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Equation (C29) was first obtained by Pande.'® One may
also easily verify that Egs. (C26a) and Eq. (C21) are
identical to the results of Ref. (23) [Egs. (19) and (20)]
with the notational changes Sx/S.=+/(Zx/Z.) and
Se/Sr=—~/(Z:/Z,). Again, unlike Ref. (23), no @
priori assumption of (3,3%*)4 (3*,3)-symmetry breaking
has been assumed here.
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We examine the matrix elements of the divergences of the vector and axial-vector current between nucleon
states. These matrix elements are related to the nucleon mass difference and the corrections to the Gold-
berger-Treiman relation, respectively. For the nucleon mass difference we indicate that for the sign of this
quantity to be understood in terms of the electromagnetic interaction requires (i) comparable longi-
tudinal and transverse virtual photon-nucleon cross sections, or (ii) ;7 (g%,v) —o*(g%») <0 over a large region
of the (|¢?|,») plane, where ¢* is the spacelike virtual-photon mass and » is the photon energy (this require-
ment is contraindicated by experimental data at ¢*=0), or (iii) fixed J-plane poles at J=0,7=1 in the virtual
Compton amplitude. We also estimate the electromagnetic correction to the Goldberger-Treiman relation,

and it is shown to be very small.

I. INTRODUCTION

N this paper we discuss the transition matrix ele-
ments (p| V. (0)|n) and (p|4,4(0)|n) of the
vector and axial-vector currents between nucleon states
in the presence of the electromagnetic interaction. Our
interest in these matrix elements stems from the obser-
vation that the matrix elements of the divergence of
these currents are related to the nucleon mass difference
and the corrections to the Goldberger-Treiman formula.
Neither of these quantities is well understood on a
theoretical basis.

For the nucleon mass difference we obtain the usual
Cottingham formula,! assuming that the mass difference
is electromagnetic and the interaction is treated to
lowest order in a=1/137. Assuming that the total cross
sections for longitudinally polarized photons or nucleons
is suppressed relative to that for transverse polariza-
tion, we discuss the extreme difficulty of obtaining the
correct sign for 6M = M,—M,. Here it is pointed out
that if the recently reported? qualitative character of the
total photon-nucleon cross section [o(yp)—o(yn)>0
for physical photons of energy 4-18 GeV] can be ex-
trapolated for virtual photons, then the deep-inelastic
region, which is an important region for the nucleon
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AFOSR Grant No. 69-1629.
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mass shift, will contribute with the wrong sign to 6.
We conclude that to have the possibility of understand-
ing the sign of 6M in terms of electromagnetism, we
must have (i) comparable longitudinal and transverse
cross sections, or (ii) ¢.£(¢%r) —a(¢%») <0 for a large
region of the (|¢?|,») plane, or (iii) fixed poles at J=0
I=1 in the virtual Compton amplitude. The first two
of these possibilities can be examined in the forthcoming
experiments at SLAC.

We have also examined the radiative corrections to
the Goldberger-Treiman formula for #* decay. They
are estimated to be very small, ~a/4r relative to the
observed correction ~0.1. In accord with our expecta-
tion, the origin of this correction is to be sought in
hadron dynamics and not in electromagnetism.

II. VECTOR CURRENT

First we consider the matrix elements of the vector
current between proton and neutron states, which has
the general form

PNV 0) [n(p))=u(® ) [vul1(1)
+i0u(p'—p)uF ()4 (' —p)uFs(1) Ju(p) -
The divergence is specified by
(") =9,V (0)|n(p))
=u(p)TH SMF1(t)+1F5(t) Ju(p),
where = (p' —p)? and 6M = M ,—M . If the current is

(2.1)
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conserved, 9,V (x)=0, then DV(t)=8MF1(t)+1F ()
=0. If we set /=0, we must have either M =0, the
usual realization of isospin symmetry, or F3(£) has a pole
at #=0 with residue —8MF;(0) corresponding to a zero-
mass Goldstone boson with J¥=0%. In the absence of
any such state, we will assume that the symmetry is
realized in the usual way with 6/ =0.

To study the breaking of isospin symmetry, we have
in general?

3,V (0)=4[H(0),"Q],
with H(x) the Hamiltonian density and

(2.2)

"Q<+>=/d3x Vo).

