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Nonlinear effective Lagrangian for pseudoscalar mesons in broken SU(3) & SU(3)
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A symmetry-breaking term with derivative coupling Tr[(a'+ b'A. 8+ c'A.3)MB„MQ„M + H.c.I originat-
ing from the (3, 3) + (3, 3) quark mass term is added to the minimal nonlinear meson Lagrangian for a
unified description of SU(3)xSU(3) breaking. These effects arise from a rescahng of the meson fields
which gives automatically the it'13 Callan-Treiman relation. SU(3) breaking for fx/f„and f /f is un-

derstood to come from the current quark mass m, . Using this result, we find I"(q 2y) =289+20 ev for
Op=10.5', in good agreement with the measured value 324+50 eV. It is also shown that the E 3m

slope parameters and relative decay rates are unaffected by this symmetry breaking.

The standard minimal effective Lagrangian given by Cro-
nin and by Coleman, Wess, and Zumino in a nonlinear real-
ization of chiral symmetry' is known to reproduce all the
soft-pion amplitudes obtained by the current-algebra (CA)
technique in the simple case3 where SU(3) &SU(3) is bro-
ken by the meson mass term (but not the full quark mass
tertn in the QCD Lagrangian). In particular, the successful
calculation of the slope parameters and the decay amplitudes
for K 3m in terms of the K 2m decay rates is a confir-
mation of the validity of the nonlinear-effective-Lagrangian
technique, which, as stressed4 by Weinberg, is more power-
ful than the standard CA technique, since the calculation
can be performed unambiguously by summing all tree
graphs generated by this effective Lagrangian. More impor-
tant is the fact that terms quadratic in meson momenta can
be kept, in contrast with the CA derivation where some of
the external momenta must vanish. The minimal effective
Lagrangian is, however, unable to account for SU(3)
&&SU(3)-breaking effects other than those given by the
meson mass term and must be modified to reproduce the
Callan-Treiman relation between KI2 and KI3 form factors
in the SU(2) && SU(2) limit, i.e. ,

derivative coupling, this term will produce a symmetry-
breaking term for the vector and axial-vector currents as
well as a renormalization of the meson fields. In this paper
we shall first show that the modified effective Lagrangian
with a derivative coupling for the symmetry-breaking term
added will lead automatically to the KI3 Callan-Treiman rela-
tion [Eq. (1)]. We then use this modified Lagrangian to
analyze the SU (3) x SU (3)-symmetry-breaking effects in

2y and nonleptonic K decays.
Before writing down the effective Lagrangian, let us use

the standard CA technique to obtain the derivative coupling
term from the symmetry-breaking quark mass term W».

~sa= g m, (qLriIt+ qrtqL) .
q u, d, s

In the soft-pion limit, the off-shell matrix element

~(pt, p2) = (~'(pt) ~~ss(0) l~ (P»). q =P2 Pl

is given bys

~(pl P2) [Pl P2 ~ + (Pl +P2 )~„]2

&t&2 o fw

where

+ commutator piece (4)

which expresses the deviation from exact SU(3) symmetry
in terms of fx/f„. The minimal effective Lagrangian gives
instead of (1)

f (o)=o, fsc=f-
This holds because, as a result of the invariance under
SU(3) xSU(3) of the kinetic term, no renormalization of
the meson fields is needed, and therefore symmetry-
breaking terms in the vector and axial-vector currents are
absent. It is thus clear that nonminimal terms with deriva-
tive coupling must be present to account for f (0) and
fx/f„. Such a term must, together with the nonderivative-
coupling meson mass term, originate from the quark mass
term

X m, Qaqr. + qL, qa)
q

in the QCD Lagrangian6' and therefore transforms as the
(3, 3) + (3, 3) representation of SU (3)L, x SU(3)a. With

M„„=i 2d~ d4xy exp(ipt x —ip2 y)

x (01 T [~3„(x)&3 (y)~sa(0)1~0) . (4')

The commutator terms in (13) correspond to a nonderiva-
tive-coupling term (pt tp2 independent) given as

