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Monte Carlo techniques were used to study the dependence of the ““observed” p-meson mass distribution
on the width of the experimental resolution function and on the theoretical shape which the p might be
expected to assume with infinitely good resolution. By using presently available mass resolutions, we find
that structure similar to that of the 4, meson would already have been observed if the p were a dipole reso-
nance, as proposed by Kreps and Moffat. Some other possible mass shapes suggested in part by the p+p’
model which could easily have been missed are considered. Inferences relevant to the 4, meson are also

drawn.

I. INTRODUCTION

HE discovery! of mass structure in the 4. meson,
which appears to be characteristic of a dipole or
double pole,'~% has led to proposals for similar mass
structure in other resonances. One such suggestion
concerns the p meson, for which it has been argued that
dipole mass structure would imply the “dipole” shape
for the nucleon form factors and offer a simultaneous
explanation of polarization observed in pion-nucleon
charge exchange.* Therefore, it seems of interest to ask
whether some of the high-statistics good-resolution
experiments on the p meson should have seen such
structure.

The CERN missing-mass study® of p mesons pro-
duced in 77p reactions was done at several incident
pion momenta between 3.5 and 5.0 GeV/¢ with mass
distributions obtained at several differeni —t¢ (mo-
mentum transfer squared) values. The mass resolution
was =14 MeV, and events were plotted in 10-MeV bins.
The results at various ¢ values and incident momenta
are quite consistent with one another and no obvious
dipole structure is visible. The over-all compilation of
events from this experiment totals >15000, which
serves to define the level of statistics in attempting to
answer the question of whether structure should have
been observed. Compilations of bubble-chamber experi-
ments with statistics not far different from that of
CERN are also available® for all charge states. The
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hint of structure appearing in the neutral p in such
compilations can be explained by the well-studied p%w
electromagnetic mixing.

In Sec. II, we investigate with Monte Carlo tech-
niques whether an experiment, with finite resolution,
yielding 10 000 events above background would detect
specified structure. First, we examine the structure
implied by the assumption in Ref. 4 that the .S matrix
for I=1, J=1 =r (elastic) scattering as a function of
scattering energy E has a double pole,

S=[(Bo—E+iiT)/(Eo—E—iD)E. (1)

Therefore, the amplitude 7" has a double pole and the
p-mass distribution would be (often referred to as the
dipole mass shape)

| T|? o (E—Eo)*/[(E—Eo)+iI*P. 2

Our analysis leads us to believe that structure such as
this would not have been missed in existing experiments.
The addition of incoherent and coherent background
does not significantly alter this conclusion. This is a
reasonably important result since it argues against the
idea that the entire exchange-degenerate trajectory
upon which the 4 lies is necessarily a Regge dipole.
Since perhaps it is not obvious, it seems worth
emphasizing that by virtue of the nature of a missing-
mass type of experiment, the various partial waves of
a two-pion system opposite to which the proton recoils
are incoherent. Further, these two-pion partial-wave
states do not interfere with other multiparticle missing-
mass states. This follows since only the recoiling proton
is detected and all quantum numbers or degrees of
freedom for the missing-mass (m.m.) system are
summed or integrated over, including angles in the
m.m. rest system. Therefore, this particular type of
experiment is exceedingly well suited for studying struc-
ture in a particular partial wave—all other states con-
tribute to noninterfering background. Specifically, the
problems associated with the undetected e meson, or
S-wave 7 resonance, do not obscure the analysis. This
is why most of histograms we present are calculated
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672 ZACREP,
with parameters characteristic of the old CERN
experiment.®

If dipole structure should have been visible, perhaps
other similar deviations from the pure Breit-Wigner
shape would not have been seen. Since the p+p’ model”
has enjoyed some success in fitting pion-nucleon charge-
exchange data in the high-energy Regge region, a two-
pole alternative without restriction to coincident poles
in .S seems reasonable to try. With the p’ pole restricted
to be in the physical p region, S can be taken to be of
modulus one since all channels except 7= have, experi-
mentally, negligible couplings. When the poles have
different real and/or imaginary parts, structure is
possible which would not have (as yet) been seen in
experiment. The “interference” dip due to a p’ pole
with a small imaginary part would have been missed
in all published experiments to date. If the p’ is not in
the p region, but higher in mass (though not too far
from the p region), as some analyses have indicated,
the resulting mass curve for the p will be, at most,
distorted with the high-mass side falling off somewhat
more quickly than the low-mass part of the curve.

