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Infrared divergences in three-dimensional gauge theories
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The loop expansion in massless three-dimensional gauge theories develops infrared divergences
starting at the two-loop level. However, we show that the divergences in QCD3 which arise through
the three-loop level (g ) can be removed by using a residual gauge freedom in covariant a gauges.
Divergences in gauge-invariant amplitudes arise at g order, as shown explicitly for the Wilson loop.
Massless scalar QED develops a gauge-invariant singularity at order g, which can be canceled by
changing the perturbative vacuum.

I. INTRODUCTION

Three-dimensional field theories have been studied be-
cause they provide interesting toy models in particular for
the study of confinement, ' and of nontrivial topological
structure. Also, in finite-temperature field theories the
infinite-temperature behavior is governed by the three-
dimensional theory.

A theory that is renormalizable in four dimensions be-
comes superrenormalizable in three dimensions; only a
mass renormalization may be necessary. In some cases, as
QED3 and QCD3, no renormalization is needed. In three
dimensions the gauge coupling constant acquires a dimen-
sion diin(g) =(mass)'~ which is the cause of infrared (IR)
divergences arising in the off-mass-shell amplitudes in

QED3, QCD3, and massless scalar electrodynamics
(SQED3). That is, for dimensional reasons, the higher-
order diagrams must involve a high power of a momen-
tum variable in the denominators of loop integrals which
then become IR divergent.

Some previous studies of the IR problem in three di-
mensions have found, by resummation techniques, that
nonanalytic terms (logarithms of the coupling constant)
appear in the two-point functions. In this paper we
use the method of dimensional regularization to show a
correspondence between these nonanalyticities and the
divergences in the loop expansion: nonanalytic terms ap-
pear together with poles in the dimensional plane. To
eliminate the poles in QED3 and QCD3 we perform a spe-
cial gauge transformation by exploiting a residual gauge
freedom in covariant a gauges. The relationship between
gauge symmetry and IR divergences in the loop expansion
is the main result of this paper, Secs. II B and III B.

In Sec. II we review QED3 (Ref. 7) and in Sec. III we
study QCD3. In both cases the first IR divergences ap-
pear at the two-loop (g ) level when the lowest-order
self-energy is inserted into a free gauge field propagator.
At the three-loop level there are no new divergences and
to this order we find all divergences to be gauge depen-
dent. Singularities in gauge-invariant amplitudes can ap-
pear at four-loop (g ) and higher-loop orders according to
arguments based on the operator-product expansion
(OPE). ' We confirm those arguments by studying the
Wilson loop, Sec. III C. In Sec. IV we investigate gauge-

invariant divergences in SQED3 which are produced by
soft scalar lines in the two-loop photon self-energy. These
can be canceled by fixing ambiguities in the lowest-order
effective action. That is, we choose an appropriate vac-
uum state among the degenerate vacua of the free mass-
less theory.

II. MASSLESS QED3

A. IR divergences in dimensional regularization

We consider a theory of a massless fermion lb coupled
to an Abelian gauge field A&, QED, in D dimensions.
The theory in covariant gauges a is governed by

(2.1)

with massive coupling constant

e s+2 —g)/2 (2.2)

where p is a unit of mass and e' is a number. In dimen-
sions D &4 the theory is superrenormalizable. When
D~3, IR divergences arise in the off-shell amplitudes be-
cause of the presence of massless fermions. Symmetries
of the Lagrangian (2.1) prevent perturbative mass genera-
tion: P and T invariance in D =3 and y5 invariance in
D =4. Gauge-boson mass generation and spontaneous
breaking of P and T invariance in three-dimensional
gauge theories containing fermions have been discussed in
Ref. 2. Similar effects have not been found in pure
Yang-Mills theory in three dimensions, which is relevant
for finite-temperature calculations.

We first show results of the loop expansion for self-
energies in a covariant a gauge, using dimensional regu-
larization. When dealing with fermions one has to define
Trl in D dimensions. One requires Tr1 =2 for D =3 (the
y matrices are 2)&2 Pauli matrices) and Trl =4 for D =4.
Any smooth interpolation is acceptable, since the ambi-
guity can be absorbed into a redefinition of the parame-
ters. The propagators are given by
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FIG. 1. The two-loop fermion sdf-energy: (a) IR-divergent

contribution; (b) the counterterm.

existence of soft- (zero) momentum quanta of the massless
fields. In the example above the singularity is produced
by a soft contribution to the photon propagator

D„,(k) = f d x exp(ikx) (0
~
TA„(x)A „(0)

~
0),

i.e., it is related to the behavior of A„(x~oo). Since
Az(x ~ oo ) is a pure gauge, we expect that the IR contri-
bution can be eliminated without changing the physical
content of the theory. This is strictly true up to three
loops in QEDs, as shown below.

