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We calculate the order of magnitude of the emission rate of electromagnetic waves, and of mas-
sive scalar particles, from oscillating vacuum strings and domain walls. The energy loss due to elec-
tromagnetic radiation is shown to be much smaller than that due to gravitational radiation. Scalar
radiation can only damp oscillations of frequency of the order of the scalar particle mass. Our re-
sults confirm the assumption made in previous work that gravitational radiation is the dominant
energy-loss mechanism for macroscopic vacuum structures.

I. INTRODUCTION

Phase transitions in the early universe can give rise to
macroscopic topological structures—vacuum domain
walls and strings. The cosmological evolution of these
structures has been discussed in Refs. 1—11. Topological-
ly stable domain walls are fatal to cosmological
models.!~® Unstable walls are probably harmless; they
break into pieces bounded by strings and radiate away
their energy.*~® The strings are potentially very interest-
ing: they can generate density fluctuations sufficient to
explain galaxy formation’~!° and can even lead to some
observable effects at present.>!! One of the important pa-
rameters determining the cosmological evolution of
strings is the lifetime of oscillating closed loops. In Refs.
8 and 9 it is assumed that the dominant energy-loss mech-
anism of the loops is gravitational radiation. It is possi-
ble, however, that the loops can lose energy faster by emit-
ting particles other than gravitons. The same problem
arises when one tries to estimate the lifetime of pieces of
wall bounded by strings.

It is easily seen that, for macroscopically large strings
or walls, only emission of massless particles can be impor-
tant. If R is the size of the loop, then its frequency of os-
cillation is @ ~R ~!, and the emission of particles with
masses greater than R ~! is suppressed (the same argu-
ment applies to the walls). Assuming that neutrinos have
nonvanishing masses, there are only two known massless
particles: photon and graviton. Thus, the only process
competing with the gravitational radiation is the elec-
tromagnetic (EM) radiation from strings and walls.

The main purpose of this paper is to estimate the EM
energy loss by oscillating walls and strings. An analytic
treatment of the general case of strongly curved walls and
strings is very difficult. We shall therefore consider only
small perturbations on flat walls and straight strings, with
the hope that extension of these results will give correct
order-of-magnitude estimates for the general case. We
also consider the emission of massive scalar particles by

domain walls, where the calculation is easier to do. As

noted above, this process is not expected to be an impor-
tant energy-loss mechanism, but. we consider it for the
sake of completeness, and because the method of calcula-
tion is of some interest.

The fields whose vacuum expectation values (VEV’s)
are associated with walls and strings are electrically neu-
tral, and do not couple to a single photon field. In the
case of strings, there is a VEV of one of the heavy gauge
boson fields, coupled to one of the broken symmetry de-
grees of freedom, in the vicinity of the string. Two-
photon emission can occur as a result of the coupling of
the photon field to this heavy gauge field; when such cou-
pling is present, this is the dominant radiation mecha-
nism. This is discussed in Sec. II. One problem presents
itself here in the perturbation-theoretic calculation. It
turns out that there is an infinite set of diagrams all of
which are of the same (lowest) order in the small parame-
ters of the calculation, the gauge coupling constant and
the ratio of the amplitude of the string oscillations to the
radius of the curvature. We calculate only the simplest of
these diagrams. The exact answer will be given, in the
limit that the coupling constant and amplitude are small,
by our result multiplied by a coefficient which has the
form of an infinite series of purely numerical terms; hope-
fully this series is sufficiently convergent that our result
gives the correct order of magnitude. This problem is also
reflected in the fact that our result is not gauge invariant;
only the full lowest-order result obtained by summing the
infinite set of lowest-order diagrams can be expected to
manifest gauge invariance. The origin of this problem lies
in the fact that, although the string thickness is small, the
heavy-gauge-boson field is large inside the string. Thus
the photon wave functions are appreciably modified inside
the string, so that there is no limit in which perturbation
theory, in the sense of considering only a few simple dia-
grams, is strictly applicable.

