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Neutrino scattering processes are studied in the framework of general local current-current interaction.
The scattering amplitudes for such processes are expressed in a simple factorized form in terms of helicity
form factors for the current vertex functions. These expressions explicitly display the full kinematic content
of the local current-current interaction and are used as the basis for a systematic study of possible ways
to test the V—A4 structure of the weak current in high-energy neutrino scattering processes. A direct test
in an “inclusive experiment’’ consists of measuring the outgoing lepton polarization. Alternative tests from
angular and spin correlations are possible only in “exclusive experiments.”” Several examples of this latter
type of experiment are given: (i) pure lepton scattering processes, (ii) neutrino scattering off spin-zero
(nuclei) targets, (iii) quasi-elastic scattering off polarized-nucleon targets, (iv) quasi-elastic hyperon pro-
duction (decay asymmetry), and (v) single-pion production in the N* region.

I. INTRODUCTION

LL present experimental evidence in weak decay
processes is consistent with the V' —A theory of
weak interactions.! The weak vector (V) and axial-
vector (4) currents played an essential role in the re-
markable theoretical developments beginning with the
conserved-vector-current hypothesis and culminating in
the successes of “current algebra.”!-2
The weak decay processes all involve rather limited
ranges in the energy and momentum-transfer variables.
The neutrino scattering processes, which are just be-
coming experimentally feasible (both in existing labora-
tories and with the projected new generation of acceler-
ators) promise to extend the range of these variables to
entirely new territories. This will open up vast domains
of the weak interaction hitherto unavailable for our
scrutiny.® The first obvious questions are whether at
these high energies and large momentum transfers,
these processes are still describable by an effective
current-current local interaction Hamiltonian and, if so,
whether this interaction is still a ¥ and 4 combination.
These questions must, in principle, be answered by
experiments in the affirmative before further comparison

* Supported in part by the U. S. Atomic Energy Commission,
under Contract No. AT (11-1)-264.

1 Research sponsored by the National Science Foundation
under Grant No. GP-16147.

I Present address.

! For a review and references, see, for instance, T. D. Lee and
C. S. Wu, Annual Review of Nuclear Sciences (Annual Reviews,
Palo Alto), Vol. 15 (1965) and Vol. 16 (1966); or R. Marshak,
Riazuddin, and C. P. Ryan, Weak Interactions in Particle Physics
(Wiley-Interscience, New York, 1969).

2 For a review and references, see S. L. Adler and R. F. Dashen,
Current Algebra (Benjamin, New York, 1968).

# For a recent review, see A. Pais, in Proceedings of the Con-
ference on Expectations for Particle Reactions at the New
Accelerators, Madison, Wis., 1970 (unpublished).

with more detailed theoretical predictions based on this
basic structure together with other dynamical assump-
tions can be made truly meaningful.

Consequences of the local V—A current-current
interaction in neutrino scattering processes have been
studied before.*® Pais and Treiman, in particular, have
exhibited the “full content” of the locality assumption
for such processes by giving the energy and angular
distributions for the outgoing lepton.? Assuming the
most general form of local (nonderivative) interaction,
we study in this paper in considerable detail the result-
ing energy and angle spectrums as well as angular and
spin correlations in an arbifrary neutrino scattering
process with the specific aim of seeking particular cases
in which the presence of any local scalar (S), pseudo-
scalar (P), and tensor (7) admixture to the V—4
interaction can be experimentally detected.

The systematic investigation of all possible processes
of this type for our particular purpose is facilitated by a
helicity-like formalism®? which (a) suggests the most
natural variables to use in analyzing such processes,
(b) defines helicity form factors for arbitrary current
vertices” which are natural generalizations of the
familiar Gz and Gy form factors for nucleon electro-
magnetic current vertex, and (c) allows us to write
down a general expression for the scattering amplitude
which compactly displays all the kinematical contents
of current-current interaction in a factorized form (in
terms of the helicity form factors) and leads to expres-

¢T. D. Lee and C. N. Yang, Phys. Rev. 126, 2239 (1963).

8 A. Pais and S. Treiman, Contribution to the Anniversary
Volume Dedicated to N. N. Bogoliubov (“Nauka,” Moscow, 1969).

6 I. Muzinich, J. M. Wang, and L. L. Wang, Phys. Rev. D 2,
1985 (1970).

"The essence of the method used in the present paper is the
same as that of Ref. 6 although the role played by the form factors
is largely by-passed in the latter.
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sions for angular and spin correlation functions in the
form of simple matrix products.

In Sec. IT we spell out our basic assumptions. In Sec.
IIT we introduce the helicity expansion for the current
vertices functions. In Sec. IV we give the general ex-
pressions for the transition amplitude and intensity
distribution of an arbitrary neutrino scattering process
with general local interactions. It is pointed out, as is
undoubtedly known to others, that if the lepton mass
can be neglected, the most unambiguous way to dis-
tinguish the V—A interaction from the other types
(S, T, or P) is to look at the polarization of the outgoing
lepton. For neutrino-initiated reactions, this should be
purely left-handed if V—A is the only interaction
involved and purely right-handed if any combination of
S, T, and P interaction is responsible. For antineutrino-
initiated reactions, the result is the converse. Since the
measurement of lepton (mainly muon) polarization at
very high energies is an extremely difficult task, we
examine possibilities for testing the V—A theory
through angular and (target) spin correlation experi-
ments. The method used is explained at the end of Sec.
IV and specific examples are given in Sec. V. These
neutrino processes include (i) pure leptonic scatterings,
(ii) quasi-elastic scattering off spin-zero (nuclear)
targets, (iii) quasi-elastic scattering off polarized-
nucleon targets, (iv) decay angular correlations in
hyperon production, and (v) angular correlations in
single-pion production in the N* region. These tests
involve the measurement of the outgoing lepton angular
distribution (one variable only) in either the differential
cross section [(I) and (ii)] or in certain asymmetry
functions [ (iii)-(v)]. For maximum statistics, data ob-
tained at different incident energies can be combined
and integrated over to obtain the needed spectrum.

For high-energy scattering processes, the lepton mass
can, for all practical purposes, be neglected. In Ap-
pendix A we briefly indicate the lepton-mass correction
effects. In Appendix B we describe some properties of
the helicity form factors and give the explicit relations
to the conventional invariant form factors for the case
of spin-} particles. In Appendix C we give some detailed
formulas on the single-pion-production process discussed
in the text.

II. BASIC ASSUMPTIONS

We are interested in the neutrino scattering processes

(Fig. 1)
[Joaeffon 0

where / stands for either the electron or muon and 4
and B can be leptons (pure leptonic processes) or had-
ronic systems (semileptonic processes). In the latter
case, 4 is usually a single-particle state while B may be
a single-particle or multiparticle hadronic system with
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Fic. 1. A general neutrino
scattering process.

or without additional lepton pairs. For definiteness, we
shall consider explicitly the neutrino-initiated processes
[first line in (1)] and refer to the 4, B systems as
hadrons; all considerations obviously remain valid for
the antineutrino-initiated reactions and for the case
where 4, B are leptons with little change in the resulting
formulas. We shall remark on the necessary changes at
the appropriate places. We denote by %, %/, p, " the
4-momenta and A\, N, o, o’ the polarization indices of the
states », I, A, and B, respectively. In general, charge
labels will be omitted for conservation of indices.

