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Following our previous paper on the planar N-loop Veneziano amplitude, we derive the non-
planar N-loop formula in this paper. The calculation is performed by tracing over both the
multiply factorized tree and the Sciuto three-Reggeon vertex functions.

I. INTRODUCTION

This paper is the second of three articles de-
voted to calculating all multiloop amplitudes in
the dual-resonance model. In the first paper,! we
presented the planar N-loop amplitude; we dis-
cussed at length the principal-axes method, the
infinite-cancellation technique, the Kikkawa-Sakita-
Virasoro interpretation, the Jacobian calculation,
and the range of integration. Because the planar
and nonplanar loop calculations are similar, we
present the nonplanar amplitudes in this paper
without many of these details. In the third paper,
we will present rules for writing down arbitrary

planar, nonplanar, overlapping, and nonorientable
loop amplitudes.?

The nonplanar amplitude differs from the planar
one in three major ways:

(a) The linear-dependence correction is (1 - X)?
for each loop, not (1-X), where X is the multi-
plier of each projective transformation.

(b) The factors raised to the 3#2 — 1 power dif-
fer slightly, to reflect the different quark topology
[see Eqs. (2.26) and (3.13) below].

(c) There are variables of integration which lie
between the invariant points of each projective
transformation.



3008 M. KAKU AND L.-P. YU 3
1. MULTIPLE-FACTORIZATION FORMULATION OF NONPLANAR MULTIPLE LOOPS

As in the previous paper,' we first consider the nonplanar single-loop® amplitude, expressed in a general
projective frame, and then apply the method with modification to the nonplanar multiloop diagrams.

A. Nonplanar Single-Loop Amplitude

We first write down* the following doubly factorized tree formula for the amplitude corresponding to
Fig. 1:

Bt a)= [ManiTen) en T @lpdoleys 30 2d0lk)

(1*0() (t;*B)
+(a®|Po(BM_Pla+1,8~ l,a,B)MfPa(a)laB)], (2.1)
— _
where and
Va=Yar ) Wars—¥5) 0 [-[CI
)=Pla,a+1,a-1,1¢ edl ol ok - .
Pofi) ( )= (}a+1 ya—l)(yot—yi)’ [A]_<[[]—[C—J 0 )’ (2.5)
c] o0 >
GH]= ~7 | (2.8)
Pyli)=P(8,B~1,6+1,0). (2.2b) om=(17" (o
Applying the sewing prescriptions’® on the excited with
a®, a® legs and using the principal-axes technique,’
we obtain, from Eq. (2.1), the nonplanar single- [C|= MT< l ) JBM_Pla+1,8-1,a, AMPs(a),
loop amplitude (Fig. 2); call it F ;(1):
1 _ 1, 2 (2.7a)
Fnl(l):qukajf; dti l(ku)_l(l_t)O(O-HEka S+1 t 4 ki
- % () o )
Xfr,.ld:v,-{Y's+z}1, (2.3) o) o+ 1l
where (2.7b)
1 © ) S+1 i k;
Iz(det[A])”z eXp[%Z((EI,(FD[GH] (IE)>} Z P [ a :{ By |. (2.7¢)
n=0 B+1]|kg
(2.4) (e B)
B! a-I
k‘?
B-1 a+l '
Bra Aot an a2
B a
L] L]
- 2
Bl a-l
S+l |
0 S Sti [¢]

FIG. 1. Doubly factorized tree diagram (nonplanar). FIG. 2. Nonplanar single-loop diagram.
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We then calculate Eq. (2.4), order by order in the
[GH] matrix, by defining the projective operator

o0={ (7=3) (-=3)]

1

1-(t-1)/tx

(2.8)
Q~!(x)=

and the projective operator corresponding to en-
circling the loop
RBO(ERB a'?‘ EP-alQﬁB’ REIOLEISI—BIQ—lpou
(2.9)

where
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1

Pﬂ(x)_PB(x) =P(B—1’B,ﬁ+1,x)’ (2103)

Pl x) =y — Yg-1—JY8

8 ()=55- l_x(yﬁ"ye+1)/(ye-1"ya+1),
(2.10b)
Pzl (%) =P34 (1/x). (2.10¢)
From Eq. (2.9), we have two identities,

R5a(y o) =¥ps1) (2.11a)
Rgo(¥6) =Y a1 - (2.11b)

These two identities, Eqgs. (2.11a) and (2.11b), en-
able us to get the “invariant points” of Rg,."