On the basis of the present analysis, we can make the
following comment about the 4, mass system providing
the A, m.m. data can be described by two poles in the
amplitude for mp — mp. (This is probably reasonable
for the mp mode within an ~159 error since it is the
dominant 4, decay mode.) The rather deep dip in the
CERN data by itself argues against a pole configuration
in which the imaginary parts are drastically different
and favors a situation closer to a dipole or especially
the case denoted in the literature by A.rieh and A,lov
since the finite experimental resolution would be less
effective in filling the dip.

II. RESULTS FOR MASS DISTRIBUTIONS
A. Dipole

Events are generated according to the dipole mass
distribution function of Eq. (1), which uses nonrela-
tivistic notation (this will not affect our conclusions,
but will affect our plotted histograms very slightly).
For convenience, we rewrite Eq. (2) as

F(M)=(M—Mo/[(M—M)*+iI*F,  (2)

where M, is the mass of the “p”’ M is the exact mass of
the mr system, and T is the width parameter. We also
introduce another mass variable M’, defined as the
observed mass of the =7 system, obtained from M by
Monte Carlo weighting with a Gaussian of width given
by the experimental resolution. The resolution® AM
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18, 259 (1967); W. Rarita and B. Schwarzchild, Phys. Rev. 162,
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8In a strict treatment, particularly for the bubble-chamber
experiments, the AM should not be fixed but should instead be

LASSILA, AND KERNAN 3

and T are then the parameters of this study and are
constrained by the requirement that the resulting
histogram should be of width comparable to that of the
actual experiment. In the calculation (3’ is the abscissa
in the histograms),

Mo=765 MeV,

400< M <1050 MeV,
and
600< M’'<950 MeV.

In Fig. 1 we display some representative mass
histograms generated for a 10 000-event experiment on
the p meson for various I' and resolution values. Shown

" plotted are results for (a) I'/2=20 MeV, AM =4-29.4

MeV (an average-to-poor bubble-chamber experiment,
say); (b) I'/2=25 MeV, AM =4-18 MeV (a reasonable
bubble-chamber experiment); and (¢) T'/2=25 MeV,
AM =414 MeV (the CERN m.m. experiment® on
the p meson). Of Figs. 1(a)-1(c), only 1(a) does not
show a dip but the result of smearing out the dipole
with such a broad resolution function (full width at
half-maximum of 59 MeV) produces an 80-MeV-wide
flat top which is not characteristic of a single Breit-
Wigner resonance. The other two histograms in Fig. 1
show rather deep dips. With the dipole assumption,
the existing CERN experiment on the p should be like
Fig. 1(c) with a statistically significant dip; however,
the actual data® show no hint of such structure. Thus,
existing data,5® we believe, strongly argue against the
p meson being a dipole. Numerous other calculations
with slightly different, and also the same, parameters
give results similar to those plotted. Calculations with
smaller resolution such as that achieved in the CERN
A experiment! (AM =75 MeV) or that of a high-
precision experiment on the p° performed at Berkeley®
show dips deeper than that of Fig. 1(c).