We assume a general local current-current inter-
action. The transition amplitude for the process (1)
(first line) is of the form

f=@GNDEN]FHO) kNP’ | TO)|po),  (2)

where j(x) and J(x) are the weak currents associated
with the »-I (leptonic) and A-B (“hadronic”) vertices,
respectively. These currents can be an arbitrary com-
bination of the five types of possible currents—S, V, T,
A, and P.

Since the incoming neutrinos usually come from pion
(or K-meson) decay in flight and are known to be purely
left-handed, we can assume they are described by the
two-component theory with

(B'N'] 51 O) [ k) =t (") T (1+5)u (k) , ©)

where T' stands for some combination of 1, v#, and o*
and A= —% because of the factor (1+s). Since Eq. (3)
automatically implies parity nonconservation in these
processes, the distinction between the scalar and pseudo-
scalar currents as well as the vector and axial-vector
currents at the hadronic vertex [Eq. (2)] becomes un-
necessary. From now on, J stands for some combination
of S (scalar as well as pseudoscalar), V (vector as well
as axial-vector), and T (tensor) currents, and Eq. (2)
becomes

o e=(GNDLEN 5"k, —3Xp'0"| S| po)
RN [0 [k, —3)Xp'd"| V] po)
+<k’)\lltmﬁlk7 _%><PIOJITW‘PG'>:I' (4)

The first factor of each term is given by an expression
of the form (3).

We shall neglect the lepton mass for most of our con-
siderations since we are mainly interested in high-energy
regions where the existing theory has not been tested
before. The lepton mass can be easily incorporated,
however, in the ensuing considerations. Appendix A
indicates how this can be done should it become neces-
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sary. We shall not consider radiative corrections which
modify strict locality, nor shall we consider second-
order weak interaction effects for which we know of no
reliable estimates.

To begin with, we study the kinematical structure of
each of the current vertex functions appearing in Eq. (4)

III. CURRENT VERTEX FUNCTIONS

The current vertex function® {p'\'| J(0)| pA) is related
to the decay current matrix element (p'\’,pA|J(0)]0)
by crossing. It is a familiar fact that in such decay
processes, the kinematics of the angular and spin cor-
relations are much simplified if the transition ampli-
tudes are expressed in terms of the center-of-mass (c.m.)
variables of the (p',$) pair and if N, \ are chosen to be
the helicity indices.® This suggests that for the matrix
element (p'N'| J(0)] p\), it is most natural to choose our
variables in the brick-wall (BW) frame in which the
spacelike 4-momentum transfer g=p—p’ is of the
standard form (0,0,00/¢%). Referring back to Eq. (2)
or (4), because of the relation g=p—p' =k —k we see
that both current vertices can be simplified at the same
time by this choice. Furthermore, since the transition
amplitude fis a Lorentz invariant (§ and J are always
contracted), there is no loss of generality in choosing a
particular frame to evaluate the vertex functions.

A. Definition of States

In analogy to the well-known Jacob-Wick® c.m. sys-
tem helicity states, we proceed to define!® the particle
states | pA) and |p'\') in the BW frame as follows: the
standard BW-frame state for the “incoming” (or first)
particle is defined to be

[ psN)=Bs(u)| ON), ®)
while that for the “outgoing” (or second) particle is
|p/N)=Bs(—u')[0, =\'). (6)

Here B;(u) denotes a boost along the positive 3-direction
characterized by the hyperbolic angle %, and |0,\) are
the usual rest-frame angular momentum states. The
standard BW-frame vectors (ps,p,’) are of the form

ps=M (coshu,0,0, sinha) ,

ps’ =W (coshe’, 0, 0, —sinha') , 0
with M?=—p? W?=—p'? and
M sinhu=(g>— M*+W?2)/2/¢?, ®)

W sinha’ = (@*— W+ M?)/2+/¢2,

8 For earlier studies of the current vertex functions see, for
example, L. Durand, III, P. C. DeCelles, and R. B. Marr, Phys.
Rev. 126, 1882 (1962); M. Scadron, sbid. 165, 1640 (1968); M.
I(%andge;r, 2bid. 173, 1568 (1968); T. L. Trueman, ibid. 182, 1569

1969).

9 M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).

10 The choice of definition of states used here is one of the
possibilities enumerated in J. Strathdee, J. F. Boyce, R. Del-
bourgo, and A. Salam, Trieste Report No. IC/67/9 (unpublished).
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so that g=p—¢’ is of the standard form (0,0,0,4/¢%). A
general configuration of the vectors (p,p") in the BW
frame can be obtained from the standard vectors, Eq.
(7), by a common SO(2,1) transformation which leaves
the vector ¢ invariant (i.e., Lorentz transformations
involving the 0, 1, 2 axes only). Denoting this tranfor-
mation by O(,¢), we have

[P\ =0@,9)| p:\),
[p'N)=0@9)|ps'\),
where O(¥,¢) is chosen to be a boost along the 1-axis

by the (hyperbolic) angle ¢ followed by a rotation
around the 3-axis by the angle ¢, i.e.,

OW,¢) =Rs(¢)B1(¥) .

The general BW-frame momenta (p,p’) are therefore
parametrized as!®

9

(10)

=M (coshu coshy, coshu sinhy cosp,
cosh# sinhy sing, sinhu) ,
p" =W (coshu’ coshy, cosha’ sinhy cose,
cosh#’ sinhy sing, —sinh').

(11)

With these definitions, let us turn to the various
vertex functions that enter Egs. (2) and (4).

B. Scalar Current

Using definition (9), the scalar vertex function in the
brick-wall frame can be written

NS0 = (/N [071Y,0)SOW,0) | p:))
=(p/N|[S|pN)=Sna(g? ,

where we used the fact that 0-1S0=S (S is a scalar)
and that p, and p,’ depend only on the invariant vari-
able ¢2, Eq. (7). The second line in Eq. (12) defines the
“scalar form factor” or ‘“reduced matrix element”
Sxa(g?). This equation shows that the vertex function
(p'N'|S|p\) is independent of the variables y and ¢.
It is shown in Appendix B that

Saa(@®) =800 S2(gY)

which expresses angular momentum conservation.