Electromagnetic radiation from strings can also occur
through vacuum polarization effects. We discuss one ex-
ample of such a diagram, involving the coupling of the
Higgs field to a charged fermion, in Sec. III. The results
are suppressed relative to the previous mechanism not
only by powers of the fine-structure constant, but, more
importantly, by powers of the ratio of the width of the
string to the wavelength of the perturbation. For this pro-
cess, in contrast with that discussed in Sec. II, lowest-
order perturbation theory is applicable; there is only a sin-
gle lowest-order diagram, and this diagram yields a
gauge-invariant result.
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In Sec. IV the emission of massive scalar particles by a
domain wall is considered. In Sec. V we discuss EM radi-
ation by a domain wall. Since there is no gauge boson
field with a VEV in the case of a domain wall, the dom-
inant mechanism in the case of strings, that of Sec. II, is
not present. We consider radiation from walls due to vac-
uum polarization effects, using the same model which was
considered for strings in Sec. III. We conclude briefly in
Sec. VI. Our results indicate that in all cases of cosmo-
logical interest energy loss by vacuum singularities is
completely dominated by gravitational radiation. This
confirms the assumption made in Refs. 4 and 8.

II. ELECTROMAGNETIC RADIATION
FROM A STRING

We consider a case in which strings arise when a sym-
metry group G is spontaneously broken and {¢), the
VEV of a scalar field ¢, acquires a magnitude 7; we will
designate the unbroken subgroup of G, which includes the
electromagnetic gauge group, by H. The existence of a
string corresponds to a situation in which, as the angle 6
varies from O to 27 along a circular path in coordinate
space, the vacuum state of the system is given by
g(0)|0), where |0) is the vacuum state at 6=0,
g(0)Ee G, with g(0)=1, and g(27)€ H (0), the invariance
group of the vacuum at 6=0. Strings arise when the path
followed by g (6) in the manifold of G cannot be continu-
ously contracted to a point. This may arise either because
G is not simply connected, or because H includes a
discrete symmetry so that its manifold is disconnected. It
is this latter situation which seems potentially of greatest
interest cosmologically.” The string radius a is expected
to be of order 1/(hn), where A is the magnitude of the
scalar-meson self-coupling. The VEV of ¢ differs from 7
within the string, and vanishes at its center. We define
the directions within the manifold of G so that the group
elements g(8) correspond to rotations generated by the
generator 7; of G. Outside the string the covariant
derivative of ¢ must vanish. This condition will be satis-
fied if the VEV’s of the gauge fields A4} outside the string
are given by'?

(A§)=Wo=1/gr,
(A)=W,=0, u+0,
(A4},)=0, i#l

where r, 6, and z are cylindrical coordinates in a system
with the string along the z axis, subscripts and super-
scripts refer to Lorentz components and components in
group space, respectively, with 44 being the component in
the direction of increasing 6, and g is the gauge coupling
constant. Equations (2.1) describe a pure gauge field; the
VEV’s of the generalized electric and magnetic fields van-
ish outside the string. Within the string, however, where
the VEV of ¢ depends on r, the generalized magnetic field
in the [/ direction is nonzero. It follows from Egs. (2.1)
that t!}e generalized Yang-Mills magnetic field H!
=V XA, and hence that a flux of H! exists in the string
because of the Stokes theorem. Note that, since 7' does
not leave the vacuum state invariant and hence is not a

(2.1)

2047

generator of the unbroken subgroup H, A4 :L, and H' are
massive fields, with mass of order g7, which is consistent
with the confinement of H ' within the string.
Since () is invariant under operations of the unbroken
subgroup H, including EM gauge transformations gen-
erated by the electric charge operator Q, it follows that ¢
is an electrically neutral field and does not couple to the
electromagnetic gauge field. Also there is no coupling of
the field 4 }, to a single photon field, since the terms in the
Lagrangian which are cubic in the gauge fields are pro-
portional to f°%, the structure constants of the gauge
group; these are totally antisymmetric, so that there is no
cubic term involving only the fields W, and 4,. Thus
there is no term coupling a single photon field to those
fields having VEV’s associated with the string. There can
be, however, a quartic term in the Yang-Mills Lagrangian
coupling two photon fields to the string. To see how this
arises, let us write the electromagnetic field as 4 #(x)n(x),
where n(x) is a vector of unit magnitude in group space
belonging to the adjoint representation of G. The direc-
tion of n(x) in group space varies with position because
of the variation of the direction of (¢ ), and hence of the
generators of H, along a path enclosing the string. We
can now write the contributions of 4, and W, to the
Yang-Mills field tensor F, as
Fiy=8"W, o +n°d,,+(3,n") A4, —(3,n%)4,
+8fn (WA, —~W,4,) , (22

where
Wyo=0,Wo—0,W, (2.3)

and similarly for 4,,. Equation (2.2) can be rewritten as

Fiy=8"W,,+n°d,,+A4,D,n"—A4,D,n", (2.4)
where
D,,n"zayn“+gf“kn°W# . (2.5)