The Hamiltonian can be written as H(x)=H(x)
+H'(x), where Ho(x) commutes with YO, We will
assume that the symmetry-breaking piece H’ is due to
electromagnetism so H'=eJ,A, with J, the electro-
magnetic current and [JA4,=¢J,. To lowest order in e?
the effective Hamiltonian is

e

7= 5(211')4

/ d*q A ()T (q), (2.3)

where A,,(g)= —gu,/q¢? is the photon propagator and

Tw(g)= / d*x e =T (J 4(2)7,(0)). (2.4)

It follows from (2.2) and the assumption that we will
treat isospin breaking to lowest order in ¢? that

(p] =18,V H(0)| )= (p|[H(0),Y Q] |m)
=(p|H(O)| p)—(n|H(0)|n).

Utilizing the projection operator

2M?

Vp= Z

spins 4

u(p)a(p),

M2—t
we obtain for DV(f)= M F1(t)+(F (1)
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d4
DV(l)=— VP / L L) | Tw@) | ()
2(2m)* ¢
—(p—n)]. (25)

At p’=p and =0, we have DV(0)=56M, since F,(0)
=140(e?). From (2.5), if we perform a Wick rotation,
go—> 190, and the angular integration, there results the
Cottingham formula, which we write in general as

—o0 qu +1
6M<I>=%7r/ _2_/ dy(1—y?) 22T+ (D (g2, iv),
o g7 J

y=v/vV(=¢).

3 H. Pagels, University of N. Carolina report, 1966 (unpub-
lished); D. J. Gross and R. Jackiw, Phys. Rev. 163, 1688 (1967).
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Here

qugy
T,,Vm(qz)y)=T1<1>(q2,v)<-—g,4,+ “2 )
q

T5™ (g%v) 79 Pq
= (Pr‘ — q»)(?v_ — q») .27
ﬂfﬂ 92 q2

T1,282(g?p) are the usual amplitudes for forward virtual
Compton scattering, and /=0, 1, 2 labels the /-channel
isospin so M corresponds to the self-mass and 6V
to the mass difference. The advantage of going to the
forward direction p'= p is that the absorptive parts of
the forward Compton amplitudes Im7%4,2"(¢%v)
=wW1,20(¢g%») are just the inelastic structure functions
for electron-nucleon scattering which can be measured
experimentally.

It is worth remarking at this point that besides the
Cottingham approach, one can also analyze the contri-
butions to 6/ by postulating an unsubtracted dispersion
relation for DY (#) which is given by (2.5). Then we have
for the mass shift

1 = dl
SM=— / — ImDV(l). (2.8)

T J o !

This approach would be particularly interesting if there
were a large 0 continuum or discrete state which en-
hances the absorptive part ImF3(f) and hence 6M.
This corresponds to just the usual tadpole model* of
electromagnetic mass differences. While this method
emphasizes the /-channel states, it has the disadvantage
of not directly analyzing 6/ in terms of experimentally
accessible quantities.

Now we will discuss the implications of the recent
experiments at SLAC® for the mass shift. From the
Cottingham formula (2.6) one can compute the Born-
term (nucleon-pole) contribution with the result
0Mporn¥=+40.8 MeV. The contribution from specific
nucleon resonances can also be estimated and is found
to be very small. Hence, if we are to understand 64 @,
the large —¢? region must become important. From the
Cottingham formula (2.6) we see that the Regge region
|y| =0 for the Compton amplitude is not particularly
important since |y|<1 in (2.6). However, Regge be-
havior of the amplitudes is important, as emphasized
by Harari,® for analyzing the amplitudes 7, (¢2%»)
in terms of their connection with the absorptive parts
W1,2P(g?%»), for Regge analysis indicates the need for
subtractions in the dispersion relations. From such an
analysis one concludes that T,@(g2») — 81D (g?)
XveP(0), Ty (g2 p) — B @ (g2)re P 2 35 y o0 —¢?
fixed. Since aP?(0)>0 for I=0, 1, T1®(g%») requires

4S. Coleman and S. L. Glashow, Phys. Rev. 134, B671 (1964).
®R. E. Taylor, in Proceedings of the Fourth International
Symposium on Electron and Photon Interactions at High Energy,
Daresbury Nuclear Physics Laboratory, 1969 (unpublished).
 H. Harari, Phys. Rev. Letters 17, 1303 (1966).
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a subtraction while T3¢ (¢g%v) does not, and this intro-
duces an unknown subtraction term.

The region which is of potential importance in the
determination of 8M (D corresponds to deep-inelastic
electron-nucleon scattering, —g?—w, w= —g¢%/v fixed.
In configuration space this corresponds to region near
the light cone. Of importance in this connection is the
experimental observation that the structure functions
have a simple behavior in this limit, at least for the pro-
ton, W1 (¢%w)=F1?(w), ¢*W2?(gw)= —wF:" ()
as —¢*—co. It has also been reported® that the ob-
served longitudinal combination wFr® (w)=F.® (w)
—wF 1 (w) is consistent with F7® (w)=0.