(12)

(13)

C. Vector Currents

Let the unit vectors in the BW frame be {e@)*,ewm*,
et e@*}. We define

eant=(Fem*—iem*)/V2 (14)

and use the set {ew*; a=+1, 0, —1, 3} as our basis
vectors. They satisfy the orthonormality and complete-
ness conditions:

e e® ,=58,8, (15)

e(@te gy * =g,

where ¢ = —e¢() and e@=e(y;, i==1, 3. The vector
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current can be written as
VM:e(a)MV(O!)=e(3)ﬂV(3)+e(m)I1V(m) , (16)

where m=-1, 0, —1 and V@ =¢@#*V, In analogy
with the scalar case, we can now write down the general
expression for the vector vertex function in the BW
frame:

W'NVEQO) [ pN) =(p/N |07 (,0) VE(0)OW,8) | psN)

=e(a)"D<¢7¢)aﬂV)\’)\(ﬂ)(q2) ) (17)
where
Van@(g) =(p/N [V (0)| p)), (18)
D(¢;¢)33= 1 ’ D(¢)¢)3M=D(‘/’;¢)m3 =0 y
DW,¢)mn= e—iMdﬂ(‘p) "y (19)
and
L(14-coshy) —sinhy/V2 $(1—coshy)
d@)™, = | —sinhy,/V2 coshy sinhy/V2
2(1—coshy) sinhy/V2  4(14-coshy)

Equation (17) is an expansion of the vertex functions
in terms of the form factors V), which depend only
on the invariant variable ¢? (together with possible
“internal variables” if the final state is a complex
system). The (¢,¢) dependence of the vector vertex
function is explicitly exhibited in the D-functions.
Angular-momentum-conservation conditions again im-
pose the constraints:

Van®(g) =800 a®(¢?,
V)J)\(”‘)(q2) = 6m,)\+)\' Vx(m)((f) y m= +17 0; —1.

The last equation indicates that the index m has the
physical interpretation of being the “helicity” of the
current (with 4-momentum g).

(20)

D. Tensor Current
We define basis tensors! {€(n)*",&m)* ;m=-+1,0,—1}:
em =L e ey’ —em’ e’ ]/V2,
Emy* = — 51N e(mrg -

(21)

They satisfy the orthonormality and completeness
conditions:

emy* €™ ==y 8 =", (22)
B(m)* A =é(m)* cem) =0 ,
e(m)we(m))\v* —Emyml ™= %(gu)\gw_guogvk) . (23)

It is easy to see that under the SO(2,1) transforma-
tions (10), the two sets {ewm)*} and {Ewm*} transform
separalely as vectors in the (0,1,2) subspace. Thus, for
example,

0(¢;¢)X"O(¢)¢)Uve(m) ro= e(n)w’D(‘p’q&) "m ‘
where D(y,¢) is given by Eq. (19).

(24)

11 The factors of 7 adopted in the following definitions are to
render the resulting form factors real whenever time-reversal
invariance can be applied.
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The antisymmetric tensor current operator may be
written as

Tw = e(m)ukam) +é’(m)w’T(m) , (25)

where
Timy= e(m)‘w*Tﬂv ’

T iy ==y * Ty
Using (24) and (25) we obtain
PN T#(0)| p7) =5(m)"”D(‘P;¢)mnwa("j(92)
Fem* D)™ (g%, (27)
where the tensor form factors are defined by

T)\’)\(m)(g2) = (PSIN[ T(m)(o) ( Ps}‘> ’

(26)

- - 28
T @ =X TPy, O
Again we have the constraints
Tan™ (g% = man Tr™(¢?) , (29)

T (g?) =8marn Th™(g?) .
E. Remarks

(a) The expansions (12), (17), and (27) separate out
the dependence of the vertex function on the (¥,¢)
variables in the form of D functions (reflecting the
Lorentz-transformation properties of the specific current
involved) from the dependences on ¢2 and other internal
variables which are determined by dynamics.

(b) What we have called Sx, Vann®, Vo™, Than ™,
and 7' can in a certain sense be regarded as the
“helicity amplitudes” for the process® (Fig. 2)

J+A4—B, (30)

on account of the physical meaning given to the index
(m). For convenience, let us call them helicity form
factors. These form factors are the natural generaliza-
tions of the familiar Gz and G form factors to general
currents and arbitrary states A and B. They diagonalize
the (unpolarized) intensity distribution function for the
general process (1) (as will be shown in Sec. IV) and,
when ¢? is small and a nonrelativistic reduction pro-
cedure makes sense, are simply related to the familiar
maultipole moments with the associated physical interpre-
tations.'? Some further properties of these form factors
are briefly enumerated in Appendix B.

Fi6. 2. The effective current-hadron
B scattering process.

A p,o

12 For a discussion of Gg and Gy, see F. J. Ernst, R. G. Sachs,
and K. C. Wali, Phys. Rev. 119, 1105 (1960). Generalization of
Gr and Gy to the arbitrary-spin case and the relation to multi-
pole moments are studied by Durand et al., Ref. 8. However, this
paper used the Jacob-Wick definition of the states and chose a
BW frame in which p;=—p;’ (instead of ps—ps'=+/¢* and
po=7p0"). As a result, many of the appealing features of the helicity
form factors are lost.
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We should emphasize, however, the polarization
indices A\, \ are helicities in the BW frame and should
not be identified with the Jacob-Wick helicities® defined
for two-particle states in the c.m. frame for scattering
processes.

IV. TRANSITION AMPLITUDE AND
INTENSITY DISTRUCTIONS

We can now use the results of Sec. III to evaluate
the transition amplitude, Eq. (4), for the general local
interaction. In the brick-wall frame we can choose the
coordinate axes such that the momenta (p,p") associated
with the A-B vertex are of the standard form (ps,ps),
Eq. (7). Then, using (12), (17), and (27) for the current
vertices and the orthonormality conditions for the
basis vectors, we obtain

ror oW ,g% - -)

=(G/V2) jx O () D* W) s @y oa(g?- - *)

=(G/V2){D*W,8) s or *V (myor o +tn W *T (my o7 5

i ¥ T (yor o JF S0 S oo O*V 5300} . (31)

Note that Eq. (31) (first line) appears in a “factorized”
form consisting of two vertex functions each depending
only on ¢? (and its own internal variables, if any) and
they are connected by a D-function depending on the
variables (¢,¢) which specify the relative coordinates
of the two vertices (cf. Fig. 1).

To make the choice of variables clearer, we recall
that our BW frame is chosen such that

(Z:P—p, =k'—k= (070;0)\/q2) ’

p= (p0?0707p) b

k=Fk(coshy, sinhy cosg, sinhy sing, —1),
where

p=(@=IHWY/2e,

E=(gmd/2Vg,
M being the mass of the target particle 4, m,; that of
the lepton /, and W the effective mass of the system B
(see Fig. 3). These variables are related to the laboratory
frame incoming neutrino energy e, the outgoing lepton

energy ¢ and scattering angle 0z, and the magnitude
of the 3-momentum transfer |q.| by

coshy = (e+¢)/[qz|,
sinhy =[(v/¢?)/]q.|] cot3by,

in the approximation of m;=0.
The leptonic form factors are, of course, explicitly
known from (3). Straightforward calculations yield

1D =4, =}, 0 = 2§,

(32)

=+,

(33)

==202¢")'*(14+m2/¢*)'1*  (34a)
and
23 (® =v%(3) = _%t_%(—l) = _%z_%(—n
=2m(1+m?/ g1, (34b)
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F1G. 3. The brick-wall-frame kinematics.

and all other form factors vanish due to the conditions
(13), (20), and (29). We note also that the form factors
given in Eq. (34b) are proportional to the lepton mass.
In the limit m,=0, which is a good approximation for
high-energy processes, the only surviving (leptonic)
form factors are thosein Eq. (34a), and they are all
proportional to 4/¢2 The transition amplitude (31) can,
therefore, be written

f%”’ o= —ZG(\/q2)ESﬂ'ﬂ+eim¢d(¢)m0T(m)u’ a] y
f'—%"' o= —ZG(\/qz)eimd)(z(‘l/)m—lV(m)a’U ;

where, for simplicity, we have written T'(n) for the
combination T (my— 1 (my and absorbed a factor (—1/v2)
into the definition of Ss,.

