PHYSICAL REVIEW D

VOLUME 30, NUMBER 1

1JULY 1984

A PCAC-like picture from a generalized MIT bag model

M. Villani
Dipartimento di Fisica, Universita di Bari, Bari, Italy
and Istituto Nazionale di Fisica Nucleare, Sezione di Bari, Bari, Italy
(Received 28 December 1983)

The MIT bag action is generalized through a new surface term. As a consequence two nonlinear
boundary conditions are obtained. The new model shows how a PCAC-like picture can be realized
on the basis of confined fermion fields. An interesting symmetry-breaking phenomenon is seen.

I. INTRODUCTION

In this paper we show how a picture very close to the
Nambu chiral-symmetry realization! can be derived from
a model based on confined fermion fields. To this picture,
however, we are led through a different symmetry-
breaking phenomenon. The phenomenon, shared by the
model given here, can be summarized as follows: in some
circumstances, a small perturbation which breaks a sym-
metry realized in the Wigner-Weyl fashion gives rise to a
physical situation very close to that described by a
Nambu-Goldstone! realization.

Our considerations are based on a generalization of the
MIT bag model.2~* Here we are concerned with the in-
teresting intrinsic theoretical properties of this model.
Phenomenological applications are out of the scope of this
work. Furthermore, confined vector fields are not con-
sidered.

The simplest idealized version of the model given in
this paper starts from the MIT bag action for a confined
fermion field. We introduce in this action a new surface
term, which, among other things, gives some physical
reality to the surface of a bag. As a consequence of the
new term, instead of one, we have two nonlinear boundary
conditions related to the relativistic invariance. In order
to satisfy both the conditions we need another fermion
field, with the benefit that a charge-conjugation invari-
ance is realized too.

Our model with two fermion fields is formulated in
Sec. II. In Sec. III we analyze its spectral properties by
considering static spherical bags at rest. As will be clear,
besides the relativistic invariance, quantum theory, in the
form given in Ref. 5, will have an important role. In Sec.
IV we show how a PCAC-like picture can be realized in
our model. As is known, in the usual MIT bag model,
chiral symmetry is badly broken even if we consider zero-
mass fermion fields.> Several attempts to improve chiral
symmetry have been discussed in the literature.>®~° In
the hybrid chiral bags,3’6 chiral invariance can be re-
stored, but at the cost of the introduction of fundamental
pseudoscalar fields. On the other hand, in our model we
have two fermion fields. From this and the results of Sec.
III, we expect some differences in the meson excited states
compared with the standard bag model. In our model
there will be more excited levels coming from a quark and
antiquark both in the same excited state. However, due to

30

other nonlinear boundary conditions, levels where the
quark and the antiquark are in different states (for exam-
ple, one excited and the other not) will be absent.

In Sec. V we analyze the symmetry properties of our
model with regard to the above-mentioned phenomenon
and the notion of spontaneous symmetry breaking.1

II. THE MIT MODEL AND ITS GENERALIZATION

Let us fix our attention on a massless fermion field
¥(x) of spin + confined to a bounded and connected spa-
tial region V. Let ) be the space-time hypertube swept
out by V. The boundary S of V sweeps out, in space-time,
the boundary 2 of Q. In the MIT bag model the equa-
tions for ¥(x) are

iy#8,y=0 (inside Q) , 2.1)

(1+in,y*)¢¥=0 (on 2), (2.2a)
n#3,(Yp)—2B =0 (on 3), (2.2b)
where n* is the interior unit normal to = (n¥n,=—1;

our metric is g®= —g#=41), while B is the usual con-
stant positive-energy density. The breaking of chiral sym-
metry comes from the boundary condition (2.2a), since we
have

nu by r*y=idy*y (on3),
and the right-hand term is in general different from zero.
Inside Q the axial-vector current ¥y°y#4 is locally con-
served.

The equations (2.1) and (2.2) can be deduced from an
action principle. If we consider the action?

