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Cosmological solutions of N =1 supergravity in 11 dimensions
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Freund and Rubin’s ansatz for the ground state of N =1 supergravity in 11 dimensions can be easily
generalized by allowing a cosmological time dependence of the vacuum expectation value of the antisym-
metric tensor field. Some numerical solutions of the corresponding field equations (in the classical approxi-
mation) are presented, and the resulting physical picture of the primeval universe is discussed.

In a Kaluza-Klein picture of unification, the gauge de-
grees of freedom are the low-energy manifestation of space-
time symmetries in the extra dimensions. Local supersym-
metry is a particularly attractive guiding principle in the
search for a fundamental theory in an extended spacetime
and, in particular, N = 1 supergravity in d =11 dimensions!
is in some respects unique,? and thus worthy of being
studied in some detail.

A notorious candidate for the vacuum in this theory is
given by the Freund-Rubin® ansatz, with the original 11
dimensions naturally split into 4+ 7. If this point of view is
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The gravitational constant of the theory « has mass
dimension — -;’— In spite of the fact that the action contains

the potential Ay, the classical equations of motion can be
written in terms of gauge-invariant quantities only:
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In order to study its ground state, the ‘‘gravitinos’ s,
will be frozen out to zero, and, moreover, the antisym-
metric tensor field F,, assumed to be different from zero
on V4 only, ie., when all its indices run from 0 to 3
(a,B, ...=0,...,3). If the Levi-Civita and metric ten-
sor densities on V, are represented by €;*f”® and
g4=det g4qap, the Freund-Rubin ansatz can be written some-
what symbolically as
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and the metric in R X V3x V7= V1 (Ref. 6) is
ds?=dt*— R (1)2g ydx'dx'— A%(1)§ pdy°dy® . 4)

By direct substitution of (3) in (2b) a single equation for
the function F is obtained:

F+7§—F=0 , (52)
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seriously taken though, all this needs to be generalized to
the primeval universe,! by allowing a dependence of the
vacuum expectation values on the cosmic time. The
‘‘cosmological ground state’’ of the theory would then be a
solution of the equations of motion allowing for ‘‘dynamical
compactification’’ of spacetime.

The aim of this note is to begin the study of this prob-
lem.* The crudest approach will be used: quantum effects
will be completely neglected, and the sections {t = const} of
spacetime assumed of the form V3;Xx V,; where V, is the
maximally symmetric space of dimension n.

The action of N =1,d =11 supergravity is>
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fixing the time dependence of F as’

F()=Fo(4dy/4(D)7 . ‘ (5b)
The other field equation then reduces to
k A 4 2p2
4748~ ,
3 R 4 TK F (63.)
2R?+RR +7RR%+2K1= — 4, 2FR? (6b)
642+ A4 + 3A,«i% +2ky=2Kk2F242 (6c)
The components of the Ricci tensor in V3 and V5 are
Ry=—3k*FR%, , (7a)
Rapy=3KF2A% 4 . (7b)
The manifold V3 is then open (k;= —1) and V; is closed
(k,= +1). Bianchi identities imply a functional relation-

ship among (6), in such a way that a first integral can be
written, which, by introducing the convenient variables
®;=R/R and ©,=A4/A, reads

024700, +702= A (1) , (8a)
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FIG. 1. The effective cosmological constant, in terms of the scale
factors R and 4.

The effective cosmological constant A.g(#) is depicted in
Fig. 1 as a function of 4 and R. As long as 4 > 6~ V12
(kFoAd (7)Y there is an R such that her < O for R > R. As
has been stressed in Ref. 1, this implies a certain stability,
in the sense that if Aer < 0 and moreover ®, >0, ©,< 0,
the universe will continue to increase R and decrease A as
long as A< 0; this is a region of dynamical compactifica-
tion.
A linear combination of (6) gives
: 2 8
®2=2®12+11®1®2+7®22_—R—5+W , (9a)
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When 4 — o and R — 0 while keeping ®; and O,
bounded, those equations imply that ®, < 0, ®; > 0, recov-
ering the result of the preceding paragraph that A< 0.
When 4 — 0 and R — oo the situation is just the opposite:

(9b)

TABLE 1. Set of initial conditions for the numerical integra-
tion, expressed as a point Y = (4,R,4A,R).

Curve Unit of time
Forward integration (Fig. 2)
Y (0)
1 (1,1,0,0) 10~ *4sec
(1019,104,0,10%) 10~ Hégec
3 (108,102,10,103) 10710 gec
Backwards (Fig. 3)
Y (1)
4 (1,1019,0,1010) 10~ sec
5 (102,108,—1,1) 10~ %3 sec
6 (102,108,0,108) 10767 sec

time
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FIG. 2. Forward integration of the field equations. The values of
A are represented by the continuous line; R is the discontinuous
curve. What is represented is always the relative values A4/4,,
R/Ry. The numbers on the curves are those of Table I.

©,>0, ® <0. When both 4 and R — oo the system (9)
can be completely analyzed in the plane (®, ®;). But when
the four quantities (@, ®,,4,R ) are comparable the flow of
(9) is quite complicated. A numerical integration of (6) has
then been performed.

There is a mass scale in the problem given by the product
of the gravitational constant in eleven dimensions, and the
initial vacuum expectation value of the antisymmetric tensor
field M =«F,. It can be analytically proved that there are
no solutions to Egs. (6) with R =4 =0; there are some
with 4 =0, but with oscillatory behavior of R.2 It can be
also proved that there are no power solutions of the type
R ~ 1", A ~— 1% except the already mentioned ones. Nor, in
fact, are there any solutions of the ‘‘de Sitter” type, i.e.,

A/A1 R/R1
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FIG. 3. Backwards integration of the field equations. The con-
ventions are the same as those of Fig. 1, except that the relative
values are now with respect to 4 (1) and R (1). The three curves
4, 5, and 6 are almost identical, the only difference being the scale,
as indicated in Table 1.
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with constant expansion or contraction, i.e., ®;=const,
®,=const.

The numerical integration was made both forward and
backwards, starting with different initial conditions [the
values of Y = (4,R,4,R) displayed in Table I°]. In all the
cases studied a point is reached with 4 (or R) =0, which is
a true spacetime singularity, since the scalar curvature
diverges quadratically.!” If this theory makes sense, these
singularities are presumably avoided either by quantum ef-
fects not considered here, or by the presence in the ground
state of a nonzero value for some fermion condensate made
up from the eleven-dimensional gravitinos.

The behavior of the scale factors is quite complicated, and
in particular there is not a nonsingular solution with dynam-
ical compactification. The first piece of the curve number 2
(Fig. 2), whose initial values are Ro/4o~ 107°, can perhaps
be taken as an indication that in the full quantum theory
this kind of behavior will be possible. The backwards in-

tegration has been done in order to get a feeling of the fig-
ures which are necessary to achieve a compactified situation
[4(1)/R (1) << 1]. This is only possible just after a space-
time singularity—which could, of course, be taken with
hindsight as the initial condition.

More complicated classical configurations should be ex-
amined before definite conclusions can be drawn, because
the ansatz* for the metric is unduly restrictive (there is no
evidence for this kind of symmetry in the extra dimen-
sions). It will not be possible, in the general case, to main-
tain (3) so that the problem of the full set of equations (2)
has to be faced. The most important drawback of the
present computation from the physical point of view is the
neglect of any quantum effect, presumably very important,
even for the determination of the ground state; after all, if
N =1,d =11 supergravity has any sense as a standard quan-
tum field theory, this would only be possible thanks to
essentially nonperturbative effects.!!
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