Equation (35) exhibits very compactly the full
kinematic content of the general local current-current
interaction for all neutrino scattering processes. The
most obvious feature of this equation is the separation
of the S-T and V interactions according to the helicity
of the outgoing lepton. This is expected [as can be seen
by a close examination of (3)7] and holds true for all
possible targets 4 and final states B. This points to the
most unambiguous way of testing the structure of the
local current-current interaction at high energies and
large momentum transfers: to the extent that the
lepton mass can be neglected, a purely left-handed out-
going lepton indicates V interaction, a purely right-
handed one indicates S-T interaction, and the coexist-
ence of both helicities indicates a mixture of the two.
Although this sounds very simple, the practical diffi-
culties of measuring the polarization of the very high-
energy outgoing lepton (muon in almost all planned
experiments) are quite formidable though perhaps not
entirely insurmountable.

We are thus led to explore the more detailed struc-
ture of Eq. (35) and to seek to distinguish the two
types of interaction through angular or (target) spin
correlation experiments. To this end, we write down
the transition probability for the general reaction (1)
when the lepton helicity is not observed:

I =pzrrApa’-r’B(f—%v’ ,df—%r' ,f*+f%a’,af%r’.'r*) . (36)

Here p4 and p? are the density matrices for the states
A and B, respectively. Substituting (35) into (36) and
using the explicit expressions for d(y), we obtain® the

(35a)
(35b)
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following general distribution in the variables (¥,¢):

I=2G?¢*{sinh® 11+ (1 —coshy) I+ (14-coshy)?ls
~+sinhy/(1 —coshy) (cose 14+sing I5)
~+sinhy/(1+4coshy) (cose I-+sing I7)

~+sinh?¥/(cos2¢ Is+sin2¢ Iy)},

where the coefficients 7; are given by

L=VOVO* L THTE* LT TER L TOTO* _ §8%
Ly=[VOVE* L (TOLS)(TO+S)*],
L=3[VOVO*(TO—-S)(TO—5)],

Ii=—V2 Re[ VOV O*L(TH TN TOLS)*],
i=V2 Im[ VOV O* p (THOLTN(TO85)¥],  (38)
Is=—V2Re[VOV*H(TH —TO)(=TOH85)*],
I;=V2 Im[ VOV *(TH LT (=T O485)*],
Is=—1Re[VHOVO*L2THTE*]
Li=3Im[VHOVO*L2TH TEF],

For simplicity, in Eq. (38) we have (a) used (&) in
place of (&1) for the superscript (m) and (b) omitted a
common factor consisting of the density matrices p4p®.
In other words, each term in Eq. (38) stands for

J(G)J(m*'—_zpu"rApcr’T’B]cr’a'(a)J‘r'?(ﬁ)* . (39)

We note a few features of Egs. (37)-(39). (a) The
form of the nine-term distribution function is the same
for V and T-S interactions in general.?® (b) When the
state B consists only of a single particle or includes all
possible final states, the form factors can be taken to be
real provided time-reversal invariance holds. In that
case, the sing terms (5, I, and Iy) vanish and we have
a six-term distribution function. In all of these processes,
time-reversal invariance can be tested by measuring the
asymmetry in ¢ with all other variables integrated
over.13 (c) The first three terms in (37) (I1, 15, and I3),
which are the only surviving terms in the unpolarized
quasi-two-body cross sections, are diagonal in the
helicity form factors. The other terms involve simple
interference terms. The same distribution functions
when written in terms of the lab or c.m. frame variables
and the conventional invariant form factors are invari-
ably so complicated as to be almost untractable ex-
cept in the simplest cases.

As a result of the difference in the outgoing lepton
helicity for the S-T and V—A4 interactions, the lepton
current has helicity O in the first case and —1 in the
second. This is reflected in the apprearance of the func-
tion d(¥)™ in Eq. (35a) and d@¥)™_; in (35b). In an
experiment where the hadronic current vertexes are
nonvanishing for all three values of the current helicity
m (m=1,0, —1), the differential distribution function

€Y

13 To observe the asymmetry, one needs a preferred direction
with respect to which the asymmetry is defined. This can only be
supplied by the polarization vector of either A (polarized target)
or B (final polarization measured).
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is always of the general form (37), which does not dis-
tinguish the two types of interactions. This is the case
in all “inclusive experiments,’”’** where part of the final
states are left undetected and in “exclusive experi-
ments”* involving particles of nonzero spin and with
no information available on the polarization of the
initial and final hadrons. On the other hand, if the
polarization indices (s,0’) for the hadrons are suitably
limited (either because the particles are spinless or that
one or more of them are polarized) so that the hadronic
current helicity m is restricted (m=o-+0¢’), then the
distribution function for the two cases are distinguish-
able [d(y)™ versus d(¢)™_1]. This means that different
terms in the general distribution function Eq. (37)
vanish, depending on which type of current are re-
sponsible for the decay process under these special
circumstances. In the next section we explicitly work
out several examples of this latter type as possible
places to look for tests of the V—4 interaction. These
examples also serve as illustrations from which it should
be apparent how the general formalism developed
earlier can be applied to any other special cases of
interest.

We remark at this point some necessary sign changes
in the formulas presented so far if they are to be applied
to antineutrino scattering. The first change comes in
Eqgs. (34) where all the signs of the polarization indices
(N and m) should be reversed. In addition, all form
factors appearing in Eq. (34a) change sign. These
changes imply that the right-hand sides of Egs. (35)
change sign andd(y)™_; is replaced by d(¥)™:. These,
in turn, imply that in Eq. (37) we should replace sinhy

by (—sinhy) and interchange (1—coshy) and
(1+coshy).
V. EXAMPLES
A. Lepton-Lepton ‘‘Elastic” Scattering
We first consider the reaction
Vl+ll - l+”l’ ] (40)

which is among the experiments being comtemplated
at NAL.' The intensity distribution for this reaction
can be easily obtained from the general formulas of the
previous section by setting V) =91, S=1s, and all
other form factors zero (in particular, note 7°t™
={m) —fm) =(), We get

I(g*¥) =8G*¢*(1+coshy)*

if V— A interaction still holds at high energies. The S-P
interaction, if present, would contribute

I(g) =8G"¢*, (42)

14 R, Feynman, Phys. Rev. Letters 23, 1415 (1969); in Proceed-
ings of the Third International Conference on High-Energy Colli-
sions, Stony Brook, 1969, edited by C. N. Yang et al. (Gordon and
Breach, New York, 1969).

