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A model is presented which extends the Glauber-theory description of meson scattering from deuterons
to regions in which the meson-nucleon cross section varies rapidly or resonates. A Watson form of multiple-
scattering theory is employed to derive a model which includes effects caused by the nucleons' Fermi mo-
menta, nonforward intermediate scattering, and oG-energy-shell scattering. It is concluded, af ter a numerical
analysis, that the Glauher theory itself could generate the large oscillations in (r~ls reported jn the analysis
of w+d data around 1 GeV/c and could introduce small peaks into the deduced I=0 channel of the E+n
cross section. Nevertheless, conclusions drawn by following the usual folding procedures are not altered
significantly by this model, for the E+d data of Cool et al.

I. INTRODUCTION

ISTORI CALLY scRt tc1111g from dcu tel ons hRs
~ - - - been studied both as an investigation of nature' s
only strongly bound two-body state and as a substitute
for scattering from neutrons. Since the deuteron is
loosely bound with a large neutron-proton separation,
the total deuteron scattering can be represented at high
energies —with an error of less than 10'P~—as the sum
of free ncutI'on Rnd pI'oton scattering. For this I'cRson,

any improvements of the existing detailed description
of the scattering process or of the procedure for deducing
precise neutron cross sections from those of deuterons
and protons must necessarily involve the calculation
of relatively small correction terms and the accurate
measurement of total cross sections.

Usually the Glauber multiple-scattering theory' is
employed to describe scattering from deuterons. The
simplest form for the meson-deuteron total cross section
ln tcrIQS of pIoton Rnd ncutIOQ CI'oss scctlons ls

o "=o &+o"—(1/4rr) (r-')ao&o" .

This paper describes an attempt to examine and
extend speci6.c aspects of this theory which may be of
importance in the calculation of meson-deuteron total
cross sections in the meson-nucleon resonant region. ' ~

The motivation for this study was provided by two
lntcI'cstlng RQd lInportRnt cQccts, deduced floni E+d
Rnd %+8 totRl cross scctloI1S, which call into question
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the validity of the present theory of meson-deuteron
scattering. In the analysis of their sr' and sr"d data,
Carter et ol.s solved the appropriate form of Eq. (1) for
the parameter (r ')a. All other quantities are known if
charge independence is assumed. In disagreement with
the customarily employed Glauber picture, which
predicts this parameter to be constant, Carter et a$. 's
deter mlnatlon of (r )a Rs R fullctloll of II10IIlelltlllll
oscillated considerably (at one point becoming nega-
'tlvc) wltll stluc till'c vcly slIllllal' to fl1C IllcRsul'cd
resonant structure in the rc+P total cross sections.

Ill Rll experiment by Cool ct al. ) a I% peak 111

o"(E p)) w'llosC 111'tCrplCtRfloll ls ullcCltRln» ' Rlld Rll

8'P peak in o~"'(IC+d) were measured at 1-GeV/c
kaon lab momentum. When (r '}a was assumed con-
stant, these peaks mere amplified by the scattering
model and by the unfolding of Fermi motion into a
resonancelike 25 jo peak. in the deduced I=O part of
thc E+I CIoss scctlon —thc Z' pRItlclc OI resonance.
There is reluctance, however, to accept the Zo as a
resonance both because it would be an exotic, five-quark
state, ' and also because the reliability of the deuteron
scattering Inodel has been questioned, especially in the
resonance region. ' ' '

A source of error in the Glauber model which may
cause some of these results is its treatment of the CRects
of the momentum of each nucleon within the deuteron,
thc Fermi momentum& upon thc c.lTl. cncI'gy dcpcndcncc
of the scattering amplitudes. This seemingly small

( 40!McV/c) momentum is quite important, however,
as it causes a spread in the CAective beam momentum
which is often comparable to the range over which
meson-nucleon cross sections vary rapidly. In this
1cgRI d» Fhldt Rnd El lcson hRvc cxRQ11Qcd the vl +d
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and m-+p total cross-section data and have calculated
more carefully the effects of Fermi motion in the pre-
dominant, and rather model-independent, single-
scattering terms. Included in the folding procedure
were both 5- and D-wave parts to the deuteron wave
function and certain kinematical factors. In their
calculation of double-scattering terms, however, Faldt
and Ericson employed the usual Glauber theory, which
does not take into account the effects of Fermi motion
on the energy dependence of the amplitudes, or of
nonforward scattering. They obtained results which
indicate that the oscillations of (r ')d do seem to be
decreased in amplitude somewhat but are still present.
In a more recent work. by Alberi and Bertocchi, " the
importance of including Fermi motion in the calculation
of double scattering is discussed, but not evaluated.

A further source of error in Glauber theory, when the
meson-nucleon amplitude resonates, arises from the
use of the eikonal approximation and the assumption
of forward scattering. While both assumptions require
that many partial waves add together coherently to
cause scattering, in the resonant region only a small
number of waves will dominate and scattering will not
be restricted solely to the forward direction. Conse-
quently, , a multi-partial-wave theory may be in-
applicable, especially for multiple scattering where two
particles resonating back and forth with each other
could be the dominant contribution.