We start from the Lagrangian (2.1) that defines the gen-
erating functional Z with usual boundary conditions on
the set of fields Az, g, P,

(2.4)&(p) =
p —&(p)

The one-loop self-energies II&„——P„,II(p ) and X(p) are

2
2—D/2

X
2 Tr1 1-(2—D/2)8 (D/2, D/2)

{~~) "
2 —D/2

y{1)(p) e~2~p P
i

—p

(2.5)

X D y2 y (2'6)
(D —2)l {2—D/2)8(D/2, D/2 —1)

where 8(x,y)=I (x)I {y)/I'(x+y). At D=3 both ex-
pressions are finite. Notice that the expansion parameter
e' (p / —p )', being proportional to 1/p, will produce
high powers in denominators of the loop integrals at
higher orders.

The two-loop photon self-energy at D =3 is finite, but
the fermion self-energy exhibits an IR divergence which
appears in the diagram of Fig. 1(a). We evaluate this dia-

gram, making use of (2.5), and then set D —+3:

I4
y(2)(p) e P

96m.
[I (D —3)+O(1)j (2.7a)

B. Residual gauge freedom and IR counterterms

In general, the IR problem is related to a large- (infin-
ite) distance behavior of the theory, or equivalently, to the

1 p—ln +0(1)
D —3 —p2

(2.7b)

where O(1) is a number. The divergence appears in a
form familiar from the UV regularization: a pole in the
dimensional plane and a logarithm of momentum. Al-
tllougll G independent, (2.7) 1s Ilot gauge 111varlallt. Wc
will show how a special gauge transformation generates
the counterterm, depicted in Fig. 1(b), which cancels the
pole in (2.7b) and leaves the logarithm with an arbitrary
scale.

exp I x A@

A„,Q, Q~O, when x~m . (2.8)

8 co(x)=0,

B„a)(x~ oo ) =8„.
(2.9b)

Obviously, co(x)=8&x" satisfies (2.9b) and (2.9c), and the
transformation, allowed by a residual gauge freedom in
(2.1), is

Ap ~Ap ——A~+Bp,

@~/'=exp( i eB„x"—)g .
(2.10)

In the new gauge, the functional form of Z in terms of
the new fields is unchanged, except for the boundary con-
ditions: A&~8& and $,$~0, when x —woo. To derive
Feynman rules in the new gauge it is more convenient to
change variables A&

——A&+8@ and treat B@ as a new
field, then (2.8) becomes

Z= J &Ap&g'&g'exp i J d x W(A„+B„,g', P')

Xexp i I d x[W(A&, g, g) eB&gy"g'j—

where we have dropped primes on the dummy variables
0' 0' ~

Equation (2.11) defines a class of gauges parametrized
by the value of 8&. %"e now define an average over these
gauges with a weight exp(iB /2b ), where 5 is a parame-
ter to be determined later. That is, we use the following
generating functional:

To change boundary conditions from A„(x~ oo )~0 to
A „'(x~~ )~8„, where 8„=const we use a gauge
transformation

A@(x)—+A ~(x)=Ap(x) +B~co(x)

and require that (2.9a) belong to the residual gauge group.
Therefore, co(x) is specified by the following two condi-
tions: transformation (2.9a) must respect the gauge-fixing
term in (2.1), 8"A~ ——8"A@, and Ap(x —+ oo )~Bp, yield-
ing
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Z= I dDB&A„&g&g
'B2

)&exp +i J d~x[W(A„, Q, Q)25

(2.12)

The Feynman rules that follow from (2.12) are ordinary
QED rules with additional vertex and propagator for the
8& field, which carries zero momentum, Fig. 2. For a
more rigorous treatment see Ref. 7, Appendix A.

This formal construction of the zero-momentum pho-
ton can be interpreted in the following way. QED, in the
noninteracting limit, has a degenerate vacuum because the
addition of a zero-momentum photon does not change the
energy. When the interaction is treated perturbatively, a
typical problem of degenerate perturbation theory arises.
To avoid divergences one must take a suitable linear com-
bination of the degenerate states to form a new ground
state. In this sense we can interpret above transformation
as a change of the vacuum state from a conventional one
where 8& ——0 to an average over all values of B„.Clearly,
the same argument holds for any massless field, but only
for gauge fields the two vacua are related by a gauge
transformation. A.n example with a massless scalar field
is considered in Sec. IV.