(2.3)

AM_—.fnd“x[Lo(x)——B]——Zl—fzdaJtp, (2.4)
where
Lo(x)= 2 [3r3,4— @, D171, 23

then, by requiring 4 to be stationary with respect to arbi-
trary variations of ¢ inside Q} and on =, we obtain (2.1)
and (2.2a). Moreover, the independent variations of =
give the constraint (2.2b).

Now we generalize the action (2.4). First, we add a
coupling between the spin and some kinematical variables
of 2. Furthermore, as a consequence of this coupling, we
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introduce two massless spin- fields ¥;(x) and ¥,(x) and

write

P(x)

()
Besides the spacelike normal n¥, we consider the unit

timelike tangent t* to 2. If £ are the coordinates of the

points of S, then S can be described by a parametric equa-
tion of the type

S;: E:g(al,az;t) . (2.7)

P(x)= . 2.6)

Therefore,
(4, Elag,ant)
- (1— é—:z)l/z

namely, t* is the four-velocity vector of the points of S.
Now we consider the action

A :fnd“x [Lo(x)—B]
- fzda[a17;¢+ LB rtyn, —t,n,)] , (2.9)

where Ly(x) has the same form as in Eq. (2.5), ¢ is given
by (2.6), and

tH (2.8)

1 0
0 —1

L i
o =;[7f",7"], T3=

In Eq. (2.9), a and B are two dimensionless parameters,
which, as will be shown, cannot be independent.

Arbitrary variations of ¢ give the Dirac equation inside
Q,

iy#9,4=0,
and the boundary condition,
lin,y*+a+5Bo* (tyn, —t,n,)1]1Y=0 (on ). (2.10)
From (2.10) it follows that

n, iy =0 (on3) (i=1,2), @.11)
Ji[ai% o#v(tpnv—tvn“)llﬁi:o
(on3) (+,i=1; —,i=2). (2.12)

Now we consider an arbitrary infinitesimal variation of
the region Q

0->Q'.
If the points of )’ have coordinates x’#, we can write
(2.13)

x'F=xt4(5xH)(x)=xH+8xH .

Under the variation (2.13), we have the following varia-
tion of the action A:

84 = [ do[Lo(x)—Bln,bx*—7 [ (8do)afy+ 3 BIo* rsitun,—t,n,)]

- fzda[aak(%/') + ';-B(t,un,, —tyn, )P rp]dxt — -;—szda 170””T3¢8(t”n,,——tvn”) .

We see that the variation 8do is ineffective due to the
boundary equation (2.12). Furthermore, we observe that

d(tyn,)=1t,(x"n,(x")—t,(x)n,(x) (xEZ)

(with #,t'u=+1, nyn'#=—1, t,n'#=0) can be written
in the form
8(ttn”)=[g" w0 (x) g wt(x)]t, 1, ,

where |0*(x)| <<1 and o*"(x)=—w"™(x). In other
words, 8(z,n,) can be related to an infinitesimal local ro-
tation in the space-time. Under this local rotation the
quantity

Yo rylt,n, —t,n,)

is invariant. Therefore,
JU#VTS"bS( tynv - tvnu )
=—(tyn,—t,n, 8Pt

(tyn,—tyn, )wpg(x)ﬁ[ap”,ol“']ﬁtk . (2.15)

_ i
4

Then, from 84 =0, we obtain the two boundary condi-
tions

(2.14)
|
ad* P+ 3 B(t,n, —t,n,) P rap+2n B =0
(x€Z), (2.16)
B(t,n,—t,n, P[oP%,0"1mh=0 (xEZ) . (2.17)

Equation (2.16), as in the usual MIT bag model, is related
to the energy-momentum conservation. If T*¥ is the
energy-momentum tensor of our model

T = [y 8y — (@ Pyl +Be
then

3,T**=0 (inside Q)
and

n,T**=0 (on X)

as a consequence of (2.10) and (2.16). On the other hand,
due to (2.17), we have angular momentum conservation:

9, J**?=0 (in Q),
n,J*P°=0 (on X),
where

JHPT — x PTHO _x OTHP 4 %17,( YHoPT + oPoyH )Y .
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We conclude this section by showing that the parame-
ters a@ and B cannot be arbitrary. Let us write Eq. (2.10)

in the form

(1+Brrmyp=iay .
Then,

(14-Brm)n(14Brr)up= —a’y . (2.18)
From (2.18) we have

a?+pr=+1 (2.19)

We make a conventional choice on the sign of a and f:
both are assumed non-negative. Therefore, O<a<1,
0<B< 1. In our model we have a free parameter, for ex-
ample, a with B= +(1—a?)172.

III. STATIC SPHERICAL BAG AT REST

In order to analyze the spectral properties of our model,
we seek solutions such that the surface of the bag is a
sphere of fixed radius R, at rest. In this case,

=+1, t'=0, n#=(0,—A) , (3.1

where 7 is the outer normal to S.
The linear boundary condition (2.10) becomes

(14+BY°m)A - VY=iay . (3.2)

We fix first our attention on the Dirac equation and on
Eq. (3.2). We limit ourselves to solutions of the Dirac

equation with angular momentum j =+ (Ref. 5). These
are given by
llo(a’n —1")Um it
i —1,m(6T)=N(0_) T
1abl,n, 1,m 60,, 1 ”‘]1((0" __ﬂ‘)a’"f{l\Um
(3.3)
and
—jl(w \r& AU, ol
lpznlmtr)"‘lv(“)nl) U ((0 r)Um (r<R)
(3.4

where i (i =1,2) is the index of the two spinor fields
¥1(x) and ¢2(x), n labels the eigenfrequencies determined
by Eq. (3.2), U, is a two-component Pauli spinor, and
N (w“) ) (k ==1) is a normalization constant. The solu-
tions (3.3) have a positive state parity (index —1), while
the solutions (3.4) have a negative state parity.

If the states (3.3) and (3.4) are normalized to a single
fermion in the bag, we have
1 (xpi)*
4mR3 (x\} )

NP )= s 3.5

—sen’x 'y

where
*0 =0l R |
The allowed values of x,ﬁ’}c are determined from Eq. (3.2),

which gives, for i =1,

(1)
(1 *n,—1

tanx, . | =————, (3.6)
T e,
(1)
X
tanx,!) = —"‘— , (3.7)
1—}—Ex,,,1)
where
g= a a
1+B 1+(1_a2)1/2 :

The function g(a) is a monotonic increasing function of
a, with g(0)=0 and g(1)=1. For g=1, Egs. (3.6) and
(3.7) are the eigenvalue conditions of the usual MIT bag
model.

The allowed values of xm are determined through the
substitution f— — B or g— 1 /8. We have

(2)

Xn,—1
tanx,(,Z)_l =0, (3.8)
1 lxm
- n,—1
(2)
X )1
tanx,(,zl) —n—m (3.9)
1+gxn,1
We see that the following relation holds:
(1 (
Xp, 1= ——)n +1
o . (3.10)
Xn 1 =—X _p,—1 -

We assume that the positive (negative) n label the positive
(negative) roots of Egs. (3.6), . . ., (3.9). Due to Eq. (3.10),
it is sufficient to consider the positive roots of the above
equations.

The positive roots of Egs. (3.6) and (3.7) are monotonic
increasing functions of g. For g =1, we have the MIT
values

x{(1)=2.04, x{
x{N(1)=3.8, x}

(1)=5.4, ...,
M=7.0,....

It is mterestlng to consider small values of g. In this
case the x,, '2(g) can be developed in powers of g. We
have

x(l _l(g)

x‘z_l(g>—4 S5+g+ccc,

xNg=r+g+..., x$Ng)=2mr+g+--- .