Tr [(a + t ) s) (iM + m') ],
and nonleading terms which do noi concern us here. The
T-product part ~„„and other terms of the form p& p2 to
leading order in pion momenta give rise to the derivative
coupling 9~438„43 term we are looking for. Since ~s~ is a
(3, 3) + (3, 3) piece, the derivative-coupling part must be a
(3, 3)+ (3, 3) term. The simplest choice is a linear com-
bination of two (3,3)+ (3, 3) terms9 constructed from the
Cronin meson-coupling matrix M which transforms linearly
as a (3, 3) under SU(3)L, && SU(3)„:
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Our modified effective Lagrangian is then

W=W()+W +W'
(neglecting isospin-breaking effects)

m = f„=f '(1 —km )1+A. 'm1

Tr[(a+ bXs+ eh. 3)(M+kf )]1

(7)
W' = —~Tr[(a'+ b'Xs+ e'li3) B„C?Q„C&+other terms]

W' is the new derivative-couphng (3, 3) term obtained from
(5). From the quark mass matrix ms we have

(a+ blas+ cA3) = Xms, (a'+ b'lis+ c'X3) = X'ms

The total Lagrangian expanded as powers of 4 is

m» =, , f»=f (I —km» )2 4 —1 2 —1/2

1+X'm4

m 8 f f—i(1 k
—2) —1/2

1+) 'm&'

where

???i= p (m„+??ld), my= ? (??ii+ m~), ms= ~(??ii+ 2tll~)1 1 1

The ratio f»/f is

(I + a&) B„C&iB„@i—~p, i'@i~+ other terms
&-1,8

1/2
1 —™=1+—,k(m» —m )
1 —kmg2

(12)

e= g a, ~i 1, &

(8)
which reproduces the measured value for k=2m~ . In
terms of f»/f, we get from (11)

It should be stressed that the presence of a (3, 3) deriv-
ative-coupling term is a direct consequence of the
Goldstone-boson character of the pseudoscalar mesons [see
Eq. (4)]. In the past, numerous workers'0 have invoked the
existence of the scalar-meson fields as well as an SU(3)-
asymmetric vacuum to account for f»/f . Such assump-
tions are not needed in our analysis, however. [In our ef-
fective Lagrangian the vacuum is SU(3)-symmetric and
(O~qq ~0) has a common value. ]

For the Lagrangian (8) to describe the physics of pseu-
doscalar mesons, the quadratic terms with derivative cou-
pling must be identified with the kinetic term. Hence 4i
must be expressed in terms of the physical field operators
pi as

e, = Z;p;, Z, = (I+a;)

V„;= g if~„(1+ a~ )4» r?„@?,+
j,k

A„i= (I+a;)8„4;+
(10)

The vector and the axial-vector currents are then (i,j,k
=1, . . . , 8)

m„ f» mi2
'

2

2 2 ?

m» f m4

2m

m

2
f~s m,f' ms

(13)

which are the expressions for the pseudoscalar-meson
masses in terms of the current quark masses obtained by
the CA technique. From the measured m, E masses we
deduce

=0.047 (( 1
m4

which tells us that SU(2) x SU(2) is a much better sym-
metry6 than SU(3) x SU(3), and for all practical purposes we
can set mi=0. In this limit (11) then determines f as the
inverse of the pion decay constant f . The deviation from
unity for f»/f given in (12) is then due entirely to the
large value of m, .

Before getting to the Callan-Treiman relation for EI3 form
factors, let us discuss the higher-order corrections to the
meson masses. To first order in SU(3) breaking, the mass
term transforms like an SU(3) octet which gives the usual
Gell-Mann —Okubo (GMO) mass formula for pseudoscalar
mesons. Neglecting higher-order terms in (11), we have

m =A. m1, m~ =Xm4, m„= m& =A. m&
2 2 2 —2

.2 +'''1 PI
2 8 8 (I+ )

(8')

The vector and axial-vector currents are given by

In terms of the physical meson fields, the Lagrangian (8)
becomes

which clearly obeys the GMO relation satisfied by m1, m4,
and m&. %hen higher-order effects are included, the m and
E masses are still given by (11) but ms' is not the whole?ls
mass since second order in SU(3) breaking can also con-
tribute to q8 mass as can be easily seen from the e term in
the effective Lagrangian' of Cronin. The octet mass is then

m =m +5m8 8

?