The rules of Fig. 2 directly give the diagram in Fig.
1(b). If we set

tion. At higher orders the leading divergences come
from diagrams with a maximum number of subdiagrams
of the type shown in Fig. 1(a). The counterterm of Fig.
1(b) is sufficient to cancel poles, leaving gauge-dependent
leading logarithms. This is a surprising result since the
leading logarithms, being a independent, are usually be-
lieved to have a gauge-invariant origin. At order e and
higher, gauge-invariant divergences can arise. This is be-
cause the degree of IR divergence, for superrenormaliz-
able interactions, increases with the loop order leading to
the breakdown of perturbation theory at sufficiently high
orders. On the basis of OPE analysis, we expect this to
happen at four loops in QED3. For further discussion of
gauge-invariant singularities see Sec. III C.

III. QCD3

A. One- and two-loop self-energies

We consider an SU(X) gauge theory coupled to mass-
less fermions, governed by the following Lagrangian, with
gauge fixing and ghost term added:

,' (r„'.)'—+—qy~(ia„ igA„'T') q (a„A—~)'
2(x

+B~Qa(P Qa gfabc Ab Q—c ),
(3.1)

+o(1)
96 2 g)

(2.13) The color algebra

then the sum of the two diagrams in Fig. 1 is finite when
D =3 and we get

~4 2 2
X"'(p)= ' ",~, ln ", +const

9677 p —p —l E'
(2.14)

in agreement with the result obtained by resummation
technique. In addition, from (2.13) and (2.14) it follows
that the logarithm is gauge dependent, since the finite
constant 0(1), in (2.13) can be chosen arbitrarily, giving
an arbitrary scale to the logarithm.

The three-loop photon self-energy is finite since diver-
gences arising in individual diagrams cancel in the sum.
At this order X receives a divergent contribution only
from the subdiagram of Fig. 1(a) and no additional coun-
terterms are necessary. Consequently, in gauge-invariant
amplitudes to order e both poles and logarithms cancel
as explicitly checked for the three-loop vacuum polariza-

[Ta Tb] =fabcTc (3.2a)

Tr( TfTf ) = ——,
' 5' (3.2b)

A representation R involves a Casimir eigenvalue QR,

is normalized such that the T' in the fundamental repre-
sentation satisfy

k=a
0 0 g g 0 4 ~ ~ ~ ~ ~ ~ y y ~ ig „Q,

FIG. 2. Feynman rules for the 8 photons.

e
FIG. 3. The one-loop self-energies of (a)—{d) gluon, {e)ghost,

and (f) fermion.
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TaTa g

Tr( Ta T )= —CI( 5' (3.2c)

gives

fa(Nf a'be ~ncaa' (3.3)

dim of representation
II R dim of group

Gluons are in the adjoint representation, which for SU(X)

We study the two-point functions in D dimensions, and
then set B=3. Using the same notation as in Sec. II with

g =g )M RIld tllc FcyllII1RI1 I'lllcs ill Flg. 7 (wltllout 8
gluons), for the lowest-order self-energies, Fig. 3, we get

II„"„'(p)=,'ig'—p2 D/2X J q D( (q)D~ (p+q)&„~ ( —p,p+q, q)&—2. (p, q, —p —q)
(2~)D

i2 2—D/2~ d q qP P q "+I t2 2 D/2—+sg p X D 2 2+&g p F

( I)( )
t2 2 D/2~ — 'q P P q D (q)

"(+)"
(2') (p +q)'

dDqy(l)( ) Igt2+2 —D/2g J q 7,)a y&D (q)
(2~) p+0

(3.6)

—i Qp, 9vD„„(q)= 2 g„„—(1—a) 2, & pr(p, q, r)=g p(p q)r+—ger(q —r) +gr (r —p)p. (3.7)

The group factors are defined in (3.2) and the diagram d in Fig. 3 is zero in dimensional regularization. A straightfor-
ward calculation yields

2
' 2—D/2

II„„(p)=P&„g a)p(i) .2 2 P
P

a, = N +(2D —7)(1—(2)+(1 D/4)(1 —u—) —C Trl
(4~) "

2
2 —D/2

Il())( ) gr2g p2 P X 4 r(2 —D/2)a(D/2, D/2 —1)
2 D —2 )D/2

(3.9)

2 2—D/2

y())(p) gi2c p P
—p'

I (2—D/2)8 (D/2, D/2 1)—
C I (2 I(

(4~) " (3.10)

In the limit D=3 everything is finite. II„"„' has the
characteristic opposite sign of its QED counterpart (2.5) if
C~ is not too large. This sign would produce a tachyonic
pole in the gluon propagator for p -0 (g' )(b), i.e., for the
expansion parameter g' ()(b / —p )'/ -O(1), but in this
momentum region the one-loop result cannot be trusted.
Similarly, the ghost propagator ~ould exhibit a tachyonic
pole in the same momentum region according to (3.9).

