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We study an approach to the relativistic two-body problem that represents a considerable improvement of
the Bethe-Salpeter equation. The main advantages are the improved properties of the simple ladder approx-
imation. (a) It has the correct static limit and is in this sense equivalent to the sum of all crossed ladders of
the Bethe-Salpeter equation, (b) in the case of massless exchange it is possible to solve analytically and
obtain the wave functions and the T matrix in closed form, (c) the system is closed, that is, the two-particle
T matrix is unitary. (d) The wave functions admit a complete quantum-mechanical interpretation without
compromise of relativistic covariance, the current is conserved, and gauge invariance is respected. (e) The
evaluation of physical amplitudes is greatly simplified, as illustrated by positronium decay and the Lamb
shift. Both are carried out with full relativistic covariance, and the Lamb-shift calculation in particular is
greatly simplified and clarified in comparison with other methods. Most of the results are applicable only
to the case of spin-0 or spin-§ particles interacting through the exchange of a single scalar or vector boson.
In particular, the calculations of positronium decay and the Lamb shift are carried out with spinless particles.
It is shown, however, that the introduction of photon spin presents no problem and that the Lamb shift can
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be calculated in a fully gauge-invariant manner.

I. INTRODUCTION

LTHOUGH the relativistic two-body problem has
not been solved in the sense of classical mechanics,
nor in the sense of quantum mechanics, it is often said
to have been treated satisfactorily in quantum field
theory—by means of the Bethe-Salpeter equation.! Per-
haps it has not been sufficiently emphasized that this
situation is quite paradoxical: If classical mechanics is
a limit of quantum mechanics and if quantum mechanics
is a limit of quantum field theory, then a really self-
consistent treatment of the problem in quantum field
theory would surely provide the answer on every level.
The resolution of the paradox is, quite simply, that the
Bethe-Salpeter wave function is not susceptible to a
self-consistent interpretation.

Recently a new type of relativistic quantum mechan-
ics has developed out of the frustrations of relativistic
SU(6) and exact saturations of current algebra. The
first “infinite-component field theory” was proposed by
Majorana? in 1932; the most recent surge of interest
dates back to 1966.8 The motivation sprang from the
need to describe infinite multiplets of physical states
with nondegenerate mass in a manner consistent with
gauge invariance and unitarity. Gauge invariance is
almost tantamount to locality, so it is natural that
these theories are relevant for current algebra. It was
stressed from the beginning, especially by Takabayashi,
that many infinite-component theories could be inter-
preted as composite systems. Later, it was shown that
one particular theory, initially chosen in an almost ad
hoc manner, had a detailed interpretation in terms of

* On leave of absence from Department of Physics, University
of California, Los Angeles, Calif.

1H, A. Bethe and E. E. Salpeter, Phys. Rev. 84, 1232 (1951).

2 E. Majorana, Nuovo Cimento 9, 335 (1932).
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two interacting scalar particles. This interpretation
was further developed by Fronsdal and Lundberg,’ who
showed that the complete axiomatic formulation of
ordinary nonrelativistic quantum mechanics has an
exact relativistic parallel in that particular theory.

It is the main purpose of this paper to propose an
alternative to the Bethe-Salpeter equation, with the
same @ priori justification as that equation but having
important practical and theoretical advantages. Special-
izing to the case of two scalar particles interacting
through a scalar field, we shall show that the new two-
body equation is identical to that investigated in Ref. 5,
thus demonstrating that the new wave function has a
satisfactory interpretation in the sense of relativistic
quantum mechanics. It is shown elsewhere that the
classical limit is a self-consistent formulation of the
classical relativistic two-body problem.®

To illustrate the method, we calculate the timelike
form factor of a scalar electron (one-photon decay of
positronium), the width of the ground state of posi-
tronium (two-photon decay) and the Lamb shift of
hydrogen. Particle and photon spins are neglected.

II. TWO-BODY EQUATIONS

As long as it is convenient, let the fields ¢1(x) and
¢2(x) be either Klein-Gordon or Dirac fields. The two-
particle Green’s function

G= (0| T 01022122|0) (2.1)
contains all information that is needed. The on-shell

3 C. Fronsdal, Phys. Rev. 156, 1665 (1967); Y. Nambu, #bid.
160, 1171 (1967).

4 C. Fronsdal, Phys. Rev. 171, 1810 (1968).

5 C. Fronsdal and L.-E. Lundberg, Phys. Rev. D 1, 3247 (1970).

¢ C. Fronsdal, Phys. Rev. D 3 (to be published).
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T matrix (=1—15), as well as its off-shell continuation,
is given by the reduction formula

1T=Ap Aps (G— AmlAre) AprAps ™, (2.2)

where
Api= <0‘T<Pi¢il0>, 1= 17 2 (2'3)
are the dressed one-particle Green’s functions or

Feynman propagators.
The Bethe-Salpeter equation for 7 is

= —‘u—"&"uAF1AF2T. (24)

Since the perturbation series for Arpi, Aps, and 7 are
known, that for U must be considered to be defined by
(2.4). The first two terms are

W= — To+iT1ArAp Ty, (2.5)

Uy=—171,

where Ap are the free one-particle Green’s functions
and U, is given for each # by all contributions to 7 of
order # that are two-particle irreducible, that is, all
Feynmanj graphs without two-particle intermediary
states.

Just as (2.4) defines U, so the following equation
determines the perturbation series for W:

T= —W“’iWAlAFQOT. (2.6)

Here ApiArs has been replaced by AjAps?. The “on—s.he'll
propagator” A; will be defined presently; for now it is
sufficient to specify that it contains a & function:

As(p1)=2m8(p2—m:)p(p1)- (2.7)
To the lowest orders,
Wi=—T1, Wo=—TotiTiAiArT1, (2.8)

and ‘W, is given for each » by all contributions to 7" of
order 7, except that ApmAp, is replaced by Apilpg
—AjApy in every two-particle segment.

It is clearly possible to write down an infinite set of
equations like (2.4) or (2.6), all of them correct since
the potential is in each case taken to be defined by the
equation itself.

The next step is to replace U or ‘W by the first few
terms in the perturbation series and solve the resulting
equation exactly to obtain nonperturbative approxima-
tions for 7. Any calculation that substitutes an approxi-
mation for U or W will be called a ladder approxima-
tion’; in particular, the approximations U — U; and
% — W1 will be referred to as simple ladder approxima-
tions. The basis for choosing between (2.4) and (2.6),
and for the choice of p(p1), is mainly a question of
optimizing the simple ladder approximation.