We will now develop a model in which the calculation
of double-scattering terms includes both the possibility
of a more general angular variation of the scattering
amplitudes and some of the effects of Fermi motion,
for the case where the total amplitude can be separated
into resonant and diffractive parts. This model indicates
that for some realistic phenomena Glauber theory may
be so inaccurate as to be misleading. In the analysis
of E+d data around 1 GeV/c, however, conclusions
drawn by following the experimentalists' folding pro-
cedure'" are not altered significantly by our model.
We believe this to be the first quantitative calculation
of these effects in the literature.

II. DEVELOPMENT OF MODEL

Our model for the description of meson-deuteron
scattering is derived from formal multiple-scattering
(MS) theory. "In this theory the operator for scattering
from a deuteron T" can be expanded as a MS series in

the scattering operators for bound neutrons and
protons ~" and c& and in the propagator 6 for the
entire system:
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T"=~'+~"+~"G~"+~"G~"+~"G~"G~"

+~"G~&G~"+ . (2)

Because our concern is with high-energy scattering
from a weakly bound system, we will assume that the
scattering amplitude for bound and free nucleons are
equal (the impulse approximation) and that the recoil
and binding of the nucleons do not contribute signifi-
cantly to the propagator but may be significant in the
energy dependence of the amplitude. Furthermore,
since we will employ the optical theorem to calculate
the total cross section, only forward scattering need
be considered, and therefore we will assume that spin
effects and inelastic intermediate states are not signifi-
cant. The importance of these approximations with
relevant references is discussed in the recent review by
Glauber. '4

We also assume that triple and higher orders of
multiple scattering do not contribute; only at low
energies or for large-angle scattering are the contri-
butions from these terms significant. '" As shown by
the small size of the measured MS contribution, ' ' of
order 10%, and the smallness of the calculated double-
scattering contribution, for energies in the resonant
region the MS expansion of the forward amplitude is
rapidly convergent and consequently can be approxi-
mated by just the single- and double-scattering terms.

With the above assumptions, the MS expansion of
the T matrix element for forward scattering of mesons
of 3-momentum p from stationary deuterons can be
written as

T (Pd ——O, P,~ ——p~Pg ——O, P&I=p)

«q p*(q)I'"(-q, p -q, p)v(q)

+ "qr«q~t (q~ —2q2)

&&I'"(—qr —lq, p —qr+kq, p —q )r.(p —q2)

XT'"(qi+-', q2 p q2~ ql 2q2 p) q(qi+kq2)

+(terms with p ~ n) . (3)

Here T", T&, and T" are the T-matrix elements for
meson scattering from free d's, p's, and e's,

g (lr) = [(p +m~&) l2 ($2+~ 2)1/aye~]

is the propagator for free relativistic mesons of mass
m~ and 3-momentum lr, and y(q) is the deuteron wave
function for relative proton-neutron 3-momentum q.
This equation is represented schematically in Fig. 1,
where the double line represents a deuteron at rest,
the dashed line a meson, a box a T-matrix element, and

'4 R. J. Glauber, in Proceedings of the Third International Con-
ference on High-Energy Pliysics and 8'uclear S;rlctlre, Pew Pork,
1961, edited by S. Devons (Plenum, New York, 1970).
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a circle the deuteron wave function, and where all
internal momenta (q's) are integrated over.

In order to apply Eq. (3) the simplifying assumption
is made that the meson-nucleon scattering amplitude
can be separated into two parts. The first part is
assumed to depend, except for kinematical factors, only
on momentum transfer and is called the "diffractive"
amplitude. We assume it to have the form

Td;f f f~&(s,/) =gf &~&(s)eff"'"'"'

M

[Tdj

Pd =0
p-n

—
q +

-q—

Equation (14) determines a differential cross section
proportional to ei ', typical for small-angle E+E scatter-
ing above -1 GeV/c' and ff+fV above -2 GeV/c. "
The remaining part of the amplitude is assumed to
depend only on the c.m. energy and is called the
"resonant" amplitude. The form employed is

+ p
—n

FIG. 1. Schematic representation of the single- and double-
scattering contributions to meson-deuteron scattering as calcu-
lated with multiple-scattering theory, Eq. (3). Double line
represents a deuteron at rest, dashed line a meson, box a T-matrix
element, circle the deuteron wave function, and q's internal
3-momenta which are integrated over. 3-momentum but not energy
is conserved at each vertex.

We do not claim that this is an exact decomposition
of the scattering amplitude, especially at low energies
where diffractive scattering may not have set in, but
rather a theoretical model which permits a convenient
determination of the importance of a rapidly varying
contribution to the magnitude, phase, and angular
dependence of the amplitude. There is in fact some
evidence for the validity of this decomposition in the
resonant region, " although in any case it is more
appropriate than the purely diffractive Glauber model
presently used there.

s and t are the usual Mandelstam variables; A and t"
are kinematic and normalization factors which, with
the normalization of states and definition of T matrix
implied by Eq. (3), are given by

2 f'&"'(s) = —od ff"&"'(s)if~~(n„f„fd'"+i)/16fr3, (6)

8~2k, .„.2
Here ~~~ is the magnitude of the relative meson-
nucleon velocity; n„~ ~

'" is the ratio of real to imaginary
part of the pure diffractive (without resonances)
meson-nucleon scattering amplitude, assumed constant
for zero and small scattering angles but permitted to
vary with energy; 0Q' ff is the diffractive, or background,
part of the total cross section; and k, is the meson-
nucleon c.m. momentum. The s dependence of I'(s) is
that given by Jackson":