15 National Accelerator Laboratory, Summer Study, 1968 and
1969 (unpublished).

(41)
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where we wrote G’ in place of G to allow for a different
coupling constant. The tensor interaction does not con-
tribute to this process.!

We also mention another lepton-lepton interaction
which will be investigated experimentally for its own
right as well as in connection with the search for the
intermediate boson.!® This is neutrino lepton-pair
creation in the Coulomb field of nuclei, e.g.,

nA+Z =1+ v +-Z. (43)

Here, because of the photon interaction, the strict
locality of the four-fermion interaction is modified.
However, it has been shown!” that the y~ and u* energy
spectra are markedly different for V—A4 and S-P inter-
actions. (Again the tensor current, even if it is present,
does not contribute to this process.6)

B. Quasi-Elastic Scattering off Spinless Targets

The cases where both 4 and B in reaction (1) consist

of spinless particles (nuclei) offer the only possibilities
for testing the V' —A4 interaction in semileptonic pro-
cesses from the lepton intensity distribution alone.
#" Consider the quasi-elastic process where both 4 and
B are single particles of spin 0. There is only one form
factor for each”type of current and we get, from Egs.
(37) and (38),

I=2G*¢[(|V|*+|T|*—|S|? sinh®y
41| T+S|2(1 —coshy)2+3| T—S| 2(1+coshy)?].
(44)

We should therefore observe a pure sinh% distribution
if the vector (V—A4 in usual language) action is the
only one present. Deviation from such a distribution
indicates the presence of tensor or scalar admixtures.
This case is completely analogous to that of the K.
decay where the hyperbolic angle ¢ should be replaced
by the decay angle 6 in the c.m. system of the leptons.’®

The case where the final state B consists of two
spinless particles is also, in principle, capable of dis-
tinguishing the V—A4 interaction from the other possi-
bilities. There are only three independent vector-axial-
vector form factors, V,™), entering the nine-term
intensity distribution (37). We shall not enter into the
details here because of the lack of practical applications.

16 The vanishing of the tensor contribution to four-point lepton
processes (of which this is one example) can be proved in another
way. By using the Fierz transformation, one obtains

Yo (v sl (1 —vs)a#
=— Wl —vs)ou(l+vs)dior
50 (L—s) A+vadbr + 10 (L —va) vs(L+ya)dysgr

We thank Dr. K. Fujikawa (see Ref. 17) for pointing out this
proof to us.

7K. Fujikawa, 1970 (un-
published).

18 The latest experimental upper limits for |S/V| and |T/V]|
are 0.23 and 0.58, respectively, in K, decay. See D. Botterill
et al., Phys. Rev. 174, 1661 (1968).

thesis, Princeton University,
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It is perhaps worth noting, however, that this type of
process is again very closely related to the K., decay®
in its kinematics.

C. Quasi-Elastic Scattering off Polarized Target

We now consider the process

»+N — I+N', (45)

where the initial nucleon is polarized. The final particle
N’ can be any spin-§ baryon. Our standard BW frame
is related to the laboratory frame by a boost along the
recoil V' direction which can be chosen conveniently to
be the negative 3-axis. Let us further choose the polari-
zation vector of the target V to lie in the 1-3 plane and
form an angle 6 with the positive 3-axis in the laboratory
system. The scattering amplitudes depend on four
variables which we choose to be ¢% ¢, ¢, and 6.

The general formulas (37)-(39) can be applied to this
case with the following substitutions for the initial and
final density matrices:

Port =%(1+p‘7‘n)”=2 dvn%(e)pxd”%(—e) ’
« (46)

B _
Pa’' 7! —Br'v’ )

where p is the polarization of the target, poy=3%(14p),
and d'/2(6) is the usual spin-3 rotational matrix. Sub-
stituting into (39), one obtains

JOJO*=1(|J_ |24|J,_|?)
+p cosOX3(| T [2— [T |?),
JEJE* =114 p cosh) | T 2|2,
JOJO*=1pging J, T4 *,
JOJ*=1psing J_J__*
TJHJ* =0,

(47)

where we have omitted the superscript (m) on the right-
hand side since m=0¢"40. The results can be applied
to each term in Eq. (38), yielding

Ii=a;+pcosfb; for i=1,2,3
= sinf a; for i=4,5,6,7 (48)
=0 for 1=8,9.

Equation (48), when substituted into Eq. (37), gives
rise to a ten-term combined correlation function in the
variables ¢, ¢, and 6. The contribution of the vector

1 A, Pais and S. Treiman, Phys. Rev. 168, 1858 (1968); 178,
2365 (1969).
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form factors to the coefficient functions are
a=5(|V_i[2+[V-]?,
bi=3(V_i[2=|V,-]?,
as=by=%[J,1[2,
ag=—by=%|J__|?,
as=—(1/V2) ReV, V., *,
a;=(1/V2) ImV V¥,
as=—(1/V2) ReV_,V__*,
ar=01/V2) ImV_, V__*.

The four vector form factors appearing above are
essentially the usual Gg, Gy, and their axial-vector
counterparts. The exact relations between the two sets
are given in Appendix B. It is clear from (49) that if
this process is mediated only by the usual vector current
then there exist four relations among the ten coefficient
functions a;, b;. The two more useful ones among these
relations are already explicitly displayed in the third
and fourth equations in (49). From Egs. (37)-(39),
(47), and (48), it is straightforward to verify that the
presence of any scalar or tensor currents will spoil these
relations. This suggests the possibility of testing the
structure of the basic interaction by measuring the
correlation functions and checking these relations
among the coefficients. In practice, it is very unlikely
that the complete correlation distributions (37), (38),
and (48) can be obtained experimentally. It is therefore
desirable to see how much of the phase-space volume
can be integrated over without distroying the relevent
information to be extracted.

First of all, the ¢ dependence is not of particular
interest for our purpose; thus it can be integrated over.
The resulting differential cross section (for fixed incident
energy) is

do G¥q*
21——2 = P 2]ljlz{smhzxpal(qz)—!—(1 —coshy)?as(g?)
q Te

4 (14-coshy)%as(g®) +p cos sinh?Pb1(g?)
4 (1 —coshy) (g% 4 (1 +coshy) 25(¢2) 1},

where ¢, the lab neutrino energy, is given in terms of the

BW-frame variables by

e=(1/AM){ (2~ M2+ M)+ [+ (M4 M)
X[g*+(M'—M)*]2 coshy} .

The first three terms (a;) give the spectrum function for

unpolarized target,

\ do
A+(q ,"P) = —(Zq_z

(49)

(50)

do
+

Lt (51)

O=n

The last three terms (b;) can be isolated by forming the

asymmetry function
do

0=0 dg*

do

A—(qzﬂll) =

i (52)

O=n
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The ¢* and ¢ dependences can be separated only by
measuring A, at many different incident energies.
(At fixed energy, the two variables are related.) With
these available, one can divide 4, by the common
factor (G%?/32weM?) and integrate over the experi-
mentally available range of the variable ¢% a fixed ¢.
The resulting ¢ spectra for the two cases are

sinh? { i:i } +(1=coshy)? ‘ Z:i ]
+(1+cosh¢)2($:i} , (33)

where
(a:;)= / dg*ai(¢®) and (b;)= / dg*i(g®) .

