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Electroweak unification is obtained in an SU(4) model with SU;(2)XSUg(2)XU(1) as its sub-

group and sin’6% =+ in the

symmetry

limit. The unification mass scale is

3.3%10*>my > 6.4 10° GeV for 240 <mpy <6.4X 10° GeV. Some consequences of the model are

discussed.

I. INTRODUCTION

It is well known that the standard SU; (2) X U(1) model
of electroweak interactions' does not provide a true unifi-
cation of electromagnetic and weak interactions since, be-
cause of the U(1) factor, sin’@y is not fixed by the model.
Another aspect of this model is that parity violation in the
weak interaction is treated as an intrinsic property of that
interaction. In the left-right-symmetric SU.(2)
X SUR(2)X U(1) model,? on the other hand, parity viola-
tion is a low-energy phenomena and parity conservation is
restored at an energy scale >>mpy;. But sin?0y is not
fixed even in this model. If one wishes to have the latter
point of view (i.e., the spontaneous breaking of parity) and
a true unification of electroweak interactions, one is
naturally led to an SU@4) group [which has
SU;(2)xXSUg(2)XU(1) as a subgroup], where the charge
operator
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has eigenvalues 1,0,0,— 1. This then naturally accommo-
dates the known leptons per generation in the fundamen-
tal representation
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where N,z may or may not be identical with v,z. The su-
perscript ¢ denotes the charge conjugate of e~ (for e).
For hadrons, we take integrally charged quarks,® which
(for the first generation) are arranged in SU(4) multiplets
as
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where r, g, and b refer to the colors. As will be shown,
one prediction of the model [as also in an SU(3) formula-
tion considered in Ref. 4, which incorporates
SU; (2) X U(1) rather than the left-right-symmetric model]
is that sin’@y in the SU(4)-symmetry limit has the value
+. Since all the physical hadrons at present energies are
color singlets, the predictions of the above SU(4) model in
the hadron sector are the same as in the left-right-
symmetric model. For the lepton sector, additional
muon-number-violating processes* such as

e~ +e —>uT+u",
e +ut—et+u~,

which are higher order in the left-right-symmetric model
(i.e., involve two gauge-boson exchanges and mixing of
electron- and muon-type neutrinos), can occur through
some single gauge-boson exchanges. But they are not like-
ly to cause any trouble with the present observations,
since, as will be shown in Sec. III, the gauge bosons (called
X and Y) responsible for these processes get sufficiently
high masses when the SU(4) symmetry is spontaneously
broken. However, they could (we hope) be observed in fu-
ture experiments at some level, thus testing the model.
The plan of the paper is as follows. In Sec. II, we give
the basic Lagrangians both for leptons and hadron sectors
and show that sin’6% =+ in the SU(4)-symmetry limit.
Section III is devoted to details of the spontaneous break-
ing of SU(4) symmetry. There, we also consider the
renormalization-group analysis in order to bring
sin?@% =+ to its experimental value ~0.22 at present en-
ergies. This also provides us the information about the
mass scale at which SU(4) is broken. It is found that

3.3%x10*>my > 6.4 10° GeV
for
240 <mp <6.4X10° GeV .

In Sec. IV, we summarize the conclusions and also discuss
the new processes in the leptonic sector mentioned above.
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II. BASIC LAGRANGIANS
AND sin26%

Consider any one of the fermion multiplets mentioned
in Sec. I:

with the charges 1,0,0,— 1. Then the SU(4)-invariant La-

grangian is

jFZ—F-’}/H F . (3)
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In matrix notation, 15 gauge bosons of SU(4) are
1

5 MiWila

Wap =

|

with the following identification with the known gauge
bosons:

_ 1

Wo=Wr, Wa=W{, _‘7—5(W11_W22)=W3L ,
_ 1

Wiyu=Wg, Wiu=W§, T/—E(W33—W44)=W3R )

Wiu+Wyp=—(Wy+Wyu)=B,
and new gauge bosons
Wiz=X1, Wu=Y,

W23 :XZ H W24: Y2

together with their charge conjugates. Then, noting that

Firy Fir=—Foyy.,Fir
_ _ 4)
FiL VquL =—FrYuF1r »
we have the following Lagrangians for the leptons and
hadrons, respectively:

gy _ _ = _ ig, . .
L= -‘/_E(VeL YulruWr +NerVueruWry +H.c.)+ 7( —Jour Wiry —Jour Wirp)

g
+ s +Eur =27 (€)]B,, )
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where
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J(e)y.R = _eR YpNeR —eR Yu€r > (7a)
JTM(e)=—ey e ,
ng.L = ¥ (@pyuuir—div.di)
i=rgb
ngR = 3 (ilirVuir —dir Yudir) (7b)
i=rgb
TN ()= —(dy @) +(@y uf+(uy,u)® . (7c)