The addition of coherent or incoherent background
does not alter significantly the above conclusion. Since
the background changes from one experiment to an-
other, the simplifying assumption was made that the
incoherent background increases linearly from 0.6 to
1 GeV. The ratio of this background at 1 GeV to that
at 0.6 GeV was set at 3:1, and the total number of
events under this linear curve was taken as 5000 (this
is fairly similar to the CERN experiment®). In support
of our conclusion a sample of the histograms calculated
with this background assumption is shown in Fig. 2.
Figure 2(a) represents results with T'/2=25 MeV,
AM =418 MeV [see Fig. 1(b) for the no-background
case] and 2(b) represents those with I'/2=25 MeV,

chosen from a Gaussian distribution. For one case this was done,
and there were no statistically significant differences between the
distribution generated in this fashion and that generated using
a fixed AM.
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(1969).
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AM =414 MeV (the value for the CERN experiment
of Ref. 5).

For the case of coherent, very slowly varying back-
ground introduced through a factor e®¢ multiplying the
dipole form for .S in Eq. (1), the conclusions above
based on the pronounced dip are unchanged. The main
effect of coherent background is to distort the wings of
the resonance curve. For ¢>0, the high-energy side
tends to fall to zero faster and the low-energy side
slower than when ¢ =0. For the dipole case, the higher-
mass peak is then narrower, but if it is made narrow
enough to escape detection or fake the p’-w mixing
effect, the distortion of the wings becomes completely
incompatible with existing experiments, e.g., Refs. 5
and 6. For a typical experiment, the “nearly” symmetric
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F16. 1. Monte-Carlo-generated mass distributions for the p-mass
region under the assumption of Ref. 4 that the p meson is a dipole
resonance described by Eq. (2). The histograms plotted are for
(a) width parameter in Eq. (2') iT'=20 MeV and experimental
resolution AM =-£29.4 MeV; (b) width T'/2=25 MeV, AM =+18
MeV; and (c) width I'/2=25 MeV, AM = 414 MeV (the resolu-
tion in Ref. 5).
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I'16. 2. Histograms calculated for the cases shown in Fig. 1(b)
and 1(c) with the addition of a linearly varying incoherent back-
ground of 5000 events: (a) width I'/2=25 MeV and resolution
AM =418 MeV, (b) width T'/2=25 MeV and resolution AM
=414 MeV.

shape of the mass distribution within ~I'/2 of the peak
limits ¢ to be less than ~0.3 rad, limiting the back-
ground phase shift in the partial wave with the p
resonance to ~—8°< o< ~8°,

B. Noncoincident Poles

We wish to write S of Eq. (1) in more general form
aSIO

[(E—Ey—i3T1)(E—E;—i3Ty)
S —_ e“P[ : - ] 3 (3)
(E—E1+i5T1)(E—Ey+14Ts)

with obvious notation, so the 7= I=1, J=1 partial-
wave scattering amplitude has two noncoincident poles
(the elasticity, n=1). Going through the same Monte
Carlo procedures as above (E is replaced by M), we
have examined several situations different from the
dipole which can be appropriately adjusted to explain

10 See, e.g, J. S. Bell, CERN Report No. 67/721/1-TH. 784
(unpublished); or K. W. McVoy, Fundamentals in Nuclear Theory
(International Atomic Energy Agency, Vienna, 1967), p. 419.
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electromagnetic form factors and the p-4p’ model
results in mp charge-exchange scattering. The con-
clusions at the end of the preceding subsection on the
effect of 20 are found to be unchanged so results will
be given for ¢=0 only.