At this point it is convenient to specialize and take
particle 1 to be spinless. Let the interaction be given by

" Different ladder approximations are distinguished by the
choice of Green’s function and potential. A potential indicated by
W or W with indices implies an equation like (2.6)' or (2.12).
The meaning of W ladder, W’ ladder, etc., is then obvious.
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the interaction Lagrangian

L1= 51810144 g2@2024 , (2.9)

where 4 is a real scalar field with mass u. Particle 2
may be either a Klein-Gordon or a Dirac particle. The
Born approximation for the potential is

Ur=Wi=— T1=g1gs (p1—p1)*—p*]. (2.10)

To optimize the ladder approximation we try to
“minimize” W,. This will be done in detail in Sec. III;
the result is that we obtain important cancellations in
W2 in the static limit m;— o when we take p(p;)=1
for p10>0. In fact, it may be shown that, if p(p;)=1
for positive pig, then all the corrections W, n>2,
become practically negligible when m;— . In other
words, with this choice of p(py), the simple ladder
approximation becomes essentially exact in the static
limit.8 This is in marked contrast with the more con-
ventional ladder approximation based on the Bethe-
Salpeter equation; in order to obtain the correct static
limit, it is necessary to include an infinite number of
diagrams in U, which of course is not feasible. There is
a close relationship between the sum of all simple
ladders with W — W; in Eq. (2.6) and the sum of all
crossed ladders in the Bethe-Salpeter scheme, and the
two become identical in the limit m; — . We believe
that this represents a strong argument in favor of
supplanting (2.4) with (2.6) in studies of the two-body
problem. The limit of very large my is more important
than any other consideration because this limit is the only
case where we know what we are trying to approximate—
i is the only means available for testing the ladder
approximation.

Recently it has been shown that the relativistic
eikonal approximation can provide another area of con-
frontation of nonperturbative quantum field theory with
experiment. To the extent that this confrontation is
successful, one has another criterion with which to com-
pare the merits of the various equations. As far as the
Bethe-Salpeter equation is concerned, it fails again: The
simple ladder approximation is %ot a good approxima-
tion to the eikonal approximation. We plan to investi-
gate our new approach from this point of view ; however,
preliminary results are very encouraging. First, as may
be seen from the work of Tiktopoulos and Treiman,?
the success of the eikonal approximation depends on
precisely the same type of cancellations as are operative
in the static limit. Second, it has been shown by
Todorov! that equations very much related to ours
agree with the eikonal approximation in the high-energy
limit.

In this paper the technical advantages of the new
approach will be further demonstrated by calculating
various properties of scalar positronium, as well as the

8 Compare the results of F. Gross, Phys. Rev. 186, 1448 (1969).

® G. Tiktopoulos and S. B. Treiman, Phys. Rev. D 2, 805 (1970).
1T.T. Todorov, Trieste report, 1970 (unpublished) and Ref. 29.
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Lamb shift of scalar hydrogen. In both cases the spins
of the particles involved will be neglected, although
there is no great difficulty in taking into account the
spin of the electron and the spin of the photon. However,
first we shall emphasize the theoretical advantages of
the method.

The matrix products in (2.4) include integrations
over momenta, with volume element (27)~*d*p;. There
are no limitations on the integration variables except
for the conservation laws; therefore, the complete
off-shell 7" matrix is involved in (2.4). Similarly, the
Bethe-Salpeter wave function is defined for general
values of the two momenta, and this is the origin of the
difficulties of the interpretation. In (2.6), on the other
hand, the factor A, restricts the integration over p; to
the mass shell and it is therefore possible to restrict
both 7 and W to the mass shell p:2=m,?. Of course, it is
still necessary to take p. off shell. The wave function can
also be restricted to the domain pi?=m,? and it is this
reduction in the number of independent variables that
makes a complete quantum-mechanical and classical
interpretation possible, as will now be shown.

The factor A; in (2.6) may be combined with the
volume element (27)~*d*p:. If we introduce the con-
vention that all matrix products are to be carried out by
integration with the volume element

Ldp1]= 2m)~*d*prd(p2—mi)p(pr),  (2.11)
then (2.6) can be written
T=—W+WK;'T. (2.12)

The new symbols 7" and W are the same as 7 and W,
except that the notation for matrix products has been
changed. The quantity K, is either the Klein-Gordon
operator p*—mg? or the Dirac operator pa-y—ms. The
equation for the two-particle wave function is now
derived in the usual manner. First, in analogy with
(2.2), we define the two-particle Green’s function G by

1T=Aps  (G—Ar2)Apst. (2.13)
From (2.12) it follows immediately that
G=1(K,—W)™. (2.14)

Obviously, this is the Green’s function for the wave
equation

Ly=0, L=K,—W, (2.15)

where Y(p1,p2) is defined on the mass shell of particle 1
only, so that we are free to take!

(plz—m12)|//=0. (216)

11 The notation, like that of Ref. 5, is perhaps misleading. To be
more precise, we should introduce a function y'=238(p2—m12)y.
This is the wave function that satisfies (2.15) and (2.16), whereas
¥ is merely irrelevant off shell. Equation (2.16) for  is nevertheless
not wrong since there is no reason to assume that y is continuous
off shell. Probably the best interpretation of (2.16) is that it
simply defines p1o in terms of pi: p1o®=p12+m2

IN QUANTUM FIELD THEORY
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Equations (2.15) and (2.16) are identical with the two
equations proposed in Ref. 5, except that the latter
used the volume element

(dpr)=d*pr8(p2—m12) e(p10) (2.17)

in place of (2.11). The factor e(p;) was included in
(2.17) because it gave the computational advantage of
making (2.12) and (2.15) exactly soluble in the im-
portant special case when u, the mass of the field that
transmits the interaction, is zero. Having already
noticed that p(p1) =1 for p10>0 gives the most accurate
ladder approximation, we now adopt the choice

p(p1)=e(pr0).

The remaining discrepancy of (27)~2 only means that
the potential ¥ of Ref. 5 is related to Wy by

Wi= (2r)V.

(2.18)

(2.19)

The static limit of (2.15) was already shown? to coincide
with the Klein-Gordon or Dirac theories of a particle
in a static Yukawa field in the limit m;— . This
constitutes an independent proof of the result that
W—Wi1=0 in the limit m;— «, except that it was
necessary to establish the relation (2.19) between the
strength of 7 and the field-theoretic coupling constants
g1 and g,.