Hence the interaction term in the Yang-Mills Lagrangian
— F,,F*°?/4 involving only W, and 4,, is

Li=—m2,d"4°/2, (2.6)
where
m?,="uDan°Dn®—D,n°D,n® (2.7)

and 7, is the Minkowski metric tensor.

It is possible that the generator 7! commutes with elec-
tric charge. Then f*n°=0, n°is a constant, and there is
no direct coupling between W* and A*. In this case the
radiation mechanism discussed in the present section is
absent and electromagnetic radiation can occur only
through vacuum polarization diagrams (see Sec. III).
Throughout this section we assume that the generators of
WH* and A* do not commute.

It should be noted that the above definition of » denot-
ed by n =ny(6) cannot be continued all the way to the
string axis, #=0. ny(0) is rotated by 27 as 6 changes

from O to 27 and is singular at »=0. If we require n(X)

to be a continuous function of X, we are forced to allow
n(X) to point in the directions of the broken symmetry
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generators inside the string. For example, n(X) can be
defined as \

n(X)=f(r’im+g(ring(0), (2.8)

where m is a constant unit vector such that m°n§(6)=0
for all 6. (m®=8% satisfies these conditions.) We must
also require that fX(r)+gXr)=1, f(0)=1, and f(7) van-
ishes at least like exp(—r/a) for r >>a. A natural choice
of f(r) is a bell-shaped function of width ~a, e.g.,
f(r)~exp(—r?/a?). Since the choice of m® and f(r) is
largely arbitrary, we expect all physical results to be in-
dependent of this choice. We have not checked this in-
dependence explicitly, since we are unable to do an expli-
cit calculation of the radiation from a string. All we can
do is an order-of-magnitude estimation, which is insensi-
tive to the detailed shape of f(r).

To summarize, the quartic coupling of the photon field
to the classical gauge field of the string introduces an ef-
fective position- and polarization-dependent photon mass
term, m,,(X). This term is ~a ~2 inside the string
(r<a) and is exponentially small outside the string
(r >>a).

In the case of an oscillating string the photon mass be-
comes time dependent and leads to two-photon emission
via the diagram of Fig. 1, in which solid lines represent
the classical field W, and wavy lines the photon field 4,,.
Two-photon emission can also occur through the diagram
~ of Fig. 2, in which the bar on the exchanged solid line in-

dicates that the exchanged particle must be a heavy boson
other than that corresponding to the field 4 }L as a result
of the antisymmetry of the structure constants. Figure 2
corresponds to the presence of a cubic interaction term L,
in the Lagrangian, where

Ly=—gf"A45450"4° . 2.9)

We now turn to the calculation of the radiation from an
oscillating string, neglecting for the moment the cubic in-
teraction L,. We take the case of a straight string lying
along the z axis. In order to get an order of magnitude es-

8k, +ka,) [ dx dy m?, (x,)expl —i (kxx +k,p)] [ dt explikotlexplik,£(1)] .

FIG. 1. Simplest diagram for two-photon emission from an
oscillating string due to the interaction Lagrangian L, Eq. (2.6).
The solid lines represent the classical heavy gauge field, W, of
the string, and wavy lines represent photons.
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timate of the radiation, which is all we require, we assume
that the string oscillates as a whole in the x direction,
with the x coordinate of the center of the string being
given by

x =§(t)=A coswt . (2.10)

Since we take the string to be straight, our results can be
applicable only in the case 4 <<R, where R is the radius
of curvature. Since @ ~R !, we require

wA<<1. (2.11)

For macroscopic strings R >>a, and hence we also have

wa<<1. (2.12)

We write the effective photon mass squared, mzlw, for a
static string as m%(r)=m*((x2+y2)/?)=m?x,y) where,
as we have discussed, we expect m Zﬂa(r) to vanish rapidly
for r >a. For an oscillating string we replace mzm,(x, y)
by mzlw(x’,y), where

x'(t)=x—&() .