The absence of a longitudinal amplitude suggests that
we consider the ratio of the longitudinal to transverse
cross sections

a1 D (¢v)

ROD(gp)= —— "
= o

The relation between the cross sections and 71,27 (¢%p)
is #Wy D =1ImT1 2D, with

(2.9)

2
WD =W, D WLO=W,D(1— ! — WD
) M2q2 b

AW p D = (,,__% [ gZ| )O't(” ,
47r2aI/VL(I) = (V—%JQZ[)GL(U.

In the scaling region which is observed to set in at rather
low —g’~~(1 GeV)?, experiments indicate that R®(¢%y)
~0.

We will assume that, for |g|>|¢?|=(1 GeV)?
RD(g2p)=0 or W D(g%p)=0. As already remarked,
this is consistent with the data on the proton and can be
tested for the neutron as well. This assumption implies
that for | g?| > |qo?|, W@ (1—»2/M?¢?) —W1P=0 and
hence

Ty (g2 w) 1=/ M) = T1 D (@) =P D ()

where P(g%») is a polynomial in »2 If there are fixed
J-plane poles in 71,0 (¢*») at J=0 with residues
R1,5D(g?), then, taking the y —oo limit of (1.10), we can
identify the polynomial in terms of these residues:

PO (g2 y)=PD(g?)
— —[RD(g)+ RaD (/M) (211)

Since the combination (2.10) is a longitudinal amplitude,
we have a kinematical constraint R®(0)=0.” From
(2.7), (2.10), and (2.11), we obtain
V‘Z
M2q2>. (2.12)

71t has been conjectured that the residues of fixed poles are
polynomials in ¢ [T. P. Cheng and Wu-Ki Tung, Phys. Rev.
Letters 24, 851 (1970)]. This would imply that P(¢?) is a poly-
nomiallin ¢? and, since P(0) =0, we must have P(¢*) = A¢+Bg*- - .
Henceleither P(¢%) =0 or the contribution of the fixed pole to 6}
is at least quartically divergent.

(2.10)

T2 (@) =3PD (¢2) — 2T D (q2’y)<1 -
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Writing the unsubtracted dispersion relation for
T2 (¢%p) in terms of w= —¢?/v, we have

4o V5D (¢3)
R el

o w2 (w/2 ~w2)

(2.13)

Substituting (2.13), and (2.12) into (2.6), we can ex-
plicitly perform the y integration, and substituting
= —¢*/w? and normalizing with M?*=1, we find?

oM D =$q2 / dg*P D (¢?)
0

2 ©
—|—1r2/ dw w/ dx xG ()W oD (—xw?, w), (2.14)
0 0

where G(x)= (14x)(14+1/x)2—2—x>0, x>0. The
first term represents the contribution of the residues of
fixed poles which we ignore for the moment.

We now consider the second term. The contribution
to 8M D can be written as

SMD =MD+ 5M D,

with
—qo? qz
i =x [ o),
0 92
— dg?
oM ;P =i1r/- —T (),
—aq0® 92

1
r0)=2 [ BTG,
0

where —go>~~(1 GeV)? corresponds to the onset of scal-
ing behavior. The low-| ¢?| region contributing to 6
is well approximated by the nucleon pole and a few in-
elastic states, and one finds roughly 6M MV~ §M O ~1
MeV. Tf we assume that' [V, (w,g?) scales for |g?|
> | qo?|, then aW oD (—xw, w)=FyD(w)/w as x —w . If
the scaling function FeP(w) is nontrivial and WP
=0, then it is known that sM @ is divergent.® Using

8 Strictly speaking, the lower limit of the x integration should
be xo= —qe*/w? since we assume the absence of the longitudinal
amplitude only for |¢*|> |gd*|.