It is interesting to notice how 0&'„' and IIG depend on
the gauge parameter a. IIG' becomes a independent in
D =3, while II&'„' acquires a term quadratic in a for
D&4. In particular

a)(D =3)= [(1+a) + 10]— & 0
Cg

64 16
for real a in the pure Yang-Mills theory (Cb ——0). The
impossibility of setting a ~ to zero has been discussed, both
in the covariant and the axial gauge. By allowing a to be

t

complex one can set (2)(a, )=0, therefore eliminating all
IR divergences from two- and three-loop diagrams. This
has the disadvantage that for this complex a the gauge-
fixing term, that in general acts as a convergence factor in
the functional integral, will now make this integral
diverge. In addition, W will not be Hermitian. We will
take another approach: keep a real and use a residual
gauge freedom to eliminate singularities coming from in-
sertions of II&'„' in the internal lines. It will be clear later
that conclusions obtained by working with complex a can
be obtained by this method also.

Tllc fills't slllgularltlcs Rl'c cIlcoulltcl'cd Rt tllc two-loop
level. The potentially divergent diagrams of the gluon
self-energy are shown in Fig. 4. By power counting, only
diagrams (a) and (b) of Fig. 4 can have IR divergences,
while the remaining graphs can develop only ultraviolet
(UV) divergences. Since QCD3 is a superrenormalizable
theory, the UV terms either sum to zero or combine with
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FIG. 4. Potent1$11y divergent contributions to II&~.

IR terms. Figure 4(b) is zero in dimensional regulariza-
tion, so we compute only Fig. 4(a). Using (3.8) as the 1L
sobdiagram, %'e evaluate the loop integral and then set
D =3 vrherever possible, retaimng only the singular
terms:

The ghost and fermion self-energies are depicted in Fig. 5.
Singularities appear only in Figs. 5(a) and 5(e):

ll(2)( ) gi4 2

6m —p
[I (D —3)+O(1)]

=g'~@2 —ln ~ +O(1), {3.12b)
D —3 —p2

FIG. 5, The two-loop contribution to (a)—(d) ghost self-
energy IIG' and (e)—(h) fermion self-energy Xz''.

X fPq„l nt(D —3)+g„„l"Uv(3—D)+0 {1)],
(3.11)

where a~ is defined in (3.8) and subscripts IR and UV in
the I functions stand for the momentum region respon-
sible for the singularity. Since the IR term is transverse,
the second term in (3.11) proportional to g„„must cancel
against similar terms from remaining diagrams of Fig. 4;
those cannot have divergent terms proportional to p~p„.
Therefore, the total two-loop contribution to the gluon
self-energy is

4 ~a(N(2+a)
(&)(p) P g ~4+2

6

X[I (D —3)+O(1)]

4 2a~N(2+a)P g &4@2

6m

g(2)( )
6m

[I'(D —3)+O(1))

0 0
0 0

0
e 4

0
4

4 0
4

a

~e +ee~
0 4g0 040

0

+O(1) . (3.12a)
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To cancel poles at D=3 we construct counterterms
(3.13) shown in Fig. 6 where dotted lines represent zero-
momentum gluons (B gluons) obtained from a residual
gauge symmetry in a gauges. Using Feynman rules, Fig.
7, we find

II„"„(p)=P„„g'pN(2+a)ih,

IIG(p) =g' pNih,

&~(p) = g'pQ—F, i~ .
p

(3.13a)

(3.13b)

(3.13c)

By comparing with (3.12), one sees that the pole at D =3
can be canceled by choosing

T

+0(1)1
(3.13d)

and we finally obtain

rr„"„'+rr„".= —r„„'4
a iN(2+a)

Xp ln +const
6m —p —/E

(3.14a)

y(2)+ get I4 2 ai QFP
ln" 6~2p2

+const, (3.14c)—p —l 6'

where the const stands for the finite diagrams and an ar-
bitrary finite part of the counterterm. Results (3.14) agree
with those obtained by resummation techniques. This
method, however, offers computational simplicity and
shows explicit gauge dependence of the nonanalytic terms
(i.e., the logarithms of the coupling constant).

B. Residual gauge freedom and IR counterterms

We shall now give a heuristic derivation of the Feyn-
man rules for the zero-momentum gluons exploiting a
residual gauge freedom in (3.1). The argument, although
formal, closely follows the Abelian case, Sec. IIB, and the
final results give correct counterterms (3.13).