We find, after tedious calculation, the expression for I

o S+1 S+1 - =-ki* ko - —ki" kg
‘_Ri(rﬁl)( j (yl xg) (yz yﬂ)
(det[ ])1/2 I.;I 11;10 [yz y )] i yi_xl ‘yi_ya
(i,j#a,B) (i#a,B)

[(ya ¥s) Rpalvo)= xl] o o

(yo(_xl) RBoc(y ) Vs (2‘12)

We also separate out, in the factor {Y;,,} of Eq. (2.3), all factors containing Y Vg, and combine them

with Eq. (2.12); we get, finally,

S+1 S+1 ~R;* kg S+1

Yg, ot = = R5 ; 0= i)™
{¥s.,t (de t[A] 172 H 1IJIO [v:- v; )¢ I;Io y;—xx iI;Io i~ Vi+a

Gij=ot,B) (i=a,B) (i#ct,00=1,8,B=1)

(n=0,i#j)

2 ~1po2-
xz[ Rpo(0) =% j"”“[(ya.l—ya)(yu—yw)(yﬁ-l—yg)(ys-ys+1)] 2hei=t
(ya-xl)[REé(ya)"‘yB] (yo(—l_ya+1)(yﬂ'1—yﬂ+1)

X[ am1=Var 1) Vp=1= Y5+ )] 7 W= v) (¥, =

V), ~ ya)s . (2.13)

We now express our final answer in a projectively invariant form by transforming the set of variables
(£,y ¥p) into the new set of variables (X, x,, x,). We first extract out all factors containing £,y ,,y, in Eq.

(2.3). From Egs. (2.3) and (2.13), they are

2

- -141 R-1 (y ) - X
dtd d t—l(ka) 1 1 _t)txo 1+ zkazg [ Bo f! ad |
Yol ( (o = 21)[

X[(ya-l

R B%x(ya) -y

—yB)(yB_yB+1)
—yﬂﬂ.)

- you—l)(y B=-1
- youl)(y B=-1

—ya)(ynt
(Vo1

"

-1re2-
] k 1[(yot-l—you»l)(yﬁ—l_y8+1)]ao_l(ya_yb)(yb_yc)(yc—yn) .

(2.14)

The Jacobian calculation is quite involved, and details can be found in the Appendix. We merely quote
the result here. In the frame x, =«, x,=0, the expression (2.14) is equal to

dX[dx,ldx )1 = XX 7R [ (yg )~ Xy 5, ) Vaus =Xy )17

(2.15)

The umque projective generalization of the expression (2.15) is exactly similar to that found in the pre-

vious paper?; it is
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X dgdeyx 1% (1 = x)p D= 908 =900 =9)) {1vaey =Roo(v)l06 = yg) 2“""
! (%, = x,)° % = Rpo(yg,1)
% [yau‘RBa(yB-1)](x1 ~Yg-1) ao-l' (2.16)
%y =R ge(yg-1)
Now we are ready to write down the nonplanar single-loop formula. By combining Eqgs. (2.16) and
(2.13) with (2.3), we obtain the final form:
S+1 - - -
Fa)= [at, faxx-0 20 -x7 [T av,dnslay,llay,lay,) Ca= 2 00m 20 =)
i=0 17 X2
(i# o, B,a,b,¢)
X Sﬁ (y~ -Y; l)ao-lg[ya-l-RBa(y[%l)](xl"y&JrL)gao-lg[ygi-l—RBO((yB-l)](xl_yB-l) %ot
izo oo %1 =R go(y5,1) % = Rgo(yg-1)
(i #ot,a0=1,8,B-1)
d 1 S+l y.—xz>"‘i"’o< s+1 © —ipae
ST ——— YiTte = REM (y )] hRi Ry 2.117
nI=Il (1-xm?* iI=I0 (yi - i,go nI;Io s P (y])] ( )
(i=c, B) (i,j=0,B) (1=0,i %))
where
(det[a])™2=TI (1 -x")™4. (2.18)
n=1

The ordering of y; (i=0,1,...,S+1, i#a, ) and x,, x, will now be discussed. The variables of the multiply
factorized tree, before sewing, had the ordering
YoZ V1222 Yq=1ZVaZ V1= V317 V8> Vps12 """ V41

It is sufficient to specialize to the frame x, ==, x,=0, and consider the case 0 <X <1, After sewing, Eq.
(2.11) gives the relations

Ya=XYpe1<YVar1s (2.19a)

Ve X a1 Vo (2.19b)
These two relations imply two inequalities similar to Eq. (2.43) of paper I:

X a1 V812 Vg2 oo e 2V 501 2V0> oo e Vou1 > XV 115 (2.20a)

X a1 Va1 Vg2 e e e = Va1 > XV oy (2.20b)

Equations (2.20a) and (2.20b) force us to put x, between yg,; and y,_;, and to put x, between y,_, and y,,,.
Therefore we conclude that the ordering is

VoZ V2t 2 Vg1 Z K22 Vo1 2 2 Y B X 2V B0 Vg (2.20c)

One observes that the nonplanar single-loop formula, Eq. (2.17), is essentially the product of two planar
single-loop formulas, one with external legs outside the loop, and the other with external legs inside the
loop. The interpretation of various factors is exactly parallel to the interpretations discussed in paper I;
we will not repeat them here.