9 H. Pagels, Phys. Rev. 185, 1990 (1969); R. Jackiw, R. Van
Royen, and G. B. West, Phys. Rev. D 2, 2473 (1970). The
general condition that there be no logarithmic divergence is given
by 2¢?T1D (g, )+ fi dw[F2D (w) +wF 1P (0)1=0, ¢ ——. If
T (g%,») obeys an unsubtracted dispersion relation, then we
can obtain the subtraction term from the dispersion relation
T1D (% o) =/ (v* /) [W 2D (¢%») — WL P (¢%») ]. Assuming for
the moment that as — g0, WD (2y)—=F 1D (w)+-HL D (w) /¢,
» fixed, we have @T1(D(@, »)=2/2 (dw/w)[—FFrD(w)
—wFyD (w)+H D (w)]. For no quadratic divergence we must
have FrD(w)=FyD/w—F,D=0, so the condition for no log-
arithmic divergence reads & dw[Fo® (w)+2HLD (w)/w]=0.
Since in our analysis we make the stronger assumption that
WD (@) =0 for |g®|> (1 GeV)? so that Hr (w)=0, we must
have F2(D(w)=0 for no divergence. These assumptions on the
longitudinal amplitude can be tested experimentally. If the ratio
RW(gw) given by (2.8) is vanishingly small near |¢*|~|qd®|
~(1 GeV)?, then we expect Fr0=0, H=0.
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G(x)=3/8x+0(1/x%) as x—oo, we identify this di-
vergent piece from (2.14) as

A2 2
OM D giy =277 1n<’ 2})/ dw F3D(w).  (2.15)
do 0

From the data on the proton, /i?dw Fs?(w)= 2a/)
% (0.18), so that

3u A?
SMPyiy= — 1n<-——ﬂ> (018) y
4 |402l

which for A~100 GeV, [go] ~1 GeV gives sMPgiy~1
MeV.

For the case of interest (/=1 corresponding to the
proton-neutron mass difference), it is clear that in the
absence of fixed poles or large longitudinal cross sections
the explanation of the mass shift, if it is due to electro-
magnetism, resides in second term of (2.14). Since
G(x)>0and x>0, it is evident that, to obtain thecorrect
sign of the mass shift, W>® (¢%») must be negative for a
substantial region of the —g?y» plane. We conclude that
o:?(q%y) —a(¢%y) <0 for some large region of —g¢*and ».
This proposition can be tested in forthcoming experi-
ments at SLAC.

For the case of physical photons, ¢?= 0, it has been
reported? that ¢,7(0,») —a,”(0,) >0 for photon energies
in the transresonance region 4 GeV<»<18 GeV. If this
qualitative feature is maintained when extrapolated to
the region |q2| > |ge?|, it would seem unlikely that the
continuum is the explanation of the mass shift.

We might also remark that the scattering experiments
with physical photons are consistent with Regge be-
havior? and that one finds (reduced residue of A,%)/
(reduced residue of Pomeranchukon)~1/20. If this is
any indication of the relative strength of the I=0 to
I=1 amplitudes in the high-energy region relevant to
the mass shift, and if M 4;v?~1 MeV is an indication of
contribution from |g?|>|¢o?|, we would expect this
region to contribute in magnitude about 0.05 MeV to
the mass difference, which is far too small. Such an
argument should be taken with a grain of salt in view
of the extrapolation involved.

In conclusion, if 6= M ,— M, is to be understood in
terms of the Cottingham formula, we must have (i)
comparable longitudinal and transverse cross sections
so that RW(g? v)—al(l)(q )/ P (g%v)~1 (in which
case the considerations given here do not apply), (i)
a?(¢*y) —o,"(¢%v) <0 for some large region of the
—q%v plane, |¢%|>|go?| (already contraindicated for
physical photons), or (iii) fixed poles at J=0, I=1.

(2.16)

III. AXTAL-VECTOR CURRENT

The matrix element of the axial-vector current be-
tween nucleon states is specified by

()4 0) [n(p))
= u(p)ivst*Lyuga(t) —quha()) Ju(p)  (3.1)
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and the divergence by

(p(9")]30ud P 0) | n(p))= u(p')ivsT DA (u(p) ,
DA = (M p+Mr)ga(O)+1tha(t). (3.2)

If the current is conserved, D4(f)=0; and upon setting
t=0, we must have either M,+M,=0 or hs({) has
a pole at t=0 with residue= (M ,+ M ,)g4(0). The pole
in 44(f) corresponds to the presence of a zero-mass,
JP=0" Goldstone boson. We will assume that the con-
servation of the axial-vector current is realized by a
Goldstone boson which is to be identified with the pion.
In the absence of strict conservation of the axial-vector
current, the pion acquires its observed mass of 140
MeV.