The amplitude for the emission of two photons with
momentum and polarization vectors ki, €; and k,, €, is

(2.13)

S=<E1,E’1;E2,E’2’Tli fd4xL, ] ,o>. (2.14)

The total energy emitted by the string, E, is given by
d’kd’k,
E=5 [ —F——(kio+k) 3 |S|?, (2.15)
: f (27T)64k10k20 10 20 51252 l |

where

S=—iele]Cpyo(ki+k;) (2.16)
and

Cuo(k)= [ d*x m?,,(x",p)e™ . 2.17)

The integral for C,,(k) can be written as
(2.18)

FIG. 2. Simplest diagram for the emission of two photons
from a string due to the cubic interaction, Eq. (2.9). The barred
exchanged solid line represents a heavy gauge boson other than
that corresponding to the field W, =4 » of the string.



Recalling that m2,w~a —2 inside the string, one finds that
the x and y integrations simply yield a factor of order 1.
In doing the time integration, we can make use of Eq.
(2.11) and the fact that k, is of order w to write
explik, £(2)]1~1+ik,&(z). Thus the time integration
yields a factor w 48(k 9 +ky — @), so that one obtains, for
the order of magnitude of C,,,

CMVNCUAS(klz—i-kzz)S(km+k20'—(0) . (2.19)

We can now substitute (2.19) into (2.16) and (2.15) and
divide by 8(0)? to estimate €,, the electromagnetic energy
radiated per unit length per unit time. One obtains a fac-
tor of order w* from the volume element in k space in Eq.
(2.15) constrained by the two 6 functions in (2.19), and
hence

€,~w’A* Y | €t | P ~0’4> .
€6

We have thus far not included the effect of the term L,
in the interaction Lagrangian. We will not calculate its
effect in detail; it is easy to see that it is comparable in or-
der of magnitude to that of L, so that it does not change
the estimate in Eq. (2.20).

In basing our estimate of €, on the diagrams of Figs. 1
and 2 we are, of course, using perturbation theory. Note
that the result in Eq. (2.20) is independent of the gauge
coupling g. There are also higher-order diagrams, e.g.,
those in Fig. 3, which are of zeroth order in g, since the
extra factors of g are compensated by additional factors
of the external field W, which is proportional to 1/g.
The number of zeroth-order diagrams is infinite, and
strictly speaking we cannot use perturbation theory. The
main reason for this is that, although a is small, the clas-
sical gauge field W), is large inside the string, leading to a
substantial modification of the photon and heavy-gauge-
boson wave functions for R <a. It can be shown that, to
the lowest order in wA, the contribution of each zeroth-
order diagram to C,, has the order of magnitude of Eq.
(2.19). The leading term in the expansion of €, in powers
of g and wA is, therefore, given by Eq. (2.20) with a coef-
ficient in the form of a numerical series (hopefully con-
vergent). Thus, we expect that for w4 << 1 Eq. (2.20) will
provide a correct order-of-magnitude estimate.

The result in Eq. (2.20) is, of course, not gauge invari-
ant. This is not surprising, since only the combined con-
.tribution of all zeroth-order diagrams is expected to be
gauge invariant. Note that the situation with regard to
gauge invariance in the present case differs somewhat

(2.20)

from that in more familiar situations. We have in effect

KA RK

FIG. 3. An example of a diagram more complicated than
that of Fig. 1 but of the same order in the small parameters g
and wA which also leads to two-photon production from a
string.
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imposed a choice of electromagnetic gauge by taking A ,1‘
as the heavy gauge field of the string, so that the latter
points in the same direction in group space at all points in
coordinate space. We might call this the “parallel” gauge.
Since electromagnetic gauge transformations involve
gauge rotations generated by the electric charge operator,
they do not leave the gauge field of the string invariant
and take one out of the parallel gauge. We expect, there-
fore, that a change in the polarization four-vector of an
emitted photon of the form €,—€,+ck,, corresponding
to the familiar form of an electromagnetic gauge transfor-
mation, will leave even the exact amplitude invariant only
when accompanied by the corresponding transformation
of the heavy boson field of the string.