We see that the nonplanar single-loop formula, Eq. (2.17), is hardly different from the planar single-
loop formula in Ref. 1, and as we will see further, the nonplanar N -loop formula again is very similar to
the nonplanar single-loop formula.

B. The Nonplanar N-Loop Amplitude

In this subsection, we apply the techniques of the previous subsection to the nonplanar multiply factorized
tree diagram (Fig. 3). Each loop is labeled by two indices, e.g., the (ap) loop is obtained by sewing the
excited @ leg with the 8 leg. We adopt the convention that the first index (e.g., @) of each loop [e.g., the
(aB) loop] corresponds to the complex parameter (AX|.

We now write down* the 2Nth factorized tree amplitude corresponding to Fig. 3:
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S+1 S+1
GE?A)N(aa,as;ay’ as;'-- ;ac,a))=fndyi{Ys+2}exp E Z) (a"‘IPu(i) lki)+ E Z; (aBIPB(i) !ki)
i aefe} l_i:g) Be{e} (i,-:g)

+3 2 (@®|P(y)M-Pla+1,y+1,a,)M."P, (@)|a?)
a, yefe}

(o0 =y)
+1 . E{f,;(aﬂlp o(0M-P(B-1,5~1, 8, 5)M-"P(B)|a’)
B=5)
+ a'szj{x}(a“lPa(é)M_P(a +1,56-1,a, M-TPs(a) la®) ¢,
(2.21)
where
P()=Pla,a+1,a -1,i), (2.22a)
Py(i)=P(,5-1,B+1,1), (2.22b)
P, ()=Ply,y+1,y -1,i), (2.22¢)
Pys(i)=P(5,6 -1,5+1,7).

(2.22d)
The sum 7, is over one index from each pair (af), (y6),..., (o)); the total number of pairs is N. We
will use £* to denote the second index in the pair (ap).

The variable ¢, ; corresponds to the propagator which joins the a leg to the B leg. We first apply the
sewing prescriptions' simultaneously on the N pairs of excited legs a®, a®, (af)={L}; then we use the

principal-axes technique'; then we define the projective operator R se Tesponsible for circling the (af) loop;
then we use Eq. (2.11) to facilitate the infinite number of cancellations® leading to the invariant points P
x2; of Rg,; and finally we obtain the nonplanar N-loop amplitude (Fig. 4):

o B

1
Fnl(lv)z f H d4kot H dtaﬁt otﬂ-l(ka) -1(1 - taB)
ac{e}

o1+ dka® T dy Y o} I, (2.23)
0 (aB)efe} i

\
\

\

\

\

'

i

)
Q

B

0

FIG. 3. 2Nth factorized tree diagram.

FIG. 4.

Nonplanar N -loop diagram (rubber band),
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where
1 00
—_— I 1 r . _[ (n+1) ( ) —5k, kj
1= Gertar L et a7 o Wy T L0 -IRIE )
efe} Gh={e}
y H S+1 ﬁ v; __[ ](n)a )\o(;(())}Jrki-ky y: = }-ki.ky
(aB), ... (a2), i=0 n=0 (Vi "[Ri](é')a )\0 2) Vi =Yy
(y8)e{e} G={e*2D
(oX)=(y8)
o { X0 -[R ](é:)a N (1)) P [Ri]g'a',)a( (2)) }-%ka'k},
X
(aB) (@’ B)yen- »(o ) (y8)e{e} n=0 x(oczzi [R ]B’a’ )O(x(l)) x(l [ ]EB 2)(' )o(x('a’))
(aB) # (o' B"); (X)) = (y8)
% 3(37“—3’5)(3’3-377) gﬁ%ko‘.kY
@ooorefey (e=95) e =v,))
(o B)=(y8)
% H {REE(%) _R 8-&(3}3) RBa(yor) -Rﬂa(y ﬂ)l -%k"" ko (2.,24)
l(ot Be{e} a -RBot(y B) Y8 "Rﬁ-;(ya) 5

Again, separating out all Koba-Nielsen variables y,, v z(aB)€{€}in { Vg, ,} in Eq. (2.23) and combining it
with I of Eq. (2.24), we get