(3) M1=M,, T15#T2, ¢=0. In Fig. 3, we present
representative results expected in the experiment of
Ref. 5 for the case when the poles for the p (indicated
by the subscript 2) and p’ (indicated by the subscript 1)
have equal real parts but differing distances from the
physical cut. Older bubble-chamber experiments,
typically with large resolution, would not have seen this
type of structure if the I'; were considerably different.
These calculations lead us to suggest that the CERN
experiment should have been able to detect interference
between the p and a superimposed p’ of width I';.> 10
MeV. A 10%event experiment with resolution AM
=45 MeV (which was the resolution achieved in
Ref. 9) should be able to detect the interference dip
due to I'y'=4 MeV. These statements, of course, apply
to a description of the p by Eq. (3) with E;=FE,.
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Fic. 3. Monte-Carlo-generated mass distributions for “maxi-
mally” overlapping resonances described by the unitary S matrix
of Eq. (3) in which M,=M, (OI’ E1=E2). (a) P1/2=20 MeV,
T'2/2=30 MeV, ¢=0. (b) T'1/2=4 MeV, I's/2=55 MeV, ¢=0.In
both cases the resolution in the experiment of Ref. 5, AM =14
MeV, is used.
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(#1) M52 Mo, T'1=Ts (for both ¢=0 and ¢0). With
My and M, in the p-mass region, this configuration of
poles in Eq. (3) accentuates the width of the inter-
ference dip compared with the dipole case so that even
a poor-resolution experiment would find a dip. Structure
of this type with the real parts M1 and M, different by
more than 5-10 MeV appears to be certainly ruled out
for the p.

(111) M52 Mg, T'15%T, ¢=20. In this general case of
Eq. (3), although the condition @0 considerably
sharpens one of the peaks, small values of ¢ are pre-
ferred by the data since no drastic asymmetry exists in
the p wings. However, the high-mass side may fall off
somewhat more rapidly than the low-mass end," but
the limit quoted earlier, ¢<0.3 rad, more than allows
for this observed distortion in the DESY™ experiment.

Numerous possibilities exist under this category. If
M is somewhat above the p-mass region, the only effect
will be a faster falloff in the high-energy tail of the
p-mass spectrum than that given by a simple Breit-
Wigner dependence. Thus, the DESY data might
indicate the existence of the p’.

In the overlapping situation, from the above results
we expect that T'; must be small in order for existing
experiments to have missed structure. In Fig. 4, we
show representative histograms for M»="760, I';/2=>50,
M,=790, T/2=3 MeV, and ¢=0 with resolution
functions corresponding to (a) AM ==14 MeV and
(b) AM =5 MeV, since this case might well look like
the p%w mixing expected? in the neutral-p mass. The
structure in Fig. 4(a) is not statistically significant but
with smaller resolution, e.g., AM==7.5 MeV, the
dip-bump structure following from Eq. (3) near 790
Mev becomes significant. For AM =5 MeV, with
I'y/2=2 MeV, the same structure visible in Fig. 4(b)
is still there but is not significant statistically. In this
two-pole description (for p and p’) one expects structure
in each component of the isospin multiplet. Therefore,
although this last case resembles very closely the result
expected from p%-w interference,®'? the presence of a
narrow p’ would show up also in the charged-p states,
and it would appear important to cross check any p°
structure with experiments on both charged and un-
charged p mesons. Remarkably, the compilations® of
(rm)* mass distributions indicate structure in the
w-mass region even though no effect due to the w-p
interference is possible. A single experiment which
shows a similar effect is that of Baton and Laurens'
whose 7~ mass distribution has a dip at ~800 MeV

1], G. Asbury, V. Becker, W. K. Bertram, M. Binkley, E.
Coleman, C. L. Jordan, M. Rohde, A. J. S. Smith, and S. C. C.
Ting, Phys. Rev. Letters 20, 227 (1968).

1277, Bernstein and G. Feinberg, Nuovo Cimento 25, 1343
(1962); A. S. Goldhaber, G. C. Fox, and C. Quigg, Phys. Letters
30B, 249 (1969).

137, P, Baton and G. Laurens, Phys. Rev. 176, 1574 (1968).
Calculations of this type could well have been made for compari-
son with the work of this group; however, it was not possible to
find any information concerning their mass resolution.
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Fic. 4. Monte-Carlo-generated mass distributions for over-
lapping p and p’ resonances treated via the unitary S matrix of
Eq. (3) for M»=760, iT'2=50, M;=790, and 3T',=3 MeV for (a)
AM =414 MeV (Ref. 5) and (b) AM ==+5 MeV (Ref. 8).

on the high-mass side of the p~. In the momentum-
transfer-squared slice 2<A?/u?< 4, this dip appears as
a 4-standard-deviation effect. Further precise, high-
resolution experiments on charged p, (wr)* mass dis-
tributions are clearly of interest.

