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Relativistic corrections to bound-state energies for two-fermion systems
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Holomorphy of the Breit-Fermi resolvent around the nonrelativistic limit is used to derive a new
method for calculating first-order relativistic corrections to bound-state energies.

I. INTRODUCTION

The problem we are discussing is a rather old one and
simple to state. Start with the Dirac operator with static
external fields. Under mild assumptions on the potentials
the spectrum will consist of continuous parts with a gap
around energy zero and possibly bound states in the gap.
The problem now is how to get information on the
bound-state energies. In the absence of a variational prin-
ciple, the most well-known procedure consists in formally
expanding the Dirac operator for inverse powers of the
velocity of light ¢. As a first step this Foldy-Wouthuysen
procedure! gives highly singular operators. In a second
step one applies first-order perturbation theory which,
however, is completely unjustified. Although we have
been able to give an interpretation to the second step in
terms of spectral concentration,* one should try to avoid
the above-mentioned procedure completely. For the one-
particle case we succeeded to prove holomorphy of the
Dirac resolvent in ¢ ~!. From the explicit expansion of
the resolvent we then extracted corrections to bound-state
energies of the Pauli operator.*>

In this paper we shall apply our method to the two-
particle case. To do so, we have to have a Hamilton
operator. In principle, one should start from a relativistic
wave equation (Bethe-Salpeter equation or some other
bound-state equations) and try to obtain a Hamiltonian by
an instantaneous limit. Concerning this (certainly
nonunique) step, we have nothing to say (except for some
comments at the end of the paper). Here we assume that
these steps can be done. For QED this yields the so-called
Breit-Fermi Hamiltonian.5—8 At this point we should add
a warning: In case the potential is determined up to a cer-
tain order in a coupling constant (or in 1/c¢?) it does not

make sense to continue our procedure to higher orders in -

these parameters. We also remark that our procedure
works for local as well as nonlocal interactions.

In order to clarify the above remarks, let us discuss the
Hamiltonian for the positronium atom. Let H(c)
=Hy(c) + V with

Ho(C)=(C&>1'ﬁ+ﬁ1m162)® ]lz

+1,®@(—cdy P+Bmyc?) . (1:1)

H(c) represents the free Hamiltonian of two Dirac parti-
cles in the center-of-mass frame and acts in

LYR*)®C*@C*.

o, and B, (@, and B,) are Dirac matrices for particle one
(two). 1, and 1, are 4 X4 unit matrices.

The main question concerns the potential V. Take, for
instance,

V(i’)=v(r)]ll® Ilz+w1(r)o71® &’2

+w2(r)(81'£)®(82‘£) , (1.2)
where X denotes the relative coordinate, r =|X| and
X =X /r; then for the special case
o2

v(r)=—2w1(r)=—2w2(r)=——r~ s (1.3)
Egs. (1.1) to (1.3) represent the Breit-Fermi operator and
the question of a nonrelativistic expansion of bound-state
energies can be posed.

We shall also be concerned with more general interac-
tions than (1.2) and (1.3), which are of interest for quar-
konium spectroscopy. The general ansatz we take for Vis
of the form

vy, 0 0 w,

0 v_ w_ O
V= 0 w_ v 0| (1.4)
w, 0 0 v,

where we have used a 16X 16 matrix notation and each
entry of the matrix in (1.4) represents a 4X4 matrix. It
can be shown that special cases of (1.4) will account for
general interactions coming from scalar, vector, pseudo-
scalar, axial-vector, and tensor interactions, although we
shall concentrate only on the two first mentioned.
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There is a long list of publications concerned with rela-
tivistic corrections to bound-state energies and decay pa-
rameters (cf. e.g., Refs. 9—12 and the references therein).
It is worth mentioning that for a scalar interaction there
exist three different proposals for the correction
terms.>~!> We shall see that our procedure gives a result
in agreement with Ref. 15. For a determination of the
structure of spin-dependent forces in QCD see Refs.
16--18.

We shall be dealing only with two-body systems; there
are additional problems for the many-body case.!® In Sec.
II we shall explain our method for interactions like (1.4).
Section III is devoted to a discussion of special interac-
tions and to a comparison with results in the literature.