Note the fact from Egs. (3) and (5) or (6) that in the
symmetry limit

8L =8r=8:=§8, (8a)

(6)
I
g 1
=27 ¢, ¢
where
3C2=Tr(+Y?*)=1. (8c)
We also note the relation
A w W B
_‘u= SLM + Ru +—£— ’ (ga)
e 8L 8r g1
so that
1 1 1 1
e? ng ng 312
2 1
=—>+—7. (9b)
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In the symmetry limit, this becomes

giving in that limit

2
sin?6% = % =
8L
The above definition of the couplings correspond to the

following breaking pattern of SU(4):
U(4)—SU, (2) X SUR(2) X U(1)

my

mg

(10)

EN

where g, g1, gr, and g; correspond to the groups SU(4),
SU;(2), SUR(Z), and U(1).
Note that J,, EM () in Eq. (7¢) is not a pure color singlet:

JﬁM(h)=J5M(color singlet) —J ﬁ‘M(color octet) ,
(12a)
where
JM(color singlet) =% 3, &y 4 —+ 3, div udi
i i
(12b)

and only the color-singlet part of JﬁM(h) will contribute
in a physical process. Note also that the currents coupled
with X and Y gauge bosons in Eq. (6) do not contain any
color singlets (these terms belong to 33 or 33 which
do not contain color singlets) and as such are not relevant
for a physmal process since all phys1cal hadrons at present
energies are color singlets. Thus 7t int(color singlet) is
identical with that of SU(2)XSUg(2)XU(1) with
sin%6%, fixed to be 4. Similarly the .£%, in Eq. (5), ex-
cept for the terms coupled with X and Y gauge bosons, is
also identical with that of SU;(2) X SUr(2) X U(1). These
extra terms coupled with X and Y bosons for the electron
and muon can give rise to processes of the form

1043

e~ +ut—et4u—,
which will be discussed in Sec. IV.

In order to see the identification with the Lagrangians
of the left-right-symmetric model, consider the diagonali-
zation of the mass matrix for W3, W3k, and B which is
obtained through the equations’

Wi+ Wig

A ==cos'y———§————sinyB s
Wi+ W
Z;=— siny—H‘Tz3£ +cosy B | sinf3
Wi —Wig
5 cosf3,
(13)
Wi +W.
Zg = |[siny = Ve R +cosy B | cosf3
Wi —Wig
V2 inf
Then from Eq. (9b), we have
2 2
2_ 2e2 . g2= ~e2 , (14a)
cos“y sin“y
giving
sin’0y =5 cos?y , tany=— &2 (14b)
et Vg,
so that in the symmetry limit [cf. Eq. (8)]
tany®=—1, siny’= :‘/—%— , cosy’= —‘}—_2— . (14c)
Then it is easy to see that 4, is coupled to J 5M with
g2 .
——\/—icosyze , g,sinfy =e . (144)

For m,=0 and mzp >>mz; (see next section on how
one can obtain this and myg >>my; ), one obtains

I finc by g cosB= — —=——— (15)
e +e Y] ->uT+pu siny \/ECOSOW ’ = \/ECOSQW s
and giving
£t (color singlet)= _—\/li 82 | 2 (@i Vudi Wiy +itir ¥ udir Wry) +H.c.
i
&2 29 yEM
+ Zcosty [278.. —4sin0,,J M(singlet) ]2,
82
- 2 si 29 h 2 26 h —45si 2 EM /.
+ 4 cosOy cos20y, [2sin"OpJour +2 cos Oy Jgur —4sinOyJ ), (singlet) | Z,, , (16)

where J&,L, J&,R, and JﬁM(singlet) are given in Egs. (7b)
and (12b), respectively. The expression for .5, except
the terms involving X, Y, X,, and Y, given in Eq. (5) is
the same as above where the currents coupled with W,
and WRM are glven by the first term in Eq. (5), while
Jours Jour> and J,L (e) are given in Eq. (7a).

III. SPONTANEOUS BREAKING OF SU(4)

The gauge symmetry SU(4) is spontaneously broken ac-
cording to Eq. (11).

The first stage of symmetry breaking is accomplished
by a 15-plet of Higgs scalars ®:
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<q>>=% diag (1,1,—1,—1) .