The single-scattering term in Eq. (3) is a.t worst a
three-dimensional numerical integral and consequently
can be computed with any form of the deuteron wave
function. For ease in calculating the double-scattering
term, however, a, Gaussian wave function

(9)

is selected. Even though a Gaussian does not describe
the deuteron very accurately, we know that at least the
diffractive part of the forward double-scattering term
is not very sensitive to the form of the wave function, '
and assume (9) still affords a good enough description
of the Fermi motion to calculate the size of the expected
correction to Glauber theory for the nondiffractive
par ts. Because of increased high-momentum com-
ponents, a Hulthen wave function, "or one which also
contains a D-wave part, would accentuate the impor-
tance of Fermi motion to a greater extent than a Gauss-
ian and therefore increase any correction.

When the assumed amplitudes and wave function
are substituted into Eq. (3) and the optical theorem,

«„d(s) = —16fr' ImTd(e„, ,=0)/ff'rd, (10)

is employed, an expression for the total cross section in
terms of definite integrals is obtained. The single-
scattering contribution is

XLores (s0)+ores (so)+odiff (so)+odiff (so)1

with A =0.350 GeV/c. '

"G. C. Fox and C. Quigg, LRL Report No. UCRL-20001,
1970 (unpublished}.

~~ R. Levi-Setti and E. Predazzi, in Proceedings of the Thirteenth
International Conference on High-Energy Physics, Berkeley, 1966
(University of California Press, Berkeley, 1967}.

J. D. Jackson, Nuovo Cimento 34, 1644 (1964}.

or just simply

XL«.i"(so)+«.i"(so)]o "(p,q)/o "(p). (11b)
» V. Franco and R. J. Glauber, Phys. Rev. 142, 119S (1966}.
'0 M. Moravcsik, Nucl. Phys. V, 113 (1958}.
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The double-scattering contribution is

16ir'(y/ir) "'
~'(p) = — Im dqidq: expL —v(Ci'+4&2')] /,'.(p —q~)

vMI(p)

X( Tp;&/" (si, ti) Tz;//v(s2, /&)+ Tp;//" (si, /i) T,~&(si)+T„,"(si)T„,&(s2)}+(terms with p ~ n) (12a)

16''(y/~) '/'-

~vlf d

dqldqi exp[ —y(/Il + /I2 )]
(p'+m /'/)r"' [—(p q—2)'+mM']"'+is

(pi) pp"t i/2Gv(p2)
g n(p )pip" t1/2+ v(p&) pp&t&/2+

Qp2 Eres +2iPv(p2)

G"(si) G&(si)
+ + (terms with p+-+n) . (12b)

[gs, E,.,"+—-', iI'„(s,)][ps, E,„, +—-', iI'„(s )]

The double-scattering contribution actually calcu-
lated contains three times as many terms because
of the inclusion of double-charge-exchange (isospin-flip)
scattering. "

Equation (11b) is the complete and proper definition
of a folded cross section even when no resonant and
diGractive separation of the amplitude is made. For
single scattering so as represented in Fig. 2(a),

sp =m&'+mM'+2[(mz'+Il') (m &'+p')]'/'+ 2p q, (13)

is equal to the c.m. energy squared of either the in-

coming or outgoing meson-nucleon system and is the
appropriate c.m. energy at which to evaluate the meson-
nucleon cross section. The velocity factor arises from the
difference in the relative velocity of the meson with re-
spect to a nucleon, v~~(p, q), and with respect to the
static deuteron, v'~" (p). In the analysis of experimental
data the small changes caused by this are often ignored. "

As opposed to the choice of so for single scattering,
the correct choice of the invariant s's and t's for double
scattering is ambiguous; Eq. (3) represents a non-
covariant three-dimensional, and not a covariant four-
dimensional, theory. Since these double-scattering terms
describe off-energy-shell, but on-mass-shell, scattering,
particular choices of s and t, as shown in Fig. 2(b),
e.g. , are equivalent to specific off-shell behaviors of
the scattering amplitude. Though it would be best to
compare the results of this calculation performed with
each possible set of s and t, only the choices of the
incoming s for the first scattering,

» mz'+m//=r'+2{ (m//r'+ p') [mx'+ ( qi ,' qi)'—])'"——

+2p q, +p q, , (14a)

"The most transparent method to treat charge independence
and isospin flip is to consider the MS expansion for T" an operator
equation in isospin space and then take its matrix element between
singlet deuteron states. The use of isospin identity operators in the
intermediate states automatically includes the spin-flip contri-
bution properly. A more intuitive and simple method is given by
C. Kilkin, Phys. Rev. Letters 1'7, 501 (1966).

and t de6.ned as the 3-momentum transfer,

2 (14c)

are used. The importance of a specific choice of off-shell
behavior has been investigated for nonforward single
scattering" where, typically, different choices of s
result in folded amplitudes which agre'e at 0-momentum
transfer but differ by 20% at a momentum transfer
of 200 MeV/c and by greater amounts at larger mo-
mentum transfer. Since in this paper we consider only
forward meson-deuteron scattering with correspond-
ingly small intermediate momentum transfers of 40
JVIeV/c, this effect is not very important here.