II. POSITRONIUM

We use the representation

0 0o 1 O

a=|_, , B= , (2.1)
g 0 0 -1

then H can be written in a 16 X 16 matrix form:
ho(C)=H0(C)—m1C2——-m2C2
0 cA, 0 c4d,
- cA; —2mc? @l +1® cAd, —2m,c?
(2.2)

where we introduced the notation A,=01'P, 4,
= — &,'P and subtracted rest energies from H(c). Next
define the free resolvent R2(c):

RAc)=[hy(c)—2z]"!, zEC\R. 2.3)

Since all entries in k¢(c) commute with each other hy(c)-z
can be inverted in a straightforward calculation. For no-
tational simplicity we state the result in the special case
mi=mj,;= %Z

-1

2
1
RAc)= |2p2—z— 2| |PLePi+——M)|,
z -D 2C2 + + CZ—I-Z
" 24)
where we introduced the projection operators

P%2=(14 B“?/2, and the symmetric matrix M(c) in a
4< 4 notation is given by

My=Z e 2 Mpy—ziZe M
n=5+52 ) 22 2c2 33
z z
M,=A4, etoo | M24:A2‘2?,
(2.5)
My=A4, |c+= My=A4,2%
13 2 T ‘: 34 12C ’
My=A,4,=M My=Z 4 2o _p2
1u=4a143 23 » M=o T50 p

In particular in the nonrelativistic limit ¢— o, R¢)
converges to the free Pauli resolvent (p2/2u—z)~! (where

w~'=m,;~ !+ m, ! is the reduced mass) times a projec-
tion operator:

.C—>c0

—1
PLeoP% . (2.6)

>

n-lim R2(¢)=
2u

Cc—> o0

—2Z

Equations (2.4) and (2.5) clearly demonstrate that R2(c) is
hol?morphic in ¢~! around the nonrelativistic limit
¢ '=0.

But one notices a difference between the one-particle
and the two-particle case. For the one-particle case even
after multiplying the free resolvent with potentials which
are relatively bounded with respect to &P norm conver-
gence was obtained.*> Since this is not the case here we
shall assume that ¥ is a bounded operator in order to
avoid problems of self-adjointness. Thus, we assume that
v+ and w4 are essentially bounded from now on.

The main idea of our approach consists in discussing
the resolvent of H(c)=hy(c)+V (which is a bounded
operator),

R,(c)=[H(c)—z]"!, zEC\R, 2.7

instead of dealing with the unbounded Hamiltonian H (¢).
Next we shall extract in a two-step procedure parts of
H(c) which dominate in the limit ¢— o and write
H(c)—z=D(c)+E/(c) with

—z cA; cA, 0
cA; —2mc? 0 0
D=4, 0 —2my? 0 ’
0 0 0 —2(m4m,)c?
2.8)
vy 0 0 w4
0 v_—z w_ cA,
El©=|09 w_ v_—z cA,
w, cd, c4, v, —z

Since all elements of D(c) commute it is trivial to in-
vert D (c).. Making use of the identity

(D+E)"'=(1+D"'E)~"'D! (2.9)

allows, after multiplying out D~ '(c) and E(c), to con-
clude that in the limit ¢— «, R,(c) tends to the (interact-
ing) Pauli resolvent in norm:

-1

n-lim R, (c)= P, ®P%, zEC\R.

2
Sa oz

(2.10)

Moreover, following the derivation of Eq. (2.15) in Ref. 5,
the explicit form of D ~!(c) finally yields our first main
result.

Let H(c)=hy(c)+V, V bounded, and z€ C\R. Then
R(z)=[H(c)—z]~! is holomorphic in c¢~! around
c¢~!=0. At first sight it might be surprising that the
resolvent is analytic as a function of ¢ —1 while the folk-
lore results for expansions of eigenvalues yield a series in
c~2. But as in the one-particle case one can go over to a
modified resolvent R,(c),



R,(c)=B(c)R,(c)B~(c),
2(c) (c)R,(c) (c) 2.11)

1000

0c00
B(C)-:OOcoy
‘ 000 c?

and with the help of the similarity transformation B(c)
one observes that R,(c) becomes holomorphic as a func-
tion of ¢ ~2 around ¢ ~2=0.