I
(3.11)

For the positive roots of Egs. (3.8) and (3.9), which are
decreasing functions of g, we have

xP (g)=m—g+ - [xP(1)=2.04],
[x$L1(1)=5.4],
[x?(1)=3.8] .

x2 () =27r—g+ - (3.12)

x‘fi(g)=4-5—g+---
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It is mterestmg to note that in the limit g—0, the roots
x,(,” and x,,2_1 (n >0) give the same eigenfrequencies of
the nonrelativistic quark model. Furthermore, when
g—0, we have degenerate parity doublets. As we see, the
first level (positive or negative) can be as small as we
want, by choosing g appropriately.

Moreover, a charge-conjugation relation links the states
Yi,mk,m and ¥, , k. From Eq. (3.10) we have

1m,n,k,m(t:?)2"7‘/}2,—-n,—k,—m(t)?) s

where 7 is an arbitrary phase factor and
¢€,n,k,m(t7?)=77ca {:n,k,m(t’?) (C =i7/27/0) ,

Now we consider the nonlinear boundary conditions
(2.16) and (2.17), assuming 0 < g < 1. Equation (2.16) be-
comes

adYp+ifR- Yt Yrp+2n'B =0 (i =1,2,3)

at »r =R. Owing to Eq. (2.12), we have no condition for
A=0.

In order to satisfy Eq. (3.14) we should consider the
general solution of the previous linear equations,

'pi(t’?): E ainkmN( (i=1,2)

nk,m

(3.13)

(3.14)

O W ko (8, T) (3.15)

where a;,;,, are the amplitudes for each mode in the bag.
However, the time independence® of Eq. (3.14) requires
that only one eigenfrequency can be present for each field.
Therefore, we can write

¢1(t,?):N

(1) =
(wn,k )[alnkmdjl,n,k,m(t, r)

+ @1k —mW1,mk,—m (LTI,
(3.16)

(2) —
(w"'yk')[aZn'k’m’lpZ,n’,k’,m’(t’ r)
+ @k —m Yo n ke, —m (LT)]

It can be seen that for the ;(z,T) given by (3.16), Eq.
(3.14) is equivalent to

¢2(t,r)=N

14 g utiBy7-Rr)b=B (r=R). (3.17)
2 dr
Finally, from (3.16) and (3.17), we obtain
(%540 Tnkom @ tnkom + X" k@ 3n'km @2n'em | =4TR B (3.18)

m

as in the usual MIT model
In Eq. (3.18) the x,l ) and xm can be positive or nega-
tive. In order to have the left handed side of Eq. (3.18)
positive definite, we treat the amplitudes a;,,, as fer-

mionic operators.” We set
J

@inkm =binkem, n >0,
alnkm-__:d;—n—k—my n <0 ) (319)

47
Qonkm=d1_pn_k—m 1 <0

with the well-known anticommutation relations
= {dinkm’diikm } =+1,

and all other anticommutators zero.

In Eq. (3.19) we have taken into account the relations
(3.10) and (3.13). ‘

The left-hand side of Eq. (3.18) is assumed normal or-
dered: therefore, positive terms like

{ binkm ’bika }

xn kbmkmbmkm >
lx Idl n—k— mdl—n—k-—m ’
or
(1) t
|xn,k ,dZ—n ——k—md2—n—k——m

will appear.
Now we consider the other nonlinear condition. Equa-
tion (2.17) is equivalent to

nJ#*=0 (on 2),

where J* is normal ordered. Then, in the case of a static
spherical bag, we have the constraints

Ylysh+9lys¥,=0 (r=R),
A2 +913,)=0 (r=R),
where ¥, and 1, are given by (3.16) and (3.19), and
!
o

0 o

(3.20)
(3.21)

h - (1=1,2,3).

However, Eq. (3.20) is already satisfied for each field
separately, since we have

Yo (6 TV Wit (5T =0 (i =1,2) .

