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A discussion of some recent experimental results on threshold enhancements in the reac-
tion 7r P —7r+7r 7r p is given in terms of a diffractive-dissociation model. In particular, we
try to explain why the quasi-two-particle enhancements observed in 7r, (x sr~) for different
7r+Yr& masses subsequently disappear when those (7r+vr, ) events in the p band are removed. The
model is a double-Regge-exchange model symmetrized between the two identical pions. The
parameters of the model are adjusted to fit the over-all 27r and 37r spectra, and the question
of the enhancements and their disappearance is studied numerically. The model is able to
reproduce the observed effects, provided a truncated Breit-Wigner line shape is used for the
p meson.

I. INTRODUCTION

In a recent study of the reaction

K+P-K+m+z P (1 2)

at 12 GeV/c. If these enhancements were due to
the production and subsequent decay of a quasi-
two-particle resonance, the shape of the enhance-
ment should be more or less independent of the
mass of the pair of particles forming the p (or f,
or K*), whereas if the phenomena observed were
threshold enhancements corresponding to a, quasi-
two-particle threshold, the position of the peak
should move upwards as the two-particle mass
moves upwards through the p (or f or K*).

The results are shown in Figs. 1 and 2, and lead
to opposite conclusions in the two cases. The pur-
pose of this paper is to point out that the behavior
in the two reactions is quite compatible with a de-
scription of both by a diffractive-dissociation pic-
ture leading to a threshold enhancement of the p7t,

f v, or K*m system The ap.parent discrepancy
stems from the existence of two identical particles
in the case of reaction (1.1). To simplify the discus-
sion, let us denote the two m as m, and m, , re-
spectively. The shaded histogram in Fig. 1 shows
all events plotted as a function of the mass of the
three-pion system, for various mass ranges of
the dipion m'm, . The unshaded histogram removes
all events in which the dipion 7r'm~ has a mass in
the p region while m'm, does not. (We shall refer
to this as an anti-p cut. ) This effectively removes

at 6 GeV/c, Crennell et al. ' have reported enhance-
ments of the three-pion mass spectrum in the re-
gions of the p'm and f'v thresholds. A similar
enhancement (L meson) associated with the
K*(1420)v threshold has been studied by Barbaro-
Galtieri et al. ' in the reaction

the enhancement except in the p' region for 7r'm, .'
In the K'm case, there is no need to make a cor-
responding cut, since the amount of p' present is
quite small. In Fig. 2 it can be seen that in this
case the enhancement is present for all K'm
mass regions and changes its position from re-
gion to region.

In order to see whether these results can be
understood, we have constructed a simple phenom-
enological model for reaction (1.1) embodying Bose
symmetry. It is not our aim to show that some
particular model can reproduce the effect ob-
served, but rather to show that for any reasonable
symmetric model which describes the 2~ and uncut
3m spectra, the anti-p cut will reduce the threshold
enhancements. The essential features to be built
into the model are:

(1) The two-particle mass spectrum should be
approximately that observed, with a prominent p-
wave and lesser d-wave resonances.

(2) The model should predict three-particle
threshold enhancements for fixed two-particle
masses, again roughly in agreement with experi-
ment.

(2) The amplitude should be symmetric under
exchange of the m 's.

The model we chose was diffractive dissociation
producing the quasi-three-body final state

z-+ P-X'+m, + P

7T + 7y

where X' denotes p' or f' Bose symme. try is in-
corporated by adding the contributions of the two
diagrams of Fig. 3. In calculating these diagrams,
we have taken a Begge-pole model for the ex-
changed pion and the subsequent rescattering, but
we do not believe this to be a crucial feature of
the results. The angular distribution of X' was
taken to be that predicted by elementary pion ex-
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change, namely, o:~P,(cos8) ~', and the integra, -
tion over phase space was done by Monte Carlo
methods. This double-Begge model can account
for the observed three-pion enhancements, and
the parameters of the p and f' can be chosen so
as to approximate the experimental m'7I mass
spectrum. 4 The effect of the anti-p cut is then
studied, and we find that the observed reduction of
threshold enhancements is reproduced. The sensi-
tivity of the effect to some details of the model is
also investigated.