We start from the effective Lagrangian (3.1) with the
usual boundary conditions on the set of fields
( A„=A„'T'):

A&(x ~ oo )~(pure gauge)~0;

f,g, u, u~O, when x~oo. A gauge transformation (de-
formable to unity),

2

IIG'+ IIG ———g' p ln +const, (3.14b)
6m —p —I, e A„A„' = UA„U '+ —(B„U)U (3.15a)

0 " b ~ob
k2

can be used to modify A&(x~oo). We impose two con-
ditions on U(x): invariance of the gauge-fixing term in
(3.1), and

A „'(x~ oo )~B„'T',
that yield

r

o k=0 b Pgb
V

g~V'Q a~ VA„V '+ '(a„V)V-'—=a~A„, - (3.15b)

v~ (p, q, r)
U(x ~ oo ) =exp( igT'B„'x"), — (3.15c)

~ 0
p =O:

v& ( o, q, -q)

a. . b

V4

0

c
p pl

~ 0

b l C

P P
= -gf Pp

ob
~—IYl

0 . 0

b c b; c gP' T

FIG. 7. Feynman rules for @CD with the B gluons: curly
lines —gluons; dashed lines —ghosts; solid lines —fermions; dot-
ted lines —B gluons. Vertices V3 and V4 are given by (3.18).

Z Ap y y yQpQ

)&exp i J d x W(A„', g', f', u, u)

A„'(x~oo)=B„' . (3.16)

To derive Feynman rules in this new gauge, we express
A& as a superposition of a new field A & vanishing at in-
finity and the pure gauge B„n', and take an average over
different gauges defined by different values of B&n', with

where B&——n'B&, B&——const, and n' is a unit vector.
Equations (3.15) are non-Abelian counterparts of (2.9).
Notice that presence of the non-Abelian term in (3.15b)
does not allow a simple solution, as in QED. Fortunately,
the exact form of U(x) that satisfies (3.15b) and (3.15c) is
not necessary for the construction of the counterterms. If
we recall that IR behavior is governed by A&(x~oo),
then condition (3.15c) is sufficient for our purposes.

Since the Faddeev-Popov determinant (and consequent-
ly ghosts) is invariant under (3.15) and the fermion
behaves similarly as in QED, the generating functional in
terms of new fields becomes
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a weight exp(iB /2b, ),

Z= I d Bdn'&(A&, g, g, u, u)

'B2
Xexp +i J d x W(A &+B&,f,g, u, u)

2h

(3.17)

I'3(p q r)=gf tgp (p —q)p+g p(q ")I +—gpss("

(3.18)
y4 —

Eg [f f (g„g —g g )+perm]

Notice that vertices with three or four B gluons vanish
since B&T' commutes with itself.

It is now obvious that to each divergent diagram, in
Figs. 4 and 5, corresponds a counterterm obtained by re-
placing the internal line (with 1L insertion) with the B
gluon. This is valid to all orders —a soft line is automati-
cally canceled by the counterterm. Further justification
of this method comes from the OPE results, discussed
below.

C. Higher orders, OPE,
and gauge-invariant singularities

So far we have considered self-energies to order g and
found only gauge-dependent divergences. Now we
analyze 3L diagrams starting with II&'. There are two
classes of potentially divergent graphs: The first class
contains lines with IL insertion, already encountered at
the 2L level; those are taken care of to all orders. The
second class contains lines with 2L insertion, Fig. 8,
where 2L means connected, not necessarily one-particle
irreducible (1PI). By power counting, it is linearly diver-
gent -g' I d qq f(p, q) as q —+0, f(p, q) finite, but it
turns out to be finite for D =3. In general, diagrams of
this form, with 2L replaced by 2nL, n =1,2, . . . , are
finite. Therefore, all divergences at the (2n+1)-loop lev-
el are those from 2nL subdiagrams which can be canceled
by counterterms, order by order. Then it follows that the
leading and the first subleading logarithms are gauge
dependent, to all orders. This is also true for the ghost
and fermion self-energies. We can summarize the 3L re-
sult in the expression for II„„

3/2

II„'(p)=P„g' a3(a)p — ln
P

2

+const—P —EE

(3.19)

The Feynman rules that follow from (3.17) are ordinary
QCD rules with additional vertices and the propagator for
the zero-momentum gluon (dotted lines), Fig. 7, where 5
is given by (3.14d) and

—ln
I 2

+O(1)—P —l E'
(3.21)

where the logarithm now has a gauge-invariant meaning.
The gauge dependence of the IR singularities can be un-

derstood in the language of the OPE. ' Since the cou-
pling constant is dimensional, the loop expansion will

where a3(a) is a calculable constant. In order to simphfy
the analysis at the 4L level, it is convenient to completely
cancel the contribution of the divergent 3L diagrams by
setting a =a, such that a ~ (a, ) =0 in (3.8). This can be
justified as a finite part fixing, in our counterterm pro-
cedure. For a=a, we get

' 3/2

II„','(p) =P„g' a3(a, )p (3.20a)

' 3/2

IIG"(p) =g' b, (a., )p' (3.20b)