More explicitly we first note that B(D~'E)B~! con-
verges in norm to ‘

d=n-lim B (¢)D ~Y¢)E(¢)B~X¢)

C—> o0
0
Pz 4+ 0 0 0
A4,
os 2m; v, 0 0 0
== A ’
0 2
Jo 2, vy 0 0 0
w+ A2 Al
2(my+m,) 2(m+m,) 2(m+m;,)

22 |
2p

0

pl= |2 —z (2.12)

In order to get a norm-convergent expansion of R,(c) in
terms of ¢ ~2, we apply formulas (2.9) once again and take
out 1+d from B(1+D~'E)~'B~"

R,=[1+4d +e(c)]~'D ~c)
=[14+(14+d)"le(e)]" (1+d)~D X)),

D(e)=B(c)D(c)B~(c), (2.13)

where e(c) denotes the corresponding remaining part.
Explicit multiplication of the matrices in (2.13) then
shows after some calculations that

p 000
4 000
2m1pz

n-lim R,(c)= =R,(z),

c— o AZ

27?12
W.p, 000
w A A
W= + 142
2(my+m,)

p, 000

prp— (2.14)

P2 -

2,u +vy—z

Pz=

and that R,(c) is indeed holomorphic with respect to ¢ ~2

around the nonrelativistic limit
R,(c)=R,(c)+c 2R (z2)+0(c™%) . (2.15)

Since R;(z) has a quite complicated structure we only
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quote those matrix elements that are needed for later pur-
poses:

[R\(2)]= A ) 4
12)ln=—p; 2m, U—“Z+2m2 w_ 2m1pz
A, A, ( ) A,
P o = o, T | o, P
"‘pszpz ’
(2.16)

[Ri(2)]1y=p.4,/2m, , [R\(D)];3=p,4,/2m, ,
[R(2)]14=0.

In order to derive our second main results, namely, an ex-
plicit formula for first-order relativistic corrections of
bound-state energies, we follow the strategy developed in
Refs. 4 and 5. From the fact that

(p,—&)! 0 0 O
=" 6 0 0
N 1 2m1 z\Pz
[Roa)—17'=| b
g %pz(pz—g) 0 § 0
W lp—~" 0 0 ¢!
E£0, (217

we infer as in Lemma 2.2 of Ref. 5 that there is a one-to-
one correspondence between nonzero eigenvalues of p, and
Ry(z). In particular,

P> -
2w +vy |fo=Eofo, ie., pfo=(Eq—2)"f,,
E,ER, zEC\R, (2.18)
implies
fo
A4,
B om fo
[Ro(2)—(Eo—2)""1®o=0, ®o= | (2.19)
2m2fo
Wfo
Since R,(c) is holomorphic with respect to ¢~2 around

the nonrelativistic limit, analytic perturbation theory im-
plies that eigenvalues and eigenfunctions of R,(c) and
H (c) [by the similarity transformation B(c)] are also ana-
lytic with respect to ¢ ~2 Assuming for simplicity that
E, is a nondegenerate discrete eigenvalue of the Pauli
Hamiltonian p?/2u+v, and that E(c~?) is the corre-
sponding relativistic eigenvalue of H(c) [with E(0)=E]
then E(c~?) is also nondegenerate and we can expand

E(¢c™)=Ey+c¢2E,+0(c™™) . (2.20)

To calculate E, explicitly we apply first-order pertur-
bation theory to Eq. (2.15). A standard procedure for
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bounded (but nonself-adjoint) operators then leads to
[E(c™)—2]"'=(Eq—2)"'—c A Eo—2)T2E;+0(c %)

=(Eyg—2)"1—¢c X9, R1(2)DPo) +0(c %) ,
2.21)

where @, represents the eigenvector of R,(2) to the eigen-
value (Ey—z)~! [cf., e.g., (2.19)] and
|
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Po= (2.22)

coo>

is the eigenvector of Ro(z)* [to the eigenvalue
(Eo—z)~']. Inserting ®g and ¢ into Eq. (2.21) and us-
ing expressions (2.16) for R (z) finally leads to

(2.23)

Eie(s A, 4, 4, A4, A, A, A,
1-—( o 2m1 V- 2m1 ZM2 - 2m2 +2m1 —_27}12 2m2 w- 2m1
P21 1 2
—E, 4 s+— | +2m+m)W* \fo ),
my m;
W= w4 4 A1A2
2(m1+m2) 4m1m2 )
I
Remarks

(i) In the limit m,—> o we obtain
4, A4, 2
El = (fO’ 2

- 4m 12
which is identical to our one-particle result.*>
(i) In practice one has to discard the term

(fow? fo)/2(my+m,y),

if the potential is determined up to first order in the cou-
pling constant.