Having thus demonstrated the identity of (2.15) with
the quantum mechanics of Ref. 5, it suffices to refer to
that paper for a complete discussion of solutions and
the interpretation of the equation. In the following we
have relegated all calculations that make use of the
results of that paper to Appendix A.

A well-known disadvantage of proposing a soluble
equation is that defects cannot be overlooked. However,
theoretical defects of the ladder approximation—e.g.,
the existence of spacelike solutions of Eq. (2.15)—
are irrelevant as long as it is remembered that the
ladders give a first approximation in a scheme that
allows higher corrections to be controlled and calculated.
On the other hand, it must also be kept in mind that
every approximation has a limited domain of validity,
and the new ladder approximation must not be used in
the neighborhood of (p1+ p2)?= (m1—ms)? or below.??
The same remarks apply to the asymmetrical treatment
of the two particles; note, however, that the ladder
approximation for T is symmetrical on the mass shell

.in the case p=0.13

III. FINE STRUCTURE AND RECOIL
CORRECTIONS

In preparation for atomic-structure calculations, it is
convenient to introduce the dimensionless coupling

12 By the same token, there is no justification for applying the
Bethe-Salpeter ladder approximation in that region.
13 A proof may be found at the end of the appendix of Ref. 5.
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Fic. 1. The first two diagrams are Feynman graphs that con-
tribute to T'; and hence to —Wy'. The third diagram, in which
one of the internal lines is marked with a cross to indicate that
Ap: is replaced by 2md(p12—mi2)e(p1), is the contribution
WKy W1 to W¢'. The three terms cancel in the limit 73 — .

constants
9/ 2m=e1=Z (4na)'?,

The static limit is defined by m;— «, with ey, e5, and
my fixed. Corrections to the ladder approximation (in
our sense) will be classified according to the order in
which they contribute to the atomic energy levels.

We begin with the W-ladder approximation” to T,
being the exact solution 7' of the equation

Tr=—WHW.K: Ty,

go/2ma=eo= (4na)2. (3.1)

(3.2)

2T (33)
and carry out the necessary corrections in two stages.
Let T'1/ be the “improved ladder approximation” (or
W'-ladder approximation?) that consists of all con-
ventional ladder graphs, twisted or not, including
photon self-energy insertions. The equation for 7'’ is

Ty =—W'+W'Ks Ty, (3.4)

W 1= 4esesmums[ (g—q')2—

where W’ is given in perturbation theory by a rule that
is similar to that given above for W : It consists of all
conventional ladder graphs, twisted or not, including
photon self-energy insertions, but with ApiAp, re-
placed by Ar1Ars—A1Ar:" in every two-particle segment.
This improvement of our ladder approximation does
not yet include the main part of the Lamb shift, but
since a simple evaluation of the Lamb shift depends
crucially on being above to cope with 7/, we investigate
‘this in some detail.

First, to justify the statements made in Sec. II, we
calculate the lowest orders of W’. Let

W =Wi+Wi+---, (3.5)

where the suffix is the number of dressed photon lines.
Thus W includes W, and photon self-energy correc-
tions to Wi. For the moment let us set aside all self-
energy corrections to W’ and evaluate the remaining
contributions to Wy'. The contributing diagrams are
shown in Fig. 1, and the explicit formula is

Wz’ =4M1MQ8162/0(k)d4k(27r)_4{1:[(k —?)2—1”12—"’1:6]—1

il (k+p1—p2)2—mi+iel?

—2m3[(p—Fk)*—m*e(p—F)}, (3.6)

C. FRONSDAL AND R. W. HUFF

where

o (B) = (pr—ky— 1L (ps/— )T

X[k—mptic] L. (3.7)

To lowest order in 1/m4, we can approximate in (3.6)
as follows (for $o>0):

[(k—p)2—mi2+ie]— —2mi(ko— pao—1e€),
L4 p1— po')2—me?+-ie]— 2mi(ko— paotie),
2w3[ (p—k)*—mi*Je(p—k) — (w/m1)8(ko— p20)
= (i/2m1)[ (ko— potie) ™~ (ko— po—ie)™].

Thus we see that, because of the choice made for the
factor p(p1) [Eq. (2.18)] the three terms in (3.6) cancel
to lowest order in 1/m,, so that W,'/W; vanishes in
the static limit.1

The above calculation, which so far ignores all photon
self-energy corrections, can easily be extended to all
orders, with the result that W’=W;+ (corrections of
order 1/m,)- (photon self-energy corrections). Since
this is fairly well known,® we leave out the details and
turn instead to the problem of the vacuum-polarization
graphs. The exact expression for Wy’ is given by (3.3)
after the replacement of the bare propagator
[(¢g—¢)?—u?T" by the dressed photon propagator.
Similarly, the exact expression for W' is obtained from
(3.6) by replacing the two photon propagators in o (k)
by the dressed propagators. Since this does not alter
the convergence properties of the integral (3.6), our
approximations (3.8) remain valid and lead to the same
conclusion. That is, to lowest order in 1/mq, W’ (in-
cluding all photon self-energy corrections) is equal to
W+'. In particular, the contributions of all the diagrams
of Fig. 2 (an infinite number) are taken into account to
lowest order in 1/m; by evaluating the matrix ele-
ments of the single term of Fig. 2(a) between the exact
wave functions of the IWi-ladder approximation. This
is very useful for evaluating the Lamb shift.

Let us imagine that Eqgs. (3.2) and (3.4) have been
solved exactly,’® and let G1 and G’ be the correspond-
ing Green’s functions:

Gr=i(Ks—

To determine the remaining corrections, including the
main part of the Lamb shift, we define a new potential
W' by postulating the following equation for the exact

R

(a) ) (c)

(3.8)

Gy =i(Ky—W'—ie) . (3.9)

W1——1:E)—1,

Fi16. 2. Photon self-energy insertions.

14 Note that, as m; —, [dp]— d31;1/(21r)"’(2m1), so that the
static limit potentlals are W1/2m, and Wy'/2m

16 The exact solution of Eq. (3.2)—for vanxshmg photon mass—
was obtained in Ref. 5. The exact wave functions of the W,

ladder approximation were also given.
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T matrix:

T—Ty=—W"—iW"G/(T—T).  (3.10)

Let us expand

T—Ty=Ty"+Ty "+, (3.11)

where T,” is the amplitude corresponding to all those
Feynman diagrams from which exactly » internal
photon lines must be removed in order to obtain a
diagram that is included in 7';/. We expand W’ in
similar fashion,

W'=Wy"+Wy"+---, (3.12)

and solve “order by order”:
Wy'=-T", (3.13)
Wy '=—Ty"+iW'GL/'W,", (3.14)

and so on.