1+o~
~„?= gifga

JI( + 0!g

' 1/2

+j~p, f'k+

A„,=$1+a, " '+
(10')

where Sms? is second order in SU(3) breaking. A possible
dynamical origin for this term may be found in the quark-
model qq annihilation terms via gluon intermediate states. "
Note that to a11 orders in the current quark masses we find
two GMO-type formulas:

The masses and the decay constants of pseudoscalar mesons
can be read off immediately from (8') and (10'). We have

4f»'=3f„'+f '
~

4m» f» =3ms f~ + m„ f„~

(14)

(15)
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sin'Oo ( m»' —m„')
(I+&) (m~~ —m~2) (I+&)

5ms
,2 — 2

~0
rn.~

—m„
'I

Using the above relations, we obtain the following expres-
sion for the g-q' mixing angle Op.

and Q is the charge operator acting in flavor-SU(3) space.
To obtain the g' 2y decay, we have to use nonet sym-
metry and include the q' field 40 in 4. Apart from the
Lorentz-invariance kinematic factor (e„„~ e„e„'k~k '

) we
have

1'5= —1—
3

(16) n 2S&2~ (~'- 2y) = ——
7r e

(20a)

and Oo is the value of the mixing angle (Oo= 10.5') obtained
from the usual GMO mass formula for m„. It is clear

]8

from (16) that the second term is as large as the first term
and cannot be neglected. This term and the first term make
a negative contribution to sin Op, showing that Sms must be
large enough to satisfy the positivity condition of sin Op

since m„& m„. The precise value of Op is thus sensitive
to second-order SU(3)-breaking effects'2 other than those
given by the GMO mass formula.

For the vector currents in KIq decay K+ m. + l++v„
we have from (10')

V»+ = 1 1 f»+ f~ K+
J2 2 f„k»

r

1 f» f
~ (K o)f f»

from which we read off immediately

1 1 f» f 1 1 f» f
&& 2

, f fr&
'

&& 2 f fr&

(17)

, (18)

which satisfies the Callan-Treiman relation [Eq. (I)]. (No
variation of f+, f with the momentum transfer q2 is con-
sidered here. )

Note that f+ is clearly of second order in SU(3) breaking
in agreement with the Ademollo-Gatto theorem. Although
the above expressions for KIq form factors'~ are just the old
CA result, the effective-Lagrangian treatment leads us
beyond the physics of CA, which is rather limited in being
unable to say much about the origin of SU(3) x SU(3)-
symmetry breaking. The modified nonlinear effective
Lagrangian gives us a unified description of all symmetry-
breaking effects arising from the current quark masses. In
particular, the deviation from unity for f»/f„ is now understood

in terms of the large value of m, Having es. tablished that the
modified Lagrangian with derivative coupling for the
symmetry-breaking term (3, 3) + (3, 3) given by (7) is the
pseudoscalar-meson effective Lagrangian in broken
SU(3) x SU(3), we can now use this to analyze symmetry-
breaking effects for more complicated processes involving
pseudoscalar mesons usually not covered by the CA tech-
nique. As examples, we shall now discuss the electromag-
netic q 2y decay and the nonleptonic K 27r and
K 3' decay.

(a) Two photon decay mode of-q In the soft-pi. on limit,
the two-photon decay mode of m, q, q' proceeds via the
electromagnetic Adler-Bell-Jackiw anomaly. '4 In a theory
with quarks, the coefficient of the anomaly is independent
of quark masses and hence flavor independent. The effec-
tive Lagrangian for m', q, q' 2y is then given by'

r

n 2SJ2 1 f~
& (g 2y) = —— cosOp+ 242 sinOp

m f„j3 f
(20b)

(S= ~ for quarks with 3 colors as extra degree of free-

dom).
Since 48 is the unrenormalized field operator, the physical

decay amplitude q8 2y is obtained by using the physical
field ps defined by Eq. (9). This explains the SU(3)-vio-
lation factor f /f„ in (20b) for the q 2y amplitude.