The divergence of the axial-vector current can be
expressed by

0udH () =1L H'(x),Q" ],

where H'(x) is the term in the Hamiltonian density that
breaks 4Q™ symmetry. For this piece we assume
H'(x)= Hhad(x)—)—Hem(x), where H"d(x) breaks chiral
SU(2) but preserves isospin symmetry and He™(x) is
the electromagnetic interaction which is effectively
given by (2.3). Assuming that the electromagnetic
current is Ju(x)=J,*(x)+J,5(x)/V3, where the space
integral of J¢*(x) is a generator of SU(3), and assum-
ing the SUQB)XSU(3) current algebra, we have
[Ju(2),A0J=4T, D (x) at equal times. Hence

(3.3)

[Hom(0),40¢] = — [ D 7,00, G4

2(27)t
AT, P (g) = /d,4x e[ T(AT (%)7,(0))
+T(Ju(x) 47,9(0))].

To examine the matrix elements of the divergence of
the axial-vector current between nucleon states, we will
utilize the projection operator

-
P=2 ﬂ(i))ww(ﬁ’)

spins

and from (3.4) with (3.2) and (3.3) we obtain

DA(f)= D*aa(D)+Den(?) (3.5)
where
e24p d4
DA ()= —— w AT, (g,k
200 )] 7 [T ™ (g:%)
FATW P (=g, —k)] (3.6)
and

T )= [t ety @)
XT(ATu P (@) ,(0)) lu(p)).  (3.7)
Here k= p+g—p’. The term D4,,q(f) represents the
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contribution of [H"(x),40™ ] to the divergence and,
in the absence of a detailed knowledge of the dynamics
of chiral symmetry breaking, this term is difficult to
estimate.

As a consequence of the assumption that the sym-
metry limit is attained by a Goldstone pion, we must
extract the pion-pole term from the right-hand side of
(3.5) to study the effects of symmetry breaking. This
point has been emphasized by Dashen and Weinstein.*
Defining (0| 4, (0) |7t (p))= f+pu, then this pole term
is extracted as

ng n7r+f7rﬂ2
DA — —
=t

= [DA had (/) +DAem (t):lnonpolc .

Here p is the mass of 7t and g,..+ is the physical cou-
pling of the 7+ to nucleons. Using D4(0)= (M ,+ M ,)ga4,
we have for the quantity A=1—(M.+M,)gs/
(V2gpnr fx), to lowest order in the symmetry breaking,

(3.8)

—A= (3.9)

[DAhad (O) +DAem (0)]nonpole .
MgA

The observed value of the corrections to the Gold-
berger-Treiman formula is A= +-0.08+0.02.

First we will examine the contribution of D4..(0)
given by (3.6) in the approximation of retaining just the
nucleon and pion poles. For simplicity, we may assume
that the axial-vector current in the expression 4T,
X (g,k) is conserved since this approximation will in-
troduce errors of order A~-0.1 relative to other pieces.
The Ward identities for 4T, (g,k) are

¢* AT (g ) =i(p(p") |47, 0) [n(p)),
kAT (g,k) = i(p(p) | AT 4 (0) [n(p)) -

As a first step, we include the nucleon and pion pole
terms in 4T, (g,k) without form factors and anoma-
lous magnetic moment couplings. Then we have

. [ FatM) 2Mq,
AT, ) (g,k) =igaun(p )l:%mm<y,,+ _ér
2Mi75/ (2¢—Fk),qu
+

- ! \ ¢

10 R, Dashen and M. Weinstein, Phys. Rev. 188, 2330 (1969).

(3.10)

—gwﬂu(p), (3.11)
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which satisfies the Ward identities (3.10). The first term
is the nucleon pole and the second the pion pole at ¢=0,
which, as already remarked, must be extracted from the
final expression since its contribution can be lumped
into the observed residue, u?f,. Substituting (3.11) into
(3.6) .and removing the m-pole term, we find from (3.9)
A= Appa+ Aem, With Agn= — D461, (0) | nonpote/2M g4,

I)Ahad (0) ‘ nonpole

had = = 7 5

2Mga
where
1e? digr 1 1
Aoy — ——— ———[ —_—
202 (27r)4 P Lls—M?* u—M?

BP—¢s 1 1
T (S )] .
{ \s——M2 u—M?

Here s=(p+¢)% u=(p'—¢)? i=(¢—k)% and p'+k
= p+¢. This integral is logarithmically divergent, with
the result

A2

a
Aem = — — In— 4 (finite terms).
dr M?

(3.12)

Had we introduced form factors with poles at the 1~ and
1+ vector-meson masses, this calculation would be
rendered finite. Even for A~100 GeV, A.n is but a fac-
tion of a percent. This crude calculation suggests that
a more refined treatment would not radically alter the
conclusion that A.,, is very small, and hence the explana-
tion for the observed A must lie in the domain of hadron
dynamics.!!
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