The calculations based on Eq. (3) were compared
with those obtained from a K matrix of two pole terms
with pole positions and residues determined by the
real part and imaginary part, respectively, of the pole
locations of .S in Eq. (3). Only minor differences having
no effect on the conclusions were found.

III. DISCUSSION

The main result drawn from the above work is that
the early CERN m.m. experiment on the p meson
should have been able to find dipole structure if it
really were there. This conclusion is completely un-
affected by such questions as whether or not an e
meson exists, since the reaction 7= p— (m.m.)"4p
produces m.m. states which have isotopic spin one (or
two). Itlis likewise unaffected by the inclusion of off-
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mass-shell effects, a result anticipated in Sec. I where
it was noted that the experiment showed no difference
between p-mass distributions for various incident
momenta and ¢ values. This is not surprising since the
p-meson mass region is considerably above the 2w
threshold and off-mass-shell effects are largest for low
masses. In the only case where a scattering process
has been studied both on the mass shell (#N — 7N)
and off the mass shell (pion exchange in NN — NN~
or N*Nr), the angular distributions for the two cases
are in very close agreement.

Though convinced that off-shell corrections would be
unimportant, we nevertheless repeated the calculations
relevant for the above conclusion with various pre-
scriptions for going off the mass shell included. No
essential change in the structure indicated in the figures
for the CERN experiment was found. This was checked
using each of the three commonly used methods for
making off-mass-shell corrections: the Born approxima-
tion,! the Diirr-Pilkuhn'® method (DP) which replaces
the Born factors by angular momentum barrier-penetra-
tion factors, and that of Benecke and Diirr*” (BD) where-
in the penetration factors are essentially replaced by
Legendre functions of the second kind (proportional
to the partial-wave projections of a particle-exchange
amplitude). Appropriate formulas for direct application
of these three methods are given by, e.g., Wolf'® (see also
Ref. 13). From these one sees immediately that the
on-shell cross sections (those in Figs. 1-4) need only be
multiplied by a function (rather complicated for the
DP and BD cases) of momentum transfer squared (f),
pion mass, and 7= mass. In each case (Born, DP, or
BD) this factor varies very slowly and smoothly across
the p-mass region. This is due in part to the fact that
the data® were taken over a relatively small ¢ range,
with most of the data at {=—0.12 and —0.18 (GeV/c)?
and one run at i=—0.24 (GeV/c)2

For completeness, we have also examined the 7tz—
case, which is not as clean for the present purposes as
the 7~ case emphasized above. Since the main back-
ground ‘“‘under” the /=1 x*r~ partial wave is a large
S-wave I =0 contribution, the study of p structure is
more difficult. Also, the off-mass-shell correction factors
change as the angular momentum / changes, so the /=0
and /=1 off-shell corrections must be done separately.
However, when the BD factors were evaluated for small
t, the corrections for /=0 and /=1 were essentially
identical for 650<M,,<850 MeV at very small ¢
(|¢] <5m4*) and were the same within ~79%, even for

14 E, Colton e al., Phys. Rev. Letters 17, 884 (1966). More
recent results are given in E. Colton and P. Schlein, in Procced-
ings of the Conference on w7 and K= Interactions Argonne Na-
tional Laboratory, Argonne, Ill.; 1969, edited by F. Loeffler and
E. Malamud, p. 1 (unpublished).

16 See, e.g., H. Pilkuhn, The Interactions of Hadrons (North-
Holland, Amsterdam, 1967), pp. 279 ff.

16 H. P. Diirr and H. Pilkuhn, Nuovo Cimento 40, 899 (1965).

17 . Benecke and H. P. Diirr, Nuovo Cimento 56, 269 (1968).