Concerning Eq. (3.21), we need the following remark:
We have replaced a classical boundary condition with an
operator equation; then, a proper correspondence with the
classical case leads us to consider the constraint for the
operator n,, J#9B a5 classical equation for its eigenvalues.
So we need a representation in which n,J* @B is diagonal.

Since the other nonlinear constraint has already been
diagonalized [Eq. (3.18)], in order to have n#J""’ﬁ diago-
nal in the same representation we assume that of the two
modes @, and a@;,x _,, only one can be excited.

Then, Eq. (3.21) becomes

(3.22)

N2 LioXxs) ]'12(36(”)]17T 0" U@ piom @ tiem -+ N2 @E ) o252k ) — 1 22 U 0 Ui o m @ amirm =0 -

(3.23)

This equation cannot be satisfied by each field separately (except the case g =1). Both fields ¢; and 1, must be present

in the bag at the same time, with the constraint

]vZ(w(l))[(102(“:(1))_]1 ]_+N2(w

)[]0 x(2) ) j]z(x(Z) )]

(3.24)
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From our linear boundary condition and the spectral
properties (3.10), it follows that Eq. (3.24) can be satisfied
only if we take the sign + and x4 = —x\*, that is if

n'=—n, k'=—k. (3.25)

Then, by making use of Eq. (3.15), we can write Eq. (3.23)
in the two forms

T T
U,'LO'IUmb lnkmblnkm - Um’olUm’dlnk —m’dlnk —m=0
or

Ur.'r-: UIUden’k‘—denk—m - Um'UIUm'b ;n’k‘m’b2n'k’m' =0.

We conclude that the physical states of our model are -

such that
’ t il
m=m', binmbinkm =4 1nk —m@ink —m
or

b;nkmenkm =dInk—md2nk —m > (3.26)

where m =+ 5.
Owing to Eq. (3.26), every state is built up only through
a particle and its antiparticle with opposite polarization

and the same eigenfrequency. We have then pseudoscalar

mesons Or vector mesons with zero-spin components
along the z axis. The properties of the vector mesons will
be investigated elsewhere. In the following we will fix our
attention on the pseudoscalar mesons.

The radius of these mesons is given by Eq. (3.18). We
limit ourselves to the interesting case of small g and call
R,(,'}t (n >0) the radius of the bag with the field energy
20 (n >0). We have the sequence

1/4 1/4
| 38 R® T—8
2B | TV | 2B ’
(3.27)
174 45_g 1/4
(1) T+g (2) S —
~ | , Ry~ s
Rii 27B b1 27B ]
The rest mass of our bags is given by
. 2% 4anB .
MR ) =15+ =T (R
Rn,k 3
=2 (4wB) 42 374, (3.28)
with

M (R |\)~%(47B)/4(6g)*/*, etc., . ...

We see that, in our model, the ground state can have a
rest mass and a radius as small as we want by taking g ap-
propriately. Near the limit g—O0, this ground state can be
described, in a complete relativistic treatment, through a
nearly local massless pseudoscalar field.

IV. PARTIAL CONSERVATION
OF THE AXIAL-VECTOR CURRENT

As we can see in Eq. (2.3), the‘ conservation of the
axial-vector current is broken badly in the usual MIT bag
model. On the contrary, our model allows a partial con-

servation of the axial-vector current (PCAC) when g is
small.

We consider the bags which, in their rest frame, are
described by the solutions of the previous section. The
bags can have an arbitrary fixed total momentum. How-
ever, the explicit construction of these boosted states is
not necessary (before the boosting, quantum corrections
associated to the center-of-mass fluctuations would be re-
quired.>” Each bag sweeps out a space-time hypertube Q,
with boundary 2. Inside (), as we have seen, both 1, and
¥, are present at the same time. Let us call Af,’)(x) the
axial-vector current inside the bag |ii;M (R,(,,’,)c )) with rest
mass M (R\}).