' 3/2

~~"(p)=g'p c3(~, ) (3.20c)

where a3, b3, and c3 are calculable constants.
Now we consider 4L diagrams. In addition to finite

and trivially divergent (if a&a, ) graphs, we also have
dangerous ones, shown in Fig. 9. The soft-momentum
flow through the internal line with a 3L insertion pro-
duces a divergence -g' f d q q f (p, q) as q~0.
These diagrams are analyzed most simply by choosing
a=a„so that the 1PI 3L subdiagram is given by the fi-
nite expression (3.20a). The existing counterterms cannot
be adjusted so to cancel new divergences, without spoiling
the cancellation at 2L and 3L levels. Vfe conclude that
diagrams in Fig. 9 are the first signal of breakdown of the
loop expansion in QCD3 and we shall argue below that
singularities at order g are gauge invariant. One can
write Il~„up to a calculable constant u4, (a

2 2

II„'„'(p)=P„„g' a&(&, )p

FIG. 8. A potentially divergent contribution to II„' '.
FIG. 9. The four-loop self-energies that contain leading

gauge-invariant divergences.
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eventually lead to operators of higher dimension than the
unit operator. The occurrence of divergences signals the
necessity of new operators in the OPE, which can be iden-
tified by dimensional analysis. At the 21 level II&
develops a singularity canceled by the B gluon, where di-
mensions are as follows: (8-gluon propagator) —b, —p,
II&~-g -p, so g is needed to couple 8 gluon to the
gluon line, Fig. 6. In the OPE language the new operator
appearing in II„'„' is the vacuum expectation value (A ),
because 3 -}u, and g couples (2 ) to the gluon line giv-
ing appropriate dimension p . Clearly, there is a direct
correspondence between our 8-gluon propagator and
(A ) in the OPE. Gauge dependence of the two-loop
singularities is obvious in both methods.

The gauge-invariant local operator of the lowest dimen-
sion is (F&„) -p and g -(M is needed to couple it to the
gluon line, so the first gauge-invariant singularities appear
at g order. Examples are shown in Fig. 9 where the soft
lines with 3L insertion correspond to ((Fz„) ) in the
OPE. Since the self-energies are gauge dependent it is
more convenient to study the gauge-invariant Wilson loop

8'= Pexp ig dx& A& (3.22)

For the analysis of IR divergences, in the loop expansion,
an appropriate contour would be a small circle of radius
R «(g' p) ', Fig. 10, so that only short distances are be-
ing probed. This case was considered in Ref. 4 and the
cancellation of IR divergences has been checked through
order g (n =1 in Fig. 9). We shall now extend the
analysis to the g order. For a planar circle of radius R
in D dimensions to order g (n =0 in Fig. 10) one finds,
Eq. (24) in Ref. 10,

8' '= — 4H R dk(k ) J (kR)
(4n. )

Since the Bessel function has the asymptotic form
J((x~0)-x and J((x~oo)-x ', there is only an UV
singularity at D =3 which is irrelevant for our discussion.
At higher orders, the most severe IR divergences come
from the soft lines with nL insertions, Fig. 10, where nL
ls

11(n) P ~2nk2( 2/ k2)nl2
Pv pY

If H@",
' is inserted into the gluon propagator it is easily

seen that (3.23) can be written as (x =—kR, D = 3)

' n/2

~(+) i2(n+() R 2 dk (k2)D/2 —3l2 I J 2(kR)
0 —k

-(g' pR)" +' I dxx "J}(x) . (3.24)

IV. MASSLESS SCALAR QED3

We have seen, in the previous sections, how an unbro-
ken gauge symmetry can be. utilized to cure the IR prob-
lem at low orders in the loop expansion. Since diver-
gences are created by soft gauge field lines, it was suffi-
cient to modify gauge fields only, at least up to three
loops. The subject of this section is the loop expansion in
massless SQED3 which exhibits an interesting IR
behavior: it offers an example of divergences generated
by the soft scalar lines; in addition, gauge-invariant diver-
gences appear at two loops, allowing more detailed
analysis. This theory, with X charged scalars, has been
studied both in the loop expansion and the 1/X expan-
sion. Here we take a closer look at the loop expansion.
There are two sources of divergences in the two-loop
SQED3 self-energies: soft photon lines and the soft scalar
lines, both with 1L insertions. The soft photon lines,
which contribute to 2L scalar self-energy, can be handled
in the same way as in QED3, and will not be discussed
further. Instead, we shall study divergences due to soft

Notice that for a small loop, g' (((,R « 1, the higher orders
would give a small correction in the absence of IR diver-
gences. A similar situation was encountered in the expan-
sion of self-energies: it converges for large external
momentum p, g' ((((, / —p )'~ &&1, until IR divergences
set in. Also notice that we need consider only finite inser-
tions in (3.24) for n &4 since divergent ones must cancel
by gauge invariance. From (3.24) it follows that 8""'be-
comes IR divergent at order g, which is consistent with
the self-energy results and the OPE analysis.