For the applications it is very important that the
improved W’-ladder approximation’ agrees with the
analyticably tractable W i-ladder approximation! to a
very high order of accuracy. The largest difference be-
tween the two ladder approximations is due to the
potentials Wy'—W, and W,'. The latter has already
been shown to go to zero like 1/m; as my— o ; in
addition it can easily be shown that (W) < (Za)® InZa
for small Za, regardless of the values of the masses.
Thus W' contributes to the Lamb shift if s, is finite,
but its effect on the wave functions may be neglected
in the evaluation of Wy"; this is true if m; is large or
Za is small, or both. The effect of W,'—W is not so
easily disposed of since this does not vanish as m; — «.
However, for small Za (W{/—Wy)« (Za)'a (see
Sec. V).16

In the approximation in which W’ is replaced by W3
it is easy to evaluate W,"”. It consists of all conventional
ladder graphs to which have been added a single
internal photon line that begins and ends on the same
particle—either particle 1 or particle 2. These diagrams
are illustrated in Fig. 3. The challenge presented by the
evaluation of the Lamb shift is to obtain a good ap-
proximation to the sum of all these diagrams. It will
now be shown that our method resolves this problem
in the same way as the usual static approximation. In
view of the applications, we shall ignore the proton
(particle 1) fluctuation diagrams.

¥ kX

Fic. 3. Typical contributions to W,".

16 The wave functions of the W, ladder approximation can be
obtained in closed form, but this is hardly useful since the evalua-
tion of the main contribution to the Lamb shift probably cannot be
carried to the same degree of accuracy.
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| § 5 §
F16. 4. Contributions to the particle-2 (electron) current.

The three graphs are interrelated in the same way as those of
Fig. 1 and cancel as m; — .

Consider the first two graphs of Fig. 4. These are not
the only diagrams of this order, but the following
argument goes through in the same way for all. These
two graphs differ from the first two graphs of Fig. 1 by
having an external photon attached to the internal
electron line. We now argue in the same way as before,
making the approximations (3.8) for the proton
propagator, that the sum of the first two graphs of
Fig. 4 is equal to the third graph to lowest order in
1/my. Clearly this argument applies to graphs of all
orders and allows the conclusion that, to lowest order
in 1/m,, the insertion of an external photon line with
momentum £, is accomplished by the same rule as for
a free electron:

GL(p) = iGL(p)g:GL(p—k). (3.15)

Next, consider the effect of inserting a virtual photon
line, emitted and absorbed by the electron. Obviously
the rule, to lowest order in 1/m;y, is

d*k
Gulp) — —iga?(2m) " / —GLPGp—BGp). (10

Thus, to lowest order in 1/m;,

sk
Wy = go2(2m)* / —I;GL(p—k). (3.17)

Besides the case of large m;, there is another circum-
stance in which (3.17) is a good approximation, namely,
when Za is-small, in which case the relative error is of
order Za. The main part of the Lamb shift is the ex-
pectation value of this quantity between the wave func-
tions of the Wi-ladder approximation. The calculation
is carried out in Sec. V.

It may be useful to comment on the extension of the
rule (3.15) to the case of the full gauge-invariant treat-
ment of the photon. The position coordinate that is
conjugate to the total momentum p is «,.5 Hence (3.15)
means that the photon couples locally to the electron.
Minimal coupling in the sense p, — p,—eA4 , thus means
minimal coupling to the electron. The rule (3.15) is
replaced by

GL(p) = iGL(p)exlu(p, p—R)GL(p—Fk), (3.18)

where®
Iﬂ(?rﬁl)= (P+p,_ZQ)u (3.19)

is the canonical conserved current operator. The fact
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Fic. 5. Graph of the potentials
War and Wee that are responsible
for one- and two-photon decay of
positronium.

that I, is exactly conserved means that the evaluation
of the Lamb shift for the case of vector photons can be
carried through in explicitly gauge-invariant fashion.

IV. DECAY OF POSITRONIUM

To order g? the 7" matrix is just the Born approxima-
tion 7'y=—W 1. The potential W, was given by (2.10),

- except that we now introduce an additional term
representing the annihilation of particles 1 and 2 into a
scalar photon. For future convenience the masses will
not be taken equal until the end. The new term in' W is

W ar= g2 (2 —p2+-ie) 1. (4.1)

This potential has constant matrix elements in ¢ space
and is a relativistic version of the ordinary three-
dimensional §-function potential. In first-order perturba-
tion theory it is sufficient to evaluate the expectation

value:

(W)= / [ We* (02— (Wt a (42)

Here p=pi1+p2, g=p1, and physical normalization is
implied :

- / [ (D2 po—aba).  (43)

The internal coordinate g, is written as a suffix, as in
Ref. 5. Equation (4.2) may be written

(W ar)=A1(p2—p2+ie) 4,4, (4.4)
with

di=g / Ldgh(), (4.59)

Ai=g / [dgWe (0)2(po—a0).  (4.5b)

The amplitude 4 describes the coupling of the bound
state Y,(p) to a state of one off-shell photon, and 4, is
the (physical) adjoint of 4.

" The numerical value of 4, is obtained in Appendix A
for the case u=0. The result, for a bound state with
quantum numbers #, /, and m, is

(4.6a)
(4.6b)

A= gh2 13022 =313 12(p2— g2 g 21125,
A= pot(pt—miHmo?)A .

The kinematical factor in A, is obtained trivially from
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the wave equation when the effect of binding is
neglected. These formulas are valid on shell, with

pr=mP+mP+[dmPm2— (g%/8wn)? ] 2. (4.7)
The decay from a scattering state, which is just the

electron form factor in the timelike region, is also cal-
culated in Appendix A:

A1= (2m)~%gT (1—»)(2|q| /r72)".

Here 74 is an arbitrary function of ? with dimension
of mass that enters through the treatment of the
infrared divergence, v is the principal quantum number
for the scattering state,

v=1(¢*/8m)[ (p*—m) (p*—m?) I,

and q is the c.m. momentum, and m,=mims,.
For future reference let us note that Egs. (4.1),
(4.4), and (4.6) give, to lowest order in g,

<E>= 6log62—131r—4n—-3po~4(P2_m12+m22)/ .
' (P—mi*—ms?),

(4.8)
(4.9)

(4.10)

where E is the operator whose matrix elements E,, in
momentum space are all equal to unity.