After choosing the above de6nitions of s and t, we
make a judicious change of variables and use the high-
energy approximation (in the denominators only) that
the meson momentum p is much greater than the
internal momenta q& and q&. In this way the double-
diffractive-scattering integral, the first term in Eq. (12),
can be evaluated analytically, and the diffractive-
resonant and double-resonant scattering integrals, the
second and third terms, can be reduced to three-
dimensional numerical integrations. Because of their
complexity and length, these integrals are not listed
here but rather in Appendix A. For simplicity, in the
double-scattering calculation the dependence of n~~

and k, .,„. on the nucleon's Fermi momentum are
ignored as the more sensitive dependence of the de-
nominators is assumed to dominate the cross-section
behavior. Also, for simplicity, the resonance's 2J+1
statistical factor is retained but the integrals are only
calculated for an /=0 resonance. The oscillatory be-

"R. H. Landau (unpublished).

the outgoing s for the second scattering,

s2=m~ +m~'+2((m//r +p')[m~'+(ql q2) ])
—2p q+p q, (14b)
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havior of P~ for higher / values would give less double
scattering.

Equation (11) and the set of expressions obtained by
approximating Eq. (12) form our multiple-scattering-
theory (MST) model for calculating high-energy
meson-deuteron total cross sections when either, or
both, a neutron and proton resonance exist(s). H only
the double-diffractive part of the double-scattering
contribution had been considered, i.e., the amplitudes
are assumed to depend only on the momentum transfer,
a model would be obtained which is similar to the one
derived by Pumplin. ~ This model makes a correction
to Glauber theory for nonzero angles, and especially for
large angles where triple scattering may enter, but
reduces to it for forward scattering. Hy extending this
purely diffractive model so as to include some of the
effects of (1) the nucleons' Fermi motion upon the s
dependence of the amplitudes, (2) the sensitive phase
variation of the amplitudes due to a resonance in one
partial wave, (3) off-energy shell scattering in inter-
mediate states, and (4) nonforward double scattering,
the MST model differs from the generally successful
Glauber-theory (GT) model.

The appropriateness of using the MST as a means
of calculating corrections to GT, such as the ones we are
calculating here, has recently been questioned" on the
basis of a conclusion drawn by Harrington" that off-
energy-shell corrections to GT's double-scattering term
must be canceled by higher orders of multiple scatter-
ing. This conclusion is based on the assumption that
GT is exact at high enough energies and, as Harrington
points out, is only valid if the same approximations
used in deriving GT are used in the application of MST.
Since our concern is with situations in which GT is not
exact, and since the model developed here differs from
GT not just by the inclusion of off-energy shell scatter-
ing but also by the inclusion of Fermi motion and non-
forward scattering, the conclusions drawn by Harring-
ton are not relevant to the work reported here.

In practice, most applications of GT to total cross-
section measurements employ a "doctored-up" form
of the theory' " in which Fermi-motion effects are
introduced, and in a sense doubly counted, by folding
the nucleon cross sections before inserting them into
the Glauber formula. Since theoretically the two
approaches are quite different, with the MST model
expected to be an improvement, it should be extremely
interesting to compare the folded GT and MST models
as a test of the experimental procedure. In Sec. III we
make this comparison.

III. APPLICATION OF MODEL

A. Analysis of Hypothetical Pion-Deuteron Experiment

The first application of the MST model is a hypo-
thetical experiment in which we use a folded GT model

D. R..Harrington, Phys. Rev. 184, 1745 t,'1969).

M S

to analyze m+0 total-cross-section data that have been
calculated from assumed zX data with the MST model.
This procedure permits a convenient comparison of the
two models by simply comparing "output" deduced by
the GT model with "input" used in the MST model.

The data analysis employs sets of ~+d, 7r+p, and ~ p
total cross sections with each set at a different pion
momentum. The m+p and vr p cross sections are folded
to obtain o." and o." and the GT equation

"'('d)= "+ "—(1/4)( ') Ll ' "(1—
~ .)

-l " "(1- . ,)-l " "(1- - -)j (15)

is solved for the parameter (r ')d. This parameter
enters as a measure of the strength of double scattering.
We have used the isospin decomposition

o'"(m+p) =o(I=-') (16)

o"'(~+a) =o'"(~ p)
=sLo(I =5)+2o(I=2)j (1&)

When Carter et ul. ' analyzed their experimental ~+p
and x+0 total-cross-section data in this way, rather
large oscillations were found in the deduced (r ')d as
the pion momentum varied from 0.5 to 2.65 Gev/c.
These oscillations were only slightly reduced in the
reanalysis of this data by Faldt and Ericson. ' GT
predicts the parameter (r ')o to be equal to the energy-
independent expectation value of 1/r' in the deuteron
ground state only if the deuteron form factor is an
extremely rapidly varying function of momentum
transfer. The variation of (r ')d predicted by a general
form of GT, such as Eq. (B3), however, is only a few
percent —considerably smaller than calculated by
Carter er, al. The specific purpose of this first application
of the MST model is to gain some understanding of the
cause of these oscillations without performing detailed
fits to the highly structured n-+p cross sections.