The second and third stages of symmetry breaking are accomplished by Higgs scalars H and S belonging to the funda-
mental representation and representation 10 of SU(4), respectively. This is done by giving the vacuum expectation values

" as follows:
0 0 0 0 —«
LA 1 |0 0k O
(H)=72 }\', > }»zo, <S>=72— O K' 0 0
0 -k 00 O

The mass Lagrangian for vector bosons is given by

L mass=— T8V (2X X +2X,X, +2Y, Y +2Y,Y;)

— L [IWE Wi+ Wi =2 WagB + LB 12X, X, +2X,X,

V2

— g AP+ kD QWT WL +2WEWR + Wi+ Wig?—2W3  Wag)— 2k’ QW W +2WL WE)

+K2(8)—71 Yl +2X—1X2+2)—’2Y2)+K’2(8f2X2+21?-1X1 +2Y2Y2)—~4KKI(X_1 Y2+X1 Yz )] . (17)

With
v2>> A2 s>kt k?
the masses of vector bosons are given by
my, Y ‘}78202 ,
muwr’~+8\?, (18)
myLl~ T8 K +k"?) .

For the special case mp~my, viz. v=A’, the above
masses remain unchanged except that

myl~1g%vr+1"2) .

The mass matrix for neutral vector bosons Wj;, Wig,
and B can be diagonalized through Eq. (13) to give the
masses of physical vector bosons 4, Z;, and Zy as fol-
lows:

m4%=0 (photon) ,
mszz(COSZBW)_‘mWL2 , (19)
mZRZz(<:os219W/cos29W)mWR2 .

Only the scalars S are coupled to fermions. The Yu-
kawa coupling of these scalars to fermions are given by

—fF{CF;S;;+H.c. (20)

The fermions get their masses from Eq. (20), when we put
the vacuum expectation values

(S14)=<S41>=-—K »
(823)=(S3»)=«".

I
These masses are for the first generation (for example),

m,=fk,
mve_Ne—_—"'fK' ’
my,=mg=f(k+K') .

If there is a left-handed neutrino N,;, this can be put in a
singlet representation of SU(4), then we have an additional
mass term

mNer:fk’ .

In this case, we have two massive Dirac neutrinos,® one of
them superheavy and the other one very light.

Finally, we discuss the renormalization of sin’@y,. Us-
ing the renormalization-group equations, we get the fol-
lowing formula for sin?0y, at my :

.2 ;270
sin“Oy —sin“Gy, 200 my
W_a (B,—tan GW)lnmL

m
+ tan’6% (B’ — B — B In—= |,
mg
21)
where
= 2,y 16
32_477'( Pt Ing)= 127 °
B:—l—[in Zly2]_i (22)
gy 3T~ T 4r’
’ 1 4 1 y 6
B P27 =g
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In the above formulas, we have taken the number of

generations n,=3, 3 7Y>=1, 3 3Y?=3. Using
sin26% = 1, sin®0, =0.22, we get for

240 <mp <6.4X 10° GeV
the following limits on my:

3.3%x10*>my > 6.4 10° GeV . (23)

IV. CONCLUSIONS

To conclude, we have seen that it is possible to obtain a
“true” unification of electroweak interactions with
sin’6% =+ in an SU(4) group which contains the left-
right-symmetric SU;(2) XSUg(2) X U(1) group. The uni-
fication mass scale is given in Eq. (23). It is clear from
this equation that the unification scale could be as high as
3.3 10* GeV, if the right-handed vector boson is com-
paratively light, viz. of the order of 240 GeV. In any
case, in our unification scheme, Wy cannot have mass
greater than 6.4 10° GeV.

For the hadron sector with integer-charge quarks, the
SU(4) model gives the same predictions as the left-right-
symmetric model. For the lepton sector, certain new pro-
cesses are possible, namely,*

e +e —>u +u,
e +ut—et4pu”
with effective Lagrangian [cf. Eq. (5)]

G
geff=c7;—(ﬁ§’yqu )(e_f{'}/#eR) ’

where the characteristic strength C is given by [cf. Eq.
(23)]

2
4

C——5=(6.4X10"%to 1.5 1079,

myl

compared with’ C~(3X 107 to 2 10~°) in the conven-
tional theory. The former process has not so far been
searched, while the present experimental limit® on C for
the second process is 5 10°, very much larger than the
above theoretical limits.

Another observable effect could be in the mode*
(through Y, exchange)

pm—e  +v.+v, ,
as distinct from the usual mode
u-—e +v, +V'u .

The former mode would favor a right-handed electron in
a polarized-muon decay, but the present limit on the Y,
mass from such a mode is that my >3my, , much less

than that given in Eq. (23).
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