Although we have not calculated all contributions to
W( ', we do not expect the leading singularity (3.24) to
cancel. It would require that 3I. subdiagrams sum up to
zero, that is, a3(a, ) =0. We see no reason for this to hap-
pen. In conclusion, each soft internal line with 3L inser-
tion produces a gauge-invariant singularity which corre-
sponds to the appearance of ((F&~) ) in the OPE.

FIG. 10. A term that gives leading IR divergence in pertur-
bation expansion of a small Wilson loop.

FICx. 11. The one-loop self-energies: (a) and (b) II„'"; (c) and
(d) Hg".
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scalar lines which first appear in the gauge-invariant pho-
ton self-energy II„'„'.

Consider a massless charged scalar P coupled to a mass-
less Abelian gauge field 3&, in covariant gauges

,'F—„—„'+~(B„+' A„)P ~' —— (B„Ai')',2'
(4.1)

Fpv=~p Av —BvAp

where e =e'p ~ . We proceed as before, by evaluating
1L photon and scalar self-energies, depicted in Fig. 11: 4x

(i),. 4 a I d'q (p+2q)~(p+2q)-
II„„(p)= —e' p

(2ir) q'(p +q)'

&2 2= —P&„e p
'i 2 D/2—

p
2—p

X
2I (2—D/2)8 (D/2, D/2 —1)

(D —1)(4~)D"
' 2 —D/2

=—p ~
2p 2 p2 D=3,
16 p'

(i) . ,2 4 D f d q (2p+q~p(2p+q)
rrs = —~ e'V4

(2~) q (p+q)
9'pqv

X g„„—(1—~)

(4.2)

e
FIG. 12. The two-loop contribution to photon self-energy

(2)
Hp~ e

lowing divergent terms [Fig. 12(e) vanishes for m =0, and
we set D~3]:

3—D
e~4 2 2

8~ —p

e&2p2

2—D/2

[D —1+a(3—D)]
p

—'g„.l'Uv(3 —»

2I (2 —D/2)8 (D/2, D/2 1)—
X

","I, (D —3)+O(1)
p

(4.4)

e&2p2
2—D/2

p
p

D=3. (4.3)

i4 2
11(b+c+d)( )

sH

'3 —D
p

2—p

Both results are finite, but the expansion parameter
e' (p / —p )'~ is IR sensitive, i.e., the loop expansion is
valid at best for hard external momenta p »e . SQEDq,
being superrenormalizable, needs only the scalar mass re-
normalization and the masslessness of the scalar field is
implemented as a renormalization condition. However, in
dimensional regularization it turns out that Ils" is finite,
and since we need only Ils" for the two-loop diagrams, no
renormalization is necessary.

The 2L photon self-energy II&„' is given by diagrams in
Fig. 12. The IR-divergent contribution is to be expected
from Fig. 12(a) because of the soft line with }L insertion,
but we find that other diagrams participate also, in order
to preserve gauge invariance of the divergent term. By
power counting, each diagram contributes an UV term
proportional to g&, and the only IR term comes from
Fig. 12(a), proportional to p&p . To see how the diver-
gent part of II„' ' becomes transverse, we first look at a
simpler, IR-finite case, with scalar mass m&0. Explicit
calculation shows that UV terms cancel in the sum, hence
II„'„'(m&0) is finite as expected for a superrenormalizable
theory. The same set of diagrams for m =0 gives the fol-

X [——,'g„„lUv(3 —D)+&(1)], (4.S)

11(2)( ) 11(a)+11(b+c+d)
pv p pv pv

3—D

=P„„[I'(D—3)+0 (1)]
g p2

ei4 2
y

2
=pp„ —ln +const

8m D —3 —p
(4.6)

The subscripts UV and IR to the I functions indicate the
regions of the momentum variable causing the divergence,
as determined by power counting. Notice that divergences
disappear when m &0 and in this sense they can be collec-
tively labeled as infrared. The reason for this mixing of
UV and IR terms is in the dimensional regularization
method. Since massless integrals have no scale except for
the overall one, the external momentum, there is no good
separation between IR and UV effects. If another regu-
larization method is used, then Figs. 12(a) and 12(e) would
give a transverse IR term and the UV terms would cancel
among themselves.
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The final result (4.6) contains a pole at D =3, a loga-
rithm, and a constant which cannot be determined in the
loop expansion. Although the const looks like a mass
term, it should be noticed that (4.6) is valid only for large
external momentum p; in fact, the 1/N expansion gives
vanishing II&„'(p) for p~0. So, perturbation theory in
SQED& breaks down at order g . This suggests two possi-
bilities: either the vacuum is unstable, and radiative
corrections induce symmetry breaking (P)&0; or the

symmetric vacuum (P)=0 survives but perturbation
theory is inadequate. The second possibility seems more
likely, according to 1/N calculations. We shall assume
that this is the case and employ our counterterm tech-

nique to get a finite result from (4.6). Since the singulari-
ty is produced by a soft scalar line with 11. insertion,
Figs .12(a) and 12(e), the counterterms must contain a
zero-momentum scalar propagator, which is equivalent to
the appearance of (

~ P ~
) in the OPE.