For two-photon decay the relevant potential is that
illustrated by Fig. 5 (we now take mi=mo=m):

Wz =igh / Akd*¥ (2r)~45(p—k—Fk')

X{(k—tie) (B —ptti9[(g— k) —mi-tic]
X[(¢ —E)2—m24ic])1.

Following the procedure of Tavkhelidze,” we evaluate
the expectation value of the imaginary part, setting
u=0,

(ImW g9y = — 2724 / dN%{(g-R)" g k)Y, (4.12)

(4.11)

We exploit the fact that the factor (g-k)~! can be
written®

(g-k)~"=lim m(k*)~120' (g k)2

=lim 7(B) T Y1), (413)

where y,(k,1) is the off-shell ground-state wave function
with total momentum k. Thus

(ImW 4) = —2-7g¢ / dUA (k) As(R), (4.14)
with
Ao (k)=1im (&)~1/%1 (&, )¢ (p) (2m)~2, (4.15a)
Ay(R)=1im (k)% (p)2(po—qol (k,1) (2) 3,  (4.15b)

17 See the lecturesfgiven by A. N. Tavkhelidze at the Tata In-
stitute, Bombay, 1963 (unpublished).
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which shows that the two-photon state is represented by
the ground-state wave function (off shell) in the limit
k*— 0. Consider now the decay of the ground state,
¥(p)=¥(p,1); then Y'(k,1)¢(p,1) is the (off-shell)
scalar form factor of the ground state,

Yk, DY (p,1)=2[142m k- p/ (k)" 2P
X[2po(p*—2m?)/ (2m)*PT2,  (4.16)

where P=[(p>*—m_2)(m,2— p?) ]2, We insert this into
(4.15a) and use momentum conservation, 2k-p=p?
to get

Aa=g8/2Pmomps 2 (p— 22 e, (4.17)

To lowest order in g, we may replace the factor 2(po— go)
in (4.15b) by 2m, to get Ay=2mA,, and p by 2m in
(4.17). This gives

(ImW 40)=g'0/ 227 5m3 . (4.18)

To determine the shift of an energy level in terms of
the perturbing potential is not quite so simple as in
the Schrodinger theory, but for the case u=0 the exact
formula is (see Appendix A)

AE= (1/2E){ImW o5) (p*+m2—ms2)/

(pP—miP—my?). (4.19)

Thus, when mi;=my=m, and to lowest order in g,
we get
I'=|AE| =1m(g?/16wm?)’ (4.20)

for the width of the ground state of scalar positronium.
Except for the special group-theoretical techniques
that distinguish our evaluation of the expectation value,
the method used is closely related to that of
Tavkhelidze.!”

V. LAMB SHIFT

We wish to calculate the Lamb shift to lowest order
in @ and Ze without making an expansion in the mass
ratio ms/my. To this order in o there are two types of
contributions: vacuum-polarization diagrams contain-
ing a single electron bubble (such as in Fig. 2) which are
part of W’, and fluctuation diagrams in which a
photon line is attached at both ends to an electron line
(as illustrated in Fig. 3, for example) and which are part
of Wy"”. As discussed in Sec. III, we may approximate
W' by Wy alone for small Za, which here means ignoring
all vacuum-polarization diagrams except that of Fig.
2(a). This approximation introduces an error of order
a(Za)’In(Za) in the Lamb shift, coming from the
single-bubble self-energy corrections of W,'. For the
fluctuation diagrams we will use Eq. (3.17). This
approximation again introduces an error of order a(Za)®
X1InZa, i.e., a relative error of order Za. In addition, we
will not consider further the vacuum-polarization con-
tribution due to nuclear pair creation, or the fluctuation
contribution due to photon emission and reabsorption
by the nucleus, since these may be easily obtained from
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the corresponding electron contributions upon multipli-
cation by Z2 and interchange of the two masses. Then,
by using Eq. (1.14) we find that the Lamb shift is
given, within a relative error of order (Za)?, by

AE= (1/2my)(Wyo+W;)=AFp,+AE;, (5.1)

where Wy, and W; are the (electron) vacuum-polariza-
tion and fluctuation contributions from W, and W,”,
respectively.

The Feynman diagram for vacuum polarization gives

W(gd) =iggLa—a)"T f (2

X (82— my-tie) [ (g—g —k) —mat-+ie]

minus mass and wave-function renormalization terms.
The evaluation of the integral is straightforward and an
expansion in (¢g—¢’)?/m? yields the convenient form!®

Wen(9,9") = — (4Za’m1/15my)
X[+ (g— ¢/ Tm?+---].

The wave functions fall off sufficiently rapidly for large
momenta that we may neglect all but the first term
in Eq. (5.3) with a relative error of order (Za)% Thus
we write

(5.2)

(5.3

Weop=— (4Za?m1/15ms)E, (5.4)
where E is the operator introduced in Eq. (4.10), with
(E)=mi*m3(Za)*d1 o/ 20nPm. 3 (5.5)

for the present case to relative order (Za)2. Inserting
these results into Eq. (5.1), we obtain

a(Za)mefmi\®
L
15an? \my

(5.6)
The fluctuation diagram gives the operator
Wy=g? [ dk(2n)~4(k2+ie)"'GL(p—Ek).  (5.7)

In the Green’s function Gr(p)=1[L(p)+iec]! and the
Lagrangian operator L(p)=Ks—Wi= (p—q)*—ms?
— W, we explicitly indicate the dependence upon the
total momentum p of the atom. For the preliminary
treatment of Eq. (5.7), we apply the methods of Erick-
son and Yennie.” Since L(p—k)=L(p)+k*—2k(p—q)
for the present p-independent W, we combine the
denominators by use of the familiar Feynman integra-
tion trick

1
W;=iam221r‘3f dzjd4k D1—2, (58) :
0

18 J. D. Bjorken and S. Drell, Relativistic Quantum M echanics
(McGraw-Hill, New York, 1965), pp. 153-158.

19 G. W. Erickson and D. R. Yennie, Ann. Phys. (N. Y.) 35,
271 (1965).
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where po=p—q and
Dy1= (k—zp2)?—22mo~+2(1—2)L(p)—22W1+1ie. (5.9a)
For later convenience we also define
Do=k>—22m?~+2(1—2)L(p)—2*W1+ie, (5.9b)
Dy=k*—22m2+2z(1—2)L(p)+1e, (5.9¢)
Dogo=Fk*—z*m?+ie (5.9d)
and, with a notation consistent with Dy and D,,
D= (k—M\zps)*—2>ms?
+2(1—2)L(p)—22W1+ie. (5.9¢)