Convenient forms for o(I=-', ) and o(I=o) were
chosen and by using these cross sections as input to
our MST model the complementary o'"(vr+d) was
obtained. The chosen scattering parameters are listed

(a}

FIG. 2. Different possible choices of s and t for (a) single scatter-
ing and (b) double scattering. Each s is the c.m. energy for the
two particles on the side of the vertex indicated; each t is the
4-momentum transferred between the two particles indicated.
The momentum labels are given in Fig. 1.
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The appropriate form of GT for K+X scattering is

a' =a."+o."—(1/4ir) (r—')a[2a "o"(1—n,n )

is—a&—a&-(1 —n~~) —-', a "a "(1—n„n„)j, (18)

with 0-& and 0." denoting folded cross sections. The
appropriate isospin decomposition of the E+E total
cross section is

24

22

a'" (E+p) = a (I= 1)

o""(It+e)=-', [a.(I=1)+a (I=0)]
= z (ai+&o) ~

(20)

20

I—

When Cool et al.' analyzed their data with these
equations, a 7% peak in a""(E+p) and an 8% peak in
a""(E+d). wer'e amplified into a 25% peak in the
deduced 0-0—the Z'. The specific purpose of this second
application is to determine how much structure the
GT itself introduces into deduced cross sections. When
comparing GT and MST, the Infolding of Fermi
motion will deliberately be avoided, however, since it
is a delicate process' " which would magnify any
differences.

Several different energy dependences for o-o and o-&

were chosen, and the corresponding a""(E+d) wa, s
calculated with the MST model. Some typical X+X
scattering parameters used are listed in column 2 of
Table I. The resonant parameters are characteristic
of the structure seen in A+E scat tering around 1
GeV)c and the value 102 GeV ' for y was chosen to
give the same (r '), in this region as does the usual
Hulthen wave function.

E
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FIG. 6. Three of the shapes used as trial I=0 parts to the E'+e
total cross section: (a) resonance of the size found in Rei. 2, (b)
resonance of half this size, and (c) thresholdlike shoulder.

When the input 00 contained a resonant peak, the
folded GT model would deduce a reasonably accurate
peak if the constant (r ')d in GT was assumed slightly
adjustable, though energy independent. '4 However, if
the input tr~ resonated while the input 0-0 remained
constant, the GT model would deduce an output 0-0

with a small but fictitious bump. In Fig. 4 this bump
can be seen for both large and small values of the
elasticity of the proton resonance. The larger the proton
resonance the larger this fictitious bump. Even though
these peaks are relatively small, they would be enlarged

by unfolding the Fermi motion and, since all structures
in E+E total cross sections are small, possibly mis-
interpreted as significant. That is, if there is a peak in
the known cT~ the GT description will actually generate
a small "coupled" peak in the deduced oo, at least when
the MST description is used to calculate a."'"(E+d).
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Fro. 5. Error band for E+p total cross section (upper band) and
for "diffractive" background. Data from Ref. 2.

C. Analysis of Actual Kaon-Deuteron Experiment

The final application of the MST model is a detailed
analysis of the E+d and E+p total cross sections mea-
sured by Cool et al. ' Our purpose is to compare the MST
and folded GT models' analysis of experimental data
and especially to determine to what extent the 0.0 peak
deduced in this experiment is related to the fictitious
cTO peak. deduced in the hypothetical experiments of
Sec. III B."

"Any conclusions derived from studying these simpler, singly
peaked data should also apply to the doubly peaked data of
Ref. 3.
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I IG. 7. E+/J total-cross-section data of Ref. 2 and bands pre-
dicted for this cross section using the MST model: (a) for a
resonance of the size found in Ref. 2, (b) for a resonance of half
this size, and (c}for the thresholdlike shoulder of I'ig. 6.

Inasmuch as this application deals with its to experi-
Inental data, we chose the most realistic values possible
for the scattering parameters. P" and P" were assumed.

equal and taken from an energy-dependent fit to experi-
mental data

p n '" and n ~'" were calculated from
values of n& and n& given by dlspels1on relations
p was chosen as 102 GeV '; the E+p total-cross-section
data were 6tted with a "resonance" of mass 1.900
GeV/c', width 0.25 GeV, and (J+-',)I',~o/I'0 ——0.40,
and a smoothly varying "di6ractive" background,

27 A. A. Carter, HEP Report No. HEP68-j.o, 1968 (unpu. b-
lished).

d' ' (E+p). Tlie eiToi bailds tlills obtained foi a {IC+p)
and 0~'"(E+p) are shown in Fig. 5.

tA'"e deduced 0.0 indirectly by looking at the output
0'"(E+d) from the MST and folded GT models when
the above fit to the E+p data (o.i) and a stepwise con-
tinuous range of shapes for O.o were used as input. These
shapes varied from a thresholdlike shoulder to a large
resonance (I-', times the size deduced by Cool et aV
using a folded GT) on top of another diffractive back-
ground. Figure 6 shows three of these assumed 0-0

shapes: (a) a resonance of Cool et al. 's size, (b) a reso-
nance of half this size, and (c) a thresholdlike shoulder.
Since the diffractive parts of f70 and o-~ were not
constant, they too were folded as were the total cross
sections before being used to predict a""(E+d). Figure 7

displays the corresponding MST model's predicted
band of 0""(E+d) for the three 00 shapes of Fig. 6.