1 S+1 .
Yoot =i II I H{y RID, o (p )} 4%
S+2 (det[A])l/z (aB),nr s (y8)e{e} i5=0  n=o i a, 8y VY
(e {e ¥, e}
(n) (1
St - Vi "[R Bet, M(X g) S+1
X II II I { vl II (y; =y;, )%
(@B).-vr oMW (y8) efe} im0 o |y -[R ]é'&.xg(x(”) i=0 BTt
(o)) = (y8) e f{e¥* el (o o*, e*ol, g, g=1)
1 {"%-[R*l‘sa',mﬂw <~ [RAR 5, (2) }
X | O my ) 2
@B’ 8oy efet neo (e = [RIWer 5o (5 20 =Ry 3o 53

(aB)= (o’ B"); (G N) = (y8)

_y et | Baalvd) = Rag(ywm(ya) —Rpo(yg) 74"
x{(aﬁg{ﬁ}(ya yﬁ) [ ya—RBa(yB) VB a(ya) ]

~lp 2.
X H [(yrx-l_yor)(ya"ya+1)(yﬂ'1_yB)(yB_yEwl):l tha =
(aB) e{e} (ch-x - ya+1)(y B=1 —yﬁ+1)

X(a/;-H{n}[(ya-l ~Yas Dy B=1 ~ya.,1)]"°'1(v,, —y,,)(y,, yc)(yc Vo } (2.25)

We note that the factors in the last brace in Eq. (2.25) are not identical to the analogous factors in the
nonplanar smgle loop case, Eq. (2.13). However, in the frame x(a)s =00, xaB =0, in which R}, reduces to
its multiplier X, they are fortunately identical, and this is enough for our purpose We can transform
the set of variables [fq5,¥ o, vs; (@B)E [£}]into the new set of variables [X .5, X%}, x%}; (@B)E{£}] by perform-
ing the same calculation as in the one -loop case, i.e., Egs. (2.14), (2.15), and (2.16). Each time we pick
out a particular frame x(éi; =00, xaﬂ =0, we find a linear dependence factor (1-X5)? for the (aB) loop, and
obtain an expression similar to (2.16). We then repeat the calculation for the (y&) loop, etc. Therefore,

on combining Eqgs. (2.25), (2.23), and (2.16), we finally obtain the projectively invariant nonplanar N-loop
formula:
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FaoN)=| I d'%,
n() fei-} (oB)e{c)

<[ T alaae) I

i=0 (aB)c{e}

Gie{e,2*,a, 5, ¢}

S+1
x I i=y)® 11
i=0 (aB)e{c}

ie{e¥ e¥ense, e -1}

X{ [Yass _RBa(yB-l)][x(él)ﬂ - 3’8-1] }ao-l
(X4 - Rea(¥5-,)]

Ggae{e™

I dX s X g™ F07 (1= X o II[l Xz]™*

d(l) (2) (yu_yb)(yb yc)(yc ya)
aB

O [x%-x8p

(aB)e{e}

{[ya—x - Rgoys. 1)]["(&%3 - y8+1] }ao-l
[

’“‘&)B Rgo(yg4,)]

I I {3 - [R5} 5, (9))} 15 i

(aB)y euu (y®e{2} n=0
<))

RYI§2 (62 \(-k"ky

x I o
izo (aB), ....(oN)(y8) e {£}  AZo ‘(
* Yi—
ia{e ", ¢} (oN)#(y §)

X

. [R* (r:x) )‘o(x(x)) j

(2.26)

(aB) #(a’'B’) (0N = (y6)

where
RB ( )_ [ (2) Xotﬁx((l!)ﬂ] (clz)BxctB(l XOIB)
) - Xb)+ xBX g - £}
(2.27)
and
(det[a])=*2=TI (1 - Xx5)™". (2.28)

{’}

S+l 0O |

FIG. 5. Ordering of the S +2 varx:%gles ¥;, 1=0,1,...,
S+1, i & {L* £}, and xf,g, xop, (@B) E{L}.

(aB) (a'B") H( A J(y8)e {2} ] + 1) (1) £1(n) @)
aB) (a veees(oX) (y8)e {e} n=0{ x &-—[R] ’ )\o(xyé) Xop = [R ]ﬂ'c(',)\()(x)’(s)

( (l)) X(g)s [R ]B'ot’ )\o(x()?g)}-ika' b s

r

The ordering of y;, LD , x? can be seen in Eqgs.
(2.19) and (2.20), and the result is shown in Fig. 5
or Fig. 6.

The region of integration and periodicities are
fully explained in Sec. III [see Eq. (3.16) below].

We see that the nonplanar N-loop formula is
little different from the product of planar loop for-
mulas.' The interpretation of various factors in
Eq. (2.26) is again parallel to paper IL.!

IIl. THE N-LOOP AMPLITUDE IN THE
FORMULATION OF SCIUTO

The nonplanar N-loop amplitude can also be cal-
culated with the three-Reggeon vertex introduced
by Sciuto. These vertex functions are inserted in
a scalar multiperipheral tree, as shown in Fig. 7.
We insert a complete set of intermediate states
[Xe8){Ass| in the upper portion of each loop:

Y=
]
Yo:

FIG. 6. Ordering of the external legs y; relative to the
loops. There is no y; between any two adjacent loops.

¥s Ys-1 Y841

Ys+1:0
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Fy(N)= r{}fd“kq(OI,, ViDIVE_ »+ o Vi Dby LogD Ve o+ VEDIVE[0),, (3.1)
aeld
where
1
D?Ef dx,» XiRa-a(ki)-l(l— xi)-c’
0

L og SO WE DDy V-1 + Vour D& W0,

W = exp (' Iks) exp(a’, ), explalkg) exp(a, b). exp(b|-7g,,),
= exp(k; la") exp(k; |a),

W = exp(a’ [k,) exp(a’, bT)- exp(alk ) exp(a, b*), exp(d*|n,),

ae—fd”as“ Rp=alka)=3(1 _y _ )=° .

[Notice that, for the moment, we have omitted the linear-dependence correction factor and the (1 - 2)* fac-
tor associated with the Sciuto vertex.]

We will use the identities
O, WED% 5| Ayp) = f Attt s~ "0 N1 = ug)Cexpla’ |k g + M, uqghes)expla| kg + M_ttgghop)eXp(= T,y | Uepras)

(3.2)
and

Mo |W2|0), =expla’ |k, + M_\Eg)exp(a|ky + M AXg)exp(my | A%g). " (3.3)

Using the techniques given in Ref. 1, we now contract over « oscillators and find
M) d ﬁé)
V2 ) V2

s
Xt (L — g ) 702, T TN - x;) ~Cexp { PILAETE ij)}

>3

F, (N)= H d4 f II duqsfHd f(aa)e{n}d

ae {e} (aBle{ec}

Xexp{(&l&*) +Q*([C]) + A [B]A%) + QX [[D] [ A%) + A [AT]2) + (| F) + (o IE_)} , (3.4)

where
Aqp,ys=UepM,y5ys ' M_uys (for a <B<y<d)
=0 (otherwise),
Cap,ys=MIysy " M_tuys (@<B<y<?d)
or (6= and y=a)
=0 (otherwise),
Bog,ys=UasM,. Yy ¥~ M, (@ <B<y<d)

=0 (otherwise),

Da8,75=MZyyya—lM+ (a <B<y< 6)

=0 (otherwise),

B-1
|Eyp) = jZ) UesMTygy;=t |E;)
=1

s
+ Uoug MV, |R;) = Uy Ty
j=ze>+1 anTr ! « e FIG. 7. Nonplanar configuration via Sciuto vertex.
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o=1 S
lFaB)= jZ=;1M+yayj -t 'kj)"’ ‘=Z> IMZ‘yjya-llkj)’*' lﬂa)
(o < B always) (y < 6 always). We shall symmetrize as follows:
(Al=[a]+[A]", [D]=[p]+[D]", [Cl=[c]+[B]".

We now perform the integration over A. Then we get

1 s
F,(N)= II f Ay gt p~ "% =11 - uaB)'cf II d%, 11 f doyoc; " 4T =11 - x,)=C
i=1 Y0

(aB)e{e} Yo a={e}

X (det[A])‘/zexp{ 3 f} ((@ I(F l)[GH]" ({g)}

where we have used

[al=[G]-[4]. _
At this point, we will find it useful to introduce the following projective operator:
Ry, =ycxpﬂaya-1;

p _(1 ~¥e¥a )
Bo 1 _yﬁya_l(l_uaﬁ) :

With this projective operator, we can reexpress all matrices as follows:

S+1 S+1 (kjl
'Ea8)= jgo KPBayot-lyj ]ki)) (Eocﬁ ,: j:zo I_{:T(—m ’
S+1 _ S+1 \ (kj'
[Fyp)= jzzz’K-lyayj k), (Fopl= gm,
ZaBJ&:KPBaya-lnyg;I%')r Etxﬂ,yé:K_lr_ly%f(—')’
a Y

- 1
( =K™1— - =
«p.yé Ya 1ny6§'[K( )] !

626,76=Kpﬂaya—lny-l( )
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(3.5)

(3.6)

(3.7

(3.8)

(3.9)

where K(z)=1-1/z, K™Y (2z)=1/(1-z), K™*#1/K. Notice that we have assumed momentum conservation in

order to derive projective relations for A, D, and C. When expressed in this fashion, all K’s in [GH]"

neatly cancel. (Also: y,=«, y,=1, y5,,=0.)

If we assume momentum conservation among the £’s, then we can contract over harmonic-oscillator

states and projectively manipulate these eéxpressions:
YEIE) =TT II [y, -Reayil ~#i%,
i,i aBe{z}

WFICITIE)=TT T [y -ReoRsyy:l ¥,
i,j (aB),(ys)e{c}

etc.

(3.10)

Notice that we have imposed conservation of momentum evevywheve, which allows us to ignore “residue”
terms which arise from binomial contractions, i.e., (M,),,x™=1/(1 -x)"=1. One disturbing fact is that
Yo and yg are not the invariant points of R,z (as was found earlier). When the binomial “residue terms”
are added in, we get an infinite set of cancellations,® which replaces y, and vy, with the invariant points of
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(The cancellation is exactly as in the planar case, and hence is not presented here.) We merely

Raﬂ

state the result:
S f - (1B
exp E(kilxj+l,ilkj) €xp 1((2,(_F_|)[A1 IF)
i>j —
= ﬁ 11 [w; — Ry, xow,;] =23k
n=0 (aB), -+ (0N e{e} i,i=0
i#a,Biji=\,0
i=j if n=0
(3.11)

i>j

o () T (-,

><(x(§B ya)-lk(, ( (1)

where
2) — 1)
x() =Rgp(z,), 2,#%438,

D =R25(2,), # %2

and
wi=y; if &gl
w, = ¥, = invariant point,
= 4 =invariant point.
Now that we have all the tools to derive the answer, we are ready to put in all (1 —z)® factors (appearing

o
in each Sciuto vertex) and the linear-dependence correction,
(3.12)

(1 _ (1 - xa)uctﬂxocﬂxﬂ-l)—c .
(1 =254 )1 = x5-4)

The linear-dependence correction to nonplanar and overlapping loops is a simple ¢ number.® The planar

loops, however, have modified propagators. We have

F,,(N)
1
fd“k f ity g p~ ®O(1 — 2y 5) (1 = x,)" %) T f o, =% mid=
(aB)e {¢ i=2 Yo

(l_xa)uaﬂxa+1x8-1 - 1, | - E)
_ (1-xa+1)(1—x5-1)) exp{ Tl ,lkj)}exp{z«g;(zn[zs] ( E))}

(L) (1 =) 800 (1

S+1
{r}

4% f fe} f IT dw,(dw,dw,dw)"dXp Xap™ "7 (1 = Xop)* IL (1= X5)"
(aB)eie

S+1
Wi —w;, )%

ae{u\-
I- zkzk](w —w,)w, —w)w, -w,) II
P50 4 %
Gg{e,e=1,2 ,¢ =1}

[wi - (R )(é'g( rxoJi

-

0 S+
I I II
720 i,i=0  (aB),--,(oNef{e}
izo,B
i#*\,0
X (x‘é)e—x(f)e)'z{(’Jé)s"wan)[ a1 = Rpa g0 )] (Wb =51 oy = Rpowpy)] | 07 (3.13)
@bt 1s) [0 = Riolt gy )] (X33~ Roolt oy ’

where we have

2 # x(g)ﬁ

# {1y

x(olt)ﬂ EwBERga(zl)x

X =w o, =R3(2,),

X5 =multiplier of Rpo = 3[® 52 — 24 ® o (@, 5% — 4)'2]

where
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B .= Tr(Rp.)
aB‘[det(RBa)]l/z s
Wsig=Wo 5.14)
w,, w,, and w, =fixed points, )
Jon= a(youl; Yates """ VB-1s x(;)B; Mé)B’XaB) - yﬁz(l—xd)DDtﬁ
of 8(Xoy Xor1r 5 Xy uaﬂ) ycxzya(l"taﬂ)stcxﬂ
where
DaﬂE 1- taB[l _uaﬁ(l —xa)J and yﬂ/ya =totﬂ(1 - tuB)DaB—I;
1 "yﬁyot_l >
P, = - s (3.15)
bo <1 =YYV 1[1 _uaB(l _xct)] )

RBaEyaPBayot-l'

Notice that Pg, changes by a factor of 1 - x, when the (1 —z)* Sciuto factor is correctly inserted; notice
also that {5 is defined implicitly:

x(olc)ﬂ=yattx87 x(ozc)ﬂ=y8taﬁ-l'
When the calculation is actually performed, the region of integration is actually larger than what was found
earlier (e.g., the multiplier ranges from 0 to «). As in the planar case, we take the branch where the
multiplier is between zero and one. (When the multiplier is equal to one, the invariant points are equal to
each other.)
We recover the usual single-loop nonplanar amplitude if we let

U1=(O:1), {‘B}:{a}: {"B*}:{B}: Rgo=Xgas
wa=x(§)5=0, x(zi)B;‘wc:iw’ wy=wg,, =1, v
U2=(x(;)s=—co<w3_1Swﬂ_2S-'-$wa“<9«,{§)ﬁ=OSwa_1S---w1$woSwsﬂS--'Sw5+2éws+l=1<w=xg)ﬁ),

Conveniently, we find that the cyclic ordering of the Koba-Nielsen variables mimics the ordering in Fig. 3
if we let w, and w4 be the invariant points.
We are free to move external lines past loops, as required by rubber-band duality, because

Weyy SWS SWo=WgS Wy <R Wg,,)

and
wg swﬁ-x S Swa+1 swa"wﬂ S Swo«rl SRﬂot(wﬁ-l)Swo{'

Notice that variables trapped between w, and w3 always remain trapped, while variables located between
the invariant points of different, adjacent loops are free to move past these points.

(In the planar case, no variables are allowed between w, and w 4.)

In studying these periodicity properties, we will find it convenient to move these latter lines completely
away from the region occupied by the invariant points. A simple renumbering yields

(wa SWgiy"* SWySWoSWy " SWy SWE S SWeqy, <woc)'

Y

[Notice that the factors in the braces in (3.13) change slightly, depending on the quark topology. ]

Since the operator Rg, flips these latter lines across the (af8) loop, the operator (Rg, *** Ry ,) flips these
lines completely around the diagram. The regions occupied by these “rotated” lines are disjoint from pre-
viously rotated lines. As we rotate these lines an infinite number of times, they asymptotically approach
the invariant points x* and ¥® of (Rg, ***Ry,)"'. These points x and x® separate the region occupied by
the invariant points from the region occupied by these rotated lines. Likewise, the lines lying between w

and w3 are rotated by the action of Rg,. We summarize these statements as follows:
=[ 5D 2)
Up =[x SRgq Ry owo) Sws,y Swg <o <wy < 42 <wy <wy < SWoiy SRy Wy _y) Sw, < <w, <wg

o Y

Swﬂ-ls"'swairlgRBa(wﬂ-l)gwasx(l)]- (3.16)

We subtract out periodicities by constraining one variable in each set to lie between y, and R(y,), where
¥, is arbitrary, i.e.,
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[RuB Ry 5(9,) Swy Sy, 762)]
and

[we<yg<wg_y <Rpo(yp-1)]

for each (aB) in {€}. Notice the complete symme-
try between the Ry, 's and (R 4"+ R),)”!, meaning
that the distinction between outer and inner quark
loops disappears. In each case, external lines be-
longing to each quark loop are confined to lie be-
tween the invariant points of that loop. (In the
planar case, we only have outer quark lines, i.e.,
the lines between wg and w, are missing.)

These constraints are enough to determine U,
uniquely. (All multipliers range from 0 to 1, but
now they are no longer independent.)

We understand that Lovelace and Alessandrini
have obtained similar results.’
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APPENDIX: THE JACOBIAN CALCULATION

We show how the variables ¢, y,, yg in the expres-
sion (2.14) are eliminated and transformed into the
variables X, x,, x, in Eq. (2.15). We first find a set
of identities that relate ¢, y,, yg to X, x;, x,. Using
Egs. (2.8). (2.9), (2.10), and (2.2), we can express
the projective operator R3., defined in Eq. (2.9) as

- (8 =aV841) = (Va8 = Var1Y 8419
R 1(2)22 +1 o at1YVB+1 (A1)
P 2(1=a)+(@yee; = Vo) ’
with
aztfld’ t=a—‘_l—d, (A2a)
gz —Va=Yar)Wg=yp.) (A2b)
(ya+l—ya-l)(yﬂ+l_y8-l)
a(try ’yﬂ) —-0g- ik Z(a_d)z
dXdx,dx, | 2o Y8 | g-co-irg2 1 Z4)
19% (X, %y, %)

On comparison of Eq. (Al) with the standard form
in paper I, we find the set of identities

I=-a)=1(1=-X""), (A2¢c)
yﬂ—ayBﬂ:l(xz"X-l’ﬁ)’ (A2d)
@Y1 = Yo =L, X7} - %), (A2e)
VoV = Vor1Vps1@ = 1%,%,(1 = X 1), (A2f)
a(yoc_yoz+1)(y8+1 —yﬂ)}l/z
I= . A2
[ X 1(x, — x,F (A2g)

From Eqgs. (A2d) and (A2e), we can derive the
identity

Vo +Valdy =X 1%,)/ (0, X 71 = %)

= = - . A3a
Voer +Var1(®p =X lxl)/(sz 1"‘1) ( )
With further identities
- x.X) — 1-
Va=Ree(¥ps1) = Yaralty = X) = 2 X), (A3b)

Vper(1=X) +x, X = x,

- Vorrlty =1, X ™) = x,2,(1 =X 71)
Ve =Ree(Vos1)= - =
B Bo\Yo+1 ya+1(1‘X ‘)+x2X l_x1 )

(A3c)
. 2y = X xy) = xx(1 - XF)
bal2) = z1=X") 4, X -, (A3d)
Rfia(z)_xz_ 12— X
Bal2) =2, - zZ- xj ’ (A3e)
R3L (o) = %, - Rgo(yp) =%,
(Vo= 2R5e(Ve) = ¥8] Vo= Realye)l(ys—x,)’
(A3f)

one then can show that the expression (2.14) is
equal to

7 = Yam1)¥p = yp-1)]%0

(ycx —Xl)(ys - xz)

x { [Rpa(ya) = %) [R5alys) = %] } ~Hra? { (¥ = )V = 3 )(¥e = a) }

Y "ya)<yﬂ+1 - 3’6)

(A4)

Now we specialize to the frame x, ==, x,=0. Then R}~ X", and v, =x;, ¥,=1, y,=2%,, so that
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a-1

l__yﬂﬂ 'X-lyzxﬂ

b

%X ! (A5)
Yo~ XVps1s
yB"X-Iyou-l'
Hence the expression (A4) reduces to
ag-1yr =1(k )“(a -dy?
axldx,][dx,) [T ] [y = XVpa1) Doss = Xygoy)]0miX ~ka) #1222 (A6)
X1=%;%2=0 l dX
r
The calculation of the Jacobian factor Jo_d X Yg41 = Vs X ™)
J_a(t’ Yo ye) (A7) (a—d)2 (yB+1+yo¢+1X-1)
(X, x,x,)
8y,/0x, 8y,/8x,
is rather complicated. Fortunately, it gives X . (A10)
8ys/0x, 8yg/dx,

1%d  (1-X)?
(a-d)? X3

(A8)

Proof: From Eq (A2a), taking derivatives of ¢
with respect to X, x,, x, and using Eq. (A2b), we
get

d

d(a, Yous yﬂ)
(a-d)?

J=
8(X, xy, x;)

. (A9)

In deriving Eq. (A9), we have used the theorem that
the determinant vanishes when two rows are identi-
cal. We now use Eq. (A3a) to take derivatives of a
with respect to X, x,, x, and evaluate in the frame

x, =%, x,=0; we get

We then calculate, from Eqs. (A3b) and (A3c), the
derivatives of y,, ys with respect to x,, x, (evaluate
in the frame x, =, x, =0); we finally get

J d (1-Xx)? [(yB“—X_lya”)z:I

“la-dP x° x2X 2
di? (1-X)
=m—X—3——. Q.E.D. (A11)

Substituting Eq. (A11) in Eq. (A6), we obtain the
expression (2.15):

dXldx,] [dx,)(1 - X)2x ~Hke)-1

X [(yo(-l —Xyﬁ+1)(ya+1 —XyB-l)]ao-l .

*Work supported in part by the U.S. Atomic Energy
Commission.

M. Kaku and L.P. Yu, Phys, Letters 33B, 166 (1970);
M. Kaku and L.P. Yu, preceding paper, Phys. Rev.D 3,
2992 (1971), hereafter referred to as paper I.

®M. Kaku and L. P. Yu, following paper, Phys. Rev. D
3, 3020 (1971).

$M. Kaku and C. B. Thorn, Phys. Rev. D 1, 2860 (1970);
C. B. Thorn, ibid. 2, 1071 (1970).

{L.-P. Yu, Phys. Rev. D 2, 1010 (1970); 2, 2256 (1970).

The infinite number of cancellations are similar to
those discussed in Appendix C, paper I, but now both y,
and yg, (@B)E1{L}, are not the invariant points. The
complication is twice that of paper I.

M. Kaku, Phys. Rev. D 3, 908 (1971).

'C. Lovelace, Phys. Letters 32B, 703 (1970); V. Ales-
sandrini, CERN Report No, CERN-TH 1215, 1970 (unpub-
lished).