In Sec. II we give details of the model. The re-

0
0.2

90
(b)

0.6 I.O l.4
M (»+» ) IN

I I I

I I

I I I I 1 I I

I.8 22
GeV

I200—

I

K+p = K+p ~+m-

l4 BIO events total
H6++ removed

(7521 e vents )
60—

0
(c)

IOO—

50—

0
(d)0

60—

P- 30—
LLI

4J

0
(e)

40—

0
I.O 2.0

K+ »- mass (GeV)

K+ p ~ (K+ 7r -)»+p
6++ removed
2477 events (to ta 1)

20—

0,
(f)

20—

IO—

0 I I

0.7 I.O
) I )

1.3 1.6 l.9
M (»+»» ) IN Gev

2.2 2.5

FIG. 1. Experimental data of Crennell et al ., Ref. 1,
showing the 7r'7r mass spectrum, and the sr+a 7r mass
spectra for fixed intervals in x+ 7r mass. Shaded events
are those for which the other z 7r combination occurs
in the p-mass region. When the shaded events are re-
moved threshold enhancements vanish.

FIG. 2. Experimental data of Barbaro-Galtieri et al .,
Ref. 2, showing the X vr mass spectrum and the K7rx

mass spectra for fixed intervals in K'x mass.
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suits of the calculation are presented in Sec. III
and the conclusions in Sec. IV. The integration
over phase space is discussed in the Appendix.

II. DESCRIPTION OF MODEL

The properties we seek in the model are simplic-
ity, Bose symmetry, and the ability to describe
the m'm and uncut 3m mass spectra. It is well
known that double-Begge-pole exchange for the
quasi-three-body pmP final state with m and Pom-
eranchuk exchange gives reasonable agreement
with experiment, and that it predicts roughly the

A, ( pm) enhancement near 1100 MeV."We gener-
alize this slightly to include the f' resonance,
which enables us to describe approximately the ob-
served m'm, mass spectrum. The invariant mass
squared of the m'7t, combination depends linearly
on the decay cosine of the m' in the rest frame of
the resonance; therefore we must specify the de-
cay angular distributions of the p' and f'. We
choose the decay amplitude ~P, (cos8) for a reso-
nance of spin l, where cos6 is measured relative
to the incident beam. (This corresponds to the
density QlRtI ix element poo 1 ln the Gottf 1 1ed
Jackson or f-channel frame. ') The choice is not
critical.

For the graphs shown in Fig, 3 w'e define the
kinematic VRl 1Rble 8:

f„=(k4- k&)' ~

t„,=. (k, —k, —k,)',
(k5 k3 kQ) j

s, =(k, +k, +k,)',
s„=(k,+k,)',
s„=(k, + k,)'.

(2.1)

Then with the decay amplitude ~P,(cos6) we ob-
tain for the amplitude

q,'(q.,/m„)' P, (cos 6.,)~ (k, + k3) —m, ~ +il,m, ~l=1

&& (.(&...)(s,/s. )
' s,&o.&(f,.), (2.2)

-inn~(t)

sinn o.,(t)~. t)=

o, ,(t) =I -m„',

0«(f) = con'st x 8

(2 3)

The quantities q„and cos6„refer to the three-
momentum and angle of particle a in the frame
where k, +k, =0, and en~ is the energy (k,), +(k,),
in that frame. The parameters q, can be used to
adjust the strength and the shape of the p a,nd f'
resonances. For the Begge scale parameter s„
we use 2 GeV'. The masses and widths used are'

v (a) vr (b) p(i)

/
/

/
(5)

p(1)

/
/

v (5)/

FIG. 3. The diffractive-dissociation (Reggeized Deck
effect) graphs used to calculate the m+ 7f, and 7t' x 7L.

mass spectra. The momenta of the particles are k;,
i = 1-5, and k~, k& . Dashed lines denote pions, solid
lines protons.

m = 1246 MeV,y'0

I",= |.50 Mev.