To construct additional Feynman rules, we start with
the generating functional, explicitly displaying only scalar
sources

Z[J,J']= f &A„&PAP'

)&exp i S+ f d x(JP+H. c. ) . (4.7)
l

Making a shift of fields /~/+A„P, =const, we get

Z[JJ']= f &A~&$&qP exp i f d~x
I dye I'+So(A„)+SI(y+y. A, )+ f dDx J(0+y, )+H.c. (4.8)

where Sr contains interaction terms. Notice that the action in (4.8) has a symmetry /~/+const in the noninteracting
limit. To remove this ambiguity and ensure (p) =0 in perturbation theory, we introduce a small mass term and take
limit m —+0 at the end. By averaging (4.8) over P, with a convenient measure exp(iP, P, /b, ), we obtain

Z[J,J']= lim f NA„exp iSI . , „,A„+iSo(A„)5 5
m~0 i 5J i5J*

&& f dP, dP, &&&&*exp ' ' +i f d x(
~ Bzg ~

—m
~ P ( )+i f d x[J(P+P, )+H.c.]

(4.9)

II„"„(p)=P„„2eid, .

To cancel the pole in (4.6) we set
r

D —3

and obtain the finite part of II„'„',

(4.10)

(4.11)

~ ~ ~ 0 0 0 0 0 0 a
I

The Feynman rules that follow from (4.9), in addition to
the usual ones, include a new propagator and vertices de-
picted in Fig. 13; dotted lines are P, fields and 6 is a pa-
rameter. Vertices involving P, are obtained from corre-
sponding P vertices by setting to zero momentum carried
by the field P.

This procedure is similar to a canonical transformation
used by Bogolyubov to eliminate IR divergences. " The
counterterms for the two-loop photon self-energy, Fig. 14,
give

e~4 2 2

8+2 —p2 —~e
(4.12)

where const depends on the parameter 6 and cannot be
fixed by perturbation theory alone. While in QEDs and
QCD3, b is just another gauge parameter, here it has a
nonperturbative meaning.

This result is in agreement with 1/N calculations. The
explicit construction of the counterterms confirms the
OPE arguments: IR divergences arise in gauge-invariant
amplitudes at low order if there is a gauge-invariant local
operator of appropriate dimension in the OPE. In SQED3
such an operator is (

~ P ~
).

The procedure used above to construct counterterms
has a simple interpretation. The original vacuum of a
massless scalar theory is degenerate, leading to diver-
gences in perturbation theory, familiar from quantum
mechanics. By our transformation the generating func-
tional (4.7) is replaced by a new one, Eq. (4.9), that gives a
perturbation expansion around one particular linear corn-
bination of the degenerate vacua which differs from the
original vacuum. This new perturbative vacuum is de-
fined by a particular value of h.

~ ~ ~ o ~~
se o

~ ~ ~~ ~
0 0

~ ~ 0 ~ 4 ~ ~ 2 le g
FICx. 13. Feynman rules for the P, scalars.

FIG. 14. The counterterms for the two-loop photon self-
energy.
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V. CQNCLUSIQNS

We have shown that IR divergences in QEDs and
QCD& are gauge artifacts up to three loops. The same is
true for leading and first subleading divergences to all or-
ders in perturbation theory. Using the residual gauge
freedom in a gauges, we construct counterterms that can-
cel these singularities diagram by diagram. At fourth or-
der the loop expansion breaks down. We find singularities
of gauge-invariant origin in the Wilson loop, confirming
the expectations based on the QPE analysis.

In SQED& gauge-invariant singularities already appear
at two loops. In this case we generate counterterms by
changing the vacuum of the free theory. However, the
finite part of the counterterms cannot be determined in
the loop expansion, some nonperturbative information is

necessary. In both QCDs and SQED3 we have demon-
strated a one-to-one correspondence between our counter-
term procedure and tbe (OPE analysis.

Finally, we should point out that counterterms derived
in Secs. IIB and IIIB are a consequence of the residual
gauge symmetry, rather than a special feature of three-
dimensional theories. We expect that this method could
be applicable to the IR problem in four dimensions.
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