This factor is also of first order in SU(3) breaking as is the
sinHP term, and cannot be neglected. Note that our expres-
sion for the q 2y amplitude is only correct to first order
in SU(3) breaking. Using the value of f„/f„ from (14)
and taking Op=10.5, we have

R — = =073
A (no- 2y) J3

(21)
I ~h„„(q 2y) = 289 + 20 eV

in good agreement with the measured values'6

R,„v, = 0.78 +0.06, I,„„(q 2y) = 324+ 50 eV

Note that the calculated decay rate without SU(3) violation
for f~ (f~ =f ) is larger than data by 20o/o (I'„~,
=409+28 eV). The success of this calculation indicates
that Op should be around 00=10.5', the naive GMO-mass-
formula value. (A value for Op much smaller than Oo would
lead to a decay rate far below the data. )

(b) Nonleptonic kaon decays in broken SU(3)x SU(3). In
the past ten years, since the advent of quantum chromo-
dynamics (QCD) as a possible theory of strong interactions,
the nature of nonleptonic weak interactions has been greatly
clarified. ' ' Although the origin of the 5I =

2 rule re-

mains to be explained, the form of the effective
nonleptonic-decay Lagrangian is probably still the one given
by Cronin many years ago. In the standard %einberg-Salam
model with left-handed currents, ' it consists of two opera-
tors transforming as (8,1) and (27, 1) representations under
SU(3)r x SU(3)rt. We shall neglect the (27,1) piece and
consider only the octet part which gives rise to the AI=

2

rule. The effective Lagrangian for the octet piece is given
in terms of M (f4& ) as'

+~NL + ~ ~ ~
(4) (22)

~gL(octet) = —c,Tr(h6(t)„&PB„e+. if (B„ter, [4&, B„C&]l))
2f2

~EM= —fG Tr[0'[q'+ o(f'~") ]]

e2N
2 ~pavpcr+ju, @~per

32m

(19)
By expressing 4 in terms of the physical y we see that the
symmetry-breaking effects for K-m transition, K 2' de-
cay, and the direct interactions for K 3m decays from the
rescaling factor (1+n»)'i2 due to the renormalization of
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4z. Since SU(2) X SU(2) is almost an exact symmetry,
n„=0 and symmetry-breaking effects are due entirely to
the rescaling of the kaon fields. We see immediately that
the form of the matrix elements for K-7r transition,
Kz mvr, and the direct K 3m amplitudes are the ex-
pressions obtained by Cronin with t.- replaced by

CGF= C (23)

The measured Kq 2m decay rate gives

C ff 1.1 +0.1, c = 1.40 +0.13 (24)

With c,ff determined, the K 3m. amplitude can now be
calculated by summing all tree graphs obtained from the to-
tal Lagrangian, the sum of ~and ~NL. As explained above,
SU(3)-breaking effects for the direct term (obtained from
LNL') can be absorbed into c,rr. The other contributions to
K 3m amplitude come from two terms. The first term is
given by a K-m mixing followed by the strong process
n 3', which has no SU(3) x SU(3) breaking and can be

given in the SU(2) x SU(2) limit. Hence a SU(3) violation
for this term is due entirely to K-m transition and is con-
tained in c,ff. The second term comes from the K Kmm
transition followed by a K-m transition. This second term,
however, can be neglected in the physical decay amplitude
(i.e. , on-mass-shell pions) since the K-~ matrix elements
are proportional to m„. Thus the K 3m decay amplitude
can be obtained directly from Cronin s expressions with a
slight modification in the replacement of c by c,ff. The
K 3m slope parameters and the relative amplitude in
terms of the K 2' rates are not affected by this replace-
ment. The good agreement with experiment for the slope
parameters and the decay amplitude must be considered as
evidences for the validity of the nonlinear-effective-
Lagrangian approach to nonleptonic K decays. We can also
deduce from this success that WNL must have a dominant
component transforming as (8,1) under SU(3)L, x SU(3)R.
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