Equation (2.20) gives the radiation rate per unit length
for an infinite string oscillating coherently as a whole.’
This result is not directly applicable to radiation from fi-
nite strings or from incoherently oscillating infinite
strings. Consider, for example, a charged rod of length /
and charge density A oscillating coherently with ampli-
tude A4 and frequency w. Then the dipole radiation rate is
E;~A?4%*%, and the rate per unit length, e=E,;/I,
grows proportionally to I:

e~N24%% . (2.21)
On the other hand, for an infinite rod
e~NA4%°, (2.22)

and there seems to be no correspondence between (2.21)
and (2.22). We note, however, that the dipole approxima-
tion is applicable only for / <<w~!. A direct calculation
shows that in the opposite limiting case, ! >>w !, the ra-
diation rate is e~A%42w°, as for an infinite rod. In the
intermediate regime, when I~w~!, both Egs. (2.21) and
(2.22) give the right order of magnitude. This is exactly
the case of interest to us, since closed loops of size ~R os-
cillate with a frequency o ~R ~! and thus we expect Eq.
(2.20) to be applicable in this case.

We can now compare the rate of energy loss through
EM radiation, as given by Eq. (2.20), with that due to
gravitational radiation. Let us consider a loop of radius
R, so that o~R ~!. We take 4 ~R, and assume that Eq.
(2.20) continues to give the right order of magnitude in
this case. Since the total rate of energy loss from the
string due to gravitational radiation is E,, where

Eg~n*/mp? (2.23)
and mp is the Planck mass, we obtain
E,/E; ~mp*/(n*R?) . (2.24)

Taking 7 of the order of 10'® GeV, a value suggested by
the string theory of galaxy formation,®!* one finds from
Eq. (2.24) that gravitational radiation dominates for
R>10"?" cm. For macroscopic loops of cosmological
significance the EM radiation is totally negligible, as as-
sumed in Refs. 8 and 9.

There is another way to look at Eq. (2.20) which is
perhaps illuminating. Note that w24 ~a,, where ay is the
proper acceleration of a segment of the string. Hence it
follows that the electromagnetic energy emitted in one cy-
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cle is of order aq?. Since the energy per unit length of the
string is 72, this says that the rate of energy loss per cycle
becomes large for ag~mn=my /g, where my is the heavy
boson mass. This agrees with the estimate given in Ref.
12 for the condition under which nongravitational radia-
tion from a collapsing loop becomes significant.

III. OTHER DIAGRAMS FOR
ELECTROMAGNETIC RADIATION FROM A STRING

One can find other diagrams which also lead to elec-
tromagnetic radiation from the string. In general these
turn out to be suppressed by additional factors of g
and/or wa, although they will dominate if the generators
of W* and A* commute. As an example we consider the
diagram of Fig. 4, in which the scalar field ¢ is coupled to
a charged fermion field X. The interaction Lagrangian is

Ling =8xXX¢$+eXy, XA* . 3.1

In the presence of an oscillating string (¢ ) is position and
time dependent, being given by an expression of the form

() =nl1—f({[x—EDOP+y*})], 3.2)

where f(r) is a function such that f(0)=1, and f van-
ishes rapidly for » >a. Radiation occurs through the cou-
pling of the electromagnetic field to the scalar field by
means of an intermediate fermion loop. The amplitude
for emission of a single photon vanishes, but two-photon
emission occurs via the diagram of Fig. 4. Note that the
fermions acquire a mass m;~gy{¢) when ¢ develops a
VEV. Thus the fermions in question will have superheavy
masses.

The calculation follows that in the previous section.
The only difference is that in Eq. (2.15) S is replaced by
S’, where

S'=2gxe nf(ki+k;)Tr(ky,k,) , 3.3)

where

FIG. 4. Lowest-order diagram for two-photon production
from a string due to the interaction Lagrangian L;, of Eq. (2.1).
The dashed line represents the scalar Higgs field of the string,
and the directed solid lines represent fermions.

d%q 1 1 1

Ten)= o ™ (T T g R R |

64
Tx(k,p) =T (k,p)—T(0,0) , (3.5)
w=gxn, ‘ (3.6)

is the asymptotic value of the fermion mass, and
Fk)= [ d*%Lf({[x—EDP+p%}'7?)
—fUx2+yD)D)]ex (3.7)