As Fig. 7(a) displays, Cool et al. 's GT-deduced 00 as
input to the MST model yields a, good fit to 0"'(E+d)
Though at first this may seem somewhat surprising,
we have found that several different 0.0 shapes are
capable of predicting reasonably good fits to 0'"(E+d).
This ambiguity is caused by the uncertainties in (I)
the fitting of data, (2) the procedure for and results of
folding cross sections, (3) the energy dependences of
a„and n„, and (4) the actual data themselves. In
particular, an acceptable prediction of 0'"(E+d) is
still possible if the strength of the I=0 resonance is
reduced by more than 25%, regardless of the MST
used. Of course GT's algebraic deduction procedure only
detenrlines one 0-0 shape.

Even more unexpected than the MST and GT agree-
ment, within a general level of uncertainty, on 0'"(E+d)
is the observation that when all of the MST model's
separate double-scattering parts are added together
a total contribution is obtained which is rather close to
the total double-scattering contribution predicted by a
folded (but not unfolded) GT. This is demonstrated in
Fig. 8 where the lower curves are the separate parts of a
typical MST's double-scattering contribution, the
dashed upper curve is their sum, and the solid upper
curve is the complete folded GT contribution. The curve
labeled "RES" includes both douhle-resonant and
resonant-diffractive scattering. The complete double-
scattering terms do differ, but only by 10%.

Aside from the general level of uncertainty in the
data, there seems to be three causes for the two models'
similarity of output in this section. First, no sensitive
inversion or algebraic deduction procedures which tend
to magnify differences are being performed. Second, a
major part of the double-scattering contribution is the
double-diffractive scattering terms, which both theories
calculate similarly, and not the resonant terms which
are calculated differently. Third, in contrast to the
hypothetical experiments of Secs. III A and III 3, the
diffractive parts of the total cross sections are rapidly
varying. Consequently, their treatment is only approxi-
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mate and their variation tends to mask any model-
generated bumps which a constant background does not.

IV. SUMMARY AND DISCUSSION

A model has been presented which extends the
Glauber description of diffractive multiple scattering
of mesons from deuterons' ' ""to regions of energy in
which meson-nucleon resonances exist. A Watson form
of multiple scattering theory has been employed to
account inherently for some effects of the nucleons'
internal momenta, nonforward intermediate scattering,
and off-energy shell scattering, upon the energy depen-
dence of the total meson-deuteron cross section, Since
this model separates the scattering amplitude into
so-called resonant and diffractive parts, it leads to
more complex expressions than found in pure diffractive
models. However, it determines for the first time the
significance of the above effects in the important
resonant region and establishes some initial limits on
the reliability of GT-deduced neutron cross sections
there.

A series of calculations employing hypothetical but
realistic data was performed in which a folded GT
analyzed meson-deuteron cross sections which were
calculated with the MST model. We conclude from these
calculations that GT could introduce small "coupled"
peaks into the l=0 channel of deduced E+m cross
sections and would generate fairly large oscillations
in the deduced ~+d scattering parameter (r ')~ when
the ir+p and 7r+n(=ir p) am, plitudes contained reso-
nances. Since all structures in E+iV scattering are rather
small, it is quite possible for a fictitious peak to be
magnified by unfolding, and misinterpreted. The (r ')d
oscillations are of the same size as found experimentally'"
and provide an explanation of this phenomenon as a
breakdown of simple GT.

In order to determine if the small structure introduced
into deduced neutron cross sections by the deduction
procedure may partially account for the Z"s found
experimentally, an analysis of Cool et at. 's' E+d, p data
around 1 GeV/c was performed. We conclude from these
calculations that there is considerable uncertainty in
the exact size of the I=0 structure but that the strength
of any resonance present is not large enough, and the
diffractive background too rapidly varying for. the GT
and MST models to be significantly different.

Further improvement and extension of the .!'~EST

model are both possible and in some cases worthwhile.
In particular it appears desirable to modify our model
so as to also calculate nonforward scattering. Since
recent phase-shift analyses of differential cross-section
and polarization measurements yield several possible
E+p resonances not clearly seen in total cross sections,
it may be profitable to search for neutron resonances
by making measurements of this type on deuterons.
To analyze these data a theory of wider applicability
than GT is required. Furthermore, since it has been
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FIG. 8. Comparison of the double-scattering contribution as
calculated by Glauber theory (upper solid curve) and the MS&
model (upper dashed curve). Also displayed is the di8ractive
part of the MST model contribution (lower solid curve) and the
resonant part (lower dashed curve).

found necessary" '4 to include many effects which are
relatively unimportant at small angles to predict
precisely large-angle pd and hard scattering with GT, we
also expect an increased difference between a GT and a
MST model at large angles.