We consider the only relevant matrix elements of
A,([) (x)

(MR AP (x)[0) @.1)

where by |0) we denote the vacuum. Owing to the struc-
ture of our solutions, we see that an axial-vector current
term of the type ¥;7°y*1; gives no contribution to the
matrix element (4.1). Let us fix our attention on the
axial-vector current A,‘,”(x). The proper candidate for
AL”(x), with nonvanishing matrix element (4.1), is

ATy, 2

where 9, (1,) contains only positive (negative) frequen-
cies. The current (4.2) is locally conserved,

34 (x)=0 (inside Q) . 4.3)

However, the conservation of a current in a confined
model® would require, besides Eq. (4.3), the further condi-
tion,

nk4,)(x)=0 (on =) .

Now, from Eq. (2.10), we have the boundary condition
(in,y*+a—pBt,n,0*")P,=0 (on X).

From this, it follows that

in Py Y+ ey Yo —Btun, 10"y h,=0 (on 3) .

On the other hand, we have the boundary condition for
the field ¢,

i, v —a =Bt n, 0" (on3).
Then, we conclude that

A () =adhive,

2 - .
= 1+gg ~U1iy%Y, (on ). 4.4)

Similar results are obtained for A,(f) = Vuth,

34,2 (x)=0 (in Q)

4.5)

n# 4@ (x)= 12g $iv*P) (on3).

+g2
As we see, in the limit g—0%, the axial-vector currents
A:j)(x) are conserved. For small g, we interpret Egs. (4.4)
and (4.5) as versions of PCAC in a confined model. This
point of view is supported by Eq. (3.28), which shows that
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the amount of violation of the axial-current conservation
is related to the lowest rest mass of our bags.

V. CONCLUSIONS

As can be expected, the conservation of A;}) and A;f’
when g=0 comes from a symmetry property of our
model. In fact, when a=0, the action (2.9) is invariant
under the following global symmetry groups:

[U(M)] 42t v—e " Pry’y,
(5.1)

(UM ¥—e~rp’y,

where A and ¢ are arbitrary real constants. The associated
conserved currents are

S =0 rurs JS =07yt

which are linear combinations of 4" and 4%

Let us see what happens in our model, where g =0.
The positive roots x.}(0) are given by Egs. (3.11) and
(3.12), for g =0. The root x(lf)_1(0)=0 is a spurious one,
since the corresponding state is meaningless. The lowest
eigenfrequency is associated with x(lfi(O):x(l?Ll(O):ﬂ.
Besides Eq. (3.10), we now have a further relation

x N0 =x,(0) 52
0). 5.2
Ly =xZ ) >0

Of course, the above relations are a consequence of the

symmetry properties given before.

Now, owing to Eq. (5.2), our nonlinear boundary condi-
tions allow a new set of solutions, besides the massive
pseudoscalar mesons given in Sec. III for g =0.

It can be seen that in the new set of solutions there are
scalar mesons which are built up through the fields 1; and
1,, both with positive or negative frequencies.

Then, to a given rest mass of our bags, we have associ-
ated states with opposite parity. We can say that, when
g =0, the symmetry of our model is manifested in the
Wigner-Weyl mode. Now, when g is different from zero,
but as small as we want, the situation changes in some
respects drastically. The scalar mesons disappear and a
pseudoscalar meson appears with radius and rest mass fi-
nite, but both as small as we want. Such a feature is very
close to the Nambu-Goldstone realization of a symmetry.
With respect to the spontaneous-symmetry-breaking
scheme, there is a difference: the vacuum of our model is
not degenerate. This, of course, is related to the property
that we have a finite (even in arbitrarily small) lowest rest
mass in our spectrum.

The above results lead us to speak of stable or unstable
Wigner-Weyl modes. Furthermore, the following sugges-
tion emerges: spontaneous symmetry breaking can be con-
sidered as a limiting case of physical situations in which a
perturbation breaks an unstable Wigner-Weyl realization.

In the idealized model given in this paper, we have only
mesons. Further aspects and generalizations of our
model, including fermions, will be given in a future work.
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