We treat the k-integration shift, by which D; and D,
differ, by writing

1 1 1 91 1
—_——— =f d)\————E/ 2\a\ I,  (5.10)
D,* D¢y 0 O\ D)2 )
1111 oD\ 1
et 2
2\ D, D)‘ O\ dy Dy
1[1 O thzp) | —. (5.1
=—'——',ZP2)\_ —sz:l—"‘. .
D\LD, . Dy

But since

i) < 1 1 ) 1 [ 0 )
f— = — —(Br—\gpo*
ak y2) "D)‘ Dy P%D 172

+(kE—Nzpo¥) 2 ]2
L — 1) P— S
P sz“ D,

is a perfect derivative and integrates to zero under
Jd*%, this may be used to rewrite I, as a double

commutator
22 I: 1 1
b=l ]I,
2u D)‘ 71) 2 D)\

zﬁ[ 1 l: 171 (5.12)
q* D)\:I—:I—' . 12
D qu)\ ) D,
This same method may be reapplied to write
Aod
I)‘=Io+/ dn—I,, (5.13)
0 9n

but since the integral can be shown to give no contribu-
tions to AE of order lower than (Za)? relative to those
from I,, we will use Iy— I, in Eq. (5.10). Next we
expand in W; and note that Dgy=Dgp when acting
upon a wave function, to obtain®

Iy=3* {‘IM [(Wi,q*]

000 L/00

_[Wl;q":] gu} + AN (514)
000 00

20 We will use the notation == to denote the equivalence of two
expressions when they act upon a wave function.
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The terms beyond the first may be shown to be of order
(Za)? relative to the first and will be dropped. Similarly,
an expansion in Wy may be carried out for D¢™2, which
then reduces to

1 1 232
—_— + VVI
D¢ Doo®  Dooo®

1
+Z4W1< +
'DOOZDOOO2

)W1+- . (5.15)

l)l‘N)DOOO3

The first term on the right-hand side is removed by mass
renormalization and the second by wave function and
vertex renormalizations. Terms beyond the third will
be dropped and Dy replaced by Dogo in the third term,
since the relative error in doing so may be shown to be
of order (Za)2.

The fdz S d* integrations are now seen to occur in
only two forms:

1
J1'=—31:7r—2f dZ/d4k 224Dm)()'—4
0

1 rt 1
=—- / dz 34(z%ma?) 2= — (5.16)
2 0 27”24
and
1
Jo=in—2 / dz / % z*Doog 2D !
0
1 0
=— / dz / k2dk23 (k2 4-22me?) 3
0 0
X[k2+22me2—z(1—2z)L(p) —ie]t. (5.17)
Changing the integration variable from %% to
y= (k2+2*ms?) /3(1—2)ms? (5.18)
and defining
L=ym?— L(p)—1e, (5.19)
we obtain
yz(l —z) —z*
Jom— — / & /
2/ (1—2) ¥3(1 —Z)3£
1 = v+ yz(1—z)—35?
L e b
ma® J g 0 vy (1—2)’L
O (C))
=— / dy —, (5.20)
61’ﬂ22 0 £
where
@) =3y"y*+2y—2(1+y) In(1+y)]. (5.21)

From Egs. (5.8) and (5.10), we see that W, may be
written

Wi=Wpn+W;e, (5.22)
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where Wy and Wy, come from the Dg2 term and the Iy
term, respectively, in Eq. (5.10). Combining Eq. (5.16)
with the surviving third term in Eq. (5.15), we obtain

Wan=amdn\W1J W, (5.23)
=— (a/2rm2)WWi.
From Egs. (5.20) and (5.14), we obtain
1 1
W,2=ia7n221r“3/ /d“kf an 2)\[)‘
0 0
=amy'n{qat [ Wrg* 14094, W1l 2qa}. (5.24)

In Eq. (5.24) we have extended the index summation
range fromu=0,1,2,3to 4=0, 1, 2, 3,4 by defining the
(c-number) operator gs= — ¢*=m; because the resulting
relation ¢4g4=0 simplifies the further development
of ng. Then

¢ d 1 W A AW i }
Wf2=—ar'ff(y) 3’1%;[ 1,941+ g4, 1]£QA

=~ 2 [sosorcteqtirn et o]

—— g"; / f(y)dy{ZQAqA—[%éqA"’el}

am22 00 1 B
= -— / yf()dy ga—q*,
31r 0 L

since £==ym,? when acting upon a wave function.

It is worthwhile to digress at this point to compare the
static limit of Eq. (5.25) with the conventional evalua-
tion of the Lamb shift. As m;— «, go=~mi1—q2/2m;,
so that the 4=0 and 4 =4 terms almost cancel each
other. The limit of L(p) is 2mq(E—H). Thus upon
multiplication by 1/2m. [cf. Eq. (5.1)], we obtain the
limit

1 a

12k
[ G
ZMz 37I'M22 0 ma

—Wy— —

kl
><q-<———— —1>qdk'. (5.26)
k' —E+H
The second term in the parentheses is what remains from
the near cancellation of the 4=0 and 4 =4 terms of
Eq. (5.25) and the new integration variable is &’'=%yms.
Except for a factor of 3 (due to the distinction between
vector and scalar photons), the only difference between
this expression and the conventional expression? is the
appearance of the factor f(2k’/m,) defined by Eq.

(5.21), provided that the integration variable &’ is .

identified with the photon energy in the nonrelativistic

u R, W. Huff, Phys. Rev. 186, 1367 (1969).