In order to perform a complete calculation of large-
angle scattering from deuterons, it would be necessary
to investigate the importance of (1) other choices of
oif-shell behavior, ' " (2) inelastic intermediate states, "
(3) spin-flip scattering, '~ (4) more general angular
dependence of the amplitudes, (5) corrections to the
propagator, 'o (6) higher orders of multiple scattering, ' '4

and (7) relativistic and resonant parts to the deuteron
wave function. " Some of this investigation is now in
progress. "

Also of worth would be the application of a model of
the type derived here to calculations which describe
meson-nucleon scattering in terms of multiple quark. —

quark scattering. " Since the quarks are very tightly
bound in an extremely small well, very large Fermi
momenta are possible. It is again expected that some of
the relatively small corrections to GT already calculated
in the scattering from deuterons will, in this case
considerably, increase in magnitude and possibly alter
the entire scattering picture.
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APPENDIX A: DOUBLE-SCATTERING INTEGRALS

Once the scattering amplitude is decomposed into
di&ractive and resonant parts, the double-scattering
contribution, Eq. (12b), can be decomposed into
double-diGractive, double-resonant, and diGractive-
resonant (or resonant-diffractive) scattering parts. As

discussed in the text, the dependence of v~~ and
k, on the nucleons' Fermi momenta and the factor
Fi(1+t/2h, ') are ignored, as the more sensitive
energy dependence of the denominators is assumed to
dominate the 3=0 behavior. In this way the following
decomposition is obtained:

16ir'(y/vr) '/'
d iff-d iff Im A "(s„)Ai'(s„)

eMd(p)

16ir 3(y/ir) '/'
d iff-res G&(s„) Im A "(s„)

~Md

dqidq&t„(p q2)—e &«&'+&2'"&e e"&2'/'e e'&&'—/' +p~ti (A1)

and
Xe '""'""""'"/"g.(p —q )[v'» —&-."+k'r.(s.i)]-' +p ~~ (A2)

16ir'(y/ir) "'
o' '(P)

~
„.„.- = —— —G"(s,i)G"(s,i) Im dq, dq,

i/M d
(p)

Xg (p —q2)e " "' [V'si F-„."+—qir (s;i)] '[gs2 F-„,"+—~ir.„(s,i)] ' +p~ii, (A3)

g (Q) [(p2+yg s)i/2 ($2+m~2) 1/2+1'e]—i

s,& m/r +yg——ir'+2m~(P'+m s)d'/'

(A4)

(A5)

A (s) and G(s) have been defined in Eqs. (6) and (7), si and s2 in Eq. (14), and s„ is the static-nucleon limit of
sy ol sg.

Next, the high-energy approximation that the meson momentum p is much greater than the internal momenta
q& and q& is made and the roots in the denominator are expanded with only 6rst-order terms kept. This is a good
approximation as the deuteron wave function inhibits very large Fermi momenta.

In this way the double-diffractive integral can be performed analytically, with the simple result

e (p) i
d // d'r/= (2~3-&+2(—P"+P")]) '«'«'(s .i)«'/r ('i) (.1 —~ ""~"") (A6)

As evidenced by the diffractive slopes P" and P", this equation represents a form of Glauber theory modified for
nonforward scattering. In practice some of the approximations made in deriving this equation are improved by the
individual folding of 0-d;«and o.d' ff before computing the double-scattering contribution.

The calculation of the six-dimensional resonant-diffractive and resonant-resonant scattering integrals is con-
siderably more complicated. By use of the above approximations for the special choice of s and t given in Eq. (14),
these terms can be reduced to three-dimensional numerical integrals if care is taken to handle properly the loga-
rithm's branch cut. In this way the following expressions are obtained:

(v/ ) / „„-(s„)r„(s.,)(Jy-', )„(r.„/r,),
res-diff

2kc.m. ' 0 0

gy8g yg2&g 2

Xe &""'e &'"/'[e/„'" ImF(/Ii q2)+ReF(qi qg)]+p~n (A7)

~1 ~ dy
— D, '+-,'r„2 -', r, -', r„-

ReF (It, ,II,) =
~

— —D, ln — —I', tan —' —I'„ t.s,n—'—
vrgs„- -',r„-',r„-)—tan —' ——tan —' -

~
e
—e"&2' (A8)

D, Da

,„s,D' +r„'-
ln — e e"&2' (—ir(t-an —'x(ir) (A9)

2p D,2y-', r„2
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Di g——s,g E—...~+py/(+2s. i),

D' =V s„—Z,.„WPqi/(+2s„.),

=Dim pqm/(+2s„), (A12)

(y/ir) sic (t el 0 t e10
-"(p) I- --.=-2 —

—, F.(".)F-(")(J+l).l (J+!).
k..,.' 4 Fo „F,

qidqiqidq28 'I~~~ +~~ I I111J (qi, q2) . (A13)

For qg&qg,

ImJ(qi, qi) =ImT+

and for q~& q~,

ImJ(qi, qp) =ImT+

1+Q2

D„iF~+D~IF„ D„IF„+D„2I'„
dy -', iniyi

(D„,'+-', I „)(D„,+-', F,') (D„,'+-'„F„')(D„'y-',F„)

D 2F~+D~IF„ D IF„+D„gF„

-(D-.'+-'F-')(D. '+-:F.') (D. '+!F.')(D. '+-'.F.')
D„21'„+D„II'„ D„il'„+D„2I'„

(D-i'+-'F--')(Dni'+4F. ') (D-I'+-:F.')(D,I'+-.'F,')-

(A14)

2t'u —I
D„gD„g—4 I"„t'„

ImT= tan '— tan
QSI E„,, pqi/—QSI — +SI 8„, +pqi, "i/S—I q,.+q, (D„,'+-',F„')(D„,'+-', 1'„')

(v'SI F=."+pqih—~SI)'+4F'—-', ln
—(V'SI ~res" pqi ~V'SI) +

DniFy+DylFn

+" (D.~'+XF.') (D.I'+XF.')