By power counting the integral in (3.4) is linearly diver-
gent, but calculation shows that the dangerous terms can-
cel out and the integral is actually finite. Nevertheless a
finite renormalization must be carried out by the subtrac-
tion of T(0,0) in Eq. (3.3) in order to ensure gauge invari-
ance. (Note that here, in contrast with the diagrams dis-
cussed in Sec. III, one does expect the diagram in Fig. 4 to
give a result which is gauge invariant in the usual way.
The only field with a VEV involved in Fig. 4 is ¢, which
is invariant under gauge rotations generated by Q.) If
T (0,0)5£0, it would correspond to a nonzero photon
mass. Equivalently, note that k; =k, =0 corresponds to
the presence of a constant EM potential which is gauge
equivalent to the vacuum. Such a constant potential will
not result in any polarization of the vacuum, and hence
will not produce any fermion pairs with which the neutral
field ¢ can interact.'* A straightforward integration
gives, for ko, ki <<ps,

Tr=[(er&) ki ky)—(e1°ky ) €y'ky)]/(127%)  (3.8)

which is indeed invariant under the gauge transformation
€,—€;+a 1k, e,—>€+ayk,. Summing over the photon
polarizations gives

S | Tr | 2=2(k; k)2 /(127%0)% (3.9)

One can now replace S by S’ in Eq. (2.15), make use of
Egs. (3.3) and (3.9), and proceeding as in the previous sec-
tion, estimate e;,, the rate of EM radiation from a string
as a result of the diagram of Fig. 4. One obtains

Hwa)'e, . (3.10)

e;,~e4A2a)9a4~e wa
Thus Fig. 4 is suppressed, not only by two powers of the
fine-structure constant as a result of the two electromag-
netic vertices, but by the factor (wa)*, and thus is totally

negligible as compared with the diagrams in Figs. 1 and 2.

IV. SCALAR RADIATION FROM A DOMAIN WALL

We turn now to a discussion of radiation from a
domain wall. We begin, for the sake of completeness, by
discussing the radiation of massive scalar particles. We
discuss this in the context of radiation from a domain
wall where the calculation is somewhat easier to do. The
qualitative conclusions should hold also for scalar radia-
tion from strings.

The simplest model with domain-wall solutions is the
scalar field theory described by the Lagrangian
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Z =503,4¢—V(4), 4.1)
where
V(p)=—5Kk2¢>+(h /4)¢* . 4.2)

The potential ¥ (¢) has minima at ¢ = *+(6x*/h)!*=+n,
and so the symmetry ¢— —¢ is spontaneously broken.
When the theory is quantized around one of the true vac-
uum states, it describes self-interacting scalar particles of
mass m =(2«?)!/2,

The field equation corresponding to the Lagrangian
4.1) is

¢—3m2p+(1/30h¢*=0,

and the solution describing a domain wall in the xy plane
. 2 -
is

(4.3)

(z)= —n tanh(mz/2) . (4.4)

The wall separates regions with ¢o=n at negative z and
with ¢o=—7 at positive z. The width of the wall is

~m ™! If the wall is perturbed, it will oscillate, and we
expect it to emit ¢ particles. Note that here we have a
1

2051

rather interesting situation in which the wall and the radi-
ation are both described by the same scalar field equation
4.3). ‘ ‘

The unperturbed wall has ¢=0 on the whole plane
z=0. Suppose that for a perturbed wall the surface of
¢=0is

z=£E&(x,y,t) . (4.5)

We want now to represent ¢ as a sum of two terms
describing the wall and the radiation, respectively. Of
course, such a representation is not unique. We shall use
the decomposition

z _é(x)y;t)

d(x,,%,t)=¢g (1—3,£04¢)172

+Y(x,3,2,t) , (4.6)

where ¢, has the functional form of Eq. (4.4) and v corre-
sponds to radiation. The argument of ¢, is chosen so that
there is no “radiation” for a uniformly moving wall [Eq.
(4.6) with £=vr and ¥=0 is a Lorentz transform of Eq.
(4.4)]. Substituting (4.6) in the field equation (4.3) we ob-
tain

Oy + i (1/nDy"V "+ () = — poa{OE+ 5 a*(z — £)D,LEME) + Fat(z — £)[0,(8,£3%) 1)

n=1

—dga’(z —£){26+(z —§)[ 7073,(3.£°€) 7}

where a=(1 —a,,gaﬂg)—‘/l and V(@) is given by Eq. (3.2).