From (49) we infer that if the weak current remains a
vector at high energies, we should expect

(@2)=(b2), (as)=—(bs). (54)
We also point out that if second-class currents are
absent, then V,_=V_, (cf. Appendix B) and conse-
quently [cf. Eq. (49)],

It is worth noting that although we integrate over
¢ in order to gain maximum statistics, the tests (54) and
(55) are free from any assumption on the q* dependence
of the form factors.

For antineutrino scattering, the coefficients of the
(1£coshy) terms are interchanged. Consequently, the
relevant relations are

<(12> = —<52> , <‘13> =(bs), and (61)=0. (56)
D. Quasi-Elastic Hyperon Production
Here we consider processes of the type
v+N—I+Y
N (€0

N'+,

where N is a target nucleon (unpolarized) and ¥ a
hyperon. We choose the hyperon decay plane to be the
1-3 plane and denote by 6 the decay angle of N’ in the
hyperon c.m. frame. The over-all process (57) is specified
by the four independent variables ¢2, ¢, ¢, and 6.

The density matrixes for the initial and final states
are

p«r‘rA =%6477 3

Pv’r’B=Z d——a'x%(e) | a‘x[ 2dk.—1’%(—0)

= |052X%(1—a0-n),:,ﬂ (58)

where a3 are the Y-decay amplitudes for == helicity
outgoing N’ [they are simply (1/v2) times the sum and
difference of the conventional a,,a,], respectively;
la]?=|ay|?+]a_|2=]a,]| 24| a,|?; a is the asymmetry
parameter (|a;|?—|a_|?)|a|?=2(Rea,a,*)|a|2; and
n is the polarization vector with components
(sind, 0, cosf).
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The similarity between this process and the polari-
zed-target case is obvious [ compare Eq. (58) with (46)].
All considerations of Sec. V C can be carried over with
very little change. In particular, the combined corre-
lation distribution in the variables ¢, ¢, and 6 is given
by Egs. (37) and (48). The coefficients {a;b;} are
expressed in terms of the vector form factors by formu-
las similar to Egs. (49) with the following changes:
(a) an over-all factor of %|ae|2=1(|a,|2+]a,|?) is
inserted, (b) the form factors ¥V, _ and V_, are inter-
changed, and (c) b1, b2, b3, a4, as, ag, and a;7 acquire an
additional minus sign. The phase space for the present
process involves one more integration in the § variable.
The two spectrum functions A.(¢%y) are obtained in
this case by integrating over the entire § range for 4,
and taking the difference of a twofold division of events
with 0<6<37 and 37 <6< for A_ (asymmetry of N’
with respect to N in the ¥ c.m. frame). Again the ¢2
variable may be integrated over in the manner de-
scribed before. The relations which serve as tests of the
V —A4 structure of the weak current are now (56) for
the neutrino-initiated reactions and (54) for the anti-
neutrino-initiated reactions.

It may be interesting to note that similar tests of the
V—A interaction can be carried out in polarized-
hyperon 8 decay. Essentially all the above analyses go
through if the variables (,¢) are replaced by the decay
angles of the lepton in the (/;») c.m. frame. Data on these
processes are being accumulated at such a rate that it
appears such an analysis may be feasible in the very
near future.?®

E. Single-Pion Production in N* Region

Finally, we consider the single-pion production

process
v+N—I4+N+r, (59)

with the final (N'm) invariant mass in the low-energy
region where N* dominates. As a first approximation,
we assume that the final (N'm) system is in a pure
JP =35+ state (NV¥*) in its c.m. frame. Then the initial
and final density matrices can be written

(60)

pa-rA —%601

B d[ 2 —Zii d—'r'ltslz(o)d—a" x3/2(0) ’

Pv"r' -

where |a| stands for the magnitude of the N* decay
matrix element (N*|N'r). Substituting (60) into (39),
one can obtain the expected distribution in the variables
¥, ¢, and 6 from (37) and (38).

As before, we integrate over the ¢ variable obtaining
a six-term distribution expressed by

I;=a;+b;cos?0 for i=1,2,3
=0 for i=4,5,6,7,8,0.
20 For example, J. Lindquist et al. (Chicago-Washington-Ohio
State-Argonne collaboration), in Proceedings of the Fifteenth

International Conference on High-Energy Physics, Kiev, 1970
(unpublished).

(61)
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The vector-current contributions to a;, b; can be easily
worked out; they are

Sa=bi=3L| V40| V0] 1],
=3 V9|5 V9],
ba=401 V2= | V0|,
a=3 VO 7,0,
=401V |2= |V, 2],

Here the form factors are labeled by the current helicity
(m) and initial N polarization, o, with ¢/ =m—o omitted.
The first equation in (62) can be used as a test of the
V—A4 interaction in the same manner as described in
the previous two sections.

In order to improve on the (rather drastic) approxi-
mation made above, we may include into our consider-
ation correction terms brought about by other partial
waves. In the N'* region, the J®=3*states are expected
to have some influence. An analysis may be carried out re-
taining the three partial waves * and §+. The procedure
used is the same as before, the algebra becomes slightly
more involved. We give the detailed results in Appendix
C. The combined ¢, ¢, and @ correlation distribution
consists of 19 independent terms. Since the number of
form factors proliferates with the inclusion of more
states, we found it convenient to assume time-reversal
invariance. This enables us to invoke the Watson’s
theorem to fix the phases of the form factors in terms
of the measured (wV) phase shifts, thus reducing the
number of unknowns. This way, the 19 coefficients in
the correlation function can be expressed in terms of
three known phase shifts and 14 (modulus of) vector
form factors if V—A interaction alone contributes.
Thus, five relations among the 19 coefficients exist and
again serve as the basis for a test of the V—A4 inter-
action at high energies. For the details of this calcu-
lation we again refer the reader to Appendix C. Here we
only note that the procedure used is, in a sense, the
reverse of that used by Pais and Treiman in K. and
E14 decays.!® There, the V—A interaction is assumed
and the phase shifts treated as unknowns to be solved
from the coefficients of the correlation function.

(62)

F. Conclusions

We have given a formula for the general intensity
distribution function for an arbitrary neutrino scatter-
ing process in the local current-current picture in terms
of helicity form factors. We have discussed various
ways to test whether the basic V—A4 interaction struc-
ture of the weak-interaction Hamiltonian deduced
from low-energy decay experiments still remains valid
for high-energy neutrino scattering processes. All con-
siderations are independent of dynamical assumptions. 2!
It is quite evident that none of these proposed tests are
easy to carry out in the laboratory. The analyses of

* There is one exception. That is the omission of other partial

waves in the (N'r) sys.em in Sec. V E. This assumption can be
independently checked experimentally.
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this paper showed, however, that there does not seem
to be any easier alternative for settling this very
important question. The “inclusive experiments”
(without detection of the outgoing lepton polarization)
which are the most practical reactions to measure in
the laboratory can serve to test some aspects of
locality*? but not the V—A structure of the weak
interaction. The “exclusive experiments” examined in
detail in this paper as well as the measurement of the
outgoing lepton polarization mentioned previously are
undoubtedly much harder experiments. We hope,
however, with the rapid advancement in experimental
techniques some of these tests will be carried out.??

Aside from the proposed tests, we hope the analyses
in this paper also succeed in demonstrating the useful-
ness of the BW-frame variables® (,¢) and the helicity
form factors, in describing all types of weak scattering
processes. The variables sinhy and coshy, which appear
widely in our formulas, are rather simply related to
the more familiar laboratory variables through Eq. (33).
The helicity form factors, which are just generalizations
of the familiar Gz and Gy, can be used in other types
of weak and electromagnetic processes to great
advantage.?
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APPENDIX A

We briefly indicate the lepton-mass corrections to
the various formulas in the text. This is rather easy to
do in our formalism. Thus, substituting Eqs. (34a) and
(34b) into Eq. (31), the general scattering amplitudes
are [compare with Eq. (35)]

frer o= ——2G(q2+’ml2)112[5-1’a+eim¢d(¢)m0T(7n)V’ iy
+\/2Gm;(1+mzz/q2)1’2 ]
X[Vv'0(3)+eim¢d(’l’)mOV(m)v'v]) (Al)

f*%a”,a= _ZG[(q2+ml2)l/2V('m)0"¢ _
—V2m(14+mi?/g) " e d () ™1 -

The intensity distribution can then be obtained from
(A1) and (36). The distribution function is again of the
form Eq. (37) but with I; containing more terms than
those given in Eq. (38) due to contributions from the
second terms in Eqgs. (Al). They can be easily worked

2 A quick look at the list of proposed experiments at the
National Accelerator Laboratory should offer much encourage-
ment to one’s optimism on this point. .

23 See, for instance, an application to the g decay of polarized
baryons: P. H. Frampton and Wu-ki Tung, Phys. Rev. D (to be

published).
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out when necessary, we do not give the complete ex-
pressions here.

As a consequence of the lepton-mass terms, the out-
going lepton polarization is not 1009}, for pure V—4
or S-T interactions. The correction is roughly of the
order m;?/q* [see Eq. (A1)]. Similarly, the distribution
functions (41), (44), (49), and (62) and the constraints
(54), (56), and (62) all are subject to additional cor-
rections of this order. For electron-neutrino interactions,
mi?/q* is for all practical purposes zero. For muon-
neutrino interactions, #,%/¢>=0.01 for ¢>=1 (GeV/c)2

APPENDIX B

We briefly enumerate a few relevant properties of
the helicity form factors defined in the text. We recall
the definition of such form factors:

I =(p/N|T™(0)] p\)
=(0—N'| Bs(— /)T ™ (0)Bs(u)| ON). (B1)

Here, as in the text, J™ denotes the m-component of
some general current operator. The m-index is defined
such that

L/ (0),75]=mJ ™ (0), (B2)

where J; denotes the angular momentum operator along
the 3-axis. (An exception to this statement is V'
which corresponds to m=0 but, for obvious reasons,
we cannot, and did not, label it V®.) Sandwich Eq.
(B2) between the states (p/N'| and |p.\). We get
AN) T ™ =mJ \n, which implies

Ian™ =8 aar In (™). (B3)

The hadronic states |ps\) and |p,'\’) have definite
transformation properties under the space- and time-
inversion operators. It is therefore meaningful to sepa-
rate the S, V, and T currents in the text into the usual
S, P, V, A, and T currents which also have definite
transformation properties under these discrete trans-
formations. One can then derive consequences due to
covariance under these transformations. This is easy
to do with the explicit definition (B1); we shall not go
into it explicitly here but rather confine ourselves to a
few remarks. Constraints on the form factors due to
these symmetries arise only if all the momenta (both
the initial and final states may be composite systems
with internal momenta) lie in a plane [so that the
operators U,Ry(mr) and UrRs(r) will leave the momenta
unchanged ]. Otherwise one only relates form factors at
different momentum values. As is well known, parity
relates Jaa ™ to J_y ™ and time-reversal invariance
yields information on the phase of the form factors and,
in the special case where the initial and final states are
identical, symmetry relations in the initial and final
variables.

As shown in the text, the helicity form factors
diagonalize the unpolarized cross-section formula and
yield simple expressions for spin- and angular-correla-
tion functions. The relation between these form factors
and the conventional invariant form factors can be



3 GENERAL LOCAL

worked out easily for any particular case from Eq. (B1)
according to the specific way the latter are defined. They
can be also related to the nonrelativistic multipole
moments familiar in atomic and nuclear physics. To do
this, simply observe that the operator Bs(—u")J ™ (0)
XBs(u) in Eq. (B1) can be decomposed into a sum of
terms irreducible under the rotation group O(3) (with
parity). When sandwiched between the rest-frame
states in (B1), one obtains reduced matrix elements
which are generalizations of the multipole moments.?

Finally we give the explicit relations between the
vector and axial-vector helicity form factors and the
conventional invariant form factors for spin-3 particles.
From the definition

Vb=t (ps) [v* frtio?q, fat-g* fs

Frrvsgitiotgrysgatgtysgs Jun(ps),  (B4)
q* =Ps"“‘Psl",
straightforward calculations yield
Voan® =(AM f1+¢2fs) (14-4012/¢?) 12
—2N(2M g1+¢¢s) (14+-AM?/ )12
(A==%£3),
Voan© =M f1—g*fo) 14-AM?/g?) 12
—INAMg1—q?g:) 1440/ )12, (BS)

Vis &0 = QgL — (fi+2M fo) 1+AM?/g?) 2
(g1t AMgo) 1+451%/¢?) 2],

Vg0 =(2¢) [~ (f1+-2M fo) (1+AM?/g) /2
— (g1t AMg) (1-+4M%/¢)V*]

where AM=M'—M and M =3(M+M").

The vector parts of the helicity form factors V@ and
V&D can be readily recognized as multiples of the con-
ventional Gg and Gy form factors, respectively.

APPENDIX C

We give some detailed results on single-pion produc-
tion in the N* region. The process under consideration is

v+N — u+N'+r. (c1)

In our convention, the total momentum of the (N'r)
system is p’. Let us denote the relative momentum of
this two-particle state by 7 and the N’ polarization by «.
This process is described by five independent variables
¥, ¢, ¢% 0, and W), where W is the invariant mass of
the N’z system. In the region where W is near or below
the two-pion production threshold, we assume the
matrix elements of the current operators between the
states (NV'w) and N are dominated by the (N'w) system
in the JP=1% 3+ states. The helicity form factors
which enter into Egs. (31), (35), and (38) can be
written

<P8'; 7’K1J(m) \ psa>=(0; r’K‘Ba(-‘%l)]("”)B(u) IOa‘)
=3 et FO)[T 476 GO 2T 41 ) 4]

+Z d—a'x%(e)]o"a(m) G+) , (CZ)
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where the second superscript indicates the J? state of
the (N'm) system.

In the region of W variable of interest to us, elastic
unitarity in the (N¥'m) channel holds. If one assumes
time-reversal invariance, as is consistent with present
experimental evidences in high-energy scattering, then
the phases of the form factors in (C2) are identical to
the elastic scattering phase shifts in the appropriate
(N'r) states. For simplicity in notation, let us denote
the phase shifts in the 3+, 3, and 3* states by «, 8, v,
and the form factors Jo ™ %) in these states by
a, ™ B,m  y m respectively. Then, substituting
(C2) into Egs. (37) and (38) yields the combined corre-
lation distribution in ¢, ¢, 8, with the result

I;=a;+b; cos?0+c; cosf for 1=1,2,3
= (a;+c; cosf) sind for 1=4,5,6,7 (C3)
=a,; sin%) for 1=8,9.

We give the contribution of the vector-current form
factors to the coefficients {@;,bs,¢;}

a1=(a+")?+ (-0 + (8- +1[(v1") 2+ (-]
— (8" =B cos(B—7),
b1=3{:[(v+") 2+ (v-") 2]+ (B: %7+ *—B_2v_%) cos(8—7)} ,
c1=2(a*8+"—a_"8_°) cos(a—p),
ax=3[ ()24 (B )]+ (v D+ (v,
be=3{[(v+")?—(v-")*] =Byt cos(B—)},
ca=—ay*Bi* cos(a—B)+yitayt cos(y—a),
as=3[(a7)2+ (B ]+3[ (v ) H-(v-)2]
— 3By cos(B—7),
bs=3{1[(v-7)?— (v+7)Z]+By— cos(8—7)} ,
cs=a_B_" cos(a—pB)+v——a_~ cos(y—a),
as=—V2[(a;*84°+B¥a,?) cos(a—p)
+i(vtay oty 3y Fa %) cos(v—a)], (C4)
cs=—(VH{v-FyHIVB (B Py v HB40) —y 8]
Xcos (B - 'Y) } ’
a5 =V2[(a*B+°—B4T,) sin(a—g)
+3 (vt Fay Py 03y, ta ) sin(y —a) ],
¢s=(VHIV3(B v =780 +v-+8_] sin(B—7),
as=—V2[(a_%8_~+B_a_") cos(a—p)
+3(v-la"—a % ~—VBa;%,7) cos(y—a)],
ce=—(VH{—r+"v++[V3(BOy_—+v-8")
—B+"v+~] cos(B—v)},
ar=V2[ (a8~ —B-%_") sin(a—p)
+3(r-"e+a Oy 7 —VBa, %, ") sin(y—a) ],
cr=(VV3(B- Oy~ —v_8-) —B, v I sin(B—7),
as=1V3 (v vty ) H Bty —y—tB)
ay=3V3 (=B Py~ —v-FB7) sin(B—7).

The 19 coefficients are given in terms of three known
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phase shifts and 14 unknown form factors. Thus, in
principle there exist five relations among the corre-
lation coefficients which can provide as tests of the
V —A interaction. It is not hard to see from Egs. (C4)
however, that these relations are rather complicated in
general. In the text we considered the zeroth-order
approximation of setting a,™ =8, =0 and obtained
one simple constraint relation ¢;=3b;. One can improve

PHYSICAL REVIEW D

VOLUME 3,

CHENG AND WU-KI TUNG 3

on these results by attempting to solve the equations
in (C4) in the approximation that (o, /y, ") and
(8, [y, are small but nonzero. We shall not do
this here explicitly. It can be carried out in a straight-
forward manner when the result is called for. Let us
simply state that the aforementioned relation a;=3b,
still holds to the first-order approximation in the small

parameters (a/v) and (8/7).
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Broken Scale Invariance and Kinematic Moments of Electroproduction Cross Sections*
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Expressions for high-energy limits of electroproduction cross sections weighted by —¢*w, w»™2, and ¢* at
constant s, 6, and », respectively, are derived from sum rules in the broken-scale-invariance scheme of

Ciccariello, Gatto, Sartori, and Tonin.

HE structure functions Wi,2(¢%v) which deter-

mine the cross section for electron-nucleon scat-

tering were predicted by Bjorken! to have the following

scale-invariant limits for highly inelastic scattering
(=g, v=p-qg— =):

MWi(g%) — Fi(w) <=,

(V/M)W2<q2,”) - FZ("-’) <o,

where p and M are the four-momentum and mass, re-
spectively, of the nucleon, ¢ is the four-momentum
transferred to the nucleon, and w= —¢?/» is fixed. Both
F1» are non-negative. In terms of these, the highly in-
elastic cross section assuming one-photon exchange is

ey

d%e Ta? t 2vw

= —~—F1(w)
d\q®ldv ME**\M

o ptral-

Ciccariello, Gatto, Sartori, and Tonin (CGST) de-
rived the following sum rules for Fi ., from a set of
current commutators which they had constructed as-
suming broken scale invariance?:

2
/ dw w F1(w)=%Cy,
0
3)
2
/ dw Fo(w)=—2C,,
0

* Supported in part by the U. S. Atomic Energy Commission.

17. D. Bjorken, Phys. Rev. 179, 1547 (1969). My conventions
are identical to his, excepting the definition of ». A typographical
error of the factor M is corrected.

where Ci,2 are unknown constants. Recently Mack
published?® an expression relating [w]s2=(w),:do/d|¢?|
for large £ and large constant —g¢? to Cs. The purposes
of this paper are to derive similar kinematic moments
of the differential cross section (KM’s) for [—q¢%]s,
where s=(p+¢)?=M>+42v+¢* is fixed; for [wr 2]
where 6, the laboratory angle between the electron’s
incident and final directions, is fixed; for [¢*],; and for
[¢*Jiota1; and to discuss their implications. The KM’s
would be kinematic averages if they were divided by
the integrated cross section. For instance, [¢*],
={(q%,do/dv; however, do/dv and do/ds must be defined
delicately because of the ¢~ factor in (2).

First the derivation of Mack’s average will be re-
viewed. If (2) is valid for sufficiently large, fixed —g?,

do d% ma? 2
(w)g? E/de = / dw
d|g?| dlg*ldv  ME* ).

2¢* ¢
X {—~F1+|:4E<E—i— -—>—q4]MF2} , @
Mo Mo

where wo= —4Eq¢*/ (M ¢*+4M E?). If wF; and F, are less
singular than & as w — 0, the term in the integrand
proportional to FE? dominates in the limit E— .
Therefore,

—q? do dma? 2
lim <—~—> = / dw Fy
e v 1 gd|g? q* Jo

4
(10, )

q

?8S. Ciccariello, R. Gatto, G. Sartori, and M. Tonin, Phys.
Letters 30B, 546 (1969).
3 G. Mack, Phys. Rev. Letters 25, 400 (1970).