(iii) If E, is a degenerate eigenvalue of the Pauli Hamil-
tonian similar (but more involved) arguments apply.’

2m1 v- 2m1

fo) s (2.24)

III. DISCUSSION

In order to compare with results obtained by completely
different methods by various authors we first rewrite Eq.
(2.23). Assuming vy, w4+ to be smooth enough and using
the eigenvalue equation

2
L v, |fo=Eofo, 3.1)
2u i
we can eliminate E in Eq. (2.23) and obtain
4 1 1
Eim—(fo2if )| =5 +—=
1 (fo SfO)[mls my> ]4‘61
+ (second-order term in w )
(3.2)

: 1
61=<f0, [W(ZAIU_AI —v+p2—p2v+)

1 22
+ 8my (24v_A,—v p*—pv,)

+——1—(A1w_A2+A2w_A1+A1A2w+
dmym, -

+w+A1A2) ]fo) .

For a comparison to results in the literature it remains to
determine the potential; this is trivial for scalar (and pseu-
doscalar) interactions and needs more comments for the
vector case.

A. Scalar interaction

There we have

1 0 00O
0—-1 00
V(r)=S(r)31®,32=S(r) 00 —10 (3.3)
0 0 01
So we identify v, =—v_=S, w, =w_=0. After some

straightforward algebra (assuming S is smooth enough)
one gets

8m1

—2a—s(t_f'1'i><3)1fo>+(l<—>2) 3.4)
r or

which is the same result as that of Barnes and Ghau-
dour;!’ it disagrees with Gromes'® and with Olsson and
Miller.'*

B. Vector interaction

Here the identification is a bit more delicate, since there
are different prescriptions for taking the instantaneous
limit. It might therefore be of interest to quote the gen-
eral result for the potential of Eq. (1.2), which means
identifying

vy=v_=v,
(3.5)
W, =w._ =w1&’1-6'2+w2(6’1~3’c‘)(&'2'5c‘) .
We readily obtain from (3.2) the spin-independent €3, the
spin-orbit €3°, and the spin-spin €}° contributions to
6=€+6° + e
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€?I=#12(f0’Avf0)_§—‘m172_(f0’“{Piwlpi}}+ { {Pt‘(fiwﬁ,‘:\j)Pj} }]fo)+(1<—>2) )
€§o=<fo» 4"112%" 2m1m2 _";’zi_ﬂ (EI'XX_ﬁ)fO>+(1‘_’2)a (3.6)
E§S=mi—m—2<fo, (755) —w;'—w7'1+w7'2 (@ 2NG D) —w73+w{'+2%——wrli fo),
~

where we used the bracket notation of Ref. 13:

{{piFyp;}}=piFyp;+p;jF;jpi +pipjFij + F;jpip; » (3.7
and summation over repeated indices is implied.

The most direct (and safest) approach concerning the
connection to a Bethe-Salpeter kernel consists now in tak-
ing

Vir)=u(r)(1,® 12—81852) (3.8)

which means one neglects the g
fi(—q02+?1'2)

dependence of
in the kernel. Then one identifies

(3.9)

this yields agreement of €5° and €}° with Refs. 13 and 20;
&1 differs.

If an expansion of #(—qo> + q2)~#(dH—qo’@'(4?
is allowed one may use current conservation to transform
the second term and obtain

v=u, wi=—u, w,=0;

v=u, w1=—l w2=Lu’. (3.10)

2’ 2
Now all three contributions in (3.6) agree with Ref. 13.

It is interesting to note that both the spin-orbit and the
spin-spin interaction terms are insensitive to the different
limit descriptions. This is so because both expressions de-
pend only on the sum —w +w,/r, which is equal to u’
in both cases.

So let us finally conclude that we have given an unam-
biguous scheme to -extract relativistic corrections to
bound-state energies of two-particle systems if a time-
independent potential is given; the step from a relativistic
wave equation to the Hamiltonian description depends on
the procedure one chooses.
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