Despite the rather messy form of Eq. (4.7), one class of
solutions is easily found. Indeed, ¥=0 is a solution if £ is
such that =0 and 3,£3"§=0. These conditions are
satisfied if £ describes a plane wave of arbitrary shape
traveling along the wall with the velocity of light, e.g.,
E=f(x+t). The conclusion is that there is no radiation if
the perturbation of the wall has the form of a traveling
plane wave. (Note that here we have not assumed that the
perturbation is small.)

To study radiation from the wall, we have to consider
perturbations other than traveling waves. From now on
we shall assume that the perturbation is small. We do not
expect radiation for o < m, and so we take m <w << 4 -1,
To estimate the order of magnitude of various terms on
the right-hand side of (4.7), we note that ¢, and ¢¢ are
peaked near z=0 with a width ~m™!. Thus,
(z—&)~m~1 E~A4, d,~, and a~1. Keeping only the
first two terms of the expansion in powers of w4 and
linearizing in ¢, Eq. (4.7) becomes

[O+V"(do) Jp= — o[ O + 5201(3,£3"6)] -
If we neglect the second term on the right-hand side, then
(4.8) has a solution ¥ =0 if £ satisfies

0&=0. '

Equation (4.9) is the linearized equation for small pertur-
bations of the wall. For definiteness, we shall take a solu-
tion in the form of a standing wave,

(4.8)

4.9)

&= A sin(wx)sin(wt) . (4.10)

4.7)

Radiation appears in the next order of perturbation
theory.
Equation (4.9) can be rewritten, with the use of (4.8), as

(O4+mp=— 52¢0(2)0(3,EHE) + sm2f (D,  (4.11)

where f(z)=1—¢y*(z)/n?. The analysis is greatly simpli-
fied if we can ignore the last term in (4.11). This is possi-
ble when @ >>m. In this limit the solution of (4.11) is

Y= f d*x'Ag(x,x")[ — 52'do(z' )U3,EXE), ] (4.12)

where Ag(x,x’) is the retarded Green’s function. We are
interested only in the asymptotic behavior of ¥ at large z,
which is relevant for radiation. In the limit z— «, Egs.
(4.10) and (4.12) give

Yv—o1m?0*4’m " exp(— 27w /m)cos(wz —20t) . (4.13)
The corresponding energy flux is
Fum (2028
- oY
” < at 9z
=27*0"%4*m ~*p’exp(—4m00/m) , (4.14)

where T; indicates averaging over the period.

From the result, Eq. (4.14), we see that for o >>m the
radiation is exponentially small. Hence only modes with
®~m can be substantially damped. To make an order-
of-magnitude estimate of damping in the case, we let
w~m in (4.14). This gives

To3 ~0)6A 4’)’]2 . (4. 1 5)
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The characteristic damping time can be found from

Um
o Zo (4.16)
Tos
where
Op~0w*A? 4.17)

is the energy of the perturbation per unit area and
o ~mn*m is the surface mass density of the wall.2 From
Egs. (4.15)—(4.17) we find

T~(®4H)7". (4.18)
For larger perturbations with w4 ~1 the damping time is
comparable to the period of oscillation, w~!. To summa-
rize, the scalar radiation is negligible for w>>m and
w<<m. Only modes with w~m are substantially
damped.