D1 + pci — py

—V'SI + QSI

dy -, (A16)
-(D. '+-'.F.')(D, '+-'.F,')-

(A17)

and

=mu'+mdiv'+21 (mar'+P') (miv'+qi(g)') j'i'.
52

APPENDIX 8: MEANING OF (r ')g IN GT

The formulation of the Glauber approximation given
II1 Eqs. (1), (17) Rnd (20), Rltllougll widely used ls
actually only a limit of the theory valid if the deuteron
form factor varies much more rapidly with momentum
transfer than do the nucleon scattering amplitudes.
Thc Rctual lllcRI11Ilg of (t' )d III GT ls

(A19)

where S(q) is the deuteron form factor and the variation
of the amplitudes' phase with momentum transfer has
been ignored.

If a Gaussian deuteron wave function, y(q) ~ e ~"",
is assumed and if the nucleon scattering amplitudes are
assumed purely diA'ractive, T""&~ e s"'"'"" (r ')
takes an especially simple and energy-independent
form:

( -'), =2/Ly+2(~"+~") j.S(q)
ImTI'(8=0) ImT. (0=0)

In general, only small values of g are important in Eq.
XlmT"(q) ImT"(q) qdq, (81) (81) and (r '), is expected to be independent of energy
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for most forms of the amplitude, although, as found empirically, " " dependent upon the particular particle
which is being scattered.

If the scattering amplitudes consist of the combination of diffractive and resonant parts given by Eqs. (4)
and (5) and if the deuteron is again described by a Gaussian wave function, (r ), takes a more complicated
and weakly energy-dependent form:

2 2 2 2
yo adiff Odiffp ~ n +OIes &res +Odiff ores +Ores &diffp n ~ . p n ~ p . n

v+2(P"+0") v v+20" v+2P'—

Equation (83) exhibits a quite natural weighting of the different possible limits of (r ),.

tot& tot (Il3)
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Double-Peripheral-Model Analysis of the Reaction*
X+p ~ X+~-a++»„at 9 GeV/c

CHvMzN Fvf
Lawrence Radiation Laboratory, Un& ersity of California, Berkeley, California 947ZO

(Received 26 June 1970)

Using a double-Regge-pole-exchange model, we study the low-6++~=mass enhancement in the reaction
E+P —+ X+~ 6++1236 at 9 GeV/c. We find that P and m double exchange dominate the process. In general
the model agrees with the data in the region where M(E+x ) &)1.54 GeV, —t~~&0.5 (GeV/c)', and —t„q
(0.5 (GeV/c) . The possibility of extending the model into the large-t region and problems involved in the
extrapolation of the model to the E~ threshold are investigated. The importance of the contribution from
the double-peripheral process in the low-M(E ~ ) region and its implications for the analysis of the Ex
system are discussed.

I. INTRODUCTION

~ 'HE general features of the reaction K+p —t
E+tr 6++tttt at 9 GeV/c were discussed in an

earlier paper. ' In this paper we study the reaction in the
high-Xtr-mass region LM(lt+tr ) &~ 1.54 GeVj on the
basis of a double-Regge-pole-exchange model. The
advantage of this model is that it has the same simple
form as a single-Regge-pole-exchange model and
theoretically the Regge parameters (except the coupling
at the internal vertex) used here can be wholly taken
from those that were determined by the data from two-
body or quasi-two-body final states. It is well known
that a double-Regge-pole model can usually describe
the data from three-body or quasi-three-body final
states at high energies fairly well. However, in applying
the model there are still some unsolved problems.

(a) The commonly used Regge parameters are known

only in their order of magnitude. The exact values are
not well determined. Hence when one finds that the fits
of the model to the data are insensitive to the variation
of the parameters, one cannot distinguish whether this
is due to the effect of a collective change of the many

* Work supported by the U. S. Atomic Energy Commission.
f Present address: Department of Physics, Illinois Institute of

Technology, Chicago, Ill. 60616.' C. Fu, A. Firestone, G. Goldhaber, and G. H. Trilling, Nucl.
Phys. B18,93 (1970).

Regge parameters or due to an incomplete study of the
data. Poor statistics of the data and unclean samples
can also contribute to the sources of uncertainty.

(b) There is no evidence for Toiler-angle dependence
at the internal vertex. By the same argument given
in (a), it is not clear at all whether there should be
a Toiler-angle dependence for the Reggeon-Reggeon-
particle coupling.

(c) Over how large a range in momentum transfer
variables (t's) a peripheral model can extend is not well

known.
(d) Granted that duality is a valid concept, ' how

would one extrapolate the model to sm. all subinvariant
energies s? Would the extrapolation also be insensitive
to a variation of Regge parameters? Answers to
these questions are not known either.

In an attempt to understand these problems, we

analyze our data in an exhaustive manner. The method
and the results of the analysis are presented in Secs. II
and III. Section IV discusses the extrapolation of the
model to small subinvariant energies. Section V gives
our conclusions.

This experiment was carried out in the Brookhaven
National Laboratory 80-in. hydrogen bubble chamber,

' (a) R. Dolen, D. Horn, and C. Schmid, Phys. Rev. 166, 1768
(1968); (b) G. F. Chew and A. Pignotti, Phys. Rev. Letters 20,
1078 (1968).


