior? Also, the existence of an-
isotropic matter may change how the particles are created.
These problems are in progress.
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APPENDIX: ENERGY DENSITY WITH ADIABATIC REGULARIZATION TERM

Adopting the adiabatic regularization method proposed by Fulling, Parker, and Hu,'® we write down the regularized

energy density as follows:

p=—(0,|T3|04)

2
1 1 1|1Q
- R—@+D+D o2 2_ 2 — L _
2V4Vp %% |X’1LI +@ Q)lxl,Ll Q 20 (4|1 Q Q
2
1 1|1Q 19,
+3q ‘g [6 ] 62(2)"1‘562(3)—%92(62<2))2—%Q62(2)] } , (A1)
where the definitions of €, and €5(3) are the same as in Egs. (2.40) and (2.41) in Ref. 18 and Q=Q,; .
The energy density in the quantum region g (t) is
, 2
1 - 1 n 21 Qo 11| 1
— R (d+D+1) Q% dn' —_— - — | = | = = — [ ..
Pa0=73y v, Lezqm 20, o+ | [, Qdn| |+ 20 ||| ~¢tal I
(A2)

where Qo= Q(7).

As mentioned in the text, we take into account one part of the regularization terms, i.e., —Q+(1/2Q)Q, by which the
initial energy density vanishes. Following the text (Sec. IV), we assume the space-time is M4 XMp, where M, is four-

dimensional flat universe and is not closed. From (A2),

1

' 1
—_—— R (D44 3kl | 02
Pa(D) =" 5 —R ;ﬁ; f dk[zﬂo -0+

and then

d 1 , 1
_( RD+4 —_ ’ d3k _r
an P ) 167°Vp Zf I 20,

n
200'-Q'+0 [, 0dn’

{7 gan' |* UL NP S Wt (A3)
e 2 207 [’
1 R,
—5q Poo-o+ Lol | (Ad)

In the same way as in the text, we reexpress a<quD +4)/dm by the terms without the second-order derivative.
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The result is the following:
3 1 G (D+2),_ -1
—( RD+4)___: _ R (D+2) "Ia—J
an e 167°Vp | 872V (D +3) ZL:' (To—Jo)
, R 2 Q R 2 . Q
Z ’ ’
X{D+3 D\~ zf IZ—J2—7K2]~3 > %wi IO—J0—7K0”
15 ’ 1 K ’ ’
— 30 ' Uo—Jo)+3Q [, @dn' T Lo, (AS)
T T
where I and I, are the same as in the text,
Jo= ['d%ht —or |2 | [k, 2 — |2 4,2 | fmtasrn || 6
0= Q TR || 152 | awL/b ’ (46)
2 2
, k2 w7 |a a a kn+a/ry
—_ : 3 2 2 2 m
= k=1 | % - 2k, 23 | & L ML RRcAL &
J,=['d a=7 | & | 1Fm o kn®=3 |70 | | +3 Lre’ | In 7 , (A7)
3
' 1 a kmrH km+a/rH
Ko= ['dk—=4r | < | |- ,
o= [ Pk gr =47 | & a awy /b (A8)
and
K‘f’cﬂkk2 2 |2 3 Ky |2 |92 | T 5 ]al, 2 21 kmta/ry A9
2= 2 TR m rH+ 2% | | 20L" | awy /b ’ (A9)

IThroughout this paper, the Planck time t, and the Planck
length Ip are defined by the four-dimensional Newtonian
gravitational constant Gy.
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