V. ELECTROMAGNETIC RADIATION FROM
A DOMAIN WALL

Domain walls are not charged, nor, in contrast to
strings, do they have associated with them nonvanishing
expectation values of the gauge boson fields. Thus EM
radiation is possible only due to vacuum polarization ef-
fects. We will consider radiation in the same model as
that studied for strings in Sec. III and represented by the
diagram of Fig. 4. The calculation is very similar, involv-
ing only a change in the function f(k). We now take the
wall to lie parallel to the plane x =0, and to oscillate as a
whole according to Eq. (2.10). Equation (3.2) is then re-
placed by ’

(¢)=n[1—f(x—E1)] (5.1)
and Eq. (3.7) is replaced by
Fio= [ d*[f(x —ED)—f(x)]e™* . (5.2)

Substitute Eq. (5.2) into Eq. (3.3) for S’, and again
proceed as in Sec. III but with S replaced by S’ in Eq.
(2.15). One now obtains & functions for both the y and z
components of the total momentum of the two photons.
There is also one less factor of a in S’ than in the case of
a string, since the region where 540 is now restricted to a
range of order a in only one of the three spatial coordi-
nates, rather than two as in the string. Repeating the cal-
culation of Sec. III with these modifications, one obtains
for €, wai, the rate of EM radiation per unit area per unit
time from a domain wall.

€, wan~e*A4%w%a? . (5.3)

The result (5.3) differs from the corresponding result in
Eq. (3.10) for the radiation from a string due to the pro-
cess in Fig. 4 by a factor (wa?)~!, arising from the two
fewer factors of a in | S’|? in the domain-wall case, and
from the additional restriction on the range of photon mo-
menta due to the additional & function.

It is interesting to compare the present result with the
radiation rate for an oscillating mirror (reflecting plane
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surface)!®
€y mirror~A%0% . (5.4)

We see that the radiation from a domain wall is weaker by
a factor (e?wa)?. This reflects the fact that a mirror cor-
responds to a conducting surface, while the diagram in
Fig. 4 causes the domain wall to behave like a thin layer
of dielectric, so that its coupling to the EM field is much
weaker.

Once again, let us compare €, y,; With the rate of ener-
gy loss of a wall due to gravitational radiation. We con-
sider a piece of wall of linear dimension R, take w~R ~!,
and assume that our results remain valid for 4~R, so
that the total rate of EM energy loss from the wall seg-
ment is given by E, wani=~e*a’R ~*. The rate of gravita-
tional energy loss from a wall is given by* E; yani
~n*R?*/(a*m?) so that

E, wan/Eg wan=e*mp?/(h*n°R°) . (5.5)

If e/h~1, then (5.5) gives E, wai/Eg yan<<1 for n>1
GeV if R >>107% cm. This justifies the assumption made
in Ref. 4 that the dominant energy loss mechanism is
gravitational radiation.

VI. CONCLUSIONS

The principal results of this paper are the estimates of
the rate of energy loss by electromagnetic radiation of
domain walls and strings. These estimates were obtained
for the case of straight walls and strings oscillating as a
whole with frequency and amplitude satisfying w4 <<1.
We have, however, assumed that these results give the
right order of magnitude in the general case of large am-
plitudes (wA4 ~1) and curved walls and strings with curva-
ture radius ~4 so that our results can be applied to the
cosmological evolution of vacuum structures. For strings
the dominant mechanism for electromagnetic radiation is
the nonlinear coupling of the electromagnetic field to the
nonzero vacuum expectation value of a heavy-gauge-
boson field in the string; this coupling is represented by
the diagrams in Figs. 1 and 2. Our estimate for the rate
of radiation from a string is givén in Eq. (2.20). The cru-
cial thing about this result is that it confirms, as shown by
Eq. (2.24), the expectation that for cosmologically in-
teresting strings the rate of electromagnetic energy loss is
completely negligible compared to that due to gravitation-
al radiation.

A direct coupling between the heavy gauge field W*

~ and the electromagnetic field is absent if the correspond-

ing generators commute. In this case electromagnetic ra-
diation can occur only through vacuum polarization dia-
grams, such as that in Fig. 4. The radiation rate in this
case is much smaller than (2.20). On the other hand, vac-
uum polarization diagrams provide the only mechanism
for electromagnetic radiation by domain walls. Again, the
estimates are in agreement with the expectation that the
dominant energy-loss mechanism is gravitational radia-
tion.

We have also considered the radiation of massive scalar
particles of mass m. This process is damped by energy
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conservation for o <<m, and by interference effects for
o >>m, and so is of importance only for perturbations
with wavelengths of order m ~!. This effect is not of
cosmological significance. Note that we have considered
only the case where the vacua on the two sides of the
domain wall are degenerate. Otherwise the wall ac-

celerates, becomes ultrarelativistic, and scalar radiation
may become important.'®
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