(5.25)
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calculation. The expansion of f(2k'/ms;) around
E'=0is
fQE [me)=1—F/mo+- - - (5.27)

Therefore, for photon energies that are small compared
with m,, the usual result is obtained. For large #’, the
conventional expression diverges and it is necessary
to devise an elaborate procedure to obtain a finite
value?: The integration in Eq. (5.26) is cut off at a
value A that is large compared to the binding energy
but small compared to m,. This gives an energy shift
E that depends logarithmically upon A.. For photon
energies larger than ), one ignores the effect of binding
and evaluates an energy shift 5 by standard field-
theoretic perturbation theory. Here one encounters an
infrared divergence and the integral over the virtual
photon mass is cut off below A.. Thus Es also depends
logarithmically on A, while this dependence is canceled
out in Es-+E.. This procedure is not only complicated
and unaesthetic, it also requires careful justification,
since ). is a photon energy in E< and a photon mass in
Es. Our result, Eq. (5.26), on the other hand, is based on
relativistic kinematics from the start. The Green’s
function 4/L(p) reduces to 4/2my(E—H) in the non-
relativistic limit and to ¢(ps>—m,?)~" in the high-energy
limit, where the potential is of less importance. Hence
Eq. (5.26) interpolates between the two limiting
approximations used to calculate F< and F>, and since

fQ2k" /mo)=~3mz/2k" for k">m,, (5.28)

the integral is convergent for high as well as low values
of &'.

We proceed with the evaluation of Eq. (5.25) by
separating f(y) into two parts:

(5.29)

FO)=1+¢(),
and using the identity
yms® L(p)
QA[ ]q“ = qA[ :|q‘1 (5.30)
£ £
in the part of Wy, which involves g(y)%:
a ¥ ymy? L(p)
Wie=lim — / dy qu: +g(y) :|q~4. (5.31)
Y- 3r /o L L

Inserting the relations*
Wi=— 2(Za)m1m21‘4‘1 R
and (W;)= (n,L|T4W;|n,L) into Egs. (5.23) and (5.31),

ga=mI'i Ty,

22 This criticism does not apply to the treatment of Ref. 19,

23 The special treatment of the integration limit is necessary
because the integrals resulting from the two parts of f(y) are not
separately convergent.

24 These T'4 are the familiar SO(4,2) generators which are dis-
cussed more fully in Refs. 3 and 21. Note that we are using a
different expectation value from that of Eq. (4.2). Both are valid
for the discrete states and we have chosen the most convenient
form for the present context.
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we obtain

1 a(Za)?my?
AEfl_—_- T<Wfl> = — <’}’Iz,Ll P[‘l [ ’}’L,L) ’ (532)

Y (2] T2

1
AEs= —(W ;)
ZM2

am12

=lim
Y% Grme

Y
/ dy (n,L| T a[yma+g(y)T L]

1
X —T4|n,L), - (5.33)
£I
where
&' =ymT4—L, (5.34)
Z= L (P) = —PAI‘A+2(Za)M1M2 s (535)

and P4 is given by Eq. (Al). The states |#,L), labeled
by the principal quantum number and angular mo-
mentum, have the form?

,n:L>= NR I n’yL» ’
where the [n,L)) are the orthonormal eigenvectors of
Ty and angular momentum and the 97 is a normaliza-
tion factor determined by (n,L|T's|n,L)=1.2¢ Ris the
S0(4,2) rotation which (for bound states) diagonalizes
L and is here most conveniently written in the form
R=R" R, where

R'[pT,IR" = (p)V°T,
R'[2mi(p?)'T o— (p*+me2—m)T4JR' = pTo,
with
P=(PAP4) 2= (p*~m.2) (m*—p?) ]2

(5.36)

(5.37a)
(5.37b)

=2(Za)mms/n. (5.38)

Thus
RLR= —[2(Za)myms/n](To—n), (5.39a)
RTuR=[n(p®)"2/ms(Za) J(To+Ts— L), (5.39b)

where

Z(Za)ZM1ﬂZ22
R L2 () p =]
Z 2, 2
e )
2n2m. 2

From Eq. (5.39b) and the fact that the diagonal matrix
elements of I'y in the |%,L)) basis vanish, the normaliza-
tion factor is found to be

IN2= (Za)ms/n*(p*) 22 (Za)mo/mPm...  (5.41)
With these results, Egs. (5.32) and (5.33) become, to

2 The notation for the states and eigenvectors follows that of
Ref. 21, in which a more complete discussion may be found.
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relative order (Za)?,

a(Za)‘mz miy 2
AEf1= - ——————‘(’—) M1 y
wnd MMy

(5.42)

AE f2= hm

Y >0

W(ﬁ)s(][[ﬁ- My, (5.43)

3
3mn o

where
My={(n,L|[To+Ts—el'c]|n,L)), (5.44a)
1 Y
My=—— dy{{n,L|T
’ 2n2/o e
1
X (To—n) T4|n,L)), (5.44b)
As(e)
M ! / ’ dy{{n,L| ! 4\ n,L
= , 11 P‘ ,
’ 4603’3’” AAge) mL))
1 ,Y/8
=- / ydy{{n,L|T4——T4|n,L)) (5.44c)
4 0 1€
B=(Za)my/ (p*)'*=(Za)*ms/m.., (5.45)
and
Aﬁ(e)Ey(Po+P4— eI‘o)+2,8(I‘o—n)/n2, (546)

with Eq. (5.46) including A;(€) as a special case.?® Note
that all Za dependences are now explicit, with none
being hidden within wave functions. This is the principal
advantage gained in actually carrying out the rota-
tion R.

Let M, be the value of M; when we set B=¢=0
within the matrix elements (but not in the integration
limit in M3) and write

M =M o+oM;. (5.47)

We will drop the 6M; terms, since they are clearly of
higher order in Za. However, unlike our previous
approximations made in evaluating Eq. (5.7), which
gave relative errors of order (Za)? this neglect of the
dM; may introduce relative errors of order as low as
Za. For example,

5M1= 6(<n,Ll (F0+P4)_1F0(P0+I‘4— el‘o) ‘M«,L)) . (548)

Although 6M1— 0 as e— 0, €M does not exist in
the limit e — 0 for L=0.
We apply Eq. (C6) of Ref. 21 to obtain

Mo= ((n,L I (I‘0+I‘4)"1 [ n,L)) =2 (2L+ 1>_1 .

The evaluation of the remaining matrices needed for
My and M3 is carried out in Appendix B. With

(5.49)

26 The two expressions for M; are related by the change of
integration variable y — By.
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Egs. (B6a) and (B7), we find

I (C))
M20=——/ dy —((n,L|T4
2%2 0 y P0+I‘4
X(To—n) I'4{n,L))
0 4
Y
g()
=/ dy -‘—3[,,0
0 y

=@ —InY)éL,0. (5.50)

Equation (B10) may now be used to express M3 in
terms of the familiar Bethe logarithm v (n,L):

M3o=061,0In(Y/8)—v(n,L).