18 G. Wolf, Phys. Rev. Letters 19, 925 (1967); Phys. Rev. 182,
1538 (1969).
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larger |#|, e.g., 10m,2, the upper momentum-transfer
cut in a typical experiment.”® Such a cut of course
serves to enhance the pion-exhange contribution. There-
fore, the simplifying assumption was made that the off-
shell correction (in the p region, at least) was a common
factor for =0 and /=1 contributions.

To proceed further in the use of ==~ data as a test
of the dipole hypothesis, one must known the S-wave
phase shifts 6,° and 6% The latter is reasonably well
established as negative, small (> —20°), and smoothly
varying to == masses of 1 GeV. The former, 6., tradi-
tionally has been determined to have any one of the
four possible energy dependences: up-down, down-
down, up-up, or down-up. The first “up” or “down”
refers to the relative size of the two possible solutions
for 80 below M ,,=20.7 GeV, the up solution increasing
slowly (with magnitude of ~70°) and the down solu-
tion increasing more rapidly to equal the up case at
M ,.=0.7 GeV. The second up or down describes how
the solutions diverge above M ,,>0.7 GeV, the down
solution increasing very slowly and the up solution
faster to cross 90° at ~750 MeV.

Arguments now exist in favor of the down solution
for the energy dependence of 8,° above 0.7 GeV, i.e., an
S wave which varies slowly, but with fairly large
magnitude, across the central mass of the p.” If the
preferred up-down or down-down solutions for &¢
along with the dipole model for the p, are inserted into
the present calculation to describe the =tz angle-
integrated mass distribution, then our conclusion is
the same as that above for the 7~7° case. The relatively
slowly varying S wave produces a broad, smooth back-
ground on which the p sits and the speculated dipole
structure will not be masked seriously. However, if the
up solution for & above 0.7 GeV (i.e., down-up or
up-up) is used in the calculation, the more rapidly
increasing S-wave phase shift results in an =0, /=0
(¢) 'tz mass peaking in the p region. For example,
with the up solution of Ref. 19 the e peaks near 750

19 T, H. Scharenguivel et al., Phys. Rev. 186, 1387 (1969).

20 G. L. Kane, paper presented at the 1970 Philadelphia Con-

ference on Boson Spectroscopy (unpublished); David Morgan and
Graham Shaw, Phys. Rev. D 2, 520 (1970).
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MeV with width of the same order as that of the p, so
dipole structure in the p can be completely masked or
barely indicated by a small bump on the high side of
the 77~ mass distribution very much as in Fig. 4(a).

Therefore, if the up solution above M,,=~0.7 GeV is
correct, practically any structure, regardless of how
gross it is, need not be visible in 77~ mass distributions.
However, since the more probable solution® is the down
one, the 77~ data most likely to support our conclusion
that dipole structure would have been seen. In any
case, further discussion or calculation on the #t7r~ data
is academic for present purposes (and was not put into
the original version of this paper for that reason) since
the charged-p data allow a more direct, clearer analysis.

Comments made in this paper on the 4, meson as a
two-pole system are applicable to the mp mode and are
reliable for mp — mp to the extent that this mode domi-
nates over KK and my, ie., |S|=1. Thus, Eq. (3)
might be approximately applicable to, e.g., the CERN
A, data of Ref. 1 which have a very narrow deep dip at
their center. Although these data do not differentiate
statistically between some of the two-pole cases dis-
cussed here, if the dip (full width at half-minimum =15
MeV measured with resolution AM =475 MeV or
Texp =15 MeV) is taken seriously, then the case M5 M,
T' =T is somewhat favored over the dipole, which, in
turn, is favored over the case M1=M,, I'1=T, for
which the considerably narrower ‘“‘theoretical” dip will
be washed out by resolution.

Note added in proof. A recent Durham University
report (unpublished) by R. C. Johnson and E. J. Squires
essentially repeats the calculation in Ref. 4 with the
o’ trajectory (to use the notation of the present paper)
multiplied by a factor (ad hoc) which goes to zero at
the p mass so that the mass distribution is due to the
p only.
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