The amplitudes A, and A, correspond to the two
graphs shown in Fig. 3. Various values of the
Hegge and resonance parameters were used to gen-
erate the mass spectra, and the effects of Bose
symmetry were investigated by using independently
IA. f', IA~I', IA. I'+lA~I'I» the matrix
squared, in addition to A, +A, f'. Since the A. ,
amplitude does not have any w'm~ p signal, it can
be used to study how the anti-p cut removes non-p
events which happen to reflect into the p band. (Of
course this cannot be studied experimentally. ) On
the other hand, the A~ amplitude is dominated by
the p signal in m'm, , so that the desired effects of
the anti-p cut can be observed. The difference be-
tween fA, + A, f' and fA, f'+ fA~ f' gives information
about effects of the strongly model-dependent term
HeA, A,*. [Note that multiplying A, by e'~i" ~,

where f(a, k) is an arbitrary real function of the
kinematic variables, will change neither fA, f' nor
fA, f', but may drastically change HeA, A,*.] It
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would be an unpleasant feature of the model if the
experimental results could be reproduced only by
carefully adjusting the phase of A, and A, . Final-
ly, the question of line shape for the p meson was
investigated. The matrix element squared for the
reaction is then

are seen to persist even after the anti-p cut. The
situation in Fig. 4(b) is quite different. ' Once again
the threshold enhancements for fixed 27t mass are
observed, but here the effect of the anti-p cut is
large and the threshold enhancements are sharply

(2.4)

where C denotes a constant (phase-space) back-
ground.

To obtain the m'm, and 3m mass spectra, random
events were computer-generated in the multidimen-
sional phase space and then weighted by the transi-
tion probability (2.4) in forming the histograms.

It is well known that for a wide resonance the
Breit-Wigner amplitude is appreciable for masses
far from the position of the resonance pole. We
found that by truncating the p shape, that is, cut-
ting off the tails of the Breit-Wigner form, we ob-
tained a better fit to the data. To do this the pa-
rameter g', was taken as

k, +k, ' —mp'
t)', =exp— (2.5}

Near the pole position this shape function is =1,
so that the Breit-Wigner curve describes the data,
while far from the pole, the shape function cuts off
more strongly than the Breit-Wigner form.

III. RESULTS
F.s

The 2m and 3m mass spectra generated by the
Monte Carlo calculation are displayed in Figs. 4-6
as three-dimensional plots, the two horizontal
axes being the 2m and 3m mass, with the number of
events as the vertical axis. The vertical scale is
arbitrary and differs from curve to curve. We at-
tach no significance to the absolute normalization:
it was simply adjusted to fit the data. The m'7t,

mass spectra with and without the anti-p cut are
shown, while the m'm m mass spectra are shown

for various intervals of w'm, mass. The intervals
are 240 MeV, and the central value of the m'm,

mass interval is shown beneath the corresponding
3m spectrum. For example, the first mass inter-
val, from 400 to 640 MeV, is denoted by 0.52.
Those portions of the spectra which remain after
performing the anti-p cut are shown in the histo-
grams with vertical lines accented.

In Figs. 4(a), 4(b), and 4(c) are shown the histo-
grams corresponding to ~A, (', (A, (', and ~A, +A„(',
respectively, with the parameters of Eq. (2.2) hav-

ing the values q~= I, t)fo =0.8. From Fig. 4(a} it is
clear that the model produces three-pion mass en-
hancements for a given 2m mass, and also that the
effect of the anti-p cut is not very severe, as in-
deed it should not be. The threshold enhancements

FIG. 4. Three-dimensional plots (number of events as
a function of M„+„-and M~+ ~-~-) as calculated from
the amplitude of Eq. (2.2). The histogram of events
which survive the anti-p cut are shown with vertical
lines accented. (a) (A, ( . (b) (At, ) . (c) (A, +A) . The
masses are in GeV.
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reduced. In Fig. 4(c) the symmetrized amplitude
is used, jA, +A, ~', and the results are intermedi-
ate between those of Figs. 4(a) and 4(b). In the un-
cut spectra the threshold enhancements are seen.
For the w'm, mass intervals centered at 1.0, 1.24,
and 1.48 GeV, the threshold enhancements do not
surv1ve the anti-p cut» but fox' the 10%'-mass lnter-

val, centered at 0.52 there is still some threshold
enhancement even though the anti-p cut is appre-
ciable. This feature is in contrast to the experi-
mental data, where the anti-p cut effectively de-
stroys the 371 mass bumps for all m'm, mass slices.

In order to obtain better agreement between ex-
periment and the model, we investigated the ef-
fect of truncating the Breit-Wigner resonant line
shapes as described in Eq. (2.5).' The results are
shown in Figs. 5(a), 5(b), and 5(c), which are simi-
lar to Figs. 4(a), 4(b), and 4(c). The parameters
i)z and q, are given by Eq. (2.5), with numerical
values 1.0 and 0.8, respectively, at the peak. In
the m"v, mass spectrum of Fig. 5(a), one sees
only the p and f'; consequently the threshold en-
hancements are significant only in the second and
fourth 3m mass spectra. The effect of the anti-p
cut is negligible. From Fig. 5(b) one sees that the
number of events which survive the anti-p cut is
small, the cut being much more effective than for
Fig. 4(b). In the symmetrized amplitude, Fig. 5(c),
the spectra generated by the model are found to be
in reasonable agreement with the experimental re-
sults of Figs. 1 and 2. In particular, threshold en-
hancements are seen for all m'm, mass spectra,
but these enhancements are destroyed by making
the anti-p cut. Finally, in Fig. 6 we show the pre-
diction for the symmetrized, truncated™resonance,
amplitude with a small incoherent 3m background. "
The main contribution of this background is to 2iT

and 3m high-xnass regions, causing them to better
resemble experiment.

The importance of the interference term was
checked by generating histograms using ~A. ,P
+ ~A, P. Such spectra are almost indistinguishable
from those of Figs. 4(c) and 5(c), and we shall not
reproduce them here. It is enough to note that the
observed effect is not critically sensitive to the

FIG. 5. Three-dimensional plots of the mass spectra
(masses in GeV) calculated from Kq. (2.2) using the trun-
cated Breit-signer form of Eq. (2.5). (a) ~A, ~'. (b)

(o) I A, +anl'.

FIG. 6. Three-dimensional plot of the mass spectra
(masses in GeV) using the truncated Breit-Vhgner form„
as in Fig. 5, but also including a small incoherent back-
ground.
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interference between A, and A, . Thus the identity
of the two pions enters only through the equality of
~A, ~

and ~A. , ~
in corresponding regions. In addi-

tion we have investigated also the importance of
our assumption that the p and f' decay amplitudes
are P,(cos&) and P,(cos6), respectively. This as-
sumption is not crucial to our results, since quali-
tatively similar results are obtained w'hen a p dis-
tribution is used which is isotropic or one which
is strongly peaked forward.

ant volume element is

dp = [g d'k, b(k, ' —m,.')]5~"(Qkq —k, —k,),
f

where i, j =1,2, a, b. We now write

k2 = k, + k ~
= (m„0),

k, =k, —k, =(e„e),

(A1)

(A2)

IV. CONCLUSIONS

We have shown that a simple diffractive-dissoci-
ation-effect model incorporating Bose symmetry
can reproduce the results of a recent experiment
on the reaction m P-m m w'P. In particular, we
can understand the observation of threshold en-
hancements in M,+,-„- for fixed M&+, -, and the
subsequent vanishing of the effect when the anti-p
cut is enforced. It was found necessary to use a
truncated form for the p and f' resonant line shapes
in order to obtain good agreement with the experi-
mental data. The effect does not depend crucially
on the interference term in the symmetrized am-
plitude. A simple qualitative explanation is as fol-
lows: Suppose that the p dominates the n'm spec-
trum to such an extent (here we neglect the f')
that in each m'm m event one of the m'm combina-
tions lies in the p. By the usual Reggeized Deck ef-
fect, there is a very broad m'x m enhancement be-
ginning at mass = m

~
+m „. When one considers a

w'm mass interval not containing the p, nearly all
of the signal comes from the other m'm combina-
tion being in the p, and one sees a portion of the
broad m p enhancement. However, when the anti-p
cut is applied, there is almost no signal left, and

consequently no threshold enhancement. While
slightly oversimplified, this is the basic conclu-
sion of our calcu1.ation. This suggests that the ob-
served m'm spectrum contains few events for
which neither m'm combination lies near the p or
f'. In contrast, the observed K'm spectrum of
Ref. 2 may be considered as having genuine K'm

events which are neither K*'(1420) nor crossed p,
and therefore contribute to threshold enhancements
via a mechanism such as double-Regge-pole ex-
change.
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working explicitly in the center-of-mass system
of particles a and b. Then

d'k, d'k„b(k, ' —m, ') 5(k,' —m, ')

= )I [d'k, de, e'dad Q,b(y, —m, ') 5(p —m, ')

x 5(k,' —m, ')]dm, ', (A3)

where y, =-,'[(m, s e,)' —e']. The integration over
~„e can be done explicitly, the two 6 functions
giving simply a Jacobian factor

= 2tPg~E .

Thus

dp—= dm 'dQ g d~k, b(k —m )
Vl 2

xQ k,. —k4 —k5 (A4)

Now let k; =—(E, , k,.) and use the E„E„E„k,inte-
grations to eliminate the mass-shell and total 3-
momentum 6 functions, and we obtain

d'k, d k,
dp=— dm, 'dQo 5(E,+E,+E, —E~ E,) . -

(A5)

Now choose the polar axis for k, along k4 and the
polar axis for %, along k„ in the over-all center-
of-mass system, and we find that

B cos6, E,
BE, k, k2

Finally, writing kdk, =E,dE„k,dk, =E,dE„and in-
tegrating over the one arbitrary azimuth angle, we
obtain

776
dp =—

4
dm, d cos 60d cosgodE, dE, d cos g,d cosp, ,4m,

(A6)

We should like to thank Dr. Kwan Wu Lai for sug-
gesting this problem and for helpful discussions.

where
(m ' —m ' -m ')' —4m 'm '

4m '
APPENDIX

Integration Over the Four-Body Phase Space

We specify the seven independent variables for
the phase-space integration as follows: The invari-

(00, Po) is the direction of %, in the a, b rest sys-
tem, 8 is the polar angle of %, relative to k4 in the
over-all c.m. system, and Q, is the relative azi-
muth of k4 and k, about the direction of %,.
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We derive exact bounds for the K&3 decay form factors f.,(t). Particularly, we find the
bound (mx —m„)l f+(0)l ~16(avE(0)lt (ms + m~) (mr + m~ ~

) t, where A(0) is the propa-
gator of the divergence of the strangeness-changing current at zero momentum. If we fur-
ther assume the Hamiltonian of Gell-Mann, Oakes, and Renner in order to estimate 6(0), we
obtain lf+(0)l ~ l.o. Similarly, an inequality testing the standard EC&& soft-pion theorem is
found to be well satisfied. In addition, a new inequality involving derivatives of f+(t) is de-
rived. Taking )+ - 0.02, this inequality leads to

I f (0)l ~ 0.22.

I. INTRODUCTION AND SUMMARY
OF PRINCIPAL RESULTS

According to the standard Cabibbo theory, all
the properties of the K» decays are obtainable
from two form factors f, (t) defined by

which can be obtained from Eq. (1.1) by means of

-f& '(p') Ia, &„" '"(o) I&'(p))

Recently, Li and Pagels' derived the following
exact inequality for the derivative of d(t):

= (4p,p.' V') "'( l )"'i t(p„ +p ', )f,(t) + (p „-p ', )f (t)j,
ld'(o)

I
- (advs)~"(o)&"',

where a(t) is defined by

(1.4)

with t = -(p —p')'. It is convenient to consider the
combination

d(t) = (m ' -I,')f,(t)+tf (t), with f = -q', and I is the numerical integral