When these results are inserted into Egs. (5.42) and
(5.43), and Eq. (5.6) is included, we obtain the complete
Lamb shift to lowest order in « and (Za),

20[(20[)47”2 my 3 my .
T i
3and  \m, (Za)my

""Y(an) -

My
—————}, (5.52)
(2L+1)M1
where the term —+% is the vacuum-polarization con-
tribution. Although terms of higher order in Za have
been neglected, this result gives the exact mass de-
pendence of (Za)* term. We have nowhere assumed
me<<my. This also agrees with the mass dependence of
the Lamb shift for real hydrogen,” but with the
magnetic moment term replacing the last term of
Eq. (5.52).
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APPENDIX A: EVALUATION OF EXPECTATION
VALUES FOR POSITRONIUM DECAY
Evaluation of (4.5)

Let Q, P, and X be the “five-vectors”30

pa={2mipu,p*+mi—ms},
Na=pa/p

with P= (P?)V2 and let ¥ ,(p,nlm) denote the off-shell

wave function for a discrete state. In the limit p, — 0,

limil'a (p,1) =lim (\D)y (p,1) =limy (p,1)
=mmr im(\Q) 2= — (mar)~'. (A2)

Qa={gu,m}, (A1)

Thus, with neglect of a phase

] 0(Q) Valpsim) =mym lim f 4(Q) Yo (o, ) Tabalpsnim)

Now, with physical normalization for ¢ (p,nlm),
Y DY (pynim)
= —2n12{(— 1= \)~"[1— (\\/)2Ji(»—D}
X[2npo(p2—mi—ms?)/ (2w PT 61, (A4)

The limit of the curly brackets as p,” — 0, with neglect
of a phase, is P/2myp. Thus, finally
A= (21r)‘3gm11r(2n1/2P/2m1p0)

X[2npo(p*—miP—my*)/ (2w)*PT %81, (AS)
which reduces to (4.6a) on the mass shell P=g2/8xn.
When ¢,(p) is a continuum state, we have instead

Ar=g(2m) " myr limy* (p", 1)L (p) ¥ (0,).  (A6)

The matrix element is the amplitude for photodis-
sociation from the ground state. Using the method that
was used in Ref. 5 to obtain the Coulomb and brems-
strahlung amplitudes, we easily obtain

V(DLW (R,0) =y » (=) lim Ty (#',1)

XY (pplm)¥ (pplm)"Y(p,a). (A7)
In the limit p’ — 0 we have, as above,
Y W (p,vim) — V2P (mp)5100mo.  (A8)

Also,

¥ (£,,00)% (p,9)
=2y ariy O ()44 AV gV, (A9)
= (2/v)2(v/iv) |V |71 00NV,
where # is an arbitrary normalizer with the dimension
of mass that comes in through the infrared divergence,

30 This appendix relies heavily upon the results of Ref. 5.



944

Va="1Q4, and, in the c.m. system,

|V |17 00(\, V) =7—12-12| V| L sinve/sing
=122 g | ).

Combining (A6)-(A10), we obtain Eq. (4.8).

The relationship between the energy shift and the
expectation value of a potential in first order of per-
turbation is found as follows. Replace the perturbative
potential by its expectation value (W’) in the wave
equation:

L(p—)*—mat—W1— (W) }=0. (A1)
This is solvable exactly if the mass p of the meson ex-

change potential W, vanishes; for a state with principal
quantum number #,

(A10)

dmyp*— (P*+mlP—m2— (W')):=const. (A12)
Thus, in the c.m. system,
OFE
AB=——| (W)
(W'Y wr—o
W'y p2+mt—ms?
_ (W) p 1 2 . (A13)

2p j)z——mlz—mzz

APPENDIX B: EVALUATION OF SPECIAL
MATRICES FOR LAMB SHIFT

We wish to evaluate matrices of the form
ML f(To) J=Ta(To+Ts)2f(To) (To+T) 4, (B1)

where f(») is any function which is well defined for the
positive integers. Since the ratio of any two I'y com-
mutes with any other such ratio,
MLf(To) J=To(To+T4)™

X I 2f(To) J(To+T4)"'To, (B2)
where

SRLf(To) J=T4f(To)T4. (B3)
Equation (A17) of Ref. 21 may be rewritten to give

ML (To) ]=T0o?f(To) —% E (To£1)2f(To1)

=—3A[T¢*f(To)] (B4)
in terms of the second-difference operator A. In applying
Eq. (B4), however, it must be remembered that the
term (T'o—1)2f(Ty—1) is not present when applied to
the eigenvector |1,0)). This is obvious, since the value
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n=0 is not contained in the spectrum of I'y. The
coefficient (T'y—1)? of f(T'o—1) usually ensures that
this restriction is satisfied automatically, but for func-
tions for which lim,. [#2f(%)]70 special attention is
needed. Thus, although the second difference operator

applied to any linear function yields zero, we obtain

E)'Tl[l’o_1]=0 ) f)Tl[:Fo_z:]—’: lal,r'o; (Bs)

where the operator Kronecker § is just the projection
operator for the state |1,0)). For [ f(I'g)] these two
special cases become

T4 (P0+P4)“11‘0(I‘0+ P4)_1FA =0 (B6a,)
and
T4 (P0+P4)—2I‘A =l1‘0(1‘0+1‘4)—1] 1,0»
X {{1,0] To+T4)Ty. (B6b)

Applying Eq. (C6) of Ref. 21, and noting that T'y+T,
is diagonal in L, we obtain the matrix elements

(<’}'I/,L’ I T4 (P0+P4)—'2PA IM,L>>= 2(%%’)1/231,,05[,',0. (B7)
A comparison with Eq. (C15) of Ref. 21 shows that

T4(To+T4) T4 is a representation of the coordinate-
space §-function operator.

The familiar Bethe logarithm may be expressed in a
more convenient form for our purposes by combining
Eqgs. (2.8), (2.9), (2.11), (2.13), and (2.17) of Ref. 21
and Eq. (B4) above:

ok

A
v(n,L) =lim [aL,.,lnx— / dk
A—>00 0 8

X ((n,L| R-1T's rARln,L»], (B8)
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where v2=F£+4n2, and R is an SO(4,2) rotation oper-
ator satisfying

1/m v 1/m v
R-TR= -<" + —>Fo+ —<" - —)F«x
2\r = 2\r =
=3nvA1(0)+».

Carrying out this rotation in Eq. (B8), we obtain

(B9)

A
y(n,L)=lim [61,,0 In\— - f kdk
A-=>00 4 0

- X ((nyLI T4
A

1

! T4 B10
5 